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The Analog Behavior of Pseudo Digital Ring
Oscillators Used in VCO ADCs
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Abstract— In this work, we focus on the three most relevant
pseudo-digital ring oscillator circuits for VCO A/D conversion.
First, we show that they can be accurately modeled by an
equivalent 2-terminal diode-like element. Next, we study the main
analog performance figures: the effective oscillation frequency
(which affects the quantization noise of a VCO ADC), the input
referred noise and the power efficiency both for voltage and cur-
rent control. We do this both through theoretical modeling as well
as through simulations, which are in good agreement with each
other. Our study highlights several important independencies:
e.g. most performance metrics are independent on the number
of VCO stages and the external load capacitance on the VCO
nodes. In contrast to these independencies, we identify several
important dependencies. In particular, we show that the biasing
of the ring has an enormous impact on power efficiency of the
ring. This dependency is different for the case of a voltage- or
current mode configuration of the ring.

Index Terms— VCO A/D-conversion, ring oscillator, input
referred noise, power efficiency.

I. INTRODUCTION

OVER the past years Voltage-Controlled Oscillator
(VCO)-based Analog-to-Digital Converters (ADCs) or

VCO ADCs have evolved into a viable technology for over-
sampling A/D conversion. Advantages of this approach include
inherent first-order noise shaping, intrinsic anti-aliasing as
well as the fact that the circuits are digital-friendly, enabling
enhanced design portability and shorter design cycles [1], [2].
The core building block of most of these VCO ADCs is an
inverter-based ring oscillator.

We can distinguish three main performance metrics for
VCO ADC systems: linearity, noise and power consumption.
Linearity issues in VCO ADCs can be tackled by the use
of a pseudo-differential setup [3] and by employing proper
architectural techniques such as two-stage [4], [5] or feedback
based architectures [6]–[12], etc. Circuit-level improvements
also exist in prior art [13]–[15] and as a last resort, digital
calibration [16]–[20] can be used. In this work we will
not address linearity any further. Instead, we will study the
electrical behavior with a focus on noise and power efficiency.
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Fig. 1. Simple inverter based ring oscillator VCO with a tune circuit and
phase readout for use in a VCO ADC.

There are already numerous publications on the noise in
simple CMOS ring oscillators e.g. [21]–[24]. In this work we
will build on these results. For this, we will extend the existing
analysis on the simple inverter based oscillator to two other
important inverter based ring oscillators. Moreover, while prior
work focuses on the output phase noise, we will focus on the
input referred VCO noise, which allows a much more complete
and intuitive analysis of the performance of VCO ADCs. This
analysis will allow a comprehensive comparison between the
different types of ring oscillators.

To enable this analysis, we will first develop a VCO
modeling technique in Section II. In Section III, we delve
deeper into the VCO circuits, to obtain intuitive expressions
for the delay of our three ring oscillators. Based on these
models, we will then analyze the noise in Sections IV and V.
The power efficiency is discussed in Section VI and finally,
we will conclude the paper in Section VII.

II. VCO MODELING: 2-TERMINAL MODEL OF

PSEUDO-DIGITAL RING OSCILLATORS

A. Constructing the Ring Oscillator

We consider an oscillator as pseudo-digital when its core
circuit can be constructed with simple digital cells, preferably
CMOS inverters. A conceptual schematic of the simplest
pseudo-digital ring oscillator is shown in Fig. 1. It consists
of N unit cells which produce a pseudo-digital output signal
(either high or low). These unit cells are connected in a ring,
forming a feedback loop such that there is an oscillating
solution for the voltages in the circuit. In a VCO ADC
application, which is the focus of this work, the output of
each unit cell is buffered and routed to a phase readout
circuit to obtain the actual digital output signal [1]. Fig. 1
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Fig. 2. Three-stage voltage-controlled ring oscillator based on the direct
cross-coupled delay cell.

shows the configuration where the unit elements are inverters.
This configuration will be later referred to as the simple ring
oscillator or Simple RO. Finally, to obtain a voltage control
mechanism, a generic tune circuit is added to allow the input
voltage Vin to control the oscillation frequency. In this work
we will make, to a large extent, abstraction of the tune circuit
and we will focus on the core ring oscillator circuit instead.

B. Differential Delay Cells

Next to the single-ended unit cell used in the VCO ADC
system of Fig. 1, differential unit cells are also frequently
used. A very popular differential delay cell used in VCO
ADCs is displayed in Fig. 2 [25]. The cell consists of two
main inverters which form the core signal path. To this,
a direct cross-coupling through two (small) auxiliary inverters
is added. The goal of these auxiliary inverters is to create a
balancing mechanism to ensure that both outputs are com-
plimentary, such that the overall cell maintains a differential
behavior. In most designs, these auxiliary inverters will be
sized significantly smaller than the main inverters. More
specifically, a typical sizing for these auxiliary inverters is
to size them a quarter of the main inverters [14], [25], [26].
This configuration will be later referred to as the direct
cross-coupled case or Direct CC.

Recently, an improvement on the established direct
cross-coupled delay cell of Fig. 2 was proposed [14], [27]. The
core circuit idea is shown in Fig. 3. Again the actual signal
path is formed by the main inverters. As before, auxiliary
inverters are added to create a balancing mechanism. However,
now the auxiliary inverters for stage k are driven from the
outputs of stage k − 2 which are fed forward [28]. This cell
was studied in [14] and it was shown to have improved per-
formance in terms of frequency, power, noise and robustness.
Moreover, the best sizing for the auxiliary inverters is very
different from the cell with direct cross-coupling of Fig. 2:
now the best sizing is to size the auxiliary inverters with equal
strength as the main inverters. This configuration will be later
referred to as the feed-forward cross-coupled case or FF-CC.

The three ring-oscillators presented above will be the focus
of the remainder of this work.

C. Frequency Characteristic

Moving forward with our VCO model, we will now study
the frequency characteristic of the three ring oscillators. We
will start our analysis with a constant input signal Vin such
that a fixed oscillator is obtained. For our discussion, we will

Fig. 3. Three-stage voltage-controlled ring oscillator based on feed-forward
cross-coupled delay cells. Note: A-A’ and B-B’ are implicitly connected.

use a very simple dynamic model for every cell: i.e. every
i th cell has a falling edge delay, τd f,i and a rising edge delay
τdr,i . Then the oscillation period can be written as:

T =
N∑

i=1

(τd f,i + τdr,i ) (1)

In most practical designs, the unit cells are nominally matched
such that the cell delays, τd f,i and τdr,i will be (nearly) equal
to their nominal values τd f and τdr . Now we introduce the
average nominal cell delay τd :

τd = τd f + τdr

2
(2)

From this we can obtain the associated VCO oscillation
frequency fVCO = 1/T . However, from the viewpoint of VCO
A/D conversion, a more relevant parameter is the effective
VCO frequency feff = 2N · fVCO. This can be understood by
realizing that most contemporary VCO ADCs use multi-phase
readouts (as shown in Fig. 1) [29]–[32]. This implies that each
transition (rising- and falling edges) in the ring is detected,
and these transitions occur at a rate feff = 2N · fVCO.
Consequently, the VCO ADC quantization noise performance
depends only on this effective VCO frequency [31], [32] and
not on the actual VCO frequency. With this in mind, we will
base the rest of our discussion on feff :

feff = 2N

2Nτd
= 1

τd
(3)

Here, feff is a function of the input signal (through the tune
circuit). A crucial observation is that feff is independent of N ,
which means that the same SQNR is obtained regardless of the
choice of the number N of VCO unit cells [31]. Additionally,
the VCO’s power consumption (see Section II-D) as well as
its input referred white noise (see Section IV) are independent
of N . This implies that, on the system level, N is to a large
extent an independent design variable.

This important observation should be taken into account
with some caution. While N does not affect the core ana-
log performance of the VCO, in an actual VCO ADC the
choice of N will substantially affect the performance of the
digital readout circuitry (area, power, maximum operating fre-
quency) [1], [33]. In particular, when decreasing N , the actual
VCO frequency fVCO increases, which requires the readout
circuit to operate at a higher frequency and also to have a
higher resolution, which might be unfeasible. Although these
aspects are very important in an actual VCO ADC design, they
are out of the scope of this study. Remark that some secondary
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Fig. 4. feff vs. Vring plots.

analog performance metrics such as e.g. 1/ f noise also still
depend on N .

As mentioned before, to control the oscillation frequency
based on the input voltage, some kind of tune circuit is needed.
In nearly all cases, this tune circuit is inserted at one of
the supply lines of the ring oscillator, either Vdd or Vss .
Fig. 1 shows a variant where the tune circuit is inserted at
the Vss side (so-called bottom drive). The tune circuit can
take many forms [2]. Some simple, but popular variants are
a transconductor (current control), e.g. [3], a voltage buffer
(voltage control) [34] or more advanced resistive drive circuits
[13], [14]. The goal of the tune circuit is to control the current
Iring in the ring or the voltage Vtune on the ring. For the
operation of the ring oscillator, the actual ring voltage Vring
is more relevant than the tune voltage Vtune. In the case of
bottom drive, we can write:

Vring = Vdd − Vtune, (4)

and we will use this quantity in what follows. Then the overall
VCO tune curve, i.e. effective VCO frequency vs. overall VCO
input signal Vin (see Fig. 1) can be obtained:

feff (Vring(Vin))

To illustrate this tune curve, we performed simulations in a
standard 65 nm CMOS technology. The core inverter used in
the delay cell had the following drawn1 sizing:

Wn = 8 μm, Wp = 2 · Wn, Ln = L p = 60 nm. (5)

A capacitive loading of 8 fF is added to each stage to model a
realistic capacitive load due to the phase readout. A simulation
result for our three ring oscillators is shown in Fig. 4. Here,
it was verified that the curves for different values of N are
identical (for N = 9, 17, 33, 65 and 129). Note that the same
conclusions are valid when the tune circuit is inserted at the
Vdd side (so-called top drive).

Fig. 4 confirms the notoriously non-linear behavior of the
ring oscillator, which gets worse when moving closer to
the sub-threshold region (where Vring is close to the tran-
sistor threshold voltage). The plots in Fig. 4 also showcase
the substantial difference between the different delay cells
presented here. In terms of quantization noise performance,
the highest effective oscillation frequency corresponds to the

1The actual design is scaled to a gate length of 65 nm.

Fig. 5. VCO ripple waveforms for the simple ring oscillator circuit of
Fig. 1 for the case of Vring = 1 V: (a) current ripple for voltage control
and (b) voltage ripple for current control. The red lines represent the DC
component.

best case [31], [32]. Clearly, the case of the differential delay
cell with feed-forward cross-coupling consistently performs
the best, while the circuit with the differential delay cell with
direct cross-coupling is the worst.

D. I-V Characteristic

We will now consider the raw electrical behavior of the core
ring oscillator. More specifically, we will study the ring’s cur-
rent vs. voltage relationship (I-V characteristic) corresponding
to our three delay cells. Before this study however, we must
first consider something else. In practice, due to the non-ideal
output impedance of the tune circuit, even for a constant input
signal Vin , there will be a ripple on both the ring voltage as
well as the current:

Vring(t) = Vring(Vin) + vripple(t) (6)

iring (t) = Iring(Vin) + iripple(t) (7)

This is illustrated through simulations using the sizing of
Eq. (5). The resulting waveforms for the simple oscillator
of Fig. 1 are shown in Fig. 5. The two most extreme cases
are considered: voltage control in Fig. 5(a) where the voltage
ripple is zero and there is only a current ripple, and the
reciprocal situation of ideal current control in Fig. 5(b). For the
latter case, the current was chosen such that the corresponding
DC component of the ring voltage is the same as for the
voltage control case (i.e. 1 V). The ripple in both cases has
a period of 2τd and hence occurs at half the effective VCO
frequency feff

2 , see Eq. (3). Fortunately, in a well-designed
VCO ADC application this ripple will be very far out of band,
as the fundamental encoding error should be minimized [31].
An important observation here is that the current ripple looks
exactly the same for different values of N , which we have
confirmed through extensive simulations (for N = 9, 17, 33,
65 and 129), and by overlaying the ripple plots for these values
of N in Fig. 5(a). In contrast, the voltage ripple in the case of
an ideal current control configuration is inversely proportional
to N . This is due to the fact that the ripple is filtered by the
input capacitance, which is roughly equivalent to N times the
gate-source capacitance of the device at the tune terminal.

Fig. 6 shows the ripple waveforms for the differential delay
elements. Here again, each of the main inverters is sized
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Fig. 6. VCO instantaneous ripple waveforms for ring VCOs based on
differential delay elements for the case of Vring = 1 V. Top row: the case
of Direct CC of Fig. 2 with (a) the current ripple for voltage control and
(b) the voltage ripple for current control. Bottom row: the case of FF-CC of
Fig. 3 with (c) the current ripple for voltage control and (d) the voltage ripple
for current control. The red lines represent the PSS solution for the value
at DC.

according to Eq. (5). The plots show that for these differential
delay cells, the ripples are even smaller. Another important
observation is that the ripple frequency is not at half the
effective VCO frequency feff

2 , but instead at feff . This means
that this ripple will be even further out of band as in the case
of the simple oscillator. The underlying mechanism causing
this effect, will be explained below.

Note that in the simulation, the main inverters are
sized according to Eq. (5) for each circuit, but that the
corresponding current levels are very different. As could
already be seen in Fig. 4, we can see that the VCO
with feed-forward cross-coupling oscillates (Fig. 6(c)-(d))
much faster (roughly two times) than the one with direct
cross-coupling (Fig. 6(a)-(b)). This will be further explained
in the next section.

In what follows, we will assume that for all considered
circuits, the ripple is at sufficiently high frequency that it can
be ignored for the rest of the discussion and from now on we
will focus on Vring and Iring. Now it is important to realize that
within this approximation (i.e. that the voltage and the current
ripple is negligible) Vring and Iring should mutually define each
other. This implies that the Vring vs. Iring characteristics should
be the same regardless whether they are obtained through
voltage or current control. To confirm the validity of this
approximation, the simulated Vring vs. Iring characteristic for
our three ring oscillators (same sizing as Eq. (5)) is shown
in Fig. 7 for both voltage (bold curves) as well as current (point
markers) control (obtained through PSS simulations). We have
also added point markers to Fig. 4 to indicate the result for
a current control configuration. The curves are not strictly

Fig. 7. Iring vs. Vring plot. The continuous curves are obtained with voltage
control, the point markers with current control. Left: the simple ring VCO,
right: the differential VCOs.

Fig. 8. Interpretation of the ring’s I-V characteristic as a diode.

identical, but it is clear from the plot that even for the simple
VCO (with the largest ripples), the difference is visually not
discernible. Intuitively, this can be understood given that for a
certain current in the ring, the voltage over the ring will settle
toward the corresponding ring voltage needed to drain this
current [13]. Again it was confirmed through simulations that
for N = 9, 17, 33, 65 and 129, the plots are identical, which
implies that the VCO power consumption is independent of N .
Additionally, we observed that the I-V characteristics were
independent of the (external) capacitive load on each VCO
node. This implies that the power consumption is independent
of this external load capacitance, and will also have other
consequences later on.

Because the current control curves are practically identical
to the voltage control curves in Fig. 7, the ring oscillator tune
curve can be studied either in voltage mode (i.e. study the
oscillation frequency as a function of Vring) or in current mode
(i.e. study the oscillation frequency as a function of Iring). This
is because both tune curves can be converted to each other
through the oscillator’s Vring vs. Iring characteristic. We will
start our analysis with a voltage mode analysis, and adapt it
for the current mode case later on.

When observing the ring I-V characteristics in Fig. 7,
the similarity with a FET diode with a threshold voltage VT
of around 400 mV is striking. This diode interpretation is
shown in Fig. 8 and allows for a strong intuition and simplified
reasoning on the ring as an equivalent 2-terminal element,
in particular in terms of voltage headroom and power con-
sumption. We reiterate here that this diode-like characteristic
is independent of the number of delay cells N in the ring and
of the capacitive load on the VCO nodes.

III. VCO MODELING: UNIT CELL DELAY

To fully grasp the differences between the VCO unit cells,
we will now analyze their respective delays on the circuit level.
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Fig. 9. Switching in a single cell of a simple ring oscillator VCO: (left)
falling edge, (right) rising edge.

Fig. 10. Simplified sketch of the current ripple waveform iring(t) corre-
sponding to our circuit model of Fig. 9 which should be compared to the
actual ripple waveform of Fig. 5(a).

A. Single-Ended Delay Cell

The goal of our analysis is to explore trends to guide
design decisions. For this reason, we will use the simplest
possible delay model, as was also done in other work [21].
For the single inverter unit cell, the dynamics of the threshold
crossings are illustrated in Fig. 9. The falling delay τd f can
be described by the following expression:∫ τd f

0

Ifall

CL
= VM (8)

Here, τd f is the time needed to toggle the next inverter and Ifall
is the discharge current. VM is the voltage difference between
the stable state of the inverter and the toggle point of the
inverter, which can be approximated as

Vring
2 for simplicity.

Finally, CL is the load capacitance seen by the cell and consists
of the cell’s output capacitance, the input capacitance of the
next cell, the input capacitance of the readout buffer and finally
the interconnect capacitance. If we make the (very rough)
approximation that the current Ifall is constant during the entire
switching process (remember, we go for simplicity rather than
full accuracy), we obtain the fall time as:

τd f = Vring · CL

2 · Ifall
(9)

Furthermore, we will make the approximation that the MOS
transistor in the inverter is in its pentode region. This is
justified by the observation that at the start of the switching
effect the drain source voltage of the transistor is relatively
large. Hence, the current can be described by:

Ifall = αn · g(VGS − VT n) with αn = Wn

Ln
(10)

Here αn stands for the ratio-metric factor and g(·) is a function
which in weak inversion is exponential, in normal strong
inversion quadratic and in velocity saturation linear.

Assuming that the devices switch abruptly, and taking the
considerations above into account, the ring current iring(t) in
a bottom drive configuration can be modeled as displayed
in Fig. 10. Here, we can observe the ripple, which has a

Fig. 11. Half-cell of the direct cross-coupled delay cell used in Fig 2:
(a) simplified model for the falling transition and (b) simplified model for
the rising transition.

peak-to-peak magnitude of Ifall, and the (quasi)-static com-
ponent Iring of the ring current, which is approximately equal
to Ifall/2. This explains why we expect the ring’s I-V charac-
teristic of Fig. 7 to have the same shape as an NMOS diode
characteristic (shown in the Appendix, Fig. 24). Comparing the
ripple sketch to the simulated ripple waveform of Fig. 5(a),
it is clear that the actual ripple is much smaller, affirming that
our model is only an approximation. Despite this limitation,
the period of the ripple is correctly predicted.

B. Differential Delay Cell With Direct Cross-Coupling

To simplify the analysis for this differential circuit, we will
assume that the auxiliary inverters in this delay cell ensure
that the edges of the differential VCO are perfectly aligned
(as intended). Consequently, this delay cell can be analyzed
by studying a half-cell. To obtain the falling edge delay τd f +,
we will study the positive half cell shown in Fig. 11(a).

Here the cell’s input waveform is simplified into an ideal
square wave (with a zero rise time). This immediately switches
the PMOS transistor in the main inverter off, while the NMOS
transistor is switched on. Again we assume a constant current
Ifall in the NMOS transistor biased in the pentode region. This
current will start the discharge process of the load capaci-
tor CL . During this switching process, the gate of the auxiliary
inverter is not yet switched and hence the auxiliary PMOS
transistor will still be on. At the beginning of the switching
process, the drain source voltage on this transistor is very small
and hence this transistor will be in the triode region, such
that it can be modeled by its on-resistance RAp . Considering
the falling edge of the positive half cell at the output vo−(t),
the switching process boils down to the following set of
equations:

Ifall = Vdd − vo−(t)

RAp
− CL

dvo−(t)

dt

with

{
vo−(0) = Vdd

vo−(τd f +) = VM

⇐⇒ τd f + = RApCL · ln

⎛
⎝ 1

1 − VM
Ifall·RAp

⎞
⎠ (11)

which can be further simplified by making the assumption:
τd f + � RApCL . (12)
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Fig. 12. Simplified sketch of the current ripple waveform iring(t) of the
differential delay cell with direct cross-coupling corresponding to our circuit
model of Fig. 11.

This is equivalent to stating that the auxiliary inverters should
be sufficiently smaller (‘weaker’) than the main inverters,
which is justified by the study in [14], where it is shown
that increasing the size of the auxiliary inverters w.r.t. the
main inverters comes at the cost of a worse performance
in noise, power and frequency. As a consequence, the only
sensible sizing of these auxiliary inverters is to make them
relatively small w.r.t. the main inverters, which implies that in
a good design Eq. (12) is always valid. Now we can make a
first-order Taylor expression leading to a familiar expression
for the positive half cell falling edge delay:

τd f + = Vring · CL

2 · Ifall
(13)

The half cell’s rising edge delay τdr+ can be analyzed based
on the model in Fig. 11(b) and leads to an equivalent result:

τdr+ = Vring · CL

2 · Irise
(14)

where Irise is the current in the main PMOS transistor.
Due to symmetry reasons, the same analysis is valid for
the negative half cell, leading to similar expressions for
τd f − and τdr−. We note here that, even though the delays
of the direct cross-coupled cell Eqs. (13, 14) look identical
to the expression of the delay of the simple delay cell in
Eq. (9), the oscillation frequencies in practice will not be
identical because of the approximation of Eq. (12) and the
load capacitances CL are different for both circuits. We can
now use these results for the half cells to approximate the
overall falling edge delay τd f and rising edge delay τdr of the
differential delay cell:

τd f = τd f + + τdr−
2

(15)

τdr = = τdr+ + τd f −
2

(16)

In Section II-D, it was observed that the ripple on the ring
current for the differential cells was smaller, and in addition,
appeared at a frequency equal to feff instead of feff

2 . Based
on the analysis above, we sketched the waveform of the ring
current corresponding to our model in Fig. 12 (assuming
bottom drive). In contrast to the single-ended VCO delay cell,
we now have two alternating contributions: the current pulled
from the positive half cell iring,+(t) and from the negative
half cell iring,−(t), which lags half period with respect to
the positive half cell. As a result, the actual ring current is
expected to be relatively flat, with a small residual ripple due

Fig. 13. Equivalent half-cell of the feed-forward coupled differential delay
cell illustrating the falling edge switching mechanism. (a) Pre-discharge phase
which forms the start of the actual edge. (b) Main discharging phase.

to non-ideal switching, which is in qualitative agreement with
the actual ripple waveform of Fig. 6(a). Also, the fact that the
ripple frequency has shifted to feff is explained by Fig. 12.

C. Differential Delay Cell With Feed-Forward
Cross-Coupling

To analyze this circuit, as in the previous subsection, we
start with an equivalent half circuit (Fig. 13). To simplify the
discussion, the auxiliary inverter is now placed at the top, and
the main inverter at the bottom (in contrast to Fig. 11 where it
is the other way). An important difference with the previous
delay cells, is that now two phases must be distinguished:
a pre-(dis)charging phase and the main (dis)charging phase.
Another important difference is that for the kth cell now cell
k − 2 is also involved, since it drives the auxiliary inverter.
To distinguish between these voltages we add the cell number
as [k] in the expression for the voltage. For example, vo−[k]
refers to the negative terminal output voltage of the kth cell.
The pre-discharging phase is detailed in Fig. 13(a). It occurs
when the rising edge arrives at the (k−2)th cell, but has not yet
reached the actual kth cell (on which we are focusing now).
By looking at the figure we see that the behavior is almost
identical to the discharging phase with the direct cross-coupled
delay cell of Fig. 11. The only difference here is that the role
of the main and the auxiliary inverter are interchanged in this
case: now, the auxiliary NMOS is switched on due to a rising
edge in vo+[k − 2]. When this occurs, the PMOS in the main
inverter is still on, as the rising edge has not yet reached the
input of the kth cell. As such, an identical situation as in
the previous section is obtained, where now the main inverter
acts as a triode resistor RMp , slowing down this pre-discharge
process. The pre-discharging phase finishes when the edge has
further rippled through the (k − 1)th cell and hence reaches
the input of the kth cell. This happens a delay τdr+ after the
begin of the pre-discharging phase. Then the main discharge
phase begins, displayed in Fig. 13(b). If we set t = 0 at the
start of the main discharge phase, this leads to:

−τdr+ ≤ t ≤ 0 : Pre-discharge phase

vo−[k](t) = Vdd − IAn · RMp ·
(

1 − e
− t+τdr+

RMp CL

)
with: vo−[k](−τdr+) = Vdd (17)
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In the main discharge phase, both the auxiliary and the main
inverter current discharge the load capacitor. The resulting
behavior is almost identical to the simple ring oscillator, only
now two current contributions (one from the auxiliary and one
from the main inverter) are integrated on the load capacitance:

0 < t ≤ τd f + : Main discharge phase

vo−[k](t) = vo−[k](0) −
∫ t

0

IMn + IAn

CL
dt

with: vo−[k](τd f +) = VM (18)

To find the circuit’s (rising and falling) delays the system
of equations (17)-(18) must be solved. To obtain a simple
expression for the result we will make the greatly simpli-
fying approximation to neglect the output voltage variation
during the pre-discharge. While this approximation is not very
accurate, our simulation results later on will confirm that
the resulting expression is still accurate enough for a correct
interpretation of the main circuit properties. Now, based on
the analysis of the previous delay cells, we get:

τd f + = Vring · CL

2 · (IMn + IAn)
(19)

Similar expressions can be set up for the rising edge delay
τdr+ as well as for the negative half cell delays τd f − and
τdr−. Note that this expression again looks similar to that of
the delay of the simple- and direct cross-coupled delay cell in
Eqs. (9, 13, 14), but care should be taken in their comparison
since the load capacitance is different for all three cases.

Finally, just as for the direct cross-coupling case, the balanc-
ing mechanism between both pseudo-differential paths, creates
an averaging mechanism between the negative half-cell delays
τd f −, τdr− on the one hand and the positive half-cell delays
τd f +, τdr+ on the other hand. Consequently, the overall falling
edge delay τd f and the overall rising edge delay τdr are
obtained by the averaging Eqs. (15, 16) as well, but this
time substituting Eq. (19) and the equivalent expressions for
τdr+ and the negative half cell delays.

IV. WHITE NOISE IN VCO DELAY CELLS

As mentioned in the introduction, numerous publications
already exist on the subject of noise in simple ring oscilla-
tors [21]–[24], providing the foundation for our work. We will
expand these previous results to the differential circuits and
translate them to the context of VCO ADCs by referring the
phase noise expressions to the VCO input terminals. We will
begin with an analysis for voltage control: VC.

A. Single-Ended Delay Cell

With the definition for the period T from Eq. (1), we can
write the variance of the period jitter as:

σ 2
T = N · (σ 2

τd f
+ σ 2

τdr
) (20)

The VCO’s output signal single-sideband phase noise spectral
density Sφout ,VC for voltage control can then be calculated (see
Eq. (15) and Eq. (17) in [21]), using τd f from Eq. (9):

Sφout ,VC( f )= 4kT

I

(
gm

2I
(γN + γP) + 1

Vring

) (
f0

f

)2

(21)

Here it is assumed that the NMOS current Ifall is equal to the
PMOS Irise and represented by the symbol I = Ifall = Irise.
Remember that within our simple model (Fig. 10) it is also
assumed that I = 2 · Iring . The NMOS and PMOS pentode
transconductances, gm,N and gm,P are, for simplicity, set equal
to gm = gm,N = gm,P . The parameters γN and γP are the
NMOS and the PMOS channel noise parameters. Traditionally,
the value of γ is assumed to be equal to γ = 2

3 or γ = 1
2 when

the transistor is biased in strong inversion or weak inversion
respectively [35]. However, in reality the value of γ is also a
function of the technology [36]. For instance, shorter channels
typically result in significantly higher channel noise factors.
Now, this phase noise expression can be input referred using
the VCO voltage-sensitivity (or VCO gain) KV :

Sw,in,VC( f ) = Sφout ( f )

(
f

KV

)2

= 4kT

I

(
gm

2I
(γN + γP) + 1

Vring

) (
f0

KV

)2

(22)

Based on the expressions for the cell delays in the previous
section and Eq. (1), we can derive an expression for KV :

KV = d f0

dVctrl
= − d f0

dVring

= f0 ·
[

1

Vring
− d I

dVring
· 1

I

]
(23)

As the gate-source voltage of the inverter transistors is equal
to Vring, we can write gm = d I

dVring
. Substituting this in the

expression for the input referred phase noise gives:

Sw,in,VC( f ) = 4kT

I

gm
2I (γN + γP) + 1

Vring(
gm
I − 1

Vring

)2 (24)

Note that Sw,in,VC( f ) is not dependent on f and hence corre-
sponds to input referred white noise. In addition, the expres-
sion only depends on the transistor biasing and parameters
(I , gm , γ , Vring). This has two important consequences: first,
the noise is independent of the load capacitance of the delay
cell (which will be confirmed by the simulations below).
Consequently, the designer has the freedom to add explicit
capacitance, e.g. in the form of buffer circuits, or to work
with non-minimal channel lengths (e.g. to improve the 1/ f
behavior see below), since this can be done without a thermal
noise penalty. However, there is a penalty in the quantization
noise of the overall VCO ADC, as feff ∼ 1

CL
directly impacts

the quantization noise of the system, and hence increasing the
inverter’s load capacitance can only be done if the system
is not limited by quantization noise. A second consequence
is that the input referred white noise is not affected by the
number of delay cells, N . This result was already known for
the output phase noise [21], [24] and is also valid for the input
referred noise.

B. Differential Delay Cell With Direct Cross-Coupling

For the noise calculation of the direct cross-coupled VCO
delay cell from Fig. 2, we can again ignore the effect of
the auxiliary inverter, as was done in Section III-B. Con-
sequently, the noise calculations will be similar as for the
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single-ended delay cell. Starting from Eq. (20) and taking into
account the balancing effect due to the differential nature, see
Eqs. (15, 16), a similar noise calculation can be done for the
direct cross-coupled VCO delay cell:

Sw,in,VC( f ) = 4kT

2I

gm
2I (γN + γP) + 1

Vring(
gm
I − 1

Vring

)2 (25)

This expression is identical to the noise behavior of the
single-ended VCO delay cell, apart from the effect of the
balancing mechanism, which improves the noise performance
with a factor 2. It should be observed that the ring current is
twice as large as in the previous case (see Fig. 12). Hence,
intuitively it makes sense that the noise is indeed a factor
2 smaller.

C. Differential Delay Cell With Feed-Forward
Cross-Coupling

If the pre-charging phase is neglected, as in Section III-C,
the analysis of the feed-forward cross-coupled delay cell also
becomes similar to the previous cases. The most important
difference is that the charging current now comes from both
the main inverter as well as the auxiliary inverter. This leads
to an overall current that is twice as large, but unfortunately
both inverters contribute to the noise. Taking this into account
as well as the balancing effect, due to the differential nature
of the delay cell, the input referred white noise is obtained as:

Sw,in,VC( f ) = 4kT

4I

gm
2I (γN + γP) + 1

2Vring(
gm
I − 1

Vring

)2 (26)

The expression is again very similar to the previous expres-
sions. The total noise improvement is now even higher, boast-
ing more than a factor 4 improvement w.r.t. the single-ended
VCO delay cell. As in the previous case, the root cause of
this improvement can intuitively be understood by observing
that the current has further increased: there are now 4 main
inverter current components (compared to 2 for the case of a
direct coupling cell and only 1 for the simple cell).

Before moving on, we refer here to the simplified noise
expressions described by Eqs. (38-40) in Appendix B. These
equations show that, in approximation, the voltage noise
spectral density of the ring oscillator is described by ∼ kT

gring
,

just like a diode, allowing for a very simplified and intuitive
noise calculation.

D. White Noise Simulations

To assess the validity of our analyses, again extensive
simulations were performed. In these simulations, again all
main inverters were sized according to Eq. (5). In our first
batch of simulations the case of N = 9 was investigated and a
capacitive load of 8 fF (modeling the phase readout) was used.
Then for every value of the ring voltage Vring the input referred
white noise is obtained from PNOISE simulations according
to the approach described in [37]. This was repeated for each
of our three unit cells. The results are summarized in Fig. 14.

Next to the simulation results, also theoretical predictions
based on Eqs. (24)–(26) are added to the figure. For simplicity,

Fig. 14. Simulated input referred white noise (full lines), calculated using the
quadratic formula (dashed lines) and calculated using the velocity saturation
formula (dotted lines).

a fixed value of the noise factor γ = γN = γP = 1.15 was
used here. This relatively large value is justified since we have
short-channel devices [36], [38], [39]. First, a quadratic model
for the device currents was used. As can be seen on Fig. 14,
the resulting predictions match quite accurately for lower
values of the ring voltage Vring, but start to deviate significantly
for higher values of Vring. This behavior is expected as we
are using short channel transistors and consequently for high
overdrive voltages the transistors enter the velocity saturation
region [36]. Hence, the results calculated with a velocity
saturation model for the transistors are added as well and the
model matches reasonably well for large values of Vring. More
details on the used device current equations are summarized
in Appendix A. As mentioned before, Appendix B shows the
simplified noise expressions, useful for quick estimates of the
input referred noise.

In a second batch, all these simulations were repeated but
now the load capacitance at every VCO node was increased
by a factor 10 to 80 fF. As predicted by the theory, the results
were found to be the same (within the accuracy of the
simulator). We emphasize that this insight is only attainable
when considering our input referred phase noise approach,
as the effect of the VCO frequency f0 is nullified by the VCO
gain KV in the input referred noise expression.

Finally, in a third batch, the simulations were repeated
for increasing values of the number of VCO cells N , up to
N = 65. Unfortunately, we were unable to do the simulations
for higher values of N . The reason for this is the following:
to obtain the phase noise we first need to do a PSS simulation
followed by a PNOISE simulation [37]. However, the com-
plexity (and simulation time) of a PSS simulation increases
dramatically with an increasing number of delay cells. With
a number of delay cells equal to N = 65, the simulations
already took a very long time, and even failed to converge
for some values of the ring voltage. For larger values of N
(e.g. > 65), the simulator failed to converge over the entire
range of Vring. Nevertheless, we present our findings here.
For relatively small values of the number of VCO cells up to
N = 33, we found that the input referred white noise indeed
was approximately independent of N . However, for the larger
value of N = 65, a discrepancy was found: the input referred
white noise was now about 2 dB better than expected. This
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Fig. 15. Interpretation of the ring’s I-V characteristic as a diode allowing to
refer the ring’s phase noise to its input terminal (a) as an equivalent voltage
and (b) as an equivalent current.

effect was not observed in earlier work [21], [24] and it is not
yet fully understood whether this is due to simulation artifacts
or a genuine trend which is not explained by the theory.

E. Current Mode Noise

As mentioned in Section II-D, everything from that
point, including the noise analysis above, is made with a
voltage-mode approach. However, it is well known for conven-
tional analog circuits that a different approach must be taken
for optimizing current-mode circuits. Hence, the question how
this translates to the different ring oscillators under scrutiny.

In Section II-D, it was already explained that a
voltage-mode approach could be translated to a current-mode
approach through the I-V characteristic of the ring (see
Fig. 7). For the input referred noise sources, this is illustrated
in Fig. 15, which indicates how the ring’s internal noise
sources can be modeled as equivalent input referred noise
generators (either voltage vnoise or current inoise). Regardless,
whether the ring is driven in current or voltage control,
the current and respectively voltage noise can be derived from
each other through:

Sw,in,I ( f ) = Sφout

(
f

KI

)2

= Sφout

(
f

KV

)2

︸ ︷︷ ︸
Sw,in ( f )

·g2
ring (27)

Or simply put:
inoise = gringvnoise (28)

where the ring transconductance gring can be obtained by
taking the derivative of the ring’s I-V characteristic (Fig. 7).
This allows to convert the input referred voltage noise into the
input referred current noise.

The derivation above assumes that the phase noise at
the VCO output is the same. However, we know from the
discussion above that for fixed values of Iring and Vring,
the ripple depends on the driving point impedance and thus
differs between voltage and current control. Hence it could
be that the phase noise is also different. Upon investigation,
it turns out that this is indeed the case. To clarify this, we have
to look back to the analysis of [21], where it is shown that
the PMOS transistors contribute noise during the rising edge
and the NMOS during the falling edge. Let us now focus on
the falling edge in current control, shown in Fig. 16.

Here, we can see that if the ring is driven by an ideal
current source the NMOS noise (represented by the source
inoise) cannot propagate to the output. Consequently the NMOS
transistors do not contribute to the phase noise and only the

Fig. 16. Effect of NMOS noise during a falling edge.

Fig. 17. Simulated input referred white noise for a current mode configuration
(full lines), and calculated using Eqs. (32) (dashed lines).

PMOS noise is relevant. For the bottom drive configuration,
as displayed in the figure, this boils down to omitting the
γN representing the NMOS noise in Eqs. (29-31). Combining
this with Eq. (28), for the case of a bottom drive configuration,
we can then obtain the input referred current noise for the case
of current control (IC) for the simple, direct CC and FF-CC
ring oscillators respectively:

Sw,in,I,IC( f ) = 4kT

I

gm
2I γP + 1

2Vring(
gm
I − 1

Vring

)2 · g2
ring (29)

Sw,in,I,IC( f ) = 4kT

2I

gm
2I γP + 1

2Vring(
gm
I − 1

Vring

)2 · g2
ring (30)

Sw,in,I,IC( f ) = 4kT

4I

gm
2I γP + 1

4Vring(
gm
I − 1

Vring

)2 · g2
ring (31)

For the case of top drive, the reciprocal situation where only
the NMOS transistors contribute to the noise, occurs. With
our sizing the NMOS and the PMOS noise factors γN and
γP are approximately equal. Taking this into account and
by comparing the above results with Eqs. (24-26) we can
generalize these results for arbitrary driving impedance as:

Sw,in,I ( f ) = Sw,in,VM( f ) · g2
ring · �Z , (32)

where the driving impedance factor �Z is around 0.5 for
ideal current control and 1 for ideal voltage control. This
equation (evaluated for �Z = 0.5 and the previous results
for Sw,in,VC( f )) is shown together with the simulated input
referred current mode noise in Fig. 17.
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V. FLICKER NOISE IN VCO DELAY CELLS

Similarly as for the analysis of white noise, we can build on
prior results on output phase noise and refer them to the input
by using the expression of the VCO sensitivity, see Eq. (23).
Through straightforward elaboration similar to the calculations
above, we can translate Eqs. (15) and (45) in [21] toward input
referred expressions for the flicker noise in VCO ADCs. For
the case of the single ended delay cell, we obtain:

S1/ f,in,VC( f )= 1

8NCox

( gm
I

)2
(

K f n
Wn Ln

+ K f p
Wp L p

)
(

gm
I − 1

Vring

)2 · 1

f
(33)

Here K f n and K f p represent the NMOS and the PMOS flicker
noise constants and Cox depicts the oxide capacitance. For the
differential delay cell with direct coupling:

S1/ f,in,VC( f )= 1

8NCox

( gm
I

)2
(

K f n
2 Wn Ln

+ K f p
2 Wp L p

)
(

gm
I − 1

Vring

)2 · 1

f
(34)

is obtained, which is a factor 2 smaller w.r.t. the previous
case. Essentially, this is due to the fact that (ignoring the small
auxiliary inverters) the number of inverters has doubled and
hence the total gate area is a factor 2 larger. And finally for
the differential delay cell with feed-forward coupling:

S1/ f,in,VC( f )= 1

8NCox

( gm
I

)2
(

K f n
4 Wn Ln

+ K f p
4 Wp L p

)
(

gm
I − 1

Vring

)2 · 1

f
(35)

which again is another factor 2 smaller. This can be under-
stood by considering that the total gate area has now further
increased by another factor 2. If we examine these expressions,
we see that, as expected, the 1/ f noise improves with increas-
ing gate area. This means that the flicker noise performance
can be improved by using non-minimal length devices, which
has been exploited in low frequency designs [3] where the
reduced effective oscillation frequency is not an issue. Also,
the flicker noise is inversely proportional with the number N
of cells in the ring. This is a degree of freedom that in principle
can be exploited without any penalty (ignoring the impact on
the readout circuitry): i.e. all other relevant analog VCO ADC
metrics (effective oscillation frequency, power, white noise)
are independent of N .

To assess our analysis, similar simulations were performed
as for the white noise case. The results for our reference case
(N = 9 unit cells, main inverters sized according to Eq. (5)
and 8 fF load per phase), are shown in Fig. 18. For simplicity,
the flicker noise is represented as the noise density at 1 Hz.
The predictions according to Eqs. (33)–(35) are superimposed.
In this case only the case of the quadratic MOSFET model is
shown. Here, K f n = K f p = 3.2 · 10−24 were used for the
flicker noise constants, which is in agreement with [21], [36].

From Fig. 18 it is clear that the simulated noise signif-
icantly increases with increasing values of Vring. Moreover,
it is clear that the theoretical predictions do not follow this
trend. Even when adding the velocity saturation MOSFET
model (see Appendix A) for higher values of Vring to the
plot, this behavior could not be accurately explained. Upon

Fig. 18. Input referred flicker noise at 1 Hz: simulated (full lines) and
calculated with quadratic model (dashed lines).

Fig. 19. Input referred current flicker noise simulated at 1 Hz.

investigation, we believe that the effect can be attributed
to the strong bias-dependency of the flicker noise constant
K f p [36]: deep in strong inversion, increases by a factor of 2
are not uncommon for NMOS devices and for PMOS devices,
increases by a factor as high as 50 have been reported [36].

Similar to the white noise simulation study, in subsequent
batches, these simulations were repeated with a 10× increase
of the load capacitance and for varying values of the number
of cells N . Increasing the load capacitance, did not affect
the flicker noise as predicted by the theory. Increasing the
number N of cells lead to a 1/N decrease of the flicker noise,
also in agreement with the theoretical predictions. Again,
we emphasize here that this insight is only attainable when
considering our input referred phase noise approach, as the
effect of the VCO frequency f0 is nullified by the VCO gain
KV in the input referred noise expression.

Finally, the current mode flicker noise was studied. In par-
ticular it was found that similarly as for the white noise,
in bottom drive current control, the NMOS transistors do not
contribute noise. Hence a similar expression as (32) with a
driving impedance factor �Z holds also for the flicker noise.
The associate results for flicker noise simulations in a current
control configuration are shown in Fig. 19.

VI. POWER EFFICIENCY

On the one hand, from the results compiled in Fig. 14
and Fig. 18, the differential delay cells seem to be the
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Fig. 20. Current needed for 1nV/
√

H z of input referred white noise, using
straight-forward impedance scaling.

better option in terms of noise performance for voltage mode
circuits. On the other hand, for current mode circuits, from
Figs. 17 and 19, the simple delay cell seems to be the best
option for current mode. In the presentation of the results
above however, the common denominator is that every main
inverter is sized identical. This does not take into account that
the different cells have different numbers of inverters, which
means that their area and even more important their current
consumption, is very different (see e.g. Fig. 7). We will now
take this into account for a more relevant comparison.

A. White Noise Power Efficiency

To make a fair comparison, the current consumption
required to obtain an (arbitrarily chosen) input referred white
noise level of 1nV/

√
H z is displayed in Fig. 20. Here, the well

known impedance scaling law is used that a 3dB noise voltage
reduction can be obtained by increasing every transistor width
as well as the current by a factor of 2. This way, every circuit
can be appropriately sized for an arbitrary voltage noise level
at the price of an increased current consumption, which is also
reflected in the correct ADC Figure-of-Merit (FoM) [40]. This
scaling law is used to obtain the plot of Fig. 20.

From the plot, two important conclusions can be drawn.
First, for nearly all biasing levels of Vring, the simple delay cell
is the most efficient, while the conventional differential delay
cell with direct cross-coupling is the worst. The improved
differential delay cell with feed-forward cross-coupling is
roughly in between. However, for small values of Vring (start-
ing from approximately 0.66 V) the difference between the
three cells becomes negligible. In fact the differential cell with
feed-forward is the best, but the difference is so small that
this is almost invisible on the figure. The second conclusion
is that only modest improvements with regard to the power
efficiency can be obtained by choosing the right delay cell
architecture. In contrast, appropriately selecting the biasing of
Vring has an enormous impact. E.g. reducing Vring from 1 V to
800 mV almost halves the required power for a given white
noise level. In general, in terms of power efficiency, the bias
should be chosen to keep the ring voltage as low as possible.

There are a few practical limitations on reducing the voltage
on the ring: the ring voltage should remain sufficiently high

Fig. 21.
gring
Iring

vs. Vring plot.

such that the oscillation (which has a peak to peak amplitude of
Vring) is large enough to drive the readout circuit. Additionally,
at lower values of Vring the VCO has an increased non-
linearity, which should be dealt with. Fortunately there are
plenty of techniques that can solve this [1], [2], [5], [13],
[14], [19] or by employing a co-optimization, trading noise
performance for linearity. Finally, a lower ring voltage results
in a lower effective frequency, and thus a lower SQNR.

Without taking the SQNR into account, based on these
considerations, it is beneficial to use an architecture where
the signal swing around the biased ring voltage is limited,
such that the bias level can be set near Vring = 0.4 V where
it is used in the most efficient way. This can be achieved by
many architectures: e.g. two-stage [4], [5], feedback [6]–[12])
or even by simply using a straightforward open loop ADC
without pre-amplifier such that the VCO is used with very
small input signals [3], [20].

For a more intuitive understanding of the previous results,
we can again use the simplified noise expressions of
Eqs. (38-40), see Appendix B. Here we saw that the voltage
noise spectral density was essentially ∼ kT/gring. This implies
that the optimal biasing of the ring can be found by considering
gring/Iring. This is plotted in Fig. 21 as a function of Vring for
the three different ring oscillators. The plot clearly confirms
the previous result that the highest value of gring/Iring (and
hence the optimal biasing) occurs for low bias levels of
the ring. Moreover, the plot also shows that the differences
between the three circuits are expected to be very small, which
again is confirmed by the results of Fig. 20.

Let us now focus on the current mode configuration. From
the simplified noise expressions of Eqs. (38-40) in Appendix B
together with Eq. (28), we can derive that the current noise
spectral density is essentially ∼ kT gring. Hence, from Fig. 21,
we expect that the most efficient biasing in current mode will
be for a high value of Vring.

To enable a fair comparison between the different delay
cells, a typical current mode configuration is considered. Here
the ring oscillator is driven by a transconductor where the
transconductor bias current (in this case arbitrarily set to 1 mA)
biases the ring, see Fig. 22. The corresponding input referred
noise current plot is obtained by scaling Fig. 17, such that
every point in the plot represents the same current level (in this
case 1 mA). This implies that every point in the plot represents
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Fig. 22. Current mode operation where the ring is driven by a transconductor
with a fixed bias current of 1 mA.

Fig. 23. Input referred white noise for a current control approach, for the
case of fixed ring bias current Iring of 1 mA.

a different sizing, corresponding to the desired bias value
of the ring voltage Vring. The corresponding noise is shown
in Fig. 23 as a function of the ring biasing level Vring. Here,
we can see that for increasing values of Vring, initially the noise
decreases as expected. Hence, a larger value of the bias voltage
Vring is favored. But for increasingly larger values of the bias
voltage Vring, the noise performance deteriorates, which is
contrary to the intuition from Fig. 21. Upon investigation,
we found that this is mainly due to the fact that the ring
enters velocity saturation, where the channel noise factor γ
is worse [36]. Also, the omitted factors in the simplified
expressions in the appendix worsen the noise at higher ring
voltages (and even more in velocity saturation). The result of
these combined effects is that current mode efficiency curve is
relatively flat. Note that these effects also play in the voltage
mode case, but here they all work in the same direction as the
gring/Iring effect and hence make the curve even steeper.

B. Flicker Noise Power Efficiency

The bias dependency of the flicker noise in terms of
efficiency is somewhat irrelevant, as the flicker noise can easily
be designed to adhere to the specifications by increasing the
number of cells, N , or by increasing the gate area at the
cost of a lower effective oscillation frequency. We do remark
here that the strong bias dependency of K f could make a
low bias level design attractive. Ultimately, if these techniques
are not sufficient (e.g. in a low frequency design for sensor
applications) chopping techniques can be used [41], [42].

VII. CONCLUSION AND TAKEAWAYS

We believe that we have laid the foundation for a more
intuitive understanding of ring oscillators to be used in VCO

ADCs, which is valid for the most relevant pseudo-digital ring
oscillator circuits. We advocate the following intuition:

• We can think of the electrical behavior of the VCO
as a diode with the corresponding intuition on voltage
headroom and power consumption.

• The simplified noise expressions (Appendix B) indicate
that the voltage noise spectral density is ∼ kT/gm�Z .
Hence the diode interpretation is also applicable for the
thermal noise, but here a driving impedance correction
factor �Z should be taken into account.

• The flicker noise is determined by the active area of the
oscillator and can be improved either by increasing N ,
the number of unit elements, or the gate area used in a
unit element, see Eqs. (42-44).

• Apart from flicker noise, the electrical ring properties
essentially only depend on the unit cell’s impedance level.
In particular, they do not depend on the number of stages
nor on the capacitive load of a delay cell.

The quantization noise performance is strongly affected by the
effective oscillation frequency, feff :

• This feff is independent of N the number of stages.
• It is strongly dependent on the capacitive load of the stage

and also on the biasing of the ring.
• Unlike most other VCO aspects, feff differs significantly

for the 3 types of delay cells where the differential cell
with feed-forward cross-coupling clearly performs best.

Finally, we want to remark that the actual system decision on
the number of cells, the biasing of the ring and the sampling
frequency should be made after an overall system level study
where also the power consumption of the phase readout as
well as the digital reconstruction logic is taken into account.

APPENDIX A
MOSFET MODEL

To evaluate the theoretical equations derived in Sections IV
and V, a MOSFET model is needed. Particularly to relate
these equations to a device sizing strategy. Unfortunately,
the device equations to accurately describe the behavior of a
MOSFET transistor [36] are cumbersome and not suitable for
quick and simple calculations. To overcome this, some authors
advocate the use of a table-based approach [43]. We went
with a more pragmatic approach, based on the fact that we
are operating very short channel transistors at a relatively
high gate overdrive voltage. Hence, it makes sense to use a
conventional strong inversion model (with a quadratic model)
and a velocity saturation model (with a linear model). This
leads to the following device equations for the current Iquad in
the quadratic region and Ivel in the velocity saturation region:

Iquad = μCox

2

W

L

(
Vring − VT

)2

Ivel = WCoxvsat(Vring − V ′
T ) (36)

As is common, here μ stands for the carrier mobility, Cox for
the oxide capacitance and vsat for the saturation velocity.

As expected, the quadratic model is valid for smaller values
of Vring,eff = Vring−VT , while the velocity saturation model is
valid for larger values of Vring,eff . This is illustrated in Fig. 24,
which shows the actual NMOS current for the sizing of Eq. (5),
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Fig. 24. I-V characteristic of an NMOS device with the corresponding
quadratic and linear approximations.

as well as the approximations of Eq. (36), where the numerical
values Cox = 14 f F/μm2; μ = 0.014 A/V2 and vsat =
8 · 104 m/s were used. Note that a different VT is used for
the velocity saturation (VT = 0.4 V, V ′

T = 0.625 V), which
was needed to obtain a good fit.

APPENDIX B
SIMPLIFIED NOISE EXPRESSIONS FOR DESIGNERS

To make quick estimations of the noise, simpler expressions
than Eqs. (24)–(26), (29)–(31) and (33)–(35) are desired.
We will first look at the white noise behavior.

1) White Noise: For this we start by rewriting gm
I based

on the operating region:
gm

I
= δ I

δVring
· 1

I
= λ

(Vring − VT )
= λ

Vring,eff
(37)

Here, λ = 1 in velocity saturation and λ = 2 in the quadratic
region. From this expression we can immediately conclude
that the following is always true: gm

I > 1
Vring

.
Now we can stretch this a bit and make the approximation

that gm
I 	 1

Vring
. Then the noise expressions can be simplified

substantially. For the case of the simple delay cell, the direct
cross-coupled and the feed-forward cross-coupled respectively
we obtain:

Sw,in ( f ) = 4kT · γN + γP

2gm
· �Z (38)

Sw,in ( f ) = 2kT · γN + γP

2gm
· �Z (39)

Sw,in ( f ) = kT · γN + γP

2gm
· �Z (40)

This can be further combined with the expressions for gm
in the quadratic and velocity saturation region:

gm,quad = μCox
W

L
(Vring − VT )

gm,vel = WCoxvsat (41)

This leads to a
(
∼ 1

Vring−VT

)
-noise behavior for the quadratic

part of the MOS I-V characteristic, and a constant behavior
for the linear part (velocity saturation).

To link this to the overall ring behavior, remark that, based
on our simple models, this gm corresponds to 2gring for the

simple ring oscillator, gring for the differential ring oscillator
with direct cross-coupling and to

gring
2 for the differential

ring oscillator with feed-forward cross-coupling. While these
equations are very simple and useful for back-of-an-envelope
calculations, we caution the reader that the result is an opti-
mistic estimate of the actual noise level (around 50% of the
actual effective noise value).

2) Flicker Noise: The same approach can be applied for the
flicker noise. For the case of the simple delay cell, the direct
cross-coupled and the feed-forward cross-coupled respectively
we obtain for voltage control:

S1/ f,in,VC( f ) =
K f n

Wn Ln
+ K f p

Wp L p

8NCox
· 1

f
(42)

S1/ f,in,VC( f ) =
K f n

Wn Ln
+ K f p

Wp L p

16NCox
· 1

f
(43)

S1/ f,in,VC( f ) =
K f n

Wn Ln
+ K f p

Wp L p

32NCox
· 1

f
(44)

The results for current control are even simpler, because here
only one transistor contributes to the noise (the PMOS for
bottom drive and the NMOS for top drive), which means
that one term can be removed in the above expression. For a
more general driving impedance, the above equations require
a driving impedance correction factor �Z .

As already explained in Section V, care should be taken
when using these equations due to the fact that the flicker noise
“constants” K f n and K f p are not constant at all, but depend
significantly on the biasing point of the transistor [36].
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