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Abstract. We propose an adaptation of fuzzy rough sets to model con-
cepts in datasets with missing values. Upper and lower approximations
are replaced by interval-valued fuzzy sets that express the uncertainty
caused by incomplete information. Each of these interval-valued fuzzy
sets is delineated by a pair of optimistic and pessimistic approximations.
We show how this can be used to adapt Fuzzy Rough Nearest Neighbour
(FRNN) classification to datasets with missing values. In a small experi-
ment with real-world data, our proposal outperforms simple imputation
with the mean and mode on datasets with a low missing value rate.
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1 Introduction

Fuzzy and rough sets can be used to model different types of uncertainty. Fuzzy
sets [3,23] allow us to model partial membership of a concept, while rough sets
[20,21] capture the conflicting ways in which a concept may be predicted from a
set of independent attributes. The two concepts are unified in the fuzzy rough
set [8]. If X ⊂ Rm is a dataset, and C ⊆ X a fuzzy subset, then the fuzzy rough
set induced by C is the pair of fuzzy sets (C,C). The upper approximation C
generalises the positive evidence for C in X, whereas the lower approximation
C generalises the negative evidence for C in X.

In this paper, we consider a third type of uncertainty: incomplete information.
There exists a wide range of strategies to deal with missing data [2], including
proposals that involve rough or fuzzy rough sets [22]. In particular, fuzzy rough
sets have been used for imputation [1], there have been proposals to adapt both
crisp and fuzzy decision rules to the presence of missing values [10,12,17], and in
the context of classical rough sets, [10] has provided three alternative definitions
of upper and lower approximations in datasets with missing values. In contrast,
our strategy is to incorporate the uncertainty of incomplete information directly
into the representation of concepts, by extending the notion of fuzzy rough set.
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We propose to mimic the dual approach of rough sets by modelling an opti-
mistic and a pessimistic scenario when comparing a missing value with another
value. The optimistic scenario is that the two values are really identical, while
the pessimistic scenario is that they are maximally different. We cannot know
what the ground truth is, but we know that it must lie somewhere in between
these two extremes. Formally, we can represent this with an interval-valued fuzzy
set [9, and references therein]. Since the uncertainty of incomplete information is
orthogonal to the uncertainty that arises from positive and negative information,
the resulting interval-valued fuzzy rough set is defined by four fuzzy sets: the opti-

mistic and pessimistic upper and lower approximations C
min

, C
max

, Cmin, Cmax.
This work builds on the earlier proposal for interval-valued fuzzy rough sets

in the context of feature selection [14], as well as a related proposal of ill-known
fuzzy rough sets [5] based on twofold fuzzy sets [7], but this approach has oth-
erwise remained relatively underexplored. We present an up-to-date definition
in Section 2. In Section 3, we modify Fuzzy Rough Nearest Neighbour (FRNN)
classification to incorporate interval-valued fuzzy rough sets, and evaluate its
performance on a number of real-live datasets.

2 Interval-valued fuzzy rough sets

Recall the formal definitions of the upper and lower approximations with Ordered
Weighted Averaging (OWA) operators [4]:

Definition 1 (Soft maxima and minima). Let w be a weight vector of length
k, with values in [0, 1] that sum to 1. The soft maximum w↓ and soft minimum
w↑ induced by w transform a collection Y of values in R into, respectively, the
weighted sums

w↓
i≤k

Y =
∑
i≤k

wi · yi+ ,

w↑
i≤k

Y =
∑
i≤k

wi · yi− ,
(1)

where yi+ and yi− are the ith largest and ith smallest elements in Y .

Definition 2 (Upper and lower approximations). Let X ⊂ Rm be a finite
multisubset for some m ∈ N, let R be a tolerance relation on Rm, w a weight
vector of some length length k, T a t-norm and I a fuzzy implication. Then for
any fuzzy submultiset C of X, the upper and lower approximations C and C are
the fuzzy subsets of Rm defined by:

C(y) = w↓
x∈X

(T (R(y, x), C(x))

C(y) = w↑
x∈X

(I(R(y, x), C(x))
(2)

While a dataset can contain instances with identical attribute values but dif-
ferent membership degrees in a concept C, the upper and lower approximations
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of C only depend on attribute values, and so can be defined as fuzzy subsets of
the attribute space.

It is convenient to aggregate R from attribute-specific tolerance relations Ri

on R by means of some monotonic function f : [0, 1]m −→ [0, 1]. In line with
recent works, we let f be the mean, and we write Rf := f((Ri)i≤m).

Next, recall the definition of the interval-valued fuzzy set [9, and references
therein]:

Definition 3 (Interval-valued fuzzy set). Let X be a set. An interval-valued
fuzzy set in X is a pair of fuzzy sets (F1, F2) in X such that F1(x) ≤ F2(x) for
all x ∈ X.

Equivalently, an interval-valued fuzzy set in X can also be defined as a func-
tion X −→ I([0, 1]), where the range is the set of intervals in [0, 1], i.e. the subset
of [0, 1]× [0, 1] whose values in the first component are always less than or equal
to the values in the second component.

We can accommodate the possibility of missing data by adjoining a formal
symbol denoting a missing value to each copy of R to obtain R? := R∪{?}, and
by letting X be a multisubset of Rm

? . The task then is to extend any choice of
Ri to ?. We define optimistic and pessimistic per-attribute relations Rmax

i and
Rmin

i by stipulating that for any a, b ∈ R:

Rmax
i (a, b) = Rmin

i (a, b) = Ri(a, b)

Rmax
i (a, ?) = Rmax

i (?, b) = Rmax
i (?, ?) = 1

Rmin
i (a, ?) = Rmin

i (?, b) = Rmin
i (?, ?) = 0

(3)

Accordingly, we define interval-valued upper and lower approximations through
the aggregated relations Rmax

f and Rmin
f :

Definition 4 (Interval-valued upper and lower approximations). Let
X ⊂ Rm

? be a finite multisubset for some m ∈ N, let w be a weight vector of
some length k, T a t-norm and I a fuzzy implication, and let (Ri)i≤m be a series
of similarity measures and f : Rm −→ [0, 1] an aggregation function such that
Rf is a tolerance relation. Then for any fuzzy submultiset C of X, the interval-
valued upper and lower approximations of C are, respectively, the interval-valued

fuzzy sets (C
min

, C
max

) and (Cmin, Cmax), defined as:

C
min

(y) = w↓
x∈X

(T (Rmin
f (y, x), C(x))

C
max

(y) = w↓
x∈X

(T (Rmax
f (y, x), C(x))

Cmin(y) = w↑
x∈X

(I(Rmax
f (y, x), C(x))

Cmax(y) = w↑
x∈X

(I(Rmin
f (y, x), C(x))

(4)
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Because t-norms and fuzzy implications are respectively monotonic and anti-

monotonic in the first argument, the pessimistic approximations C
min

and Cmin

encode the minimum membership degrees in the upper and lower approxima-
tions, while the optimistic approximations C

max
and Cmax encode the maximum

membership degrees.
The computational complexity of calculating (4) is in principle the same as

that of calculating (2), which is the computational complexity of a k-nearest
neighbour query. However it requires the implementation of k-nearest neighbour
algorithms with the distance measure corresponding to (3).

Membership in the optimistic and pessimistic approximations — like mem-
bership in ordinary upper and lower approximations — is determined purely on
the basis of the attribute values of an instance, so it is possible to plot mem-
bership degrees across the attribute space. This is illustrated for a toy example
in Fig. 1. Here, C is a crisp set containing two elements, one of which has a
missing attribute value, which we have represented with a line. We have cho-
sen Ri(y, x) = 1 − |yi − xi|. For crisp sets, the choice of t-norm becomes void:
T (R(y, x), C(x)) is equal to R(y, x) if C(x) = 1, and equal to 0 otherwise. Sim-
ilarly, the choice of fuzzy implication resolves to a choice of fuzzy negation; we
use the standard negation z 7−→ 1− z. We set w =

〈
2
3 ,

1
3

〉
. Darker shades of red

indicate higher membership degrees. It can be seen that membership degrees of
the optimistic approximations are uniformly higher than membership degrees of
the pessimistic approximations.

The treatment in this section is essentially an updated version of [14]. The
differences are mainly practical. Firstly, [14] uses a more general setting, where
Ri is an interval-valued relation, but this greater generality potentially obscures
the fact that this approach can be applied in any context that currently uses
ordinary fuzzy rough sets, where Ri is scalar-valued. And secondly, [14] requires
the aggregation function f to be a t-norm. As a result, Rmin

f will always be 0 if
any of the attribute values are missing, and we lose the information encoded by
the non-missing attribute values.

3 FRNN with interval-valued approximations

Upper and lower approximations can be used for Fuzzy Rough Nearest Neigh-
bour (FRNN) classification [13], by calculating the membership of an unknown
instance in the upper and lower approximations of the crisp decision classes
and identifying the class with the highest membership degree. For datasets with
missing data, we can instead use the interval-valued upper and lower approxima-
tions for classification. We test this with a small experiment. As upper and lower
approximations produce equivalent results with two-class datasets, we simplify
the experiment by only using the upper approximation.

For crisp sets C, the choice of t-norm in (4) becomes void. In line with previ-
ous work [18] we use linearly decreasing weights k

k(k+1)/2 ,
k−1

k(k+1)/2 , . . . ,
1

k(k+1)/2 ,

and set k to 20 or the size of the decision class, whichever is smaller. For the
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Fig. 1: Toy example with C = {(0.2, 0.8), (?, 0.2)}. Missing value displayed as a
line. Optimistic and pessimistic upper approximations of C and optimistic and
pessimistic lower approximations of X \ C.

tolerance relation, we select Ri(y, x) = 1− |yi − xi|/ri, where ri is the range of
values in the training set.

We evaluate performance with the mean Area Under the Receiver Operator
Curve (AUROC) across 5-fold cross-validation. For multi-class datasets, we use
the extension of AUROC by Hand & Till (2001) [11]. We apply this to eleven
datasets with missing values selected from the UCI archive of machine learning
datasets [6]. Where applicable, we remove classes with fewer than five instances,
and select a stratified sample of 2000 instances.

We experiment with two strategies: using the mean membership values in
the optimistic and pessimistic approximations, and optimising a weighted mean
on the basis of training data.

For the second strategy, we use the efficient form of leave-one-out validation
detailed in [19]. Briefly, this entails taking a single nearest neighbour query for
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the entire training set, and correcting it by removing nearest neighbour distances
from a training instance to itself. The remaining values can then be used to
calculate optimistic and pessimistic approximation memberships C \ {x}

max
(x)

and C \ {x}
min

(x). We parametrise the average of these two values with a value
λ ∈ [0, 1] (5).

(1− λ) · C \ {x}
min

(x) + λ · C \ {x}
max

(x) (5)

We optimise λ by calculating the resulting AUROC and applying Malherbe-
Powell optimisation [15,16] with a budget of 20 evaluations.

Note that the computational complexity of this strategy is equal to the com-
putational complexity of a k+1-nearest neighbour query with n query instances
and n target instances, where n is the size of the training set. For large n, this
can potentially be mitigated by using only a subset of the training set to optimise
λ.

Table 1: Datasets with the number of classes, instances and attributes, the rate of
missing values, and the AUROC from classification with the mean of optimistic
and pessimistic upper approximation memberships, with an optimised ratio of
both, and with normal upper approximation memberships after imputation with
the mean and mode.

Dataset c n m #? Mean Optimised Imputation

adult 2 2000 13 0.010 0.863 0.863 0.860
aps-failure 2 2000 170 0.083 0.969 0.985 0.993
arrhythmia 10 443 279 0.003 0.878 0.880 0.877
ckd 2 400 24 0.105 1.000 1.000 1.000
exasens 4 399 7 0.428 0.738 0.748 0.734
hcc 2 165 49 0.102 0.746 0.741 0.771
hepatitis 2 155 19 0.057 0.879 0.884 0.877
mammographic-masses 2 961 4 0.042 0.833 0.834 0.827
primary-tumor 15 330 17 0.039 0.779 0.777 0.775
secom 2 1567 590 0.045 0.678 0.681 0.689
soybean 19 683 35 0.098 0.993 0.995 0.996

Mean 0.851 0.854 0.854

The results are displayed in Table 1. Optimising the weighted mean increases
AUROC for 7 datasets and decreases it for 3. Applying a one-sided Wilcoxon
signed-rank test, we find that this is weakly significant (p = 0.057).

For comparison, we have also included the results obtained from simple im-
putation with the mean (numerical attributes) or mode (categorical attributes)
of the known values in the training data. For 6 datasets, both the mean and
optimised weighted mean optimistic and pessimistic approximations achieve a
higher AUROC than simple imputation, whereas for 5 datasets, simple impu-
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Fig. 2: Distribution of datasets for which imputation or the proposal of this
paper achieves higher AUROC as a function of the missing value rate, with
logistic regression fit.

tation achieves a higher AUROC. If we exclude the outlying dataset exasens,
we see that the optimistic and pessimistic approximations perform better on
datasets with a lower missing value rate, and imputation on datasets with a
higher missing value rate (Fig. 2). When we fit a logistic regression model, the
odds are even at a missing value rate of 0.056.

4 Conclusion

In this paper we have presented an approach towards datasets with missing
values that has received relatively little attention so far. While the existing liter-
ature is typically devoted to resolving these missing values in an optimal manner,
we have argued that in the context of fuzzy rough sets, which are motivated by
a desire to model different kinds of uncertainty, it is worthwhile to also model
the uncertainty of incomplete information.

We have recalled the concept of interval-valued fuzzy rough set, which it-
erates on the dualistic nature of rough sets and replaces the upper and lower
approximations by interval-valued fuzzy sets: secondary pairs of approximations,
reflecting optimistic and pessimistic assumptions about the values that are miss-
ing. These define a bandwidth that contains the true (but unknown) upper and
lower approximation memberships. We think that this can offer a valuable per-
spective for qualitative analyses of datasets with missing values.

We have shown how the interval-valued upper and lower approximations
can be used to extend Fuzzy Rough Nearest Neighbour (FRNN) classification to
problems with missing values. From an evaluation on several real-world datasets,
we found that the best results can be obtained by taking a weighted average of
the optimistic and pessimistic approximation memberships, and by optimising
the relative weight on the basis of training data. This results in a comparable
overall performance to simple imputation with the mean and mode, but is more
directly interpretable as it does not involve the insertion of artificial values.
Further analysis revealed that our proposal in particular outperforms imputation
on datasets with a missing value rate below 0.056.
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We leave the integration of interval-valued fuzzy rough sets into other algo-
rithms like fuzzy rule induction for future research.
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