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Chapter 1

Introduction

Deriving specific obligations and permissions from universally quantified deontic
statements is at the core of reasoning with obligations, prohibitions and permis-
sions. When shopping with her older sister, little Mary knows that she ought
not to steal candy, because she is told that ‘taking things from other people
without asking is forbidden.’ Visiting her grandma Sophie, Mary is told that
‘everybody has to wear a seatbelt,’ so she does. After arriving at her grand-
mother’s house, Mary learns that she may take the apples that fell from the
neighbour’s tree into grandma’s garden: ‘one is not allowed to pick apples from
one’s neighbour’s tree, even if they are on a branch that is bending over the
fence between the two gardens, but one is allowed to take them once they have
fallen into the grass on one’s own side of the fence.’ And when Mary asks if she
can have some of the delicious-smelling apple cider that her grandma made, she
is told that ‘children are not allowed to drink apple cider.’ Although Mary is
only five, she immediately infers from this that she is forbidden to drink cider.

Quantification also plays a role in normative reasoning that is not directly
concerned with obligations, prohibitions and permissions, but instead with rights
and duties. A patient, Arnold, can demand a specific treatment because ‘ev-
eryone has a right to adequate healthcare’, and thus he has a right to this
treatment. The doctor might counter that she has a duty to all of her patients,
and a duty to the taxpayers, only to give this scarce and expensive treatment
to those patients that need it most. Since Arnold is not one of those who need
the treatment most, the doctor concludes that not giving Arnold the treatment
is the right course of action.

The quantified deontic statements that are central in these examples are the
subject of this thesis. Our goal is to develop logics that explicate correct reason-
ing with such statements. So let us explore what quantified deontic statements
are, and what reasoning with them entails.

7



8 CHAPTER 1. INTRODUCTION

1.1 Quantified deontic statements

The word ‘deontic’ comes from the Greek ‘δεoν’, meaning roughly ‘that which is
obligatory’ [McNamara, 2019]. We consider deontic statements to be statements
that involve an obligation, or some other notion that is closely linked to that of
obligation, typically because it stands in a certain logical relation to obligations.
Examples of such other notions are permissions and prohibitions, but also rights,
duties, and privileges.

With quantified deontic statements we mean those deontic statements that
involve universal or existential quantification.1 These are mostly, but not ex-
clusively, deontic statements that start with words and phrases such as ‘All’,
‘Every’, ‘For all’, ‘Some’ or ‘There exist’.2 An example is the rule3 ‘All doctors
have a moral obligation to treat their patients.’4 This particular sentence is
an example of a universally quantified deontic statement, which we will call a
general deontic statement. Our focus will mostly be on these general deontic
statements, as opposed to statements involving existential quantification, such
as ‘some doctors have an obligation not to leave work before 11 pm.’

One important aspect of the quantified deontic statements under considera-
tion here is that they involve quantification over persons that stand in a certain
relation to the obligation (or permission, or right, or . . . ). For example, the rule
‘All doctors have a moral obligation to treat their patients’ expresses that all
doctors have a certain obligation. In other words, it expresses that every doctor
is the bearer of an obligation. We will argue in Chapter 2 that this seemingly
trivial fact must be central to an adequate formal account of reasoning with
quantified deontic statements.

To obtain such an account, we must first discern what reasoning with quan-
tified deontic statements involves. As we stated above, our focus is on general
deontic statements. Let us look at two paradigmatic examples of reasoning with

1One could argue that sentences such as “Most people have an obligation to pay taxes”
are also quantified deontic statements, even though this sentence involves neither universal
nor existential quantification. We have however chosen to limit our focus to only existentially
and universally quantified sentences. Thus, in this thesis we use the term ‘quantified deontic
statements’ to refer only to existentially or universally quantified deontic statements.

2An example of a quantified deontic statement without one of these words is ‘children are
not allowed to drink apple cider.’ It is our experience that, often, we read such sentences as
equivalent to sentences with words explicitly indicating quantification. Thus, we think this
sentence is equivalent to ‘for all children it holds that they are not allowed to drink apple cider’.
However, these sentences can in some cases also be read as generic sentences. Unfortunately,
the treatment of such generic sentences lies outside the domain of this thesis. Therefore, we
will consistently interpret all such possibly ambiguous examples as quantified sentences.

3What we call a moral rule is sometimes also called a moral principle. We will not go into
the distinction between the two.

4We have a distributive reading of such rules, instead of a collective one. Thus we interpret
this rule as ‘Every individual doctor has an obligation to each of their patients to treat that
patient’ and not as ‘The group of all doctors have an obligation . . . ’ or ‘Each doctor has an
obligation to the group of all of his/her patients . . . ’.
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such statements.

1. Premise: All doctors have a moral obligation to treat their patients.

2. Premise: It is obligatory for everyone who treats patients to respect the
autonomy of these patients.

3. Conclusion: All doctors have an obligation to respect the autonomy of
their patients.

In this example a general deontic statement is derived from two other general
deontic statements.

Now consider this second example, which uses the conclusion of the first
example as a premise:

1. Premise: All doctors have an obligation to respect the autonomy of their
patients.

2. Premise: When a competent patient refuses a blood transfusion, then
the doctor does not respect the autonomy of the patient if the doctor does
administer a blood transfusion to the patient.

3. Premise: Sarah is a doctor and Albert is a competent patient of Sarah
who refuses a blood transfusion.

4. Conclusion: Sarah has an obligation not to administer a blood transfu-
sion to Albert.

In this example a specific (i.e. unquantified) deontic statement is derived from a
general deontic statement. The first premise is a general deontic statement, and
the other two premises express some non-deontic information. The conclusion
is a specific deontic statement.

In some cases, it is also possible to derive a specific deontic statement from a
general deontic statement without the need for non-deontic information. Con-
sider the following example:

1. Premise: Everybody has an obligation not to kill.

2. Conclusion: I have an obligation not to kill.

The derivation of specific deontic statements from general deontic statements,
as illustrated in the last two examples, will be the main focus of this thesis.

However, reasoning with general deontic statements is by no means limited
to this. The first example in this section already illustrated this, but there are
other forms of reasoning with general deontic statements as well. For example,
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we often derive general deontic statements from other general deontic statements
and non-deontic information:

1. Premise: All medical professionals have an obligation to treat their pa-
tients.

2. Premise: All doctors are medical professionals.

3. Conclusion: All doctors have a moral obligation to treat their patients.

Reasoning with general deontic statements is considered by many to be cen-
tral to moral reasoning. According to [Arras, 2016], “Most of us, perhaps most of
the time, successfully navigate moral problems arising in everyday life by means
of various rules that have stood the test of time: e.g., keep your promises, do
not kill, do not lie, etc.” These rules are general deontic statements. They
can be rephrased as ‘everyone has an obligation not to kill’, ‘everyone has an
obligation not to lie’, and so on.

Many of the most discussed ethical theories also give general deontic state-
ments a central place. Deontologists typically argue for the centrality of moral
duties or rights to determining what is right or wrong [Alexander and Moore,
2016]. These duties and rights can be formulated as general deontic statements:
everyone has a duty to help his neighbours, everyone has a right not to be killed,
etc. Although utilitarians and other consequentialists do not rely on rules to
determine what is right or wrong in the way that deontologists do, most will
typically agree that “At least normally, agents should decide what to do by
applying rules whose acceptance will produce the best consequences” [Hooker,
2016] (the emphasis is ours).5

As we said before, the goal of this thesis is to develop formal logics that
capture moral reasoning with quantified deontic statements. In the next section
we briefly explain the motivation for developing formal logic in general, and
deontic logic, the logic of normative reasoning, in particular.

1.2 (Formal) logic

The word ‘logic’ is used for a variety of things. It can refer to a theory, the object
of that theory, or even the applications of the theory [Cohnitz and Estrada-
González, 2019]. When it comes to the object of study, Graham Priest makes
a distinction between pure and non-pure logic. A pure logic is a mathematical
structure, whereas a non-pure logic is a phenomenon with a logical structure.
The phenomenon under discussion here, moral reasoning, is of the second kind.
The study of such phenomena is called ‘applied logic’ by Priest, who contrasts
this to Logic with a capital ‘L’, the study of pure logic. When the studied
phenomenon is one that is traditionally seen as belonging to the domain of

5Although recently an emphasis on particular judgements has become more popular, most
philosophers now hold that both particular judgements and general principles play an impor-
tant role in moral reasoning [Richardson, 2018].
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logic, then Priest calls the logic canonically applied [Priest, 2003; Cohnitz and
Estrada-González, 2019]. Since reasoning is traditionally seen as belonging to
the domain of logic, our logics are canonically applied logics according to Priest’s
classification.

The logics that we aim to develop are formal logics, i.e. logics whose conse-
quence relation is defined in terms of logical form and not content. Sometimes
formal logics are defined as logics that satisfy a rule of Universal Substitution.
However, some of the logics that we present in later chapters do not fall under
this definition, even though we would intuitively call them formal.6 A more
suitable definition that better captures our intuitions can for example be found
in [Batens, 2015].

When dealing with formal logics, we move from a natural language to a more
suitable formal language. This means that we must abstract away from content
and only retain logical form. Sven Ove Hansson describes this abstraction as
an idealisation. He distinguishes two kinds of idealisation: idealising-perfecting
and idealising-simplifying. Idealising-perfecting means abstracting away from
any imperfections, whereas idealising-simplifying means simplifying something
complex by distorting it, or by omitting some components. The goal of this
idealising-simplifying is to isolate certain properties in order to study them
[Hansson, 2000].

According to Hansson, formalisation, the move from natural language to a
formal language, is a two step process of idealisation-simplifying. For the first
step, the formal philosopher idealises from ordinary natural language to a more
regimented philosophical language. The second step is to go from this regi-
mented language to a formal language [Hansson, 2000, 2018]. The first step is
taken by both formal and informal philosophers. For example, ordinary language
expressions such as ‘must’, ‘should’, ‘ought’, ‘have to’, ‘duty’ and ‘obligation’ are
often used to mean slightly different things. Nevertheless, both moral philoso-
phers and logicians often abstract away from these differences and use the terms
as synonyms [Brandt, 1964; Hansson, 1988, 2018]. They can use one of these
terms, for example ‘obligation’ to study some ‘elementary obligatoriness’ that is
common to all of these notions [Hansson, 1988, p. 338]. This is a simplification,
since it reduces the complexity found in ordinary natural language.

We do not only abstract away from the differences between words to get
to some shared elemental notion. Often, it will also be useful to ‘split’ a word.
When a word has multiple meanings, we can use different technical terms to refer
to the different meanings [Hansson, 2018, p. 21]. An example is the distinction
that we made above between idealising-perfecting and idealising-simplifying. In
natural language we use the word ‘idealising’ in both meanings, but this can
lead to confusion.

The second step of formalisation takes us from the regimented philosophical
language to the logical or mathematical language [Hansson, 2018, p. 17]. For
example, we can go from the technical term ‘obligation’ to the modal operator O.
This operator is then given a mathematical interpretation that (if all goes well)

6We are referring to the non-monotonic, adaptive logics in chapters 6, 7 and 8.
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models the property the logician set out to formalise.

Both these steps can be seen as instances of what Carnap called explication:
replacing an unclear and inexact concept with a clearer and more exact concept
[Leitgeb and Carus, 2020]. Explication, especially formal explication, leads to
a level of clarity and precision that is a great boon to philosophising. Natural
language is notoriously opaque, unprecise and ambiguous. This causes many
mistakes and misunderstandings that can be avoided by formalising.

Hansson describes four additional advantages of formalisation over informal
idealisation. Firstly, “formalization incites definitional and deductive economy”
[Hansson, 2000, p. 166]. Formalising a concept incites questions about interde-
finability and about minimal sets of principles of inference. Second, “formal-
ization serves to make implicit assumptions visible” [Hansson, 2000, p. 166].
Third, “formal theories can support delicate structures that would be much
more difficult to uphold and handle in the less unambiguous setting of an infor-
mal language” [Hansson, 2000, pp. 166–167]. Finally, “formalization stimulates
strivings for completeness” [Hansson, 2000, p. 167].

That is not to say that formalisation has no dangers. As with any kind of
idealisation-simplification, there is the danger that the idealisation one obtains
abstracts away from some crucial aspects of the object of study. Hansson com-
pares this to sailing between Scylla and Charibdis: formal philosophers must
idealise enough to obtain the kind of precision and clarity described above, but
not so much that they lose the connection with natural language from which
they started [Hansson, 2018, p. 11]. Other potential pitfalls are specific for
formal philosophy, such as ad hoc constructions or an undue focus on mere
artefacts of a formal model [Hansson, 2000, pp. 168-170].

Of the many different formal methods that can be used in philosophy, we
use formal logic, as formal logic is well fitted for the analysis of reasoning.7 The
logics that we develop are meant as tools to distinguish correct from incorrect
reasoning. Suppose that someone starts from the rule ‘All doctors have a moral
obligation to treat their patients’, and adds the premise ‘all doctors are medi-
cal professionals’. From this he derives the conclusion ‘all medical professionals
have a moral obligation to treat their patients’. Then his reasoning is incor-
rect. The logic can be used as a criterion to check this: if the formalisation of
the conclusion does not follow from a formalisation of the premises, then the
reasoning is incorrect.

Being able to check this is especially important in the context of moral
reasoning. The conclusions of this reasoning tell us what we morally ought to
do. If we make mistakes in this, then we can conclude that morally objectionable
things are permitted or obligatory, even if we follow correct moral principles.

The subdiscipline of logic that deals with moral reasoning is deontic logic.
Deontic logic is the logic of normative and evaluative concepts, norms, norm
systems and normative reasoning [Hilpinen and McNamara, 2013, p. 5]. Histor-
ically, the notion of ‘obligation’ has played a central role in deontic logic (hence
the name deontic logic). ‘Obligation’ can be understood as referring to the kind

7This is on the assumption that the logic itself is correct.
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of ‘elementary obligatoriness’ mentioned above. The associated operator O is
useful to formalise the prescriptive sentences of moral reasoning.8 Although
deontic logic is suited for the formalisation of moral reasoning, its application
domain is broader than moral reasoning alone. For example, it is also used to
capture legal reasoning where a similar ‘elementary obligatoriness’ plays a role.

1.3 Standard deontic logic

So far, deontic logic has mostly been developed on the propositional level. As
a result, the kind of quantified statements that are central in this thesis have
mostly been overlooked. Our goal is to develop deontic logics that fill this lacuna,
by capturing reasoning with these quantified normative statements. We use the
framework of term-modal logics, developed in [Thalmann, 2000; Fitting et al.,
2001], to develop a family of term-modal deontic logics. Before we introduce
term-modal deontic logics, we first look at existing systems of deontic logic.

The “most cited and studied system of deontic logic” is standard deontic
logic, or SDL [McNamara, 2019]. It is not called standard because it is uni-
versally accepted. On the contrary, it would be more accurate to say that it is
widely rejected, as there are many well-known problems with SDL. Neverthe-
less, SDL is used as a benchmark to compare other deontic logics to [McNamara,
2019], and the shortcomings of SDL have provided the starting point for many
developments in deontic logic [Hilpinen and McNamara, 2013, p. 39]. We will
be using SDL as such a starting point. The first term-modal deontic logic that
we develop (TMDL in Section 3.2) builds on SDL.9

In this section we present SDL. We start out in Section 1.3.1 with defining
the language, semantics and axiomatisation of SDL. As a result, Section 1.3.1
is more technical than the preceding and following sections. In Section 1.3.2 we
look at some of the supposed shortcomings of SDL. These shortcomings are
important for the rest of the thesis, as they are inherited by the simple term-
modal deontic logic that we present in Chapter 3. One major shortcoming of
SDL is that it falls short when it comes to conditional obligations. We discuss
this in Section 1.3.3. Chapters 5 to 8 of this thesis will be dedicated to showing
how the shortcomings of SDL that are inherited by the logic of Chapter 3 can
be overcome within the framework of term-modal deontic logics.

1.3.1 Language, semantics and axiomatisation

In SDL one usually takes as primitive a notion of obligation, that is represented
by a one-place operator O. Where ϕ is a well-formed formula (wff) of the
language, Oϕ is to be read as ‘ϕ is obligatory’. This notion of obligatoriness
can be interpreted as the ‘elementary obligatoriness’ of Section 1.2. From it,

8This does not commit one to a certain ethical theory. Despite the fact that the words
‘deontic’ and ‘deontology’ have the same roots, it is not the case that deontic logic is only
useful for the formalisation of deontological ethics.

9TMDL can be seen as a conservative extension of SDL.



14 CHAPTER 1. INTRODUCTION

we can define other normative notions, such as permissibility. ‘ϕ is permissible’
is traditionally seen as equivalent to ‘it is not obligatory that not ϕ’, thus the
permission operator P can be defined as: Pϕ =df ¬O¬ϕ. In the same vein, ‘ϕ
is forbidden’ can be defined as ‘it is obligatory that not ϕ’ and the notion ‘ϕ is
optional’ can be defined as ‘neither ϕ nor its negation is obligatory’ [McNamara,
2019].

SDL, the logic used to interpret the operator O, is equivalent to the nor-
mal modal logic KD in Chellas’ classification [Chellas, 1980, pp. 190-191]. The
language of this logic is obtained by extending the language of classical propo-
sitional logic (CL) with the O-operator: let PSDL be a non-empty, countable
set of propositional variables and let p ∈ PSDL, then LSDL is defined with the
following Backus-Naur form:

ϕ ::= p | ¬ϕ | ϕ ∨ ϕ | Oϕ | >
The other Boolean connectives are defined in the standard way: ϕ ∧ ψ =df

¬(¬ϕ ∨ ¬ψ), ϕ→ ψ =df ¬ϕ ∨ ψ, and ϕ↔ ψ =df (ϕ→ ψ) ∧ (ψ → ϕ).
We define SDL-models as follows.

Definition 1.1. An SDL-model M is a triple M = 〈W,RSDL, v〉, where:

1. W 6= ∅
2. RSDL ⊆W ×W is a serial relation.
3. v : PSDL → ℘(W )

The set W is interpreted as a set of possible worlds and v is a valuation function.
The relation RSDL is an accessibility relation on these worlds. RSDL(w) is short
for the set {w′ ∈ W | 〈w,w′〉 ∈ RSDL}. This set is interpreted as the set of
worlds that are ‘ideal’ or ‘acceptable’ from the point of view of world w. The
relation RSDL is serial, meaning that for all w ∈W , RSDL(w) 6= ∅. This ensures
that for every world w there is at least one world that is acceptable from the
point of view of w.

The semantic clauses are defined as follows:

Definition 1.2 (Semantic Clauses). For any SDL-model M = 〈W,RSDL, v〉:
SC1 M,w |= p iff w ∈ v(p)
SC2 M,w |= ¬ϕ iff M,w 6|= ϕ
SC3 M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
SC4 M,w |= Oϕ iff M,w′ |= ϕ for all w′ ∈ RSDL(w).

Thus, ϕ is obligatory at a world w iff ϕ holds in all worlds that are ideal (or
acceptable) from the point of view of w. The reader will have noticed that the
interpretation of O is analogous to that of the operator 2 in alethic modal logic,
and that the interpretation of P is analogous to 3.

Let Γ ⊆ LSDL, then we can define semantic consequence and validity as
follows.

Definition 1.3 (Semantic consequence). ϕ is a semantic consequence of Γ,
Γ  ϕ iff for every SDL-model M = 〈W,RSDL, v〉 and w ∈ W : if M,w |= ψ
for all ψ ∈ Γ, then M,w |= ϕ.
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Definition 1.4 (Validity). ϕ is valid,  ϕ, iff for every SDL-model
M = 〈W,RSDL, v〉 and w ∈W : M,w |= ϕ.

An axiomatisation of SDL is obtained by closing a sound and complete
axiomatisation of CL under the axiom schemes in Table 1.1 and the rules in
Table 1.2.

(O-K) O(ϕ→ ψ)→ (Oϕ→ Oψ)
(O-D) Oϕ→ ¬O¬ϕ

Table 1.1: Axiom schemes of SDL

(MP) if ϕ and ϕ→ ψ, then ψ
(O-NEC) if ` ϕ, then ` Oϕ

Table 1.2: Rules of SDL

We say that ϕ is an SDL-theorem (denoted `SDL ϕ) iff ϕ can be derived
from the SDL-axioms and rules and that ϕ ∈ LSDL is SDL-derivable from
Γ ⊆ LSDL (denoted Γ `SDL ϕ) iff there are ψ1, . . . , ψn ∈ Γ such that ` (ψ1 ∧
. . .∧ψn)→ ϕ. From this it follows immediately that `SDL is compact. We will
omit the subscript to ` when it is clear from the context that the consequence
relation of SDL is meant.

1.3.2 Shortcomings of SDL

In the beginning of this section we noted that SDL is not generally accepted, as
it is considered to have many shortcomings. These shortcomings are often called
‘paradoxes’, and have historically been at the center of discussions of deontic
logic. There is no consensus on which of these paradoxes pose real problems
for SDL, and even among the authors that consider a specific paradox to be
problematic, there often is no agreement on the right solution to the paradox
[McNamara, 2019; Hilpinen and McNamara, 2013].

One of the supposed shortcomings of SDL concerns the scheme that we
will call (A4): O(Oϕ → ϕ). This scheme says that it is obligatory that what
is obligatory is true, or in other words, “that it is required that obligations
are fulfilled” [McNamara, 2019]. Various authors have seen (A4) as a truth of
deontic logic [Hilpinen and McNamara, 2013, p. 39]. However, (A4) is not valid
in SDL. To validate (A4), we need to limit the class of SDL-models to those
that satisfy secondary reflexivity :

Definition 1.5 (Secondary reflexivity). Given an SDL-model M = 〈W,RSDL, v〉,
the relation RSDL is secondary reflexive iff for all w,w′ ∈W : if w′ ∈ RSDL(w),
then w′ ∈ RSDL(w′).

Another often discussed property of SDL is that it trivializes deontic con-
flicts [Goble, 2013]. It seems intuitively plausible that, at least in some extraor-
dinary situations, a proposition and its negation are both obligatory. Examples
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of this are plentiful in literature, in philosophical discussions and in our everyday
lives [Goble, 2013; Van De Putte et al., 2019; McConnell, 2018]. One famous
example is “Sartre’s student”, who has an obligation to leave France (to join
the Free French who fight the nazi-occupation) and an obligation not to leave
France (to be able to care for his sick mother) [McConnell, 2018]. In SDL the
formalisation of such conflicts, Oϕ∧O¬ϕ, allows us to derive any wff ψ.10 That
does not reflect our actual reasoning when confronted with such conflicts.

The rule of necessitation, (O-NEC), is also controversial. One of the conse-
quences of this rule is that every tautology becomes (morally) obligatory. Some
authors find this counter-intuitive. A related objection to the necessitation rule
is that it makes it impossible for nothing to be obligatory. It seems reasonable to
state (for example) that nothing was obligatory when there existed no rational
agents [Hilpinen and McNamara, 2013; McNamara, 2019].

One peculiar fact about SDL is that it allows for the derivation of O(ϕ∨ψ)
from Oϕ.11 So for example, from ‘it is obligatory that you mail the letter’, we
can derive ‘it is obligatory that you mail the letter or burn it.’ This is known as
the Ross paradox and is seen as problematic by some [Hilpinen and McNamara,
2013; McNamara, 2019].

1.3.3 Deontic conditionals

Conditional obligations are, as the name suggests, obligations that are condi-
tional on something else. For example, sentences of the form ‘it is obligatory
that ϕ, given that ψ’ or ‘if ψ, then ϕ ought to be the case’ express conditional
obligations. In both examples ψ is the condition on which ϕ is obligatory. We
call this condition the antecedent of the conditional obligation. What is oblig-
atory given the antecedent is called the consequent.

In SDL there are two possible ways to represent conditional obligations: as
O(ψ → ϕ) or ψ → Oϕ. We call the first representation a wide scope interpreta-
tion of the conditional, and the second a narrow scope interpretation [Hilpinen
and McNamara, 2013]. If we consistently use a wide scope interpretation for
conditional obligations, then SDL allows one to derive that the consequent is
unconditionally obligatory from the conditional and the obligatoriness of the
antecedent (i.e. {O(ψ → ϕ),Oψ} `SDL Oϕ). This seems intuitively plausible.
Consider the following example:

1. You ought to visit your grandmother.

2. You ought to bring your grandmother flowers, if you go visit her.

3. Thus, you ought to bring your grandmother flowers.

However, the following also seems intuitively plausible:

10By (O-D), we can derive ¬O¬ϕ from Oϕ. Since for any wff χ, χ ∧ ¬χ → ψ is a theorem
of CL, we can derive ψ.

11This is a property of every normal modal logic.
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1. If you have repaired your bike, then you ought to wash your hands.

2. You have repaired your bike.

3. Thus, you ought to wash your hands.

This inference is not valid when the conditional in the first sentence is interpreted
as a wide scope conditional. In general, {O(ψ → ϕ), ψ} 0SDL Oϕ. If we
consistently use a narrow scope reading, then SDL validates the inference in
the second example (as {ψ → Oϕ,ψ} `SDL Oϕ), but not the inference in the
first example (as {ψ → Oϕ,Oψ} 0SDL Oϕ).

The second sentence in the first example seems to indicate a wide scope
reading, whereas the first sentence in the second example invites a narrow scope
reading. However, relying on these natural language cues is misleading. The
examples seem to be just as plausible if we replace these two sentences by ‘if
you visit your grandmother, then you ought to bring her flowers’ and ‘you ought
to wash your hands, if you have repaired your bike’ respectively.

Another problem with following the natural language cues is that it leads to
triviality in the notorious Chisholm-paradox [Chisholm, 1963]:

1. It ought to be that a certain man go to the assistance of his neighbours.

2. It ought to be that if he does go, he tell them he is coming.

3. If he does not go then he ought not to tell them he is coming.

4. He does not go.

Following the natural language cues, we obtain the following formalisation:

1. Og

2. O(g → t)

3. ¬g → O¬t

4. ¬g

In SDL, we can derive both Ot and O¬t (and this is a contradiction). Consis-
tently using a narrow scope or wide scope reading is also unsatisfying, as the
independence of the premises is lost: g → Ot is implied by ¬g and O(¬g → ¬t)
is implied by Og [Hilpinen and McNamara, 2013, p. 85].

Since an adequate representation of conditional obligations in SDL seems
to be impossible, logics for conditional obligations have been developed. One
approach is to use a primitive dyadic deontic operator O(ϕ|ψ), which is to be
read as ‘ϕ is obligatory, given that ψ’.

An important subject in the study of logics for conditional obligations is
detachment. Detachment principles are principles that govern what uncondi-
tional obligations can be derived from conditional obligations. One prominent
proposed detachment-principle is factual detachment (FD): (O(ϕ|ψ) ∧ ψ) →
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Oϕ. Factual detachment is usually contrasted with deontic detachment (DD):
(O(ϕ|ψ) ∧ Oψ)→ Oϕ.

Chisholm’s paradox is a counterexample to any logic that accepts both (DD)
and (FD). With (DD) one can derive Ot from Og and O(t|g), and with (FD)
one can derive O¬t from O(¬t|¬g) and ¬g. Thus, if one accepts both principles,
then a conflict is derivable from the Chisholm premises.

Another phenomenon that can be investigated using logics for conditional
obligations is that of exceptions to conditional obligations. We often encounter
conditional obligations that have exceptions. For example, we can say that if a
is an employee, then he ought to come to the office, but that if a is an employee
with a contagious disease, then a ought not to come to the office. The second
conditional obligation expresses an exception to the first: the antecedent of the
second obligation is more specific than that of the first, whereas the consequent
of the second obligation contradicts the consequent of the first obligation. SDL
is ill-suited to represent reasoning with such exceptions.

1.4 Goal of the thesis

As we said at the beginning of this chapter, the goal of this thesis is the de-
velopment of logics that explicate reasoning with quantified deontic statements.
We are now in a position to flesh this out some more.

Even though deontic logic has mostly focused on the propositional case,
there have been a few attempts to capture quantified deontic statements. We
discuss these attempts in Chapter 2 and show where they fall short. We then
develop a family of term-modal deontic logics and argue that these offer a more
accurate explication of reasoning with quantified deontic statements.

These term-modal deontic logics are mostly extensions of existing proposi-
tional deontic logics. As a result, they inherit some of the shortcomings of these
propositional logics. For example, the term-modal deontic logic TMDL is based
on SDL and inherits many of the famous paradoxes of SDL (see Section 1.3.2).
We do not see this as a problem because we believe that progress in logic is
often achieved by incremental steps and because we are logical pluralists.

We only defend a weak form of logical pluralism: there is not one true logic.
Instead, we believe that different logics can be valuable for different reasons.
This is a somewhat contentious position, but we do have reasons for holding
it.12 First of all, there are different domains for which different logics are more
or less useful. For example, temporal logic is applicable to temporal reasoning,
but probably mostly useless to arithmetical reasoning. Within the same domain,
different logics can also be useful. In deontic logic we might want to have a
logic that does not tolerate normative conflicts to evaluate reasoning under the
assumption that our obligations do not conflict, and a different conflict-tolerant
deontic logic to evaluate reasoning in cases where our obligations might conflict.
On top of that, there is always a trade-off between precision and simplicity.

12See [Cook, 2010] and Chapter 7 of [Cohnitz and Estrada-González, 2019] for a more
in-depth introduction to the subject.
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We argue that quantified normative statements play a central role in ethical
reasoning. However, propositional deontic logic is still valuable to evaluate
moral reasoning that does not involve quantified statements. Indeed, here the
extra machinery of term-modal deontic logics would only obscure what is going
on. There is not one correct level of complexity, and thus also not one correct
logic for ethical reasoning.13

In this spirit, we will not develop one true logic of quantified deontic state-
ments, but a family of logics. TMDL is a relatively straightforward logic, but it
validates a number of deontic paradoxes. We develop other term-modal deontic
logics that do not validate these paradoxes, but this comes with an increase in
complexity.

We dedicate considerable space to proving meta-results for the presented
logics. Almost all logics come with a completeness proof and we prove decid-
ability for a subclass of the term-modal deontic logics. In addition, we prove
that TMDL is a fragment of a first-order modal logic.

1.5 Structure of the thesis

This thesis has the following structure. In Chapter 2 we explain the kinds of
normative statements that we want to capture. We show how quantification
plays a role in these statements and how previous systems fail to give an ade-
quate account of reasoning with all these statements. The rest of the thesis can
be divided into three parts that all consist of two chapters. In chapters 3 and 4
we present term-modal logics with relational semantics, in chapters 5 and 6 the
focus shifts towards neighborhood semantics, and in chapters 7 and 8 we look
at conditional obligations.

In Chapter 3 we present the logic TMDL, which uses a relational semantics.
TMDL captures many forms of reasoning with quantified deontic statements,
but has some shortcomings as well. Some of these shortcomings are addressed
towards the end of Chapter 3, while others form the inspiration for different
term-modal deontic logics in later parts of the thesis. Chapter 4 gives a reduction
of TMDL to a normal alethic modal logic with a predicative constant, akin to
the well-known Andersonian-Kangerian reduction of SDL and related systems
[Åqvist, 1987; McNamara, 2019; Hilpinen and McNamara, 2013]. In this chapter
we also briefly discuss the (possible) philosophical implications of this reduction.

Some of the shortcomings of TMDL are addressed in Chapter 5. Here we
present a neighbourhood semantics for term-modal deontic logics. The neigh-
borhood semantics allow us to give up principles of TMDL that are problem-
atic, and thus avoid some of the deontic paradoxes. Using the neighborhood
semantics of Chapter 5, we present several conflict-tolerant variants of TMDL
in Chapter 6. We show that merely giving up the problematic principles of
TMDL leads to rather weak logics. To circumvent this weakness, we use the

13We remain agnostic about the question whether stronger forms of logical pluralism are
true as well.
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framework of adaptive logics to obtain defeasible versions of the problematic
principles.

In the next two chapters the focus is on conditional obligations. In Chapter 7
we present a propositional logic HD of holistic detachment and in Chapter 8 we
give a term-modal version of HD that is called TMHD. TMHD is suited to
capture reasoning with exceptions to general rules and it offers a way of dealing
with the contrary-to-duty paradox. We conclude the thesis with Chapter 9,
where we give a short summary of our achievements and the ways in which we
can build on these achievements in the future.

Not every chapter builds on all previous chapters, and some chapters can
be read independently of other chapters. The relations between the different
chapters are illustrated in Figure 1.1 below. An arrow from one chapter to
another indicates that the latter chapter builds on the former. So, for example,
Chapter 8 can be understood without reading Chapter 4. We have also drawn a
dotted arrow from Chapter 6 to Chapter 7. Chapter 7 can be read independently
from Chapter 6, but in Chapter 7 we use the standard format of adaptive logics,
which is explained in more detail in Chapter 6. So the reader who is unfamiliar
with adaptive logic is advised to read the relevant sections of Chapter 6 before
reading Chapter 7.
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Chapter 1

Chapter 2

Chapter 3
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Chapter 6 Chapter 7

Chapter 8

Figure 1.1: Relations between the chapters
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Chapter 2

Quantification in Normative
Reasoning

Summary This chapter gives the philosophical motivation for the logics we
develop in later chapters. We investigate different kinds of quantified deontic
statements (more specifically, statements involving rules, principles and certain
rights). We argue that these statements involve quantification over the bearers
and counterparties of obligations and permissions. We then proceed to argue
that both a straightforward extension of SDL and existing accounts of quantified
deontic statements have failed to capture (all of) these statements.

F

Previous versions of most sections in this chapter can be found
in the paper “Reasoning with rights and responsibilities” [Frijters
et al., 2020]. The only exceptions to this are sections 2.2.2 and
2.4, which are completely new.

2.1 Introduction

We will argue in this chapter that deontic logicians have so far failed to ad-
equately capture basic inferences involving quantified deontic statements. As
deontic logic is concerned with the formal analysis of normative concepts and
normative reasoning, this may seem surprising. Importantly, however, the rea-
son is not that the structure of normative discourse escapes logical analysis.
The vast literature of the past sixty years proves otherwise. The reason is
rather that deontic logic, even more so than other branches of modal logic,
is very much stuck at the propositional level, and that straightforward exten-
sions to the predicative level are insufficient for the representation of quantified
normative statements. The results we currently have on the logical analysis of
normative concepts (obligation, permission, prohibition, rights, duties, . . . ), and
of the relations between them, are impressive, but are (with very few exceptions)
restricted to what can be analysed at the propositional level.

23



24 CHAPTER 2. QUANTIFICATION IN NORMATIVE REASONING

In contrast, we discuss the same normative concepts, but with an emphasis
on quantification. We show that the quantified deontic statements that we are
interested in all concern the same kind of quantification, i.e. quantification over
what we call bearers and counterparties. Our discussion in this chapter will be
mostly informal, but it will serve as the basis for the formal systems presented
in the following chapters.

We proceed as follows. In Section 2.2, we make some important distinctions
between different kinds of obligations and permissions. We show how general
deontic statements quantify over these obligations and permissions. Throughout
Section 2.3 we discuss how quantification plays a role in reasoning with rights.
We present a simple extension of SDL to the predicative level in Section 2.4 and
we argue that this extension does not suffice to capture the kinds of quantifica-
tion that were laid out in the previous two sections. We sketch the modifications
to the formal language that are necessary in the next section, Section 2.5. This
paves the way for the introduction of term-modal deontic logic (TMDL) in the
next chapter. However, before we discuss TMDL, we first argue in Section 2.6
that existing formal accounts of general deontic statements fail to capture the
general deontic statements described in sections 2.2 and 2.3.

2.2 General deontic statements

In the introduction we mentioned that simple extensions to the predicative level
of existing deontic logics are not adequate for the representation of what we
are interested in here: general deontic statements that involve obligations and
permissions. To understand why, we first need to distinguish two kinds of such
normative statements.

2.2.1 Personal and impersonal normative statements

Some normative statements are impersonal, in the sense that a judgement is
passed on a situation, and not on an individual. The humanitarian outcry
“Children ought not to die like this!” forms an example of an impersonal
obligation—what is meant is not necessarily that the children or others are
at fault if the children die, but that the situation ought not to be such that they
die [Humberstone, 1971, p. 8].

The obligations that little Mary derives are of a different kind.14 The state-
ments “I, Mary, ought not to steal” and “I, Mary, ought not to drink apple cider”
hold for Mary, and Mary is at fault when she (knowingly) violates them. The
person for whom an obligation or permission holds is called the bearer, and obli-
gations (permissions) that are relative to some bearer are called bearer-relative,
or personal.15

14See Chapter 1.
15There is no consensus in the literature on the terminology. Therefore our use of terminol-

ogy might differ slightly from that found in other work.
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An important subcategory of personal obligations are so-called directed obli-
gations. These are not only tied to the bearer of the obligation, but also to the
counterparty—the person to whom the bearer has the obligation. If Sophie and
her neighbour Julie come to an agreement that the former will deliver 50 kilo-
grams of apples to the latter in exchange for 5 liters of apple cider, then Sophie
has a directed obligation towards Julie to deliver 50 kilograms of apples to her
by the agreed time. In turn, Julie has a directed obligation towards Sophie to
give her 5 liters of apple cider in exchange.

Permissions too can be directed. If Sophie and her neighbor Jack agree that
the former may put a 3 meter high fence around her orchard, then Sophie has
a directed permission towards Jack to build this fence. This does not exclude
that Sophie may be forbidden towards Emilie, another of Sophie’s neighbours,
to erect this fence. Indeed, it may in general be forbidden to build a fence higher
than 1 meter without the consent of each of the neighbours, and Emilie may
object to such a fence.

The O-operator of SDL can be interpreted as a personal or an impersonal
operator. The impersonal interpretation is the most common one [McNamara,
2019], and it is the interpretation we followed in Section 1.3. However, Oϕ can
also be read as saying that a certain individual has an obligation. In this case,
O is interpreted as a personal obligation-operator. The main shortcoming of
this interpretation is that SDL has only one O-operator, and can thus only be
used to represent the personal obligations of one person. If we want to capture
situations where there are multiple persons involved, who all have obligations
(perhaps to each other), then we need to move (at least) to a multi-modal
variant of SDL.

2.2.2 Ought-to-be and ought-to-do

The distinction between personal and impersonal obligations should not be con-
fused with the distinction between ought-to-be and ought-to-do. Such a confu-
sion is suggested by how the distinction between ought-to-be and ought-to-do
is usually made. See for example the following quote by Hansson:

[C]onsider the following two uses of the word “ought”:

(c) “You ought to help your destitute brother.”

(d) “There ought to be no suffering in the world.”

(c) expresses a prescription, something that someone should do. Al-
ternatively, we could express the same statement with some other
such term, saying for instance “You have a duty to help your desti-
tute brother”. In this respect, (d) is quite different. It expresses a
wish about the state of the world, or an evaluation of such a state.
It does not directly prescribe or recommend any action. This is
a well-known distinction. The “ought” of (c) is called ought-to-do
(Tunsollen) and that of (d) ought-to-be (Seinsollen or ideal ought)
[Hansson, 2018, p. 21]
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In this explanation the distinction between ought-to-do and ought-to-be is
very similar to the distinction between personal and impersonal obligations.
Hansson describes an ought-to-be statement as a statement about a state of the
world, not recommending any action, while an ought-to-do statement expresses
that someone should do something. Such an ought-to-do has two components
that an ought-to-be does not have: an ought-to-do expresses (1) that an action
is obligatory, and (2) that someone is the bearer of the obligation. As long as
we assume that the agent of an obligatory action is automatically the bearer
of the obligation, then all seems fine: the ought-to-be/ought-to-do distinction
covers all oughts and it corresponds to the personal/impersonal distinction.

However, this assumption is false. There are (personal) obligations that
make an action obligatory, but where the bearer of the obligation is not the
agent of the obligatory action. McNamara gives the following example: “it
may be obligatory for you that your child does her homework, but it may also
be that you are lucky, and she does it on her own, with no prompting from
you. If so, your obligation is fulfilled with no effort on your part” [McNamara,
2004, p. 121]. According to the above classification, this obligation is neither an
ought-to-do (as there is not one person who is the bearer of an obligation and
the agent of the obligatory action), nor is it an ought-to-be (as it does prescribe
an action).

Another example that speaks against the identification of ought-to-do with
personal obligations, is given by Krogh and Herrestad:16

Consider the case where the manager of a firm is under an obliga-
tion that the company’s financial status is reported to the company
board once a month. Let us assume that this manager has a particu-
larly useful assistant. Without the manager’s consent this assistant
sends the financial status to the board each month, thus seeing to
it that the manager’s obligation is fulfilled. (. . . ) As far as we are
concerned, the managers [sic] obligations are personal, but may be
fulfilled by someone else. [Krogh and Herrestad, 1996, p. 151]

In this example the manager is the bearer of a personal obligation, and what
is obligatory is an action, but the manager need not be the one performing the
action. This example also does not fit within the distinction between ought-to-
do and ought-to-be proposed above.

To circumvent these problems, we propose a slightly different definition of
ought-to-be and ought-to-do. We call an obligation ought-to-be iff what is
obligatory is a state of affairs (and not an action). We call an obligation ought-
to-do iff what is obligatory is an action.

This distinction does not correspond to the personal/impersonal distinction.
If we combine the two distinction, then we get the four categories in Table 2.1.
We briefly discuss each category.

Impersonal ought-to-be’s are obligations that do not have a bearer and do
not make an action obligatory. One example is the ought in (d). Another

16This case is also cited by [McNamara, 2004, p. 121].
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Impersonal ought-to-be Personal ought-to-be
Impersonal ought-to-do Personal ought-to-do

Table 2.1: Four categories

example is the ought in “Children ought not to die like this!” that we discussed
at the beginning of the previous section.

Personal ought-to-be’s are obligations that have a bearer, but make a state
of affairs (and not an action) obligatory. As an example, suppose that Jolene
borrows some books from the library. The librarian tells her that the books
ought to be back before the end of the month, otherwise Jolene will be fined.
What is obligatory here is not an action, but a state of affairs: that the books
are back at the library. Thus we have an ought-to-be. It is also clear that
Jolene is the bearer of the obligation. If the books are not back in time, then
she will have violated the obligation. She is the one who will be fined. Thus
this obligation is a personal ought-to-be.

Another example is given by McNamara: “suppose you are obligated to be in
Boston tomorrow, and without your involvement, you are kidnapped and taken
to Boston. Your obligation to be in Boston is fulfilled without your agency”
[McNamara, 2004, p. 121]. What is obligatory is a state of affairs, not an
action. If an action on your part was obligatory, then the obligation would not
have been fulfilled by the gangsters bringing you to Boston without your agency.
So the obligation is an ought-to-be. It is also a personal obligation, as you are
the bearer of the obligation.17

Examples of personal ought-to-be’s can also be found in the legal domain,
for example in laws prohibiting the possession of illegal narcotics or weapons.
Possession of such items is considered to be neither an act, nor the omission of
an act [Whitebread and Stevens, 1972, p. 753].18 Thus, a can have the personal
obligation that it is not the case that a has drugs in her possession. There does
not need to be any action on the part of a for her to violate this obligation (espe-
cially not given the sometimes very wide definition of ‘constructive possession’
[Whitebread and Stevens, 1972]).19

The category of personal ought-to-do’s is the easiest category to find ex-
amples for. These concern all obligations that have a bearer and prescribe an
action. The ought in (c) is a personal ought to do, as are the oughts in “I, Mary,
ought not to steal” and “I, Mary, ought not to drink apple cider”. However,
these oughts are all examples of a specific subcategory of the personal ought-
to-do’s: those where the bearer of the obligation is the same as the agent of
the obligatory action. We shall call the personal ought-to-do’s in this subcat-
egory agent-implicating, as the agent of the obligatory action is implicated by

17We also consider statements like ‘it is obligatory for Bob that the books are back at the
library and that he takes a walk’ as personal ought-to-be’s. What is obligatory here is a state
of affairs. This state of affairs just happens to include an action.

18Going even further: “A few states have held that in narcotics cases knowledge is not an
essential element of possession” [Whitebread and Stevens, 1972, p. 753].

19Whether such a law is just is a different discussion.
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the obligation (see also [Humberstone, 1971, 1991]).
There are also personal ought-to-do’s outside of this subcategory. According

to our definition, McNamara’s example where you have an obligation that your
daughter does her homework is also a personal ought-to-do. What is personally
obligatory for you is an action, of which your daughter is the agent.

The final category are the impersonal ought-to-do’s. These are judgements
passed on a situation, wherein a certain action is deemed ideal. These are
perhaps the least common of the four types, but we can still find examples.
Consider a situation in which Fatima and Bob are watching a bicycle race.
They see that Maria is about to ride her bicycle over a hill. Unknown to
Maria, there is an obstacle at the bottom of the hill, on the right side of the
race track. Fatima and Bob see this, but they have no way of warning Maria.
One can imagine Fatima telling Bob: “Maria should keep left.” This is an
impersonal obligation. Maria does not violate any of her obligations by not
keeping left, nor will Fatima or Bob violate any of their obligations if Maria
does this. Nevertheless, it is an action (of Maria) that is obligatory. Thus this
obligation is an impersonal ought-to-do.

The distinction between ought-to-do and ought-to-be is often used to isolate
the special subcategory of agent-implicating obligations, i.e. personal ought-
to-do’s where the bearer of the obligation is the same person as the agent of
the obligatory action. This subcategory does deserve special scrutiny, but such
scrutiny lies outside the scope of this thesis.

2.2.3 Rules and principles

With the distinctions introduced in the previous sections, we can now look
back at the examples of quantified ought statements at the beginning of this
and the previous chapter. If we do so, we see that the quantification in these
examples happens over the bearers of the obligations. Take the first example
from Section 1.1: ‘All doctors have a moral obligation to care for their patients.’
An instance of this statement is for example: ‘Doctor Ali has a moral obligation
to take care of his patients.’ In this instance, doctor Ali is the bearer of the
(personal) obligation. Most rules involve this kind of quantification over bearers
of obligations.

Among general deontic statements, we make a distinction between categor-
ical and uncategorical statements. Categorical deontic statements apply, with-
out any conditions or restrictions, to all individuals. An example of such a
categorical statement is the biblical commandment ‘Thou shalt not kill’. This
commandment could be rephrased as ‘Everyone has an obligation not to kill’
or ‘Everybody is the bearer of an obligation not to kill’. Other examples are
‘everybody is forbidden to take things from another person without asking’,
‘nobody is permitted to smoke in public places’, and ‘everybody is permitted to
walk in Central Park’.

Although some rules are categorical in this sense, many contain some condi-
tion or restriction. Take for example this article of the Belgian traffic regulations:
‘Every driver has to give way to the driver coming from the right, unless he is



2.2. GENERAL DEONTIC STATEMENTS 29

driving on a roundabout or the driver from the right is coming from a forbidden
direction.’20 This is not a categorical deontic statement, since not everyone has
to give way, but only those people who satisfy certain conditions (i.e. they are
drivers, they encounter another driver coming from their right, etc.). Other
examples from the legal domain are ‘Only those belonging to the emergency
services are allowed to drive with blue lights’, ‘One cannot buy alcohol if one
is younger than 16, and one cannot buy spirits if one is younger than 18’, and
‘When sitting in a car, smoking is forbidden, if children younger than 16 are
present in the car’.

In the moral domain uncategorical deontic statements are also widespread.
Some of the moral rules that we encountered so far are uncategorical deontic
statements, for example: ‘all doctors have a moral obligation to take care of
their patients.’ We encounter such uncategorical statements especially when
moral reasoning is more applied than abstract. Here we use principles such as
“An only child should stick by an otherwise isolated parent” or “one should
help those in dire need if one can do so without significant personal sacrifice”
[Richardson, 2018].

The general deontic statements mentioned in the previous paragraphs are all
examples of quantification over the bearers of undirected personal obligations
and permissions. When it comes to directed obligations, we also have quantifica-
tion over the counterparties and even over both the bearers and counterparties
at the same time. An example of the first kind is ‘a has an obligation towards
all of her employees to pay them their wages’. An example of the second kind
is ‘all employers have an obligation towards their employees to pay them their
wages’. Note that both of these are also uncategorical deontic statements.

Thus far we have made two distinctions among general deontic statements.
The first distinction is between categorical and uncategorical statements. The
second is between quantification over bearers, counterparties or both. These
distinctions are orthogonal to each other. It is possible to have examples of
categorical general deontic statements that quantify over bearers, counterparties
or both, and it is also possible to have examples of uncategorical general deontic
statements that quantify over bearers, counterparties or both.

To avoid unwieldy sentences, we will often use the terms ‘uncategorical obli-
gations’ instead of ‘uncategorical deontic statements that quantify over the bear-
ers (and/or counterparties) of personal obligations’. In the same vein we will
talk about ‘categorical obligations’, ‘categorical permissions’ and ‘uncategorical
permissions’. By using this shorthand form we do not mean to indicate that
these general deontic statements are actually obligations or permissions.

20The original Dutch version is: “Elke bestuurder moet voorrang verlenen aan de bestuurder
die van rechts komt, behalve indien hij op een rotonde rijdt of indien de bestuurder die van
rechts komt uit een verboden rijrichting komt.” Artikel 12.3.1. van het Koninklijk besluit
houdende algemeen reglement op de politie van het wegverkeer en van het gebruik van de
openbare weg. The translation is ours.
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2.2.4 General, particular and unspecific deontic statements

General deontic statements can be contrasted with particular deontic state-
ments. We have already seen many examples of these particular deontic state-
ments: ‘Sarah has an obligation not to administer a blood transfusion to Albert’,
‘I, Mary, ought not to steal’, etc. However, these examples are all specific. They
apply to specific, identified persons.

It is also possible to have what Herrestad and Krogh call unspecific obli-
gations and permissions [Herrestad and Krogh, 1995, p. 454]. These are exis-
tentially quantified deontic statements and we consider them to be particular
deontic statements as well. An example is ‘some medical professionals are al-
lowed to perform surgery’. Similar distinctions come into play here as for general
deontic statements. We can have (existential) quantification over bearers, coun-
terparties, or both and there is also a parallel with categorical and uncategorical
statements. Consider for example the difference between ‘someone is allowed to
perform surgery’ and ‘some medical professional is allowed to perform surgery’.
However, unspecific obligations and permissions are not as central to norma-
tive reasoning as are general deontic statements, so we will not address them in
detail here.

2.3 Rights

Not only quantified statements with obligations and permissions play a role in
moral reasoning, but also quantified statements involving rights. We have seen
an example of this in the beginning of Chapter 2: ‘everyone has a right to
adequate healthcare.’ One of the most thorough analyses of rights is given by
Hohfeld [Hohfeld, 1913, 1917]. His analysis focusses on legal rights, but many
contemporary writers hold that the core concept of a right is the same for legal
and moral rights [Campbell, 2017]. Therefore, we feel confident in applying
Hohfeld’s analysis to moral rights as well.

The main purpose of this section is to argue that quantification over (Hohfel-
dian) rights can be reduced to quantification over the bearers and counterparties
of directed obligations and permissions. We start by giving an informal sum-
mary of the Hohfeldian theory of rights and showing that there is a strong
connection between directed obligations and permissions and the Hohfeldian
theory of rights. Then we discuss quantification over rights and how this relates
to quantification over bearers and counterparties. We end with an example that
illustrates the different distinctions we have made.

2.3.1 Hohfeldian rights relations

Hohfeld published two papers on rights relations [Hohfeld, 1913, 1917]. In these
papers, he sets out an analytical theory of legal rights. The starting point of
this theory is the observation that the term ‘right’ is used to refer to different,
and conflicting, legal relations between persons [Hohfeld, 1913, p. 30]. Hohfeld
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makes these different legal relations explicit and explores the (logical) connec-
tions between them. These relations and connections are illustrated in Figure
2.1.

Duty No-Claim

Claim Privilege

Figure 2.1: Hohfeldian rights relations

The first legal relation that Hohfeld identifies is a claim. Hohfeld uses both
the terms ‘claim’ and ‘right’ to refer to this legal relation, but to avoid confusion
we will use ‘claim’ for this specific legal relation, whereas we will use ‘right’ as
a collective noun to refer to all the different legal relations we discuss. Hohfeld
does not give a definition of claims, but he does provide the following example
as an illustration of a claim.

If a has contracted to work for b during the ensuing six months, b has
an affirmative right in personam that a shall render such service, as
agreed [Hohfeld, 1917, p. 719].21

This example shows that claims are relational. If a person has a claim, then she
will have that claim on someone else.

A claim of a on b always is correlative with, and equivalent to, a duty of b
towards a [Hohfeld, 1913]. For example, if a has a claim on b that b shall work
for a, then b has a corresponding duty toward a that b shall work for a. The
correlativity of claims and duties is illustrated by the undashed arrow in Figure
2.1.

Several authors have identified the Hohfeldian concept of a duty with a di-
rected obligation [Herrestad and Krogh, 1995; Hansson, 1970; Makinson, 1986].
The bearer of a directed obligation is identified with the person who has the Ho-
hfeldian duty and the counterparty of a directed obligation is identified with the
person towards whom the first person has a duty. We follow this identification
of Hohfeldian duties and directed obligations.

Hohfeld identifies privilege as a second legal relation that is often called a
right, but Hohfeld does not give a definition. An example can illustrate the
difference between a claim and a privilege. Suppose that a owns a piece of
land. Then a has a claim on b that b does not walk on a’s land. In contrast,
a is allowed to walk on her own land, meaning that a has a privilege towards

21In all of our citations we will change the notation used for constants and variables (ranging
over persons) to ensure a uniform notation and easy reading experience. We will use a, b, . . .
for individual persons and x, y, . . . for variables ranging over persons.
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b to walk on a’s land. In the same way that a duty can be identified with a
directed obligation, so can a privilege be identified with the notion of a directed
permission.

An important difference between the notion of a privilege and the notion of
a claim is that the privilege of a (towards b) does not correspond to a duty on
b that a walks on this land. Instead of such a duty, the privilege of a to walk
on their own land corresponds to a no-claim on b: b does not have a claim on
a that a does not walk on her (a’s) own land. Hohfeld points out that such a
no-claim is the opposite of a claim. This relation of opposites is illustrated in
Figure 2.1 by a dashed arrow.

In the same way that a claim and a no-claim are opposites, a duty is the
opposite of a privilege. However, this notion of opposites has a complication:
“when it is said that a given privilege is the mere negation of a duty, what is
meant, of course, is a duty having a content or tenor precisely opposite to that
of the privilege in question” [Hohfeld, 1913, p. 32]. Thus, if a has a privilege
towards b that a walks on a’s land, then this is equivalent to a negation of a
duty of a towards b that a does not walk on a’s land.

Claims and privileges are not the only legal relations that Hohfeld identifies
as being meant when the word ‘right’ is used. Other such relations are those
that Hohfeld calls ‘power’ and ‘immunity’. These rights relations are sometimes
called higher order rights, because they concern changing the first order rights
relations (claims, privileges, duties and no-claims) [Lindahl, 2012, pp. 203-204].
We limit our scope to first order rights. For a recent formal account of higher
order rights we refer to [Dong and Roy, 2019; Markovich, 2020].

2.3.2 Paucital and multital rights

Hohfeld also discusses the often made distinction between rights in rem and
rights in personam. He identifies the latter with paucital rights, described as
follows.

A paucital right, or claim, (right in personam) is either a unique
right residing in a person (or group of persons) and availing against
a single person (or single group of persons); or else it is one of a
few fundamentally similar, yet separate, rights availing respectively
against a few definite persons [Hohfeld, 1917, p. 718].22

An example of such a paucital right is the claim (discussed above) that a has
on b if a and b have signed a contract stating that b will work for a.

Paucital rights are contrasted with multital rights. These multital rights are
described as follows.

A multital right, or claim, (right in rem) is always one of a large class
of fundamentally similar yet separate rights, actual and potential,
residing in a single person (or single group of persons) but availing

22The emphasis in this and further quotations is Hohfeld’s own.
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respectively against persons constituting a very large and indefinite
class of people [Hohfeld, 1917, p. 718].

Examples of such multital rights are a’s right that b shall not commit a battery
on him or a’s right that b shall not enter property owned by a [Hohfeld, 1917,
p. 719]. What makes these multital rights (as opposed to paucital rights) is that
a does not only have these rights towards b, but towards all, or a very large (and
indefinite) class of people.

So far we have only discussed the paucital-multital distinction when applied
to claims. However, the distinction also applies to the other rights relations
that we have discussed. There are paucital claims, duties, privileges and no-
claims and there are multital claims, duties, privileges and no-claims (see for
example page 747 of Hohfeld’s second paper for multital privileges [Hohfeld,
1917]). Both the paucital and the multital versions of these legal relations
stand in the discussed logical relations of opposites and correlatives to each
other. So, for example, a multital claim corresponds to a multital duty and a
paucital privilege corresponds to a paucital no-claim.

It is important to distinguish multital rights from the class of multital rights
to which they belong. Consider the following example.

If a owns and occupies Whiteacre, not only b but also a great many
other persons – not necessarily all persons – are under a duty, e.g.,
not to enter on a’s land. a’s right against b is a multital right, or right
in rem, for it is simply one of a’s class of similar, though separate,
rights, actual and potential, against very many persons [Hohfeld,
1917, p. 719].

This example shows that Hohfeld identifies the right in rem with the single claim
that a has against b.

However, it is tempting to use the phrase ‘right in rem’ to refer to what
Hohfeld calls the class of similar rights that a has against ‘very many persons’.
Such an identification is also suggested by the examples of multital rights that
Hohfeld gives when he classifies different kinds of multital rights, for example:

his right that any ordinary person shall not strike him, or that any
ordinary person shall not restrain his physical liberty, i.e., “falsely
imprison” him; [Hohfeld, 1917, p. 733]

In this example, Hohfeld seems to use the word ‘right’ to refer to a class of
multital rights instead of a single multital right. Hohfeld also discusses several
authors who seem to use the words ‘right in rem’ for what Hohfeld calls a class
of multital rights [Hohfeld, 1917, pp. 720-733].

We will not answer the question whether ‘right in rem’ is (or should be) used
to refer to multital rights or to classes of multital rights. Nevertheless, we do
think that this confusion shows that classes of multital rights play a prominent
role in the conceptualisation of rights relations. When one talks of a’s right not
to be beaten up, one will usually refer to the class of multital rights relations in
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which a stands to very many persons and not to the specific multital right that
a has against some specific b not to be beaten by b. That we interpret a’s right
not to be beaten up in this way is illustrated by the fact that if b and c both
beat up a, we say that both have violated a’s right not to be beaten up. If we
interpreted a’s right not to be beaten up as a specific claim of a towards one
specific other person, then we would say that b and c had violated two different
rights of a. Thus, what Hohfeld calls classes of multital rights play a prominent
role in our conceptualisation of and reasoning with rights.

2.3.3 Classes of multital rights and rules of rights

We saw above that some rights can be identified with directed obligations and
permissions. A natural follow-up question would be whether classes of multital
rights can also be framed in terms of directed obligations and permissions. This
is possible, but in order to do so we must again quantify over the bearers and
counterparties of directed obligations and permissions.

We will illustrate this with two examples. For the first example, we will
look at classes of multital privileges. Hohfeld states that a, the owner of a piece
of land, “has an indefinite number of legal privileges of entering on the land”
[Hohfeld, 1917, p. 746].23 Thus a has a privilege against others to enter on her
own land and those others have corresponding no-claims [Hohfeld, 1917, p. 746].
As we identified directed permission with privilege, we can represent the class
of multital privileges of a towards others in a semi-formal language as: ‘for all
x, if x is not a, then a has the permission towards x that a walks on the land
owned by a.’ In this first example, we have quantified over the counterparties
of a permission to represent a class of multital privileges.

For our second example, we consider a class of multital claims. Take Ho-
hfeld’s assertion that somebody, let us call him a, has a “right that any ordinary
person shall not strike him” [Hohfeld, 1917, p. 733]. In the Hohfeldian analysis,
this is understood as a class of multital claims that a has on any other ordinary
person that that person shall not strike a. Since claims correspond to duties
and we have identified duties with directed obligations, we can represent this
class of multital claims in a semi-formal language as: ‘for all x, if x is not a and
x is an ordinary person, then x has an obligation towards a that x does not
strike a.’ To represent this class of multital claims, we have quantified over the
bearers of a directed obligation.

Another way in which people quantify over the bearers and counterparties
of the directed obligations and permissions that are used to represent rights is
in what Kanger calls ‘rules of rights’ [Kanger and Kanger, 1966, p. 131]. Here
we will not discuss Kanger’s formal theory of rights, but only his observation

23The full quote is “A has an indefinite number of legal privileges of entering on the land,
using the land, harming the land, etc” [Hohfeld, 1917, p. 746]. The phrase ‘indefinite number
of privileges’ refers to an indefinite number of privileges to enter on the land, an indefinite
number of privileges of using the land, etc. This is illustrated by the fact that Hohfeld later
refers to these privileges as “multital, or in rem, ‘privilege-no-right’ relations” [Hohfeld, 1917,
p. 747].
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that there are rules that grant rights relation to persons who satisfy certain
conditions. These ‘rules of rights’ are especially prevalent in legal texts. Kanger
gives the following example of a rule of rights:

For every x and y such that x is a pedestrian and y is a motorist
who encounters x, it is the case that x has versus y a right of atomic
type: claim (. . . ) to the effect that y does not run into x [Kanger
and Kanger, 1966, p. 131].

As this example shows, in rules of rights we quantify over both the owners of
the right and over the people with whom they stand in a rights relation.24 If
we interpret claims as directed obligations, then rules of rights involve quan-
tification over both the bearer and the counterparty of the associated directed
obligation.

2.3.4 The parking spot example

Let us illustrate the distinctions laid out in this section with one example, loosely
inspired by [Sergot, 2013, pp. 362-363]. Suppose that a has promised b that a
will park his van in a certain parking spot (so b can load the van). As a result
of this promise, b has a claim on a that a will park his van in this parking spot
and a has a corresponding obligation towards b that a will park his van in the
parking spot.

Now suppose furthermore that this parking spot is reserved for disabled
people and that a is disabled, but b is not. Then a has both a privilege towards
b to park in this spot, and a claim on b that b will not park in this spot. Both this
privilege and this claim are multital rights of a. However, there is a difference
between the two classes of rights of which they are a part. Person a has a class of
multital privileges to park in this spot against all others, but the class of claims
that others do not park in this spot is limited to those who are not disabled.
Against another disabled person, c, a does not have the claim that c does not
park in this parking spot.

These multital rights are instances of different rules of rights. The first of
these is the rule that all disabled people have a privilege against all others to
park in this spot. Secondly, there is a rule that all disabled people have a claim
on all non-disabled people that those non-disabled people do not park in this
parking space.

2.4 Quantified SDL?

We have seen that normative reasoning involves quantification over bearers and
counterparties of obligations and permissions. A first proposal to formally cap-

24Kanger’s theory of ‘atomic types of rights’ differs from the Hohfeldian theory of rights,
but the point about the existence of ‘rules of rights’ holds regardless of the specific theory of
rights one accepts.
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ture this kind of quantification is by a simple extension of SDL to the first-order
level. We call this logic quantified SDL.25

We extend the language of SDL with a universal quantifier, predicate sym-
bols, an identity symbol, constants and variables Let C = {a, b, . . .} be the
countably infinite set of constants and V = {x, y, . . .} be the countably infinite
set of variables. Both variables and constants denote persons We let α, β, . . .
range over C and ν, ξ, . . . over V . Let T = C∪V be the set of terms and θ, κ, . . .
be the metavariables ranging over it. For each natural number n ∈ N1 we let
Pn be a set of n-ary predicate symbols and we let P be the union of all Pn.26

We let P range over P. Lastly, we let ϕ,ψ, χ be metavariables for formulas.
The language of quantified SDL is defined by the following Backus-Naur form:

ϕ ::= Pθ1 . . . θn | θ = κ | ¬ϕ | ϕ ∨ ϕ | Oϕ | (∀ν)ϕ

As usual, ∃ is the dual of the universal quantifier and P is the dual of O.
A quantified SDL model is a tuple M = 〈W,A, RSDL, I〉, where W and

RSDL are as in SDL-models (see Definition 1.1). A is a non-empty set of
persons and I is an interpretation function such that:

1. I : T → A and
2. I : Pn ×W → ℘(An) for every natural number n ∈ N1.

The semantic clauses are the same as those of SDL (Definition 1.2), except
that SC1 is replace by SC1’ and that we add SC5:

SC1’ M,w |= Pθ1 . . . θn iff 〈I(θ1), . . . , I(θn)〉 ∈ I(P,w)
SC5 M,w |= (∀ν)ϕ iff for every ν-alternative M ′: M ′, w |= ϕ

Where a ν-alternative is defined as follows:

Definition 2.1. For any ν ∈ V , M ′ = 〈W,A, RSDL, I ′〉 is a ν-alternative to
M = 〈W,A, RSDL, I〉 iff I ′ differs at most from I in the member of A that I ′

assigns to ν.

At a first glance, quantified SDL might seem to do the trick. If Kx stands
for ‘x kills someone’, then it is tempting to read (∀x)O¬Kx as ‘for every x,
x ought not to kill’, O¬Ka as ‘a ought not to kill’ and ‘OKb’ as ‘b ought to
kill’. A similar option is available for directed obligations. If a is the bearer
of a directed obligation towards b to take care of b, then we are tempted to
formalise this as OCab (where Cxy is to be interpreted as ‘x takes care of y’).
The quantified form, ‘all parents have an obligation to their children to take
care of them’, could then be (∀x)(∀y)(Pxy → OCxy) (where Pxy is to be read
as ‘x is a parent of y’). Finally, also impersonal obligational seem to have their
place in this logic. ‘Children ought not to die like this’ can be formalised as

25Quantified SDL is roughly comparable to the system presented in [Hilpinen and McNa-
mara, 2013, p. 51].

26There is some ambiguity about whether or not 0 is a natural number. To avoid this we
will use N0 to denote the non-negative integers (i.e. the natural numbers including 0) and we
will use N1 to denote the positive integers (i.e. the natural numbers excluding 0). Thus, in
this definition we exclude 0-ary predicates.
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O(∀x)(Cx → ¬Dx), where Cx is to be interpreted as ‘x is a child‘ and Dx as
‘x dies (like this)’.

However, this is an unsatisfactory approach. A first objection is that the
O-operator has no consistent interpretation. In (∀x)O¬Kx, O is read as ‘x is
the bearer of an obligation that . . . ’, whereas in O¬Ka it is to be read as ‘a has
an obligation’ and in OKb as ‘b has an obligation’. In the other formulas, O is
read as a directed or impersonal obligation.

However, let us be charitable. It seems that there is an interpretational
convention at play here. This convention is something like: the first constant or
variable within the scope of the O-operator is the bearer of the obligation and
if there is a second constant or variable then this the counterparty, unless the
O-operator is followed by a quantifier, in which case it is read as an impersonal
O-operator. But even with this convention, we run into trouble.

Consider the following example from [Humberstone, 1991, p. 148]. A group
of people walk past a child in distress. The following ought-statement holds:
(1) “It ought to be that one of them help the child” [Humberstone, 1991,
p. 148].27 Following our convention, we can formalise this impersonal obli-
gation as O(∃x)Hx.28 In this example the following also holds: (2) it is not
the case that one of the people in the group has the personal obligation to be
the one that helps the child. Following the convention, (2) can be formalised as
¬(∃x)OHx. However, there is a third sentence that holds in this example: (3)
“there is no one of them such that it ought to be that that one helps the child”
[Humberstone, 1991, p. 148].29 The ought here is impersonal. This sentence
cannot be formalised by using the convention. (If we consistently interpret the
O of quantified SDL as an impersonal ought-operator, then ¬(∃x)OHx is a
formalisation of (3), but then there is no way to formalise (2) in the language
of quantified SDL.)

Another example of Humberstone is based on traditional European etiquette
[Humberstone, 1991, pp. 146-147]. According to this etiquette, men that are
walking with a woman must walk on the outside (kerbside) of the woman. Thus,
when Andrew (a man) walks together with Bryony (a woman), then Andrew
has the obligation to walk on the outside of Bryony. According to the rules of
etiquette, the woman does not have an obligation to walk on the inside of the
man. We can formalise that Andrew has an obligation to walk on the outside
(kerbside) of Bryony by the formula OKab, and that it is not the case that
Bryony has the obligation to walk on the inside of Andrew by ¬OIba. However,
it is reasonable to assume that for all x and y, ‘x walks on the outside of y’
is extensionally equivalent to ‘y walks on the inside of x’. In other words, for
every world w in a quantified SDL model M , M,w |= (∀x)(∀y)(Kxy ↔ Iyx).

27Although this sentence contains the words “ought to be”, it is an impersonal ought-to-do
statement according to our classification, because it is an action that is obligatory.

28To be precise, we would have to formalise it that x is a member of the group of people
walking by. We omit this so as not to unnecessarily complicate the example.

29This a de re expression (see Section 3.5.5). What this sentence says is that it is not the
case that there is a person, such that the world ought to be such that this person helps the
child.
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This means that OKab and ¬OIba cannot both be true at the same world in
the model. A similar point can be made for the quantified versions. Given
that Ixy and Kyx are extensionally equivalent, (∀x)(∀y)((Mx ∧Wy ∧ Txy)→
OKxy), to be read as ‘all Men who walk Together with a Woman have an
obligation to walk on the outside (Kerbside) of the woman’, is equivalent to
(∀x)(∀y)((Mx ∧Wy ∧ Txy) → OIyx), which, according to the convention, is
to be read as ‘all Women who walk together with a Man have an obligation to
walk on the Inside of the man’.

Perhaps the most import argument is that our classification in sections 2.2.1
and 2.2.2 suggests whole categories of obligations that cannot be captured with
quantified SDL. Personal ought-to-be’s such as ‘it is obligatory for Jolene
that the books are back at the library before the end of the month’ cannot be
formalised. Nor can statements quantifying over the bearers of such obligations,
such as ‘everyone who borrows books from the library has an obligation that
they are back before the end of the month’. Personal ought-to-do’s that are
not agent-implicating also cause trouble. It is not possible to formalise ‘it is
obligatory for a that b makes her homework’.

We do not claim that quantified SDL is useless for the study of quantified
normative statements, but only that it is not sufficiently rich to capture all the
statements that we are interested in. As long as the O-operator is consistently
interpreted as representing impersonal obligations, quantified SDL provides a
welcome enrichment of SDL. For example, it provides us with tools to express
the difference between (∃x)OHx and O(∃x)Hx. The same holds for similar
systems such as those presented in [Hilpinen and McNamara, 2013, pp. 51-53],
[Goble, 1994], [Goble, 1996] and [Calardo, 2013, pp. 69-121]. They are useful
extensions to the first-order level, but they do not allow us to capture the kind of
quantification over bearers and counterparties that we described in sections 2.2
and 2.3. To capture this, we will need a way to explicitly mention the bearers
and, where necessary, counterparties of obligations.

2.5 The translation to logic

In this section we discuss how we can translate the observations in the previous
sections to a logic. We concluded the last section by noting that in order to
represent personal obligations, our formalism must explicitly mention who the
bearer of an obligation is. In the literature there are two proposals for this. The
first way of doing this is by indexing an O-operator with a symbol denoting the
bearer of the obligation (see for example [Herrestad and Krogh, 1995; Hansson,
1970]). Thus, Oa is to be read as ‘it is obligatory for a that’ or ‘a has an
obligation that’. There is, however, a competing proposal in the literature.

Hilpinen has argued that what we call personal obligations can be repre-
sented by a combination of an obligation operator that is not indexed and an
action operator [Hilpinen, 1974]. According to him, “ϕ is obligatory for a” can
be reduced to “It is obligatory that a sees to it that ϕ” [Hilpinen, 1974, p. 167].
Thus, according to this reduction, the bearer of a personal obligation that ϕ
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is merely the agent of the action described by ϕ. However, by using this re-
duction we are unable to capture the full range of personal obligations that are
under consideration in this thesis. Examples (such as those in Section 2.2.2) of
personal obligations that are not agent-implicating cannot be represented with
the reduction advocated by Hilpinen, since there is no way to differentiate the
bearer of the obligation from the agent of the obligatory action. Thus, index-
ing to represent bearers is preferable over using the reduction advocated by
Hilpinen, if we also want to capture these examples.

Analogously, we propose to index our O operator with both the counterparty
and the bearer when it comes to representing directed obligations (again, this
follows previous work [Herrestad and Krogh, 1995; Makinson, 1986; Tan and
Thoen, 1998]). We read Obaϕ as ‘a has an obligation towards b that ϕ. This
explicit mention of the counterparty of a directed obligation is necessary, since
who the counterparty is cannot always be inferred from what is obligatory.
Consider for example the case where a has contracted b to tutor her son c. In
this case b has an obligation towards a to the effect that b tutors c. Since there
is no mention of a (the counterparty) in what is obligatory, a formalisation of
this sentence that does not explicitly mention the counterparty as counterparty
would not represent who the counterparty is. Similar examples can be found for
directed permissions (for example, Sophie’s directed permission towards Julie
to build a fence that was discussed in Section 2.2).

Turning away from singular personal permissions and obligations for a mo-
ment, we now look at the representation of general deontic statements. If general
deontic statements indeed involve quantification over bearers and counterpar-
ties, then our language must allow for quantification over the indexes of obli-
gation operators. Thus these indexes must be terms of the language. This
allows us to represent principles like ‘every man who walks together with a
woman has an obligation to walk on the outside(kerbside) of the woman’ as
(∀x)(∀y)((Mx ∧ Wy ∧ Txy) → OxKxy). In Chapter 3 we set out the logic
TMDL that allows for this. However, before turning to TMDL we first look
at existing formal accounts of general deontic statements.

2.6 Formal accounts of general deontic state-
ments

Some scholars have proposed to model (subclasses of) general deontic statements
as (finite) conjunctions of personal obligations or permissions (see for example
our discussion of [Herrestad and Krogh, 1995] below). Seeing general deontic
statements as such finite conjunctions is problematic, given that we are mainly
interested in moral rules and principles.

To see this we must distinguish definite from indefinite general deontic state-
ments. When a teacher ends a class by telling the room of students “everybody
must finish the homework before Monday”, then this is a definite general de-
ontic statement: there is a definite number of individuals that is subject to the
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statement (the students in the class). Such a definite general deontic statement
can be represented by a conjunction of personal obligations. However, there
are also indefinite general deontic statements. Laws usually have this indefinite
character.30 When one issues a law, it is not possible to give a definite list of
the people who are subject to the law. The same is true for moral principles or
rules, such as ‘everyone has an obligation not kill’ or ‘all doctors have an obliga-
tion to care for their patients’. These hold for everyone, or everyone satisfying
certain conditions. As a result, laws, moral principles, and indefinite general
deontic statements in general, should not be represented as finite conjunctions
of personal obligations.31

A different way to capture the quantification over bearers and counterparties
is by a semi-propositional representation. Where the propositional variable p
represents ‘the books are returned to the library’, we can represent the general
deontic statement ‘everyone has the obligation that the books are returned to
the library’ as (∀x)(Oxp).

However, such a semi-propositional representation still falls short. Take for
example the general obligation ‘everyone must pay taxes’. If Oap represents
the undirected personal obligation ‘a must pay taxes’, then (∀x)(Oxp) does not
represent ‘everyone must pay taxes’, but ‘it is obligatory for everyone that a pays
taxes’. What this shows is that, as long as we stay at such a semi-propositional
level, we cannot explicitly represent the link between the bearer of an obligation,
and the occurrence of the bearer within the scope of the obligation-operator (for
example when it is an action of that bearer that is required). We will call this
the bearer-in-scope problem.32

It is often not only the bearer of the obligation that will occur within the
scope of the operator, but also the counterparty. If one wants to quantify over
the counterparties, then one must also quantify over these occurrences within
the scope of the operator. Consider the statement ‘a has an obligation towards
b not to hit b’ and the statement ‘for all x, a has an obligation towards x not to
hit x’. The first statement is an instance of (and thus follows from) the second
statement. If a logic is unable to represent this logical relation between the first
and the second statement, then we say that it suffers from the counterparty-in-
scope problem.

Finally, in general deontic statements the bearers and counterparties do not
only appear within the scope of the deontic operators, but also outside. This
is especially true in non-categorical statements. Consider again ‘Every driver

30Cfr. also Hohfelds indefinite classes of multital rights [Hohfeld, 1917, p. 718]
31Using finite conjunctions also does not work for uncategorical obligations, not even if they

are indefinite. Suppose that ‘all residents of building A have an obligation to take out their
own trash’ and that a, b and c are the residents of building A. Let p stand for ‘a takes out her
trash’, q for ‘b takes out his trash’ and r for ‘c takes out her trash’. Then we might suggest
the formalisation Oap ∧ Obq ∧ Ocr. However, this formalisation contains more information
than the rule ‘all residents of building A have an obligation to take out their own trash.’ From
the formalisation we can derive that a has an obligation to take out her trash. We cannot
derive this from the rule. To do that we need the additional information that a is a resident
of building A.

32This problem was already noted by Hansson [Hansson, 1970].
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has to give way to the driver coming from the right, unless he is driving on a
roundabout or the driver from the right is coming from a forbidden direction.’
We shall say that logics are limited to categorical statements if they can only
represent categorical and not other general deontic statements.

There have been earlier attempts to capture subcategories of what we have
called general deontic statements. In the remainder of this section we discuss
these attempts. They have mostly stayed at the propositional level. As a
result they suffer from the problems described above (though some have found
solutions to some of these problems within a propositional framework). The
only exception is Kanger, who does try to capture reasoning with rights in a
first-order framework.

2.6.1 Bengt Hansson

Hansson sets out to formalise i.a. general obligations in [Hansson, 1970]. General
obligations are statements of the form ‘everybody has the obligation to . . . ’.
We have called these categorical obligations. Hansson’s analysis starts from the
Hohfeldian idea that rights, duties, etc. are relations between two people. To
represent these relations, Hansson takes formulas of the form Oxyp as primitive,
where Oxy is to be read as “x has an obligation to y to do . . . ” and p is
a propositional variable expressing an action [Hansson, 1970, p. 243]. From
these formulas Hansson defines undirected personal obligations. An undirected
personal obligation Oxp is to be read as ‘x has an obligation to do p’. This is
defined from directed obligations as follows: Oxp iff p is a conjunction of the
members of a finite set of propositional variables {q1, . . . , qn} such that for some
y1, . . . , yn: Oxy1q1, . . . ,Oxynqn. Thus, for example if Oab(p ∨ q) ∧ Oacr holds,
then Oa((p∨ q)∧ r) holds as well. In turn, general obligations are defined from
undirected personal obligations. Op is interpreted as the general obligation “it
is obligatory for everyone to do p” [Hansson, 1970, p. 246] and holds “if and
only if Oxp holds for each x” [Hansson, 1970, p. 246].

Hansson does note a problem with this propositional representation of gen-
eral obligations. Take for example the general obligation ‘everyone must pay
taxes’. If Oap represents the obligation ‘a must pay taxes’, then Op does not
represent ‘everyone must pay taxes’, but ‘it is obligatory for everyone that a
pays taxes’. What this shows is that, as long as we stay at a purely propo-
sitional level, we cannot explicitly represent the link between the bearer of an
obligation, and the occurrence of the bearer within the scope of the obligation-
operator (for example when it is an action of that bearer that is required). We
have called this the bearer-in-scope problem.

To escape this problem, Hansson proposes the use of ‘proposition radicals’
instead of propositions in the scope of the obligation-operators. Proposition rad-
icals describe acts “with an empty place for the agent” [Hansson, 1970, p. 246].
Hansson then introduces the convention that Oxp is interpreted “as if x were in
the empty space” [Hansson, 1970, p. 246]. Thus, Oap can be interpreted as ‘a
ought to pay taxes’, Obp as ‘b ought to pay taxes’ and Op as ‘everyone ought
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to pay taxes’.33 This solution solves the bearer-in-scope problem in case the
bearer is the agent of the obligatory action.

However, without a more detailed account of ‘proposition radicals’ (that
Hansson does not provide) Hansson cannot completely solve the bearer-in-scope
problem. One problem is the following. Sometimes the bearer occurs more
than once within the scope of an obligation or permission operator. Consider
‘everybody has a permission to walk on their own land’. In this example the
bearer occurs twice within the scope of the permission operator, once as an
agent and once as the owner of land. If one can only represent quantification
over the agent of the obligatory action, then one cannot represent this kind of
sentences in a satisfactory way.

Hansson’s approach also suffers from the counterparty-in-scope problem. He
provides no way to properly represent statements such as ‘for all x, a has an
obligation towards x not to hit x’. In analogy with the account of general
obligations, one might think that Oaq represents this sentence, if q represents
‘for all x, a does not hit x’. However, then Oaq stands for ‘a has an obligation
that for all x, a does not hit x’ and not for ‘for all x, a has an obligation towards
x not to hit x’. Furthermore, ‘a has an obligation towards b not to hit b’ can
only be represented as Oabp (where p is distinct from q34) and this does not
follow from Oaq in Hansson’s system.35

Hansson’s system is also limited to categorical statements. He can repre-
sent obligations with one bearer, and general obligations, but not, for example,
obligations or permissions that hold for everyone satisfying a certain condition.
The same problem occurs with permissions that hold for everyone satisfying a
certain condition.

2.6.2 Kanger and the study of normative positions

The formal literature on Hohfeldian rights started with Kanger in 1957 [Kanger,
1970]. The logics that Kanger presents in his articles (particularly [Kanger,
1970] and [Kanger, 2001]) utilize the language of first order logic extended with
i.a. an action operator and an operator for obligations that is not indexed. By
using first order logic, Kanger is able to quantify, even over the agents indexing
the action operator. Unfortunately, the use of a non-indexed obligation operator
precludes the representation of bearers and counterparties. For counterparties,
this is easy to see (and has already been noted in the literature [Makinson, 1986;
Sergot, 2013], cfr. infra). For the representation of bearers, Kanger’s treatment
is similar to that advocated by Hilpinen. As a result, it is liable to the same
objections we raised for Hilpinen’s reduction. Nevertheless, Kanger has been
influential in another area.

33Hansson does not give a deeper account of proposition radicals than what is presented
here [Hansson, 1970, p. 246].

34Since Oabq stands for ‘a has an obligation towards b that for all x, a does not hit x’ and
not for ‘a has an obligation towards b not to hit b’.

35Like Herrestad and Krogh do with categorical obligations (cfr. infra), Hansson could
interpret ‘a has an obligation towards b not to hit b’ as a finite conjunction. However, this
would lead to similar problems as those we identified above around finite conjunctions.
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The work of Kanger has given rise to a plethora of work on what has come
to be known as the study of normative positions. A good overview of this
work can be found in [Sergot, 2013]. The literature on normative positions
has mostly focused on discovering and mapping different legal and normative
relations. This is typically done by using a (propositional) standard deontic
logic, combined with a logic of agency [Sergot, 2013, p. 354]. As Lindahl points
out, this is much more substantial than merely explicating Hohfeld’s theory
of rights [Lindahl, 2012, p. 38]. Probably as a result of this separation from
Hohfeld, the authors of this literature have not focussed on the multital rights
that are central to the Hohfeldian theory, and thus also not on quantification
over bearers and counterparties.36

2.6.3 Herrestad and Krogh

One important limitation of the theories of normative positions is that they lack
an explicit treatment of the counterparty of a right [Sergot, 2013, p. 355]. This
shortcoming was first observed by Makinson [Makinson, 1986]. As a solution he
suggests explicitly indexing the obligation operator with both the bearer and the
counterparty. This suggestion was taken up by Herrestad and Krogh [Herrestad
and Krogh, 1995].

Herrestad and Krogh give an extensive account of personal and categorical
obligations that partly inspired our account in Section 2.2. They denote a
categorical obligation as O⊕p. An undirected personal obligation with bearer i
is denoted iOp. Where I is the finite set of individuals, a categorical obligation
is defined from undirected personal obligations as follows [Herrestad and Krogh,
1995, p. 467].

O⊕p =df

∧
i∈I

iOp

Herrestad and Krogh also identify counterparty-relativised obligations: obliga-
tions that are only tied to a counterparty and not to a bearer. They denote
these as Ojp, to be read as “it is ideal for j that p” [Herrestad and Krogh, 1995,
p. 499]. Directed obligations, denoted iOj(iEp), are defined from undirected
personal obligations and counterparty-relativised obligations, together with an
operator iE (to be read as “i brings it about that”) [Herrestad and Krogh, 1995,
pp. 503-504]:

iOj(iEp) =df iO(iEp) ∧ Oj(iEp) (2.1)

iOj(iEp) is to be read as “i is obliged towards j that i brings about that p”
[Herrestad and Krogh, 1995, pp. 503-504].

There are several problems with this approach, if we want to use it to capture
all the deontic statements in sections 2.2 and 2.3. First, it suffers from what we
have called the bearer-in-scope problem. Herrestad and Krogh cannot properly

36The only exception that we know of is Markovich [Markovich, 2020]. We discuss her work
below.
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represent general deontic statements where the bearer occurs within the scope of
the deontic operator. Related to this first problem are the same problems that
we identified in Hansson’s propositional approach, i.e. the counterparty-in-scope
problem and the problem that the logic is limited to categorical statements.
This approach also treats categorical obligations as finite conjunctions, which
we have criticised above.

2.6.4 Markovich

Markovich is the only author in the formal literature on normative positions
who discusses multital rights. She formalises multital rights and rules of rights
as finite disjunctions and conjunctions. This is best illustrated by her own
example. Consider the claim that everyone has against everyone else that no
one sees to it that felonies are committed. Where A is the finite set of agents,
CRx is to be read as ‘x has a claim(-right) that . . . ’, Ey as ‘y sees to it that . . . ’
and F as ‘a given felony is committed’, this is formalised as follows [Markovich,
2020, p. 144]. ∧

x∈A
CRx¬

∨
y∈A

EyF

Since this approach is still propositional, we run into many of the same
problems as before when we use it to formalise the general deontic statements
that we are interested in. Like Hansson, Markovich suffers from a form of the
bearer-in-scope problem and the counterparty-in-scope problem, as well as the
problems we identified with finite conjunctions. On top of that, the approach
is limited to categorical statements.

2.6.5 Royakkers

Most accounts presented so far have been limited to categorical statements.
One author who claims to go further is Royakkers [Royakkers, 1998]. Royakkers
uses a variant of Meyer’s dynamic deontic logic [Meyer, 1988] that can repre-
sent the (individual or collective) actors whose actions have a certain deontic
status. Having actors represented in the object language, Royakkers formalises
restricted general deontic claims by restricting quantification to the set of ac-
tors that are targeted by those claims. For example, consider the sentence “it is
forbidden for all motor-vehicle drivers to drive above 50 km/h”. On Royakkers
account, this is formalised by

∀i∈MF+(i : β)

where M is the set of all motor vehicle drivers and F+(i : β) denotes the
proposition that it is forbidden for i to perform the action β, i.e., to drive
above 50 km/h. The symbol β is an “action expression”, but the language



2.7. CONCLUSION 45

is not fine-grained enough to formally represent agents or persons in this ac-
tion expression.37 What this shows is that Royakkers’ account suffers from the
bearer-in-scope problem, and the counterparty-in-scope problem. In fact, Roy-
akers does not represent counterparties at all. Depending on how the quantifier
∀ is to be read, Royakkers’ account may also suffer from the problems identified
in footnote 31.

2.6.6 Hintikka

A very different approach is taken by Hintikka [Hintikka, 1957]. His logic is
(in broad strokes) similar to the quantified SDL of Section 2.4. The major
difference is that he does not interpret the agent domain A as a set of persons,
but as a set of actions. Thus, Px must be interpreted as ‘action x is of the kind
P ’. He expresses rules like ‘killing is forbidden’ as (∀x)O¬Kx, i.e. ‘for every
action x it is obligatory that x is not an instance of the kind killing.’ Similarly,
the obligation to help a neighbour in distress can be formalised as O(∃x)Hx,
‘it ought to be that there is an act that is of the kind ‘helping a neighbour in
distress’ [Hintikka, 1957, pp. 5-6].

Makinson heavily criticised this quantification over actions [Makinson, 1981].
His main criticism is that we have no clear way to determine the truth value
of sentences like ‘it is obligatory that act x is of kind P .’ As a result, these
sentences have no clear meaning, except as misleading formulations of simpler
general deontic statements.

2.7 Conclusion

In this chapter we have argued that existing attempts to formalise quantified
deontic statements have serious shortcomings. To make this argument we have
distinguished different kinds of quantified deontic statements that play a role
in moral reasoning. This gives us the background to turn to our own solution:
term-modal deontic logic.

37Atomic actions are denoted by underlined action symbols (e.g. a), and the set of all action
expressions is defined by the following BNF [Royakkers, 1998, p. 52]:

β ::= a | β1 ∪ β2 | β1&β2 | β | any | fail | skip | change
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Chapter 3

Term-Modal Deontic Logic

Summary In this chapter we present the logic TMDL. The observations in
Chapter 2 have been taken to heart in the construction of TMDL. This is
most apparent in the fact that the obligation operators of TMDL are indexed
with terms, variables and constants, of the language. These terms represent the
bearers and counterparties of the obligations. TMDL is a term-modal deontic
logic and can be seen as a conservative extension of SDL, since the semantics
of TMDL is a term-modal version of the relational semantics of SDL.

F
Previous versions of sections 3.1 to 3.4 can be found in the paper
“Reasoning with rules and rights” [Frijters et al., 2020].

3.1 Introduction

The goal of this chapter is to present a new deontic logic, TMDL, that allows
for the representation of general deontic statements. As the logical analysis of
such statements requires quantification, TMDL is a first-order logic. The main
difference between TMDL and quantified SDL is that the language of TMDL
is not a simple combination of the language of SDL with a first-order language.
Instead, deontic operators are indexed with terms of the language, and quantifi-
cation is allowed over these indices. It is thus possible to quantify not only over
objects in the domain, but also over the deontic operators associated with these
objects, which gives the logic a kind of second-order flavour (see [Kooi, 2007]).
As we will show, it is precisely this property that enables one to represent rules,
principles and multital rights.

The logic TMDL belongs to the family of term-modal logics as named by
Fitting, Thalmann and Voronkov [Fitting et al., 2001; Thalmann, 2000], but,
to the best of our knowledge, this is one of the first applications of term-modal
logics to deontic reasoning.38 There are some technical differences as well: the
language of TMDL contains identity and two kinds of modal operators (with

38The only other deontic application that we are aware of is the motivation of using more
than one index for term-modal operators in [Sawasaki et al., 2019] (see Section 3.2.1).

47
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one index and with two indices), the semantics is different (a constant-domain
semantics instead of an increasing-domain semantics), and we present a Hilbert-
style axiomatisation for TMDL, whereas Fitting et al. present sequent and
tableau calculi.39

The chapter is structured as follows. In Section 3.2, we discuss the term-
modal logics of Fitting et al. and present both the syntax and the semantics
of TMDL. Soundness and strong completeness is proven in Section 3.3. In
Section 3.4, we show that TMDL succeeds in capturing the aspects of norma-
tive reasoning laid out in Sections 2.2 and 2.3. TMDL has several important
shortcomings. We lay these out in Section 3.5.

3.2 Term-modal deontic logic

In this section we first discuss term-modal logics [Fitting et al., 2001; Thalmann,
2000; Occhipinti Liberman et al., 2020]. We show that these logics give us a good
starting point for formalising quantification over bearers and counterparties.
Nevertheless, we point out some shortcomings in the approach of [Fitting et al.,
2001; Thalmann, 2000] when it is to be used for deontic reasoning (an application
context that they did not have in mind). We then present TMDL, which
overcomes these shortcomings.

3.2.1 From term-modal logic to term-modal deontic logic

The name “term-modal logic” was introduced by Thalmann, Fitting and Voronkov
[Fitting et al., 2001; Thalmann, 2000]. They developed term-modal logics for an
epistemic application context [Thalmann, 2000, p. 1]. We use the term-modal
logic of Fitting et al. as our point of reference.

These authors start out with the intention of formalising knowledge repre-
sentation in a multi-agent context. Some earlier approaches to this topic used
multimodal epistemic logics where there are accessibility relations and associ-
ated modalities for every agent. Fitting et al. point out that these logics cannot
express sentences like ‘every Christian believes in the existence of God’. To
accommodate these sentences Fitting et al. propose to index the modal oper-
ators with terms of the language (i.e. with names of agents) instead of with
agents. This then allows them to quantify over the terms that index the modal
operators.

Semantically, Fitting et al. introduce a ternary accessibility relation between
the set of worlds, the set of agents, and the set of worlds. This ternary acces-
sibility relation replaces the binary accessibility relation of normal modal logic.
The new ternary accessibility relation Rf satisfies a condition that corresponds
to increasing domains. Where w1 and w2 are worlds, Dw1

and Dw2
are the do-

mains associated with w1 and w2 respectively, and p ∈ Dw1 , the following holds:
if 〈w1, p, w2〉 ∈ Rf , then Dw1 ⊆ Dw2 . Fitting et al. do not give a reason for the

39We are not the first to do so, for example [Occhipinti Liberman et al., 2020] also uses a
Hilbert-style axiomatisation and constant domain semantics.
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increasing domains condition, but they do provide an example of an application
context where this condition would seem to be applicable: computer processes
that spawn new processes and in doing so increase the number of computer
processes in the system.

In our application context such a reason for increasing domains is missing.
New persons do get born, but other persons also die. This would seem to point
to varying domain semantics. In varying domain semantics the domains of
different worlds are independent of each other.40 Such varying domain semantics
for term-modal logic have been developed by Corsi and Orlandelli [Corsi and
Orlandelli, 2013].

There is however another option: constant domain semantics. With constant
domain semantics there is just one domain for the whole model.41 Employing
constant domain semantics greatly simplifies the meta-theory. On top of that
we can still simulate variable domain semantics by introducing an existence
predicate (see Section 3.5.5 below).

A shortcoming of the term-modal logics of Fitting et al. for our desired appli-
cations is that their language does not contain identity or double indexed modal
operators. As we will show in Section 3.4, both are useful for the representation
of rights and directed obligations. We can use identity to represent the fact
that a person has a claim against all persons other than the claim-holder and
we can use the double-indexed modal operators to indicate the directedness of
obligations.

TMDL will solve these shortcomings for our application context. TMDL
has constant domain semantics and its language contains identity and double
indexed modal operators. In addition, we present a Hilbert-style axiomatisation
for TMDL, whereas Fitting et al. present tableau and sequent calculi.

Although Fitting et al. coined the name ‘term-modal logic’, explorations in
the same direction began much earlier, starting with Von Wright and Hintikka
[von Wright, 1951; Hintikka, 1962, 1969]. Completeness results for a Hintikka-
style system are known since at least 1988 [Carlson, 1988]. For an overview
of this history (and important recent developments) within epistemic logic, see
Section 9.3 of [Occhipinti Liberman et al., 2020]. Comparable ideas can also be
found in action logic [Kanger, 1970; Pörn, 1977].42

After the work by Fitting et al. the field of term-modal logic has developed
in different directions, mostly staying within the domain of epistemic logic. We

40This argument for varying domain semantics is not very strong, since the processes of
people dying and people being born are processes that happen over time. The issue of repre-
senting these temporal processes thus seems independent from the question what the domains
of the deontically alternative worlds should be. None of the logics presented in this thesis aim
at capturing reasoning about such temporal processes.

41Equivalently, one can obtain constant domain semantics by assigning the same domain to
every world. For other term-modal logics with constant domains see for example [Occhipinti
Liberman et al., 2020; Sedlár, 2014].

42Kanger’s account was discussed in Section 2.6.2. Pörn’s system contains modal operators
for belief, action and obligation. However, only the belief-operators and the action-operators
are indexed with constants and variables. The representation of bearers of obligations (see
especially [Pörn, 1977, pp. 21-24] and [Pörn, 1977, pp. 35-38]) is similar to that of Kanger and
Hilpinen (see sections 2.5 and 2.6.2).
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give a brief summary primarily based on [Occhipinti Liberman et al., 2020].
One direction is the development of term-modal dynamic (epistemic) logics.
Kooi provides a semantics with constant domains for one such logic, but he
leaves the axiomatization and the quest for decidable fragments open for fur-
ther research [Kooi, 2007]. Occhipinti Liberman et al. build on these results
to investigate term-modal logics for social network dynamics [Occhipinti Liber-
man and Rendsvig, 2019] and epistemic planning [Occhipinti Liberman and
Rendsvig, 2020; Occhipinti Liberman et al., 2020]. This work is partially based
on [Rendsvig, 2010; Achen, 2017] and does provide completeness and decidabil-
ity results. Taking a different route, Wang and Seligman isolate a quantifier-free
fragment of Kooi’s dynamic term-modal logic for the purpose of formalising sit-
uations in which names are not common knowledge [Seligman and Wang, 2018].
They provide a complete axiomatisation of this fragmant and conjecture (but
do not prove) that it is decidable.

Corsi and Orlandelli use a refinement of term-modal logic to allow for the
distinction between “t knows that Pc” and “t knows of c that Px”, i.e. a dis-
tinction between de re/de dicto that is independent of quantifiers [Corsi and
Orlandelli, 2013].43 For this purpose they develop a free logic with varying do-
mains, meaning that the domain assigned to a world is allowed to be empty.
The same authors have also investigated two decidable fragments of term-modal
logic [Orlandelli and Corsi, 2017].

They are not the only ones to have isolated decidable fragments. Padman-
abha and Ramanujam have proven decidability of the monodic and two-variable
fragments [Padmanabha and Ramanujam, 2019c,a]. These authors have also
isolated a decidable variable-free fragment of propositional term-modal logic
[Padmanabha and Ramanujam, 2019b]. Completeness results for propositional
term-modal S5 have been proven by Naumov and Tao [Naumov and Tao, 2018].

Sedlár investigates the relation between term-modal modal logics on the one
hand, and evidence and justification logics on the other [Sedlár, 2014]44. He
proposes a normal term-modal logic with constant domain semantics and shows
how it can be used to formalise some Gettier-like examples. In a second step,
he shows how this logic can emulate a non-normal logic of evidence, as well as
epistemic logics with awareness, which he connects to justification logics.

As far as we know, the only work on term-modal logic with a proposed
deontic interpretation is [Sawasaki et al., 2019]. Sawasaki et al. propose to use
modal operators with one and two indexes for ‘a is obligated’, and ‘a is obligated
by b’ [Sawasaki et al., 2019, p. 245]. This second interpretation is interesting
in itself, but we should note that it is distinct from the one that we propose.
In our proposal the second index is used to denote the counterparty, whereas
Sawasaki et al. use it to denote the norm-giver. Apart from the short deontic
motivation, most of this paper is dedicated to developing a variant of term-
modal logic where the modal operator can be indexed by a finite sequence of
terms.

43See also [Corsi and Tassi, 2014; Corsi and Orlandelli, 2016].
44Note that there is also an unpublished draft by the same author that explores the same

topics in some more detail [Sedlár, 2016].



3.2. TERM-MODAL DEONTIC LOGIC 51

3.2.2 The language of TMDL

We present the language of TMDL. Let C = {a, b, . . .} be the countably infinite
set of constants denoting persons and V = {x, y, . . .} be the countably infinite
set of variables. We let α, β, . . . range over C and ν, ξ, . . . over V . Let T = C∪V
be the set of terms and θ, κ, . . . be the metavariables ranging over it. For each
natural number n ∈ N1 we let Pn be a set of n-ary predicate symbols and we
let P be the union of all Pn. We let P range over P.45 Lastly, we let ϕ,ψ, χ
be metavariables for formulas and we use Γ,∆,Θ, . . . as metavariables for sets
of formulas. Our language L is defined with the following Backus-Naur form:

ϕ ::= Pθ1 . . . θn | θ = κ | ¬ϕ | ϕ ∨ ϕ | Oθϕ | Oθκϕ | (∀ν)ϕ

The other Boolean connectives are defined in the standard way. Additionally,
(∃ν)ϕ =df ¬(∀ν)¬ϕ, Pθϕ =df ¬Oθ¬ϕ and Pθκϕ =df ¬Oθκ¬ϕ. We will often write
θ 6= κ instead of ¬θ = κ.

The notion of free and bound variables are as usual, with two additions (cfr.
Fitting et al. [Fitting et al., 2001]): (1) The free occurrences of variables in Oθϕ
are all free occurrences of variables in ϕ and in addition θ if θ is a variable,
and (2) the free occurrences of variables in Oκθϕ are θ, if θ is a variable, κ, if κ
is a variable, and all free occurrences of variables in ϕ. A wff ϕ is a sentence
iff all the variables in ϕ are bound. We define the set S of sentences of L:
S =df {ϕ ∈ L | ϕ is a sentence}.

The reading of the operators Oθ and Oκθ was discussed in Section 2.5. Oθϕ
denotes the undirected personal obligation ‘ϕ is obligatory for θ’ and Oκθϕ de-
notes the directed obligation ‘θ has an obligation towards κ that ϕ’. In Section
3.4 we discuss in some detail how we can use this language to express natural
language sentences, but we give a teaser in Table 3.1

It is obligatory for Alfred that ϕ Oaϕ
ϕ is obligatory for someone (∃x)Oxϕ
ϕ is obligatory for every philosopher (∀x)(Px→ Oxϕ)
There is a philosopher for whom ϕ is
obligatory

(∃x)(Px ∧ Oxϕ)

Everyone has an obligation towards b to
help b

(∀x)(ObxHxb)

b has an obligation towards everyone
else to help them

(∀x)(x 6= b→ OxbHbx)

Every parent of a sick child has an obli-
gation towards the child to care for it

(∀x)(∀y)((Pxy∧Sy)→ OyxCxy).

Table 3.1: Expressiveness of TMDL

45We forego 0-ary predicates and function symbols for now. However, these could easily be
integrated with term-modal logic, for an example of 0-ary predicates, see Chapter 5, and for
an example of function symbols in term-modal logic, see [Fitting et al., 2001]. Note that we
also do not have function symbols in our language.
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3.2.3 Semantics of TMDL

We define TMDL-models as follows:

Definition 3.1. A TMDL-model is a tuple M = 〈W,A, R,RD, I〉, where:

1. W 6= ∅
2. A 6= ∅
3. R ⊆ W × A ×W (where w ∈ W and p ∈ A, we write R(w, p) for {w′ ∈

W | 〈w, p, w′〉 ∈ R})
3.1. For all p ∈ A and w ∈W , R(w, p) 6= ∅
4. RD ⊆W×A×A×W (where w ∈W and p1, p2 ∈ A, we write RD(w, p1, p2)

for {w′ ∈W | 〈w, p1, p2, w
′〉 ∈ RD})

4.1. For all w ∈W , p1, p2 ∈ A: RD(w, p1, p2) 6= ∅.
4.2. For all w ∈W , p1, p2 ∈ A: R(w, p1) ⊆ R(w, p1, p2).
5. I is an interpretation function such that:
5.1. I : T → A
5.2. I : Pn ×W → ℘(An) for every natural number n ∈ N1.

We call W a world domain, consisting of possible worlds w,w1, . . . and A an
agent domain, consisting of agents p, p1, p2, . . . Both are non-empty.46 R is an
accessibility relation. R(w, p1) is interpreted as the set of worlds where all the
obligations that agent p1 has in world w are fulfilled. R(w, p1, p2) is interpreted
as the set of worlds where all obligations that agent p1 has towards p2 in world
w are fulfilled. Conditions 3.1. and 4.1. ensure seriality, whereas condition 4.2.
ensures that all worlds where the obligations of agent p1 are fulfilled, are also
worlds where the obligations p1 has towards others are fulfilled. This models
the intuition that if p1 has a directed obligation that ϕ, then she also has an
undirected personal obligation that ϕ.47

Definition 3.2. For any ν ∈ V , M ′ = 〈W,A, R,RD, I ′〉 is a ν-alternative to
M = 〈W,A, R,RDI〉 iff I ′ differs at most from I in the member of A that I ′

assigns to ν.

Definition 3.3 (Semantic Clauses). For any TMDL-model M = 〈W,A, R,RD, I〉:
SC1 M,w |= Pθ1 . . . θn iff 〈I(θ1), . . . , I(θn)〉 ∈ I(P,w)
SC2 M,w |= ¬ϕ iff M,w 6|= ϕ
SC3 M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
SC4 M,w |= θ = κ iff I(θ) = I(κ)
SC5 M,w |= Oθϕ iff M,w′ |= ϕ for all w′ ∈ R(w, I(θ))
SC6 M,w |= (∀ν)ϕ iff for every ν-alternative M ′: M ′, w |= ϕ
SC7 M,w |= Oκθϕ iff M,w′ |= ϕ for all w′ ∈ RD(w, I(θ), I(κ))

Let Γ ⊆ S and ϕ ∈ S, then we can define semantic consequence and validity
as follows.

46It is possible to expand the agent domain to include objects that are not agents, like the
apples from Chapter 2. See for example [Occhipinti Liberman et al., 2020]. We discuss this
in Section 3.5.3.

47We treat constants as rigid designators. This choice is discussed in more detail in Section
3.5.4.
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Definition 3.4 (Semantic consequence). ϕ is a semantic consequence of Γ,
Γ TMDL ϕ iff for every TMDL-model M = 〈W,A, R,RD, I〉 and w ∈ W : if
M,w |= ψ for all ψ ∈ Γ, then M,w |= ϕ.

Definition 3.5 (Validity). ϕ is valid, TMDL ϕ iff for every TMDL-model
M = 〈W,A, R,RD, I〉 and w ∈W : M,w |= ϕ.

We omit the subscript TMDL when this is clear from the context.

3.2.4 Axiomatisation of TMDL

A sound and strongly complete axiomatisation of TMDL is obtained by closing
a complete axiomatisation of classical propositional logic (CL) with all instances
of the axiom schemata in Table 3.2 under the rules of Table 3.3. ϕ(θ/κ) is the
result of replacing all free occurrences of κ in ϕ by θ, relettering bound variables
if necessary to avoid rendering new occurrences of θ bound in ϕ(θ/κ). ϕ(θ//κ) is
the result of replacing various (not necessarily all or even any) free occurrences
of θ in ϕ by occurrences of κ, again relettering if necessary [Thomason, 1970, p.
57].

ϕ is a TMDL-theorem (denoted `TMDL ϕ) iff ϕ can be derived from the
TMDL-axioms and rules. ϕ ∈ S is TMDL-derivable from Γ ⊆ S (denoted
Γ `TMDL ϕ) iff there are ψ1, . . . , ψn ∈ Γ such that `TMDL (ψ1∧ . . .∧ψn)→ ϕ.
From this it follows immediately that `TMDL is compact.48 We write ` instead
of `TMDL where this does not lead to confusion.

(K) Oα(ϕ→ ψ)→ (Oαϕ→ Oαψ)
(D) Oαϕ→ ¬Oα¬ϕ

(BF) (∀ν)Oαϕ→ Oα(∀ν)ϕ
(DK) Oβα(ϕ→ ψ)→ (Oβαϕ→ Oβαψ)
(DD) Oβαϕ→ ¬Oβα¬ϕ

(DBF) (∀ν)Oβαϕ→ Oβα(∀ν)ϕ
(DP) Oβαϕ→ Oαϕ
(UI) (∀ν)ϕ→ ϕ(α/ν)

(REF) α = α
(SUB) (α = β)→ (ϕ→ ϕ(α//β))
(ND) (α 6= β)→ Oγ(α 6= β)

(DND) (α 6= β)→ Oδγ(α 6= β)

Table 3.2: Axiom schemata

The axioms and rules in Table 3.2 and Table 3.3 require some explanation.
(K) and (DK) are the undirected and directed analogues of the (O-K)-axiom
of SDL. Similarly (D) and (DD) are the analogues of the (O-D)-axiom and
(NEC) and (DNEC) of the necessitation rule of SDL. Choosing for constant

48The logic is compact iff for every Γ ⊆ L and ϕ ∈ L, Γ ` ϕ iff there is a finite sequence
ψ1, . . . , ψn ∈ Γ such that ψ1 ∧ . . . ∧ ψn ` ϕ.
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(MP) if ϕ→ ψ and ϕ, then ψ
(NEC) if ` ϕ, then Oαϕ

(DNEC) if ` ϕ, then ` Oβαϕ.
(UG) if ` ϕ→ ψ(α/ν) and α not in ϕ or ψ, then ` ϕ→ (∀ν)ψ.

Table 3.3: Rules

domain semantics entails accepting the Barcan Formula ((∀x)(2ϕ)→ 2(∀x)ϕ)
(see sections 2.4 and 3.5.5).49 (BF) and (DBF) are the analogues of this Barcan
Formula for TMDL. The axiom (DP) formalises the intuition that whenever a
person has a directed obligation that ϕ, then this person also has an undirected
personal obligation that ϕ (see Section 2.2). (UI), (REF), (SUB) and (UG) are
inherited from first order logic. Finally, a first order modal logic with identity
that treats terms as rigid designators also validates a principle of necessary
distinctness (α 6= β → 2α 6= β). (ND) and (DND) are the analogous principles
in TMDL.

The reader will have noticed that some of the axiom schemata in Table 3.2
are superfluous. For example, (ND) follows from (DND) and (DP). The reason
that we have chosen for this presentation is that it shows the modularity of
the logic. For example, one can get an axiomatisation of just the undirected
part of TMDL by simply leaving out (DK), (DD), (DBF), (DP), (DND) and
(DNEC).50

Note that many of the axiom schemes in Table 3.2 can also be expressed using
a universal quantifier. For example, instead of (K) we could have (∀ν)(Oν(ϕ→
ψ) → (Oνϕ → Oνψ). In the presence of (UI) and (UG) these formulations are
equivalent. The same holds for many of the axiom schemes that we introduce
in other chapters below.

We prove the following theorems. The first two theorems are useful for the
completeness proof and the final two are desirable and therefore deserve to be
mentioned.

Theorem 3.1. ` α = β ↔ Oγ(α = β)

Proof. For left to right, since α = α is a theorem we can use (NEC) to derive
Oγ(α = α). Using (SUB) and the fact that in CL from ϕ → (ψ → χ) and ψ
it follows that ϕ → χ, we can derive α = β → Oγ(α = β). For right to left,
suppose Oγ(α = β). By (D), we have ¬Oγ(α 6= β). By (ND) and contraposition,
¬α 6= β, hence α = β.

Theorem 3.2. ` α = β ↔ Oδγ(α = β)

Proof. The proof is analogous to the proof for Theorem 3.1: For left to right,
we can derive Oδγ(α = β) from α = β by (DNEC) and (SUB). For the right

49It also entails accepting the Converse Barcan formula: 2(∀x)ϕ→ (∀x)2ϕ. However, this
converse Barcan formula does not need to be added as an axiom, since it is a theorem of the
logic.

50See Section 4.2 below.
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to left direction, we can derive α = β from Oδγ(α = β) by (DD), (DND) and
contraposition.

Theorem 3.3. ` (Oαγϕ ∧ Oβγψ)→ Oγ(ϕ ∧ ψ)

Proof. Oγ(ϕ ∧ ψ) follows from Oαγϕ ∧ Oβγψ by (DP) and (K).

Theorem 3.4. ` (Oα1

β ϕ1 ∧ . . . ∧ Oαn

β ϕn)→ ¬Oγβ¬(ϕ1 ∧ . . . ∧ ϕn)

Proof. Suppose Oα1

β ϕ1 ∧ . . . ∧ Oαn

β ϕn. By (DP), Oβϕ1 ∧ . . . ∧ Oβϕn follows.
Then by (K), Oβ(ϕ1 ∧ . . .∧ϕn). By (D), ¬Oβ¬(ϕ1 ∧ . . .∧ϕn) and by (DP) and
contraposition, ¬Oγβ¬(ϕ1 ∧ . . . ∧ ϕn).

3.3 Completeness

In this section, we prove strong completeness for TMDL (Theorem 3.5). The
proof is very similar to that for first-order modal logics, see for example [Fitting,
2007] and [Hughes and Cresswell, 1996], but is significantly simpler than the
proof for completeness in [Fitting et al., 2001] (this is in large part due to our
use of constant domain semantics). The proofs of Lemma 3.2 and Lemma 3.3
(cfr. infra) are largely analogous to the proofs in [Hughes and Cresswell, 1996,
Chap. 14].

In line with the literature, we construct a canonical model, prove that it is a
TMDL-model (Lemma 3.7) and that the truth lemma holds for it (Lemma 3.8).
Note that for every α and β, R(w, I(α)) and RD(w, I(α), I(β)) are analogous
to the set of accessible worlds in normal modal logic and that Oα and Oβα are
the analogues of the normal modal 2-operator.

As we are dealing with a first-order logic, the worlds in the canonical model
cannot simply be maximal consistent sets. A maximal consistent set Θ might
contain ¬(∀ν)ϕ, but there might not be an α such that ¬ϕ(α/ν) ∈ Θ, i.e. there
might not be a ‘witness’ for ¬(∀ν)ϕ. This would cause a problem for the truth
lemma (the case where ϕ is of the form (∀ν)ψ). To solve this problem, we work
with an extended language L+ that contains an infinite number of constants
that do not occur in L. Following [Hughes and Cresswell, 1996], we prove that
any consistent set Γ ⊆ S has a maximal consistent and ω-complete extension
in this new language L+ (Lemma 3.2). Sets that are maximal consistent and
ω-complete in L+ will be called L+-saturated sets (see also [Thomason, 1970]).

We define L+ in a way analogous to L, but with C replaced by C+ =
C ∪ {α+

1 , α
+
2 , . . .}. We stipulate that α+

1 , α
+
2 , . . . /∈ C. S+ =df {ϕ ∈ L+ |

ϕ is a sentence}. Technically, if we define the logic over the richer language L+,
then we obtain a different logic. We will call this logic TMDL+ and we will
use +̀ to denote the consequence relation of TMDL+.

Definition 3.6. Γ ⊆ S+ is L+-saturated iff
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1. Γ is TMDL+-consistent, i.e. Γ0+ a 6= a .51

2. for all ϕ ∈ S+: ϕ ∈ Γ or ¬ϕ ∈ Γ.
3. for all ϕ ∈ S+ and ν ∈ V : there is an α ∈ C+ such that ϕ(α/ν)→ (∀ν)ϕ ∈

Γ.

If a consistent set of sentences Γ satifies the second condition of Definition
3.6, we call it maximal consistent. If some Γ satisfies its third condition, we call
it ω-complete.

The proof of the following lemma is obvious in view of the Lindenbaum
construction, and is left to the reader (see [Fitting, 2007; Hughes and Cresswell,
1996] for examples).

Lemma 3.1. For any set Γ ⊆ S (respectively, Γ ⊆ S+), if Γ is consistent, there
is a maximal consistent Γ′ ⊆ S (respectively, Γ′ ⊆ S+) such that Γ′ is maximal
consistent and Γ ⊆ Γ′.

For the proof of the following two lemmas, we assume that all sentences of
the form (∀ν)ϕ are enumerated in a fixed order (∀ν)χ1, (∀ν)χ2, . . .

Lemma 3.2. For any set Γ ⊆ S: if Γ is consistent then there is an L+-saturated
set Γ′ ⊆ S+ such that Γ ⊆ Γ′.

Proof. Suppose Γ ⊆ S is consistent, and define a sequence of sets as follows:

Γ0 = Γ

Γn+1 = Γn ∪ {χn+1(α+
n+1/ν)→ (∀ν)χn+1}

We prove by induction that Γn is consistent, for all n. The base case is
obvious, as Γ is consistent. For the induction step, suppose that Γn is consistent
and Γn+1 is not. It follows that there are ψ1, . . . , ψk ∈ Γn such that +̀(ψ1∧. . .∧
ψk)→ χn+1(α+

n+1/ν) and +̀(ψ1∧ . . .∧ψk)→ ¬(∀ν)χn+1. By the construction,

α+
n+1 does not occur in ψ1∧. . .∧ψk and not in χn+1. By (UG), +̀(ψ1∧. . .∧ψk)→

(∀ν)χn+1. Thus Γn is inconsistent. This contradicts the supposition.
Let Γ∗ be the union of all Γn. Γ∗ is consistent (by the above and the fact

that the logic is compact) and ω-complete (it satisfies condition 3 of Definition
3.6). In view of Lemma 3.1, Γ∗ can be extended to an L+-saturated set Γ′.

Lemma 3.3 (Existence Lemma). For any set Γ ⊆ S+, α ∈ C+ and ϕ ∈ S+: If
Γ is L+-saturated and Oαϕ /∈ Γ, then there is an L+-saturated set Θ such that
{ψ | Oαψ ∈ Γ} ∪ {¬ϕ} ⊆ Θ.

Proof. In view of Lemma 3.1, it is sufficient to show that, if Γ is L+-saturated
and Oαϕ /∈ Γ, the set {ψ | Oαψ ∈ Γ} ∪ {¬ϕ} is consistent and moreover can
be extended to a set that is ω-complete. To prove that such an ω-complete
extension exists, a different construction is needed than for Lemma 3.2. (Since
this lemma concerns Γ ⊆ S+ instead of Γ ⊆ S.)

51We will simply say ‘consistent’ where no confusion arises.
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So, suppose that Γ is L+-saturated and Oαϕ /∈ Γ. Suppose further that
{ψ | Oαψ ∈ Γ} ∪ {¬ϕ} is not consistent. It follows that there is a finite subset
{ψ1, . . . , ψn} of {ψ | Oαψ ∈ Γ} such that +̀(ψ1 ∧ . . . ∧ ψn) → ϕ. By (NEC),

+̀ Oα((ψ1 ∧ . . . ∧ ψn) → ϕ), and by (K), +̀ Oα(ψ1 ∧ . . . ∧ ψn) → Oαϕ. But
then, in view of the main supposition, Γ would be inconsistent (as Oαϕ /∈ Γ,
and hence, ¬Oαϕ ∈ Γ).

To prove that {ψ | Oαψ ∈ Γ} ∪ {¬ϕ} can be extended to a set that is ω-
complete, we define a sequence of sentences ϕ0, ϕ1, ϕ2, . . .. We let ϕ0 be ¬ϕ, and
define ϕn+1 as ϕn∧ (χn+1(αk/ν)→ (∀ν)χn+1), where αk is the first constant in
C+ for which {ψ | Oαψ ∈ Γ} ∪ {ϕn ∧ (χn+1(αk/ν)→ (∀ν)χn+1)} is consistent.

The set Θ∗ = {ψ | Oαψ ∈ Γ} ∪ {ϕ0, ϕ1, ϕ2, . . .} is ω-complete and in view of
Lemma 3.1 it can be extended to an L+-saturated set Θ such that {ψ | Oαψ ∈
Γ} ∪ {¬ϕ} ⊆ Θ. We do have to prove, however, that the construction is well-
defined, namely that there is an αk ∈ C+ such that {ψ | Oαψ ∈ Γ} ∪ {ϕn ∧
(χn+1(αk/ν)→ (∀ν)χn+1)} is consistent.

To prove that there is always such an αk ∈ C+, suppose {ψ | Oαψ ∈ Γ} ∪
{ϕn} is consistent and suppose there is no such αk. Then for every αk ∈ C+

there is a set of sentences {ψ1, . . . , ψm} ⊆ {ψ | Oαψ ∈ Γ} such that

+̀(ψ1 ∧ . . . ∧ ψm)→ (ϕn → ¬(χn+1(αk/ν)→ (∀ν)χn+1)) (3.1)

Hence, by (K) and CL,

+̀(Oαψ1 ∧ . . . ∧ Oαψm)→ Oα(ϕn → ¬(χn+1(αk/ν)→ (∀ν)χn+1)) (3.2)

holds. Since Γ is L+-saturated,

Oα(ϕn → ¬(χn+1(αk/ν)→ (∀ν)χn+1)) (3.3)

is a member of Γ for every αk ∈ C+.
Let ν1 ∈ V be such that ν1 does not occur in ϕn or χn+1. Since Γ is

L+-saturated, there is an αl ∈ C+ such that

Oα(ϕn → (¬χn+1(αl/ν)→ (∀ν)χn+1))→
(∀ν1)(Oα(ϕn → ¬(χn+1(ν1/ν)→ (∀ν)χn+1)))

(3.4)

is a member of Γ.
In view of (3.3) and (MP),

(∀ν1)(Oα(ϕn → ¬(χn+1(ν1/ν)→ (∀ν)χn+1))) (3.5)

is a member of Γ, and by (BF), so is

Oα((∀ν1)(ϕn → ¬(χn+1(ν1/ν)→ (∀ν)χn+1))). (3.6)

Since ν1 does not occur in ϕn, also

Oα(ϕn → (∀ν1)(¬(χn+1(ν1/ν)→ (∀ν)χn+1))) (3.7)
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is a member of Γ. However, (∀ν1)(¬(χn+1(ν1/ν) → (∀ν)χn+1)) is a contradic-
tion, hence Oα¬ϕn ∈ Γ, and ¬ϕn ∈ {ψ | Oαψ ∈ Γ}. But then, {ψ | Oαψ ∈
Γ} ∪ {ϕn} is inconsistent, which contradicts the supposition.

Corollary 3.1. For any set Γ ⊆ S+ and α ∈ C+: If Γ is L+-saturated, then
there is an L+-saturated set Θ s.t. {ψ | Oαψ ∈ Γ} ⊆ Θ.

Lemma 3.4. For any set Γ ⊆ S+, α, β ∈ C+ and ϕ ∈ S+: If Γ is L+-saturated
and Oβαϕ /∈ Γ, then there is an L+-saturated set Θ such that {ψ | Oβαψ ∈
Γ} ∪ {¬ϕ} ⊆ Θ.

Proof. The proof is analogous to the proof of Lemma 3.3, except that every
occurrence of Oα is replaced by Oβα, (NEC) by (DNEC), (K) by (DK), and (BF)
by (DBF).

Corollary 3.2. For any set Γ ⊆ S+ and α, β ∈ C+: If Γ is L+-saturated, then
there is an L+-saturated set Θ such that {ψ | Oβαψ ∈ Γ} ⊆ Θ.

Where Γ ⊆ S+ is an L+-saturated set and α ∈ C+, [[α]]Γ stands for {β ∈
C+ | α = β ∈ Γ}.

Definition 3.7. Where Γ is an L+-saturated set, the canonical model MΓ =
〈WΓ,AΓ, RΓ, R

D
Γ , IΓ〉 is defined as follows:

i. WΓ is the set of all L+-saturated sets ∆ s.t. α = β ∈ Γ iff α = β ∈ ∆.
ii. AΓ = {[[α]]Γ | α ∈ C+}
iii. For all ∆ ∈ WΓ and [[α]]Γ ∈ AΓ: RΓ(∆, [[α]]Γ) = {Θ ∈ WΓ | {ϕ |

Oαϕ ∈ ∆} ⊆ Θ}
iv. For all ∆ ∈ WΓ and [[α]]Γ, [[β]]Γ ∈ AΓ: RΓ(∆, [[α]]Γ, [[β]]Γ) = {Θ ∈

WΓ | {ϕ | Oβαϕ ∈ ∆} ⊆ Θ}
v. IΓ is defined as follows:

v.1. v.1.1. for all α ∈ C+: I(α) = [[α]]Γ
v.1.2. for all ν ∈ V : I(ν) = [[α+

1 ]]Γ
v.2. for all ∆ ∈WΓ and n-ary P ∈ Pn: I(P,∆) = {〈[[α1]]Γ, . . . , [[αn]]Γ〉 |

P (α1, . . . , αn) ∈ ∆}

Lemma 3.5. If ∆ ∈ WΓ and Θ is an L+-saturated set such that {ϕ | Oαϕ ∈
∆} ⊆ Θ, then Θ ∈WΓ.

Proof. Suppose that ∆ ∈WΓ and Θ is an L+-saturated set such that {ϕ | Oαϕ ∈
∆} ⊆ Θ. By Theorem 3.1, and the fact that ∆ ∈ WΓ: γ = δ ∈ {ϕ | Oαϕ ∈ ∆}
iff γ = δ ∈ Γ. Hence γ = δ ∈ Θ iff γ = δ ∈ Γ. Hence, by Definition 3.7.i.,
Θ ∈WΓ.

Lemma 3.6. If ∆ ∈ WΓ and Θ is an L+-saturated set such that {ϕ | Oβαϕ ∈
∆} ⊆ Θ, then Θ ∈WΓ.

Proof. The proof is analogous to the proof of Lemma 3.5, except that Oα is
replaced by Oβα and Theorem 3.1 is replaced by Theorem 3.2.

Lemma 3.7. For all L+-saturated sets Γ, MΓ is a TMDL+-model.
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Proof. We prove that each of the conditions in Definition 3.1 is fulfilled.
1. Since Γ ∈WΓ, WΓ 6= ∅.
2. Since C+ 6= ∅, AΓ 6= ∅.
3. For any [[α]]Γ ∈ AΓ and ∆ ∈ WΓ: {ϕ | Oαϕ ∈ ∆} is consistent by

(D) and non-empty by (NEC). By Corollary 3.1, there is an L+-saturated
extension Θ of {ϕ | Oαϕ ∈ ∆}. By Lemma 3.5, Θ ∈ WΓ. By Definition
3.7.iii. Θ ∈ RΓ(∆, [[α]]Γ) and thus R(∆, [[α]]Γ) 6= ∅.

4.1. For any [[α]]Γ, [[β]]Γ ∈ AΓ and ∆ ∈ WΓ: {ϕ | Oβαϕ ∈ ∆} is consistent
by (DD) and non-empty by (DNEC). By Corollary 3.2, there is an L+-
saturated extension Θ of {ϕ | Oβαϕ ∈ ∆}. By Lemma 3.6, Θ ∈ WΓ. By
Definition 3.7.iv. Θ ∈ RΓ(∆, [[α]]Γ, [[β]]Γ) and thus R(∆, [[α]]Γ, [[β]]Γ) 6=
∅.

4.2. For any [[α]]Γ, [[β]]Γ ∈ AΓ and ∆ ∈WΓ: {ϕ | Oβαϕ ∈ ∆} ⊆ {ϕ | Oαϕ ∈ ∆}
by (DP). Hence for any [[α]]Γ, [[β]]Γ ∈ AΓ and ∆ ∈ WΓ, {Θ ∈ WΓ | {ϕ |
Oαϕ ∈ ∆} ⊆ Θ} ⊆ {Θ ∈ WΓ | {ϕ | Oβαϕ ∈ ∆} ⊆ Θ}. Thus for all
[[α]]Γ, [[β]]Γ ∈ AΓ and ∆ ∈ WΓ, RΓ(∆, α) ⊆ RDΓ (∆, α, β) by Definition
3.7.iii. and Definition 3.7.iv.

5. By Definition 3.7.v.1., IΓ satisfies condition 5.1 of Definition 3.1 and by
Definition 3.7.v.2., IΓ satisfies condition 5.2 of Definition 3.1.

Lemma 3.8 (Truth Lemma). For all Γ ⊆ S+, ϕ ∈ S+ and ∆ ∈WΓ: MΓ,∆ |=
ϕ iff ϕ ∈ ∆.

Proof. The proof proceeds by induction on the complexity of ϕ. The lemma
obviously holds for sentences of the form Pθ1 . . . θn, which forms the base case.
The cases where ϕ is of the form ¬ψ or χ∨ψ are standard. This leaves us with
four cases.

Case 1: ϕ is of the form (∀ν)ψ. For the right to left direction, suppose
(∀ν)ψ ∈ ∆. Consider an arbitrary ν-alternative M ′Γ, with interpretation func-
tion I ′Γ. I ′Γ(ν) = [[α]]Γ for some constant α ∈ C+. By (UI) and the fact
that ∆ is maximally consistent, ψ(α/ν) ∈ ∆. By the induction hypothesis,
MΓ,∆ |= ψ(α/ν). Since M ′Γ is a ν-alternative of MΓ, M ′Γ,∆ |= ψ(α/ν).
Since I ′Γ(α) = I ′Γ(ν), M ′Γ,∆ |= ψ. Since M ′Γ was an arbitrary ν-alternative,
MΓ,∆ |= (∀ν)ψ.

For the other direction, suppose (∀ν)ψ 6∈ ∆. As ∆ is maximally consistent,
it follows that ¬(∀ν)ψ ∈ ∆. Hence, as ∆ is L+-saturated, there is some α ∈ C+

such that ¬ψ(α/ν) ∈ ∆. But then, ψ(α/ν) 6∈ ∆, and so, in view of the induction
hypothesis, MΓ,∆ 6|= ψ(α/ν). Hence, MΓ,∆ 6|= (∀ν)ψ.

Case 2: ϕ is of the form α = β. MΓ,∆ |= α = β iff IΓ(α) = IΓ(β) iff
[[α]]Γ = [[β]]Γ (by Definition 3.7v.1.2.) iff α = β ∈ Γ (by the definition of [[α]]Γ)
iff α = β ∈ ∆ (since ∆ ∈WΓ).

Case 3: ϕ is of the form Oαψ. For right to left, suppose Oαψ ∈ ∆. So for
every Θ ∈ RΓ(∆, IΓ(α)), ψ ∈ Θ. By the induction hypothesis, MΓ,Θ |= ψ for
every Θ ∈ RΓ(∆, IΓ(α)). Hence MΓ,∆ |= Oαψ.

For left to right, suppose Oαψ /∈ ∆. By Lemma 3.3, there is an L+-saturated
set Θ such that {χ | Oαχ ∈ ∆} ∪ {¬ψ} ⊆ Θ. By Lemma 3.5 and Definition



60 CHAPTER 3. TERM-MODAL DEONTIC LOGIC

3.7.iii., Θ ∈ RΓ(∆, [[α]]Γ). By the induction hypothesis, MΓ,Θ 6|= ψ and hence
MΓ,∆ 6|= Oαψ.

Case 4: The proof for this case (where ϕ is of the form Oβαψ) is analogous to
that of the previous case, except for some obvious replacements in the notation
and the justification.

Lemma 3.9. For all Γ ⊆ S and ϕ ∈ S: if Γ +̀ ϕ then Γ ` ϕ.

Proof. Suppose Γ +̀ ϕ. Then there are ψ1, . . . , ψn ∈ Γ such that +̀(ψ1 ∧ . . . ∧
ψn) → ϕ. Thus, a finite number of TMDL+ axioms/rules is needed to prove

+̀(ψ1 ∧ . . . ∧ ψn) → ϕ. Every one of these TMDL+ axioms/rules that is not
a TMDL-axiom is an instantiation of one of the schemes in tables 3.2 and 3.3
with a finite number of α+

1 , . . . , α
+
n ∈ C+ \ C. Since C is countably infinite,

these α+
1 , . . . , α

+
n can be replaced by some α1, . . . , αn ∈ C that do not occur in

the TMDL+-proof, to obtain a TMDL-proof of +̀(ψ1 ∧ . . . ∧ ψn) → ϕ (this
replacement will not impact the correctness of the proof, since Γ ⊆ S and ϕ ∈ S,
i.e. the constants in C+ \ C do not occur in Γ or ϕ).

Theorem 3.5 (Soundness and Strong Completeness for TMDL). For all Γ ⊆ S
and ϕ ∈ S: Γ ` ϕ iff Γ  ϕ

Proof. Soundness is a matter of routine, each of the axioms and rules is valid.
For completeness, suppose that Γ 0 ϕ. By Lemma 3.9 and contraposition,
Γ0+ ϕ. Hence, Γ ∪ {¬ϕ} is TMDL+-consistent. By Lemma 3.2, we can con-
struct an L+-saturated set Θ such that Γ∪{¬ϕ} ⊆ Θ. By Lemma 3.7, we know
that the canonical model MΘ is a TMDL+-model. By Lemma 3.8, MΘ,Θ |= ϕ
iff ϕ ∈ Θ.

Let MΘ
′ be as MΘ except that the interpretation function is restricted to

C.52 Since MΘ is a TMDL+-model, MΘ
′ is a TMDL-model. Since ϕ ∈ L,

MΘ
′,Θ |= ϕ iff ϕ ∈ Θ. Since ϕ /∈ Θ, MΘ

′,Θ 6|= ϕ. Hence, Γ 1 ϕ.

3.4 Quantified statements in TMDL

In this section we show how TMDL succeeds in capturing the general deontic
statements that we identified in sections 2.2 and 2.3. We first discuss the inter-
action principles between directed and undirected personal obligations, before
turning to quantification over bearers and counterparties of directed obligations
and permissions in TMDL. After that we turn to the formal account of the
Hohfeldian theory of rights that we obtain from TMDL.

3.4.1 The principles (DP) and (DPP)

It is possible to argue that a principle like (DP) is counter-intuitive. One can
then read the following example of Hage as a counterexample to (DP).

52I.e. for all α ∈ C: I(α) = [[α]]Γ and for all α ∈ C+ \ C, I(α) is not defined.
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For instance, if Antony contracts with Giovanni to transfer his car
to Giovanni, and if he also contracts with Guido to transfer his car
to him, then Antony both has an obligation toward Giovanni and
toward Guido. It is impossible for Antony to comply with both
obligations and therefore it is not the case that Antony both ought
to transfer the car to Giovanni and to Guido [Hage, 2018, pp. 126 -
127].

If one were to follow this line of argument, then one can reject the axiom (DP).
To obtain a fragment of TMDL without (DP), it suffices to reject (DP) and
Condition 4.2 of Definition 3.1.53

However, we disagree with this analysis of the example. In our view this is
an example of a deontic conflict. Antony has two conflicting obligations and
this leads to a problem not because we accept (DP), but because our logic is
not conflict-tolerant. The development of conflict-tolerant variants of TMDL
is left for Chapter 6.

A different principle that might seem intuitive is (DPP): (∀x)Pxaϕ → Paϕ.
This principle states that if a has a directed permission towards everyone that
ϕ, then a has an undirected permission that ϕ. This principle is not valid in
TMDL. We give two reasons why we think that this principle should indeed
be invalid.

First, Oaϕ→ (∃x)Oxaϕ follows from (DPP), by contraposition and the defi-
nitions of (∃ν)ϕ, Pθϕ and Pθκϕ.54 However, this is a counter-intuitive principle.
An agent a can have an obligation that ϕ towards b and an obligation that ψ
towards a c such that c 6= b. From this it follows that a has an obligation that
ϕ ∧ ψ, but this does not imply that there is a person towards whom a has the
obligation that ϕ ∧ ψ.

Secondly, there are intuitive counterexamples to (DPP). Consider Hansson’s
Petaluma example:

[E]very landowner in Petaluma, Calif., has forbidden a to walk on his
(the landowner’s) land. It is obvious that a then has no permission
to walk on private land in Petaluma. But it is still the case that
he has such permission with respect to every individual y, for even
if y is a landowner in Petaluma he cannot forbid a to walk on land
owned by others in Petaluma. (I have assumed that there is more
than one landowner in Petaluma.) [Hansson, 1970, 245-256]

This example is set up such that a has against all persons a directed permission
to walk on private land, but he does not have the undirected permission to do
so (as every landowner has forbidden a to walk on their land). Thus, this is a
counterexample to (DPP).

53Note that {Obaϕ,Oca¬ϕ} is inconsistent in TMDL, but not in this new logic. We exploit
this fact to construct conflict-tolerant versions of TMDL in Chapter 6.

54The converse is not valid.
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3.4.2 General deontic statements in TMDL

We can represent categorical deontic statements in TMDL. Take for example
‘Everyone has an obligation not to kill’. Let Kxy stand for ‘x kills y’, then
we can formalise this as (∀x)(∀y)Ox¬Kxy. Note that this example shows that
TMDL does not suffer from the bearer-in-scope problem (and that TMDL
does not rely on finite conjunctions for the formalisation of general deontic
statements).

We can also easily represent general deontic statements that are not categor-
ical. Let us return to the example from the Belgian traffic regulations: ‘Every
driver has to give way to the driver coming from the right, unless he is driv-
ing on a roundabout or the driver from the right is coming from a forbidden
direction.’ Let Dx be interpreted as ‘x is a driver’, Cx as ‘x is on a round-
about’, Fx as ‘x is coming from a forbidden direction’, Rxy as ‘x comes from
y’s right’ and Gxy as ‘x gives way to y’. Then we can formalise this rule as
(∀x)(∀y)((Dx∧Dy∧¬Cx∧¬Fy∧Ryx)→ Ox(Gxy)). This example shows that
TMDL is not limited to categorical statements.

In addition to representing general deontic statements in TMDL, we can
also capture reasoning with these statements. Let us take an example about
appearing in court to illustrate this. The first premise is “Everyone who is
summoned to court as a witness, is obliged to appear in court” [Feteris, 2017,
p. 26]. Let Sx stand for ‘x is summoned to court as a witness’ and Ax for ‘x
appears in court’. Then we can formalise this first premise as (∀x)(Sx→ OxAx).
The second premise is: “a is summoned to court as a witness” [Feteris, 2017,
p. 26]. This can be formalised as Sa. By (UI) and CL it follows that OaAa,
which is to be interpreted as the intended conclusion: “a is obliged to appear
in court” [Feteris, 2017, p. 26].

When it comes to directed obligations and permissions, TMDL can also
capture quantification over the counterparties. Consider again the sentence ‘a
has an obligation towards all of her employees to pay them their wages’. Let
Exy be interpreted as ‘x is an employee of y’ and Wxy as ‘x pays the wage of
y’. TMDL allows us to formalise the sentence as (∀x)(Exa→ OxaWax).

Naturally, it follows that we can quantify over both the bearers and counter-
parties of directed obligations at the same time. For example, a formalisation
of ‘all employers have an obligation towards their employees to pay them their
wages’ is (∀x)(∀y)(Exy → OxyWyx). These two examples illustrate that TMDL
does not suffer from the counterparty-in-scope problem.

Finally, we can also represent the personal obligations that those using a
Hilpinen-inspired account cannot. As an example we can look at the personal
obligation of a that his daughter b makes her homework. We argued in Section
2.2.1 that this obligation is not agent-implicating. Let Hxy stand for ‘x makes
the homework of y’, then this obligation can be represented as OaHbb.
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3.4.3 The Hohfeldian rights relations in TMDL

In Section 2.3 we discussed the Hohfeldian rights relations. In this section we
will show how we can use TMDL to formalise these relations. We then move
on to classes of multital rights and to rules of rights, before bringing everything
together with the parking example of Section 2.3.

First we define CLxyϕ, to be read as ‘y has a claim on x that ϕ’. According
to the Hohfeldian analysis a claim of y on x is equivalent to a duty of x towards
y. Since we identified duties with directed obligations, Definition 3.8 follows
naturally.

Definition 3.8 (Claim). CLxyϕ =df O
y
xϕ

The formal definition of a no-claim is slightly more complex. Recall that
we identified privileges with directed permissions. Hohfeld points out that a
privilege is the opposite of a duty, i.e. the opposite of a claim and thus a no-
claim, “having a content or tenor precisely opposite to that of the privilege in
question” [Hohfeld, 1913, p. 32]. The language of TMDL allows us to express
this ‘opposite content or tenor’ more precisely with Definition 3.9, where NCxyϕ
is to be interpreted as ‘y has a no-claim on x that ϕ’.

Definition 3.9 (No-claim). NCxyϕ =df P
y
x¬ϕ

Given Definition 3.8 and Definition 3.9 we obtain Figure 3.1, the formal
counterpart of Figure 2.1. Again the dashed arrows denote a relation of op-
posites, whereas the normal arrows denote a relation of correspondence (i.e.
logical equivalence). These correspondences follow immediately from Definition
3.8 and Definition 3.9. The relation of opposites follows from the definition
of Pxyϕ: Oxyϕ ↔ ¬Pxy¬ϕ and hence Oxyϕ is the opposite of Pxy¬ϕ. Similarly,
from NCxyϕ ↔ Pyx¬ϕ, Pyx¬ϕ ↔ ¬Oyxϕ and ¬Oyx¬ϕ ↔ ¬CL

x
yϕ, it follows that

NCxyϕ↔ ¬CL
x
yϕ and thus that NCxyϕ is the opposite of CLxyϕ.

Oabϕ NCbaϕ

CLbaϕ Pab¬ϕ

Figure 3.1: Hohfeldian rights relations formalised

It has been pointed out in the literature that there is some asymmetry in the
Hohfeldian account [Kanger and Kanger, 1966; Lindahl, 2012; Sergot, 2013]. A
duty that ϕ is the opposite of a privilege that the negation of ϕ, whereas the
opposite of a claim that ϕ is a no-claim that ϕ. Similarly, a claim that ϕ is
equivalent to a duty that ϕ, but a privilege that ϕ is equivalent to a no-claim



64 CHAPTER 3. TERM-MODAL DEONTIC LOGIC

that not ϕ.55 From this asymmetry Sergot concludes that Hohfeld’s account
is “not precise enough to give a formal theory” and that we instead need a
more precise theory such as that proposed by Kanger [Sergot, 2013, p. 357]. We
disagree with this conclusion.

Instead we propose that this asymmetry is due to the fact that there is no
term in English that is the dual of a claim in the same way that a directed
permission is the dual of a directed obligation.56 That the asymmetry is not an
indication of the impreciseness of the Hohfeldian framework is further illustrated
by the fact that the symmetry returns when we substitute the Hohfeldian notions
with equivalent expressions employing only a directed obligation operator (see
Figure 3.2).

Oabϕ ¬Oab¬¬ϕ

Oabϕ ¬Oab¬¬ϕ

Figure 3.2: Hohfeldian rights relations as directed obligations

All of this is not to say that the theories of legal relations developed by
Kanger and others are without merit. On the contrary, we think that these
theories offer valuable insights and would benefit from term-modal versions.
However, since Kanger and those inspired by him employ a ‘bringing it about
that–operator, the term-modal versions of their logics fall outside the scope of
this chapter. In Section 5.8.2 we extend TMDL with the term-modal operator
Bα for ‘α brings it about that’. This extension is better suited for the Kangerian
theories than TMDL itself.

3.4.4 Multital rights relations in TMDL

In Section 2.3 we noted that classes of multital rights and rules of rights also play
a prominent role in legal reasoning. We now turn to a formal account of these
notions, starting with classes of multital rights. To simplify our account, we
will use some terms from our discussion on directed obligations and permissions
when talking about rights. We will call the person who has a right the bearer
of that right and we will call the person against whom someone has a right the
counterparty of that right. Thus, if a has a claim on b, then we call a the bearer
of that claim and b the counterparty.

We can formalise classes of multital rights by quantifying over the indexes
of the operators. In Section 2.3 we discussed the class of permissions that a

55This asymmetry was also noted by Hohfeld, see Section 2.3.
56Note that Hohfeld himself also laments the fact that there is no single term available to

express the correlative of a permission [Hohfeld, 1913, p. 33].
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has towards all others that a walks on a’s land. If we interpret Wxy as ‘x
walks on land owned by y’, then we can formalise this class of permissions as:
(∀x)(x 6= a → PxaWaa). Another example from Section 2.3 was the class of
multital claims that a has towards all other ordinary persons that those persons
shall not strike a. Let Sxy be ‘x strikes y’ and letNx be ‘x is an ordinary person’,
then we can formalise this class of claims as (∀x)((x 6= a ∧Nx)→ CLxa¬Sxa).

Hohfeld does point out that some classes of multital rights have exceptions
[Hohfeld, 1917]. Given that a is the owner of a property, a has multital claims
against others that they do not enter his property. However, a can give his
friends c and d “leave and license” to enter the property [Hohfeld, 1917, p. 743].
In this case a has no claims against c and d that they shall not enter his property,
but a does still have such claims against all others. Let Exy be interpreted as ‘x
enters the property of y’. Then we can formalise these exceptions in two ways.
We can simply list the exceptions: (∀x)((x 6= a ∧ x 6= c ∧ x 6= d)→ CLxa¬Exa).
Alternatively, we can make explicit the reason for the exception. Let Lxy mean
‘x has given leave and license to y to enter x’s property’, then we can use
(∀x)((x 6= a ∧ ¬Lax) → CLxa¬Exa) as a formalisation of the class of multital
claims that a has. We discuss exceptions in more detail in Section 3.5.9 and the
chapters 7 and 8.

In Section 2.3 it was shown that we can represent rules of rights by quan-
tifying over both the counterparty and the bearer of the right. TMDL allows
for this. Let us take Kanger’s example discussed in Section 2.3:

For every x and y such that x is a pedestrian and y is a motorist
who encounters x, it is the case that x has versus y a right of atomic
type: claim (. . . ) to the effect that y does not run into x [Kanger
and Kanger, 1966, p. 131].

Let Fx mean ‘x is a pedestrian’, Mx ‘x is a motorist’, Exy ‘x encounters y’ and
Rxy ‘x runs into y’. Then we can formalise this rule of rights as: (∀x)(∀y)((Fx∧
My ∧ Eyx)→ CLyx¬Ryx)

To end this section we will return to the parking example. This example
illustrates the different logical relations between rules of rights, classes of mul-
tital rights and specific multital rights. In this example, there were two rules
of rights. The first of these was the rule that all disabled people have a privi-
lege against all others to park in the parking spot. Let Sx be ‘x parks in the
parking spot’ and Dx ‘x is disabled’, then we can formalise this first rule as
(∀x)(Dx → (∀y)PyxSx). By (UI), CL and the fact that a is disabled (Da), it
follows that (∀y)PyaSa, which represents the class of multital privileges that a
has to park in the spot. By applying (UI) again we get to the specific multital
privilege that a has against b to park in the spot: PbaSa. A similar account can
be given of the second rule of rights.
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3.5 What TMDL cannot do

In Chapter 2 we argued that previous deontic logics are inadequate in represent-
ing general deontic statements. We showed that using these logics to formalise
reasoning with general deontic statements leads to a number of problems. In
the present chapter we presented TMDL, which allows for quantification over
the indexes of obligation operators and as a result is able to capture reasoning
with those statements and avoids the problems associated with previous logics.

However, we do not think that TMDL is the final word. TMDL is a conser-
vative extension of SDL.57 As a result many of the paradoxes and deficiencies
of SDL are inherited by TMDL. To avoid this we should look at term-modal
versions of other (for example non-normal or conditional) deontic logics that
avoid these paradoxes. On top of that, transitioning to the first-order level
raises new possible problems and options. We do not argue that TMDL can
answer all these problems. We think of TMDL as a starting point, and not the
destination.

In this section, we briefly sketch some of the challenges and possible variants
for TMDL. For some of the challenges we also sketch possible solutions. In
Section 3.5.11 we refer to chapters later in the thesis where some other challenges
are taken on.

3.5.1 The axiom (A4)

In Section 1.3 we noted that some authors have argued in favour of axiom
(A4): O(Oϕ → ϕ). The term-modal version of this axiom, let us call it (t-
A4), is Oα(Oαϕ → ϕ). This says that it is obligatory for an agent that their
obligations are fulfilled. The axiom (t-A4) seems as plausible as (A4), but it is
not a theorem of TMDL.

We can easily extend TMDL in such a way that it validates (t-A4). (t-A4)
corresponds to the following term-modal version of secondary reflexivity:

Definition 3.10 (Personal Secondary reflexivity). Given a TMDL-model M =
〈W,A, R,RD, I〉, the relation R is personal secondarily reflexive iff for all w,w′ ∈
W and p ∈ A: if w′ ∈ R(w, p), then w′ ∈ R(w′, p).

The directed version of (A4), (d-A4), is Oβα(Oβαϕ→ ϕ). It corresponds to:

Definition 3.11 (Directed Secondary reflexivity). Given a TMDL-model M =
〈W,A, R,RD, I〉, the relation RD is directed secondarily reflexive iff for all
w,w′ ∈W and p, p′ ∈ A: if w′ ∈ R(w, p, p′), then w′ ∈ R(w′, p, p′).

Let TMDL+ be the logic that results from adding (d-A4) and (t-A4) to
TMDL. The soundness of TMDL+ follows immediately from the proof of the
soundness of TMDL combined with the fact that (d-A4) and (t-A4) are valid on

57Strictly speaking, TMDL is not an extension of SDL as it was presented in Section 1.3,
but instead of a variant of SDL where the O-operator has been replaced by, for example, an
Oa-operator.
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TMDL+-models (i.e. TMDL-models that satisfy the two kinds of secondary
reflexivity above). For completeness it suffices to prove that the canonical model
(Definition 3.7) satisfies both kinds of secondary reflexivity. This proof is fairly
standard and easily translatable from the propositional case, see [Åqvist, 1987,
pp. 101-102].

3.5.2 The counterparty

There are different theories of what a counterparty is. In Section 2.2.1 we
simply identified a counterparty as the person towards whom the bearer has an
obligation, but we did not explain what it means to have an obligation towards
someone. In the literature on (legal) rights there are two rival views on this:
claimant theory and benefit theory [Sergot, 2013, pp.400-401].

In short, claimant theory says that y is a counterparty to the obligation that
x has to ϕ iff y can initiate legal action against x or has reasons to complain if ϕ is
not true. One of the defenders of claimant theory is Makinson [Makinson, 1986,
p. 423]. The main weakness of claimant theory is that in most legal systems, y
has a right to initiate legal proceedings against x regardless of whether x has
an obligation towards y or not. For this reason, some have rejected claimant
theory in favour of benefit theory.

According to benefit theory, the counterparty is the beneficiary of the obli-
gation. Herrestad and Krogh [Herrestad and Krogh, 1995, p. 508-511] start out
from this theory of beneficiaries. As we discussed in Section 2.6.3, they use an
operator for ‘counterparty-relativised’ obligations, which is to be read as ‘p is
ideal for j’. The directed obligation operator is then defined from bearer-relative
and counterparty-relative obligation operators.

TMDL is neutral when it comes to claimant or benefit theory. The formal-
ism does not suggest any particular reading of the second index. There is also
nothing to stop us from extending TMDL with another ternary accessibility
relation and a term-modal operator Oθ, where Oθϕ is to be read as ‘ϕ is ideal
for θ’. Oθ then denotes a counterparty-relativised obligation in the terminology
of Herrestad and Krogh.

The neutrality of TMDL can be exploited in a different way as well. We will
often say that someone has an obligation towards someone else, where this other
person is the authority who has given the obligation. If Billy’s mother orders
Billy to clean his room, then Billy has an obligation towards his mother in this
sense. There is nothing stopping us from interpreting the directed obligation
operator of TMDL in this sense, as long as we do so consistently (see also the
account of [Sawasaki et al., 2019] in Section 3.2.1).

3.5.3 Objects and persons

Some of the examples at the beginning of Chapter 1 involve not only quantifi-
cation over persons, but also over objects. Consider ‘one is not allowed to take
apples from one’s neighbours tree’ and ‘one is allowed to take apples that have
fallen into the grass on one’s own side of the fence’. The objects over which we



68 CHAPTER 3. TERM-MODAL DEONTIC LOGIC

quantify (in this case apples) cannot be bearers or counterparties of obligations.
It is absurd to say ‘this apple has an obligation that . . . ’ or ‘a has an obligation
towards this apple’. That is why we have chosen to interpret the agent domain
A as consisting only of persons.

However, for some examples it is necessary to capture quantification over
objects as well. If little Mary finds an apple on her side of the fence, then she
will conclude that she is allowed to take the apple, since she is allowed to take
all apples that fall on her side of the fence. TMDL cannot capture this.

It is technically possible to extend TMDL with objects. Achen et al. do
something similar for term-modal epistemic logic [Achen, 2017; Occhipinti Liber-
man et al., 2020]. Their language contains two types of terms: agent-terms and
object-terms. A formula with a term-modal operator is only well formed if
the operator is indexed with an agent-term, and not if it is indexed with an
object-term.

In a deontic context, we can discern a third category: things that cannot
be bearers, but can be counterparties of obligations. Think about animals, or
very small children. These are usually thought of as having rights, but not
obligations. For example, a cat has a right not to be abused, which means that
every person has an obligation not to abuse the cat. However, we would not
typically say that the cat has any obligations. We could develop a logic with
all three categories distinguished, but for this thesis we leave it at this short
exploration.

3.5.4 Rigid designators

TMDL treats constant symbols as rigid designators. Rigid designators are
constant symbols that designate the same object in all possible worlds [Fitting
and Mendelsohn, 2012, p. 187]. It is technically also possible not to make
constants rigid designators. One can modify the interpretation function such
that the object it maps to a constant differs from world to world (see for example
[Occhipinti Liberman et al., 2020]).

In alethic and epistemic contexts there are good reasons not to let constants
be rigid designators. Let Ka be an epistemic modal operator, to be read as ‘a
knows that . . . ’, let g stand for George Eliot, m for Mary Ann Evans and Dx
for ‘the book ‘Daniel Deronda’ was written by x’. Suppose that a knows that
George Eliot wrote Daniel Deronda, but not that George Eliot is the pseudonym
of Mary Ann Evans (which it is). It does not follow that a knows that Mary Ann
Evans wrote Daniel Deronda. However, when g and m are rigid designators,
then it does follow from KaDg and g = m that KaDm: if Dg is true in all
epistemically accessible worlds, and if in all those worlds g refers to the same
object as m, then Dm is also true in all those worlds (see Theorem 3.1).

Goble argues that there is no deontic analogue to such cases [Goble, 1994,
1996]. Goble makes this point with definite descriptions, but the example above
already suffices to illustrate the main point. If a has an obligation to congratu-
late George Eliot on writing Daniel Deronda (OaCag) and if George Eliot is a
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pseudonym of Mary Ann Evans (g = m), then it does not seem problematic to
derive that a has an obligation to congratulate Mary Ann Evans (OaCam).

Goble also points to cases which we intuitively see as dilemmas, but which
are not dilemmas if constants are non-rigid designators.58 Consider ‘s ought to
do A to b’ and ‘a ought not to do A to c’. If it turns out that c = b, then s is
confronted with a dilemma. However, when constants are not rigid designators,
then there are ideal worlds (for s) where both obligations are fulfilled, i.e. those
ideal worlds where c and b do not denote the same person. Since the logic is not
conflict-tolerant, these cases should be trivialised. Thus, this is an argument in
favour of treating terms as rigid designators.

These seem to be good reasons to treat constants as rigid designators. On
the other hand, Kanger claims that the paradoxes of epistemic logic do carry
over to deontic logic [Kanger, 1970, p. 53]. However, he does not argue this
point. That is one reason why, for this thesis, we focus on treating constants as
rigid designators (the other reason being simplicity).59

3.5.5 Actualist and possibilist quantification

In alethic and epistemic first-order modal logic the distinction between de dicto
and de re expressions plays a prominent role. In a de dicto expression a modal
operator says something about a sentence. For example ‘a knows that there is
someone that is a spy’ is a de dicto expression. The modality says something
about the sentence ‘there is someone that is a spy’. In contrast, the modality in
the sentence ‘there is someone such that a knows that this person is a spy’ is a
de re modality. It says something about the person. The first sentence is true
if a knows that there is a spy, but does not know who it is, while the second
sentence is true if a knows who the spy is.60

The language of first-order modal logic allows us to distinguish de re and de
dicto sentences. It does not matter if the language is that of term-modal logic
or some other first-oder modal logic. Let Kaϕ be interpreted as ‘a knows that
ϕ’ and ‘Sx’ as ‘x is a spy’. We can formalise the first (de dicto) sentence as
Ka(∃x)Sx and the second (de re) sentence as (∃x)KaSx.

Now the question becomes: what is the logical relation between de re and
de dicto sentences? The answer is mostly beyond the scope of this thesis,
but we briefly sketch some possibilities. We focus on the Barcan formula
((∀ν)Oαϕ → Oα(∀ν)ϕ) and its converse (Oα(∀ν)ϕ → (∀ν)Oαϕ).61 In TMDL
both are valid.62

58Goble makes these points with regards to definite descriptions.
59In Chapter 4 we will see another reason to treat constants as non-rigid designators in

term-modal deontic logic.
60In this second scenario the first sentence will also be true, but the second sentence is not

true in the first scenario.
61See for example [Hilpinen and McNamara, 2013, p. 53] for the discussion of different

schemes.
62Note that (∀ν)Oνϕ → Oν(∀ν)ϕ is not a sentence, the consequent contains an unbound

variable.
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It has been argued by several authors that the de re/de dicto distinction
plays no role for deontic operators (see [Calardo, 2013, p. 85]). That would
be a point in favour of validating both the Barcan formula and its converse:
validating both means that the de dicto formula Oα(∀ν)ϕ is equivalent to the
de re formula (∀ν)Oαϕ.

However, the claim that the de re/de dicto distinction plays no role for deon-
tic operators seems to go too far. Consider a deontic version of the spy examples
above: Suppose that a is an ice-skater qualifying for the olympics. There is a
difference between stating ‘there is someone that a has to beat’ ((∃x)OaBax)
and stating ‘a has to beat someone’ (Oa(∃x)Bax). The first sentence indicates
that there is a specific person that a has to beat, for example the person who is
ranked just above a, whereas the second sentence indicates that it is enough for
a to beat someone, anyone will do. These two sentences are not equivalent.63

So, although we might want to validate both the Barcan Formula and its con-
verse, we do not want to validate Oα(∃ν)ϕ → (∃ν)Oαϕ. We will call this the
converse Ghilardi formula, since its converse is known as the Ghilardi formula
(see [Calardo, 2013, p. 96]).64

In the Kripke-like semantics that we used for TMDL, validating both the
Barcan formula and its converse, but not the converse Ghilardi formula, corre-
sponds to using constant domain semantics: the agent domain is the same for
every world. The alternative is a variable domain semantics, where the agent
domain can differ for every world. Variable domain semantics does not validate
the Barcan formula, nor the Ghilardi formula. A variable domain semantics for
term-modal deontic logics could look something like the following.

We start by defining a VTMDL-model.

Definition 3.12. A VTMDL-model is a tuple M = 〈〈W,A, R,RD, I〉, Z〉,
where:

1. 〈W,A, R,RD, I〉 is a TMDL-model
2. Z is a domain function that assigns to each w ∈W a set Aw ⊆ A denoting

the agent domain of that world. For all w ∈W , Aw 6= ∅.

Instead of a ν-alternative, we now define a ν-alternative at a world.

Definition 3.13. For any ν ∈ V and w ∈ W , M ′ = 〈〈W,A, R,RD, I ′〉, Z〉 is
a ν-alternative at w to M = 〈〈W,A, R,RDI〉, Z〉 iff I ′ assigns a member of Aw
to ν and differs at most from I in the member of A that I ′ assigns to ν.

63Both sentences are true in the first scenario, but the first sentence is not true in the second
scenario.

64In [Hilpinen and McNamara, 2013, p. 53] other counter-examples are given to the converse
Ghilardi formula. However, these authors have a system of quantified SDL in mind akin to the
one presented in Section 2.4. In addition, they seem to implicitly follow the ‘interpretational
convention’ that we discussed in Section 2.4. One of their examples is that “it may be
obligatory that someone leave the lifeboat (else no one will be saved), but not that there
is some one person such that she is obligated to leave” [Hilpinen and McNamara, 2013, p. 53].
In our terminology, this first obligation is impersonal, wheras the second is personal (see
sections 2.2.1 and 2.2.2). Thus, this is not a good counter-example to the converse Ghilardi
formula. A formalisation would need to use two different obligation operators.
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That is, a ν-alternative M ′ at a world w only differs from M in the element
of A that it assigns to ν, but this element cannot just be any element of A, it
must be an element of Aw (Note that by Definition 3.12, Aw ⊆ A.)

Definition 3.14. The semantic clauses are as in Definition 3.3, except that we
replace SC6 by:
SC6’ M,w |= (∀ν)ϕ iff for every ν-alternative M ′ at w: M ′, w |= ϕ

Validity and semantic consequence are defined as normal.
This is one way to define a variable domain semantics for term-modal deontic

logics. We do not claim that this is the best way. It very likely is not. Note for
example that in this semantics formulas containing a constant α can be true or
false at a world even if α does not refer to any object that exists at this world.
However, this semantics does allow us to illustrate the differences between a
constant and variable domain semantics.65

Quantification in variable domain (VTMDL) models is often interpreted
as actualist quantification, contrasted with quantification in constant domain
(TMDL) models, which is called possibilist. In a variable domain model,
(∀x)Qx means that every x that actually exists is Q, i.e. that for every per-
son in the agent domain associated with the world at which we evaluate, Q
holds. In a constant domain model, (∀x)Qx means that for every x that could
possibly exist, Q holds, i.e. that for every element of the agent domain associ-
ated with the whole model, Q holds. Thus it has been argued that variable and
constant domain models capture two different kinds of quantification [Fitting
and Mendelsohn, 2012, pp. 105-106].

We could argue in favour or against possibilist or actualist quantification,
for or against the Barcan formula, etc. These issues do become important
when we want to use our logic to evaluate normative reasoning in cases where
existence and non-existence plays a pivotal role, like the non-identity problem.66

However, in our everyday normative reasoning, these issues do not really play a
role. Furthermore, it turns out that from a technical point of view, it does not
matter whether we use constant domain semantics, or variable domain semantics
(see [Fitting and Mendelsohn, 2012, p. 105] and [Braüner and Ghilardi, 2007,
p. 560]).

We illustrate this with TMDL and VTMDL. By using an existence predi-
cate, we can simulate actualist quantification (and thus variable domain seman-
tics) within the constant domain semantics of TMDL.67 This is made precise
in Theorem 3.6. For our purposes, the existence predicate E is a one-place pred-
icate. Ex is to be read as ‘x actually exists’ [Fitting, 2007, p. 134]. To prove
Theorem 3.6, we define an existence relativisation:

65For a more detailed account of constant and variable domain semantics we refer to [Fitting
and Mendelsohn, 2012; Hughes and Cresswell, 1996; Braüner and Ghilardi, 2007; Fitting,
2007].

66The non-identity problem typically occurs in cases involving acts that bring certain indi-
viduals into existence [Roberts, 2019].

67The opposite is also possible, simulating possibilist quantification and constant domain
semantics within variable domain semantics [Fitting and Mendelsohn, 2012, p. 107]
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Definition 3.15 (Existence relativisation). The existence relativisation of a
formula ϕ, denoted ϕE , is defined by the following conditions:

1. ϕE =df ϕ for all ϕ of the form Pθ1 . . . θn or θ = κ
2. (¬ψ)E =df ¬ψE
3. (ψ ∨ χ)E =df ψ

E ∨ χE
4. (Oθψ)E =df Oθψ

E

5. (Oκθψ)E =df O
κ
θψ
E

6. ((∀ν)ψ)E =df (∀ν)(Eν → ψE)

For any Γ ⊆ L, ΓE is the set consisting of all ϕE such that ϕ ∈ Γ. We are now
in a position to prove Theorem 3.6.68

Theorem 3.6. For all Γ ⊆ S and ϕ ∈ S such that E does not occur in ϕ or
any element of Γ:

Γ VTMDL ϕ iff ΓE TMDL ϕ
E

Proof. For the right to left direction, suppose Γ 1VTMDL ϕ. It follows that
there is a VTMDL-model M = 〈〈W,A, R,RD, I〉, Z〉 and w ∈ W such that
M,w |= ψ for every ψ ∈ Γ, but M,w 6|= ϕ. Let M ′ = 〈W,A, R,RD, I ′〉 be such
that I ′ is like I except that for every w′ ∈W , I ′(E , w′) = Aw′ . Since Aw′ ⊆ A,
M ′ is a TMDL-model.

It now suffices to prove that for any w′ ∈ W and χ ∈ S such that E does
not appear in χ: M,w′ |= χ iff M ′, w′ |= χE . We prove this by induction on the
complexity of χ. All cases follow immediately from the definition of M ′ together
with Definition 3.15, except for the case where χ is of the form (∀ν)τ .

For the left to right direction of this case, suppose that M,w′ |= (∀ν)τ . By
Definition 3.14, for every ν-alternative M ′′ to M at w′: M ′′, w′ |= τ . So in
particular, M,w′ |= τ . By the induction hypothesis, M ′, w′ |= τE . Towards a
contradiction, suppose that there is a ν-alternative M∗ = 〈W,A, R,RD, I∗〉 of
M ′, such that M∗, w′ |= Eν ∧ ¬τE . Since M∗, w′ |= Eν, I∗(ν) ∈ Aw′ . By the
induction hypothesis and the fact that E does not occur in τ , M∗, w′ |= τE ,
which contradicts the supposition. Hence, M ′, w′ |= (∀ν)(Eν → τE).

For the right to left direction (of the case where χ is of the form (∀ν)τ),
suppose that M ′, w′ |= (∀ν)(Eν → τE). By the definition of M ′, for every ν-
alternative M∗ = 〈W,A, R,RD, I∗〉 of M ′ such that I∗(ν) ∈ Aw′ , M∗, w′ |= τE .
Since E does not occur in τ , it follows by the induction hypothesis that: for
every ν-alternative M∗∗ = 〈〈W,A, R,RD, I∗∗〉, Z〉 at w, M∗∗, w′ |= τ . Hence,
M,w′ |= (∀ν)τ .

For the left to right direction of Theorem 3.6, suppose ΓE 1TMDL ϕE .
Thus, there is a TMDL-model M = 〈W,A, R,RD, I〉 and w ∈ W such that
M,w |= ψ for every ψ ∈ Γ, but M,w 6|= ϕ. We construct the VTMDL model
M ′ = 〈〈W,A, R,RD, I〉, Z〉, where Z is such that for every w′ ∈ W , Aw′ = A.
It follows that M ′, w |= ψ for every ψ ∈ Γ, but M ′, w 6|= ϕ.

68The proof is inspired by the proof of Proposition 4.8.2. in [Fitting and Mendelsohn, 2012,
pp. 106-107]
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Theorem 3.6 shows that any argument that could be judged with variable
domain semantics can equally well be judged by using constant domain seman-
tics and an existence predicate. Since constant domain semantics are technically
less complex, we will be using them throughout this thesis. We reserve variable
domain semantics (including increasing and decreasing domains) for possible
future work.

3.5.6 Necessitation

We mentioned in Section 1.3 that the necessitation rule is controversial. With
this rule every logical tautology becomes obligatory. In a sense, TMDL exacer-
bates the situation. Every identity is true in every possible world, which makes
every identity obligatory. Thus, if George Eliot is the same person as Mary Ann
Evans, then it is obligatory for a that they are the same person. This seems
rather counter-intuitive.

One possible solution to this is to add a universal modal operator [U] to the
logic, with: [U]ϕ iff ϕ is true in every possible world in the model. We can then
define a non-vacuous obligation operator ONVα ϕ =df Oαϕ ∧ ¬[U]ϕ.69 Another
solution is to use a different semantics, in which what is true at every world is
not automatically obligatory. We set out such a semantics in Section 5.8.1.70

3.5.7 Impersonal deontic operators

We have distinguished personal and impersonal obligations in Section 2.2.1.
TMDL only captures personal obligations and permissions. We can expand
TMDL with impersonal obligations and permissions, but then we need to find
out what the logical relations are between personal and impersonal obligations
and permissions.

Herrestad and Krogh claim that there are two kinds of impersonal obligations
and permissions: strong and weak [Herrestad and Krogh, 1995, pp. 459-469]. A
strong impersonal obligation that ϕ implies that everyone has an obligation that
ϕ, whereas a weak obligation is implied by any personal obligation. We use OS

and OW to denote strong and weak obligation respectively.71 Mirroring strong
and weak obligation, we also have strong permission (PS) and weak permission
(PW ). A strong permission that ϕ implies that it is permitted for everyone that
ϕ,72 whereas a weak permission is implied by the fact that someone is permitted.
See Figure 3.3 for some of the logical relations that follow (see also [Herrestad
and Krogh, 1995, p. 466]).

69For a different example, see page 169.
70Yet another solution to the exacerbated problem is to treat constants as non-rigid desig-

nators (see Section 3.5.4). However, this would not solve the problems of necessitation already
discussed in Section 1.3, only the problem that every equality is obligatory.

71We assume that ϕ is a sentence.
72This notion of ‘strong permission’ should not be confused with the notion of strong per-

mission discussed in, for example, [Hilpinen and McNamara, 2013, pp. 108-109]. According to
this second notion, ‘a is strongly permitted to do A’ means: if a were to do only A, a would
not be doing anything illegal.
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OSϕ

OWϕ

PSϕ

PWϕ

(∃ν)Oνϕ

(∀ν)Oνϕ

Oαϕ Pαϕ

(∀ν)Pνϕ

(∃ν)Pνϕ

Figure 3.3: Relations between personal and impersonal obligations

This implies that strong permission is not the dual of strong obligation.
The dual of a strong permission is implied by weak permission (i.e. PWϕ →
¬PS¬ϕ according to Figure 3.3). So if strong permission was the dual of strong
obligation, then strong permission would be implied by weak permission. This
collapse would make (∀ν)Pνϕ equivalent to (∃ν)Pνϕ. Instead, the dual of strong
obligation is weak permission. For similar reasons, weak permission is not the
dual of weak obligation, but of strong obligation.

It is easy to add these impersonal deontic operators to TMDL. Natu-
rally, adding an impersonal obligation operator without interaction is as easy
as adding a binary accessibility relation to the models and adding the semantic
clause of quantified SDL for this impersonal O-operator. In order to add the
strong obligation/weak permission operator pair to TMDL, we add a binary
accessibility relation RS to the TMDL-models. On top of that, we must de-
mand that for every w in the world domain and every p in the agent domain of
the resulting model, R(w, p) ⊆ RS(w). For the weak obligation/strong permis-
sion pair we can add a binary accessibility relation RW and the condition that
RW (w) ⊆

⋂
p∈AR(w, p).

In Section 5.8.2 we present an extension of TMDL, ATMDL, that includes
both a weak and a strong impersonal obligation operator. The language of
ATMDL also contains action operators. This allows us to formally represent
all the different categories of obligations identified in Table 2.1 on page 27.
Aside from the weak and strong impersonal obligations, it is also possible that
there are impersonal obligations that have no particular logical connection to
the personal obligations. Precisely because there is no logical interaction, we do
not define a logic that extends TMDL with these impersonal obligations.

3.5.8 Wide scope and narrow scope

There is a natural link between the conditional obligations discussed in Section
1.3.3, such as ‘if a is a doctor, then a has to take care of their patients’, and
uncategorical obligations, such as ‘all doctors have an obligation to take care
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of their patients’. We analyse uncategorical general obligations as statements
that universally quantify over personal conditional obligations. This implies
that saying ‘All doctors have an obligation to take care of their patients’ is
equivalent to saying ‘For all x, x has an obligation to take care of x’s patients,
given that x is a doctor.’ We show in this (and the next) section that the
problems that SDL has with regard to formalising conditional obligations are
carried over to TMDL (with regard to uncategorical obligations).

In Section 1.1 we presented an example where an uncategorical obligation
is derived from two other uncategorical obligations. The first premise was ‘All
doctors have an obligation to treat their patients’ and the second premise was
‘It is obligatory for everyone who treats patients, to respect the autonomy of
these patients’. Let Dxy mean ‘y is a patient of doctor x’, let Txy mean ‘x
treats patient y’ and let Rxy mean ‘x respects the autonomy of y’. In the spirit
of Section 3.4, we can then formalise the premises as:

(∀x)(∀y)(Dxy → OxTxy) (3.8)

and

(∀x)(∀y)(Txy → OxRxy) (3.9)

However, the intended conclusion ‘All doctors have an obligation to respect the
autonomy of their patients’, formalised as (∀x)(∀y)(Dxy → OxRxy), does not
follow from (3.8) and (3.9) in TMDL.

In line with the terminology in Section 1.3.3, we call the formalisation of
uncategorical obligations in (3.8) and (3.9) narrow scope, since the antecedent
is outside the scope of the obligation-operator. Instead, we can propose a wide
scope formalisation of the premises:

(∀x)(∀y)Ox(Dxy → Txy) (3.10)

(∀x)(∀y)Ox(Txy → Rxy) (3.11)

In this formalisation the whole conditional is within the scope of the obligation-
operator. From (3.10) and (3.11), the wide scope formalisation of the intended
conclusion, (∀x)(∀y)Ox(Dxy → Rxy), does follow in TMDL. However, from
this wide scope formalisation and Dsa we cannot derive OsRsa, which we would
intuitively expect to be derivable.

A way around these problems is to have a mixed formalisation: we can
use the narrow scope formalisation (3.8) of the first premise and the wide
scope formalisation (3.9) of the second premise. From these we can derive
(∀x)(∀y)(Dxy → OxRxy). From this and Dsa, we can in turn derive OsRsa.
However, to justify this formalisation, we need to identify some characteristic
of premise 1 or 2 that gives grounds for a different formalisation. This we are
unable to do. Worse, it seems that we can rephrase the second premise as ‘All
those who treat patients have an obligation to respect the autonomy of their
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patients’ without any change of meaning. This formulation has the same logical
form as the first premise.

This problem is not unique for TMDL. We saw similar problems plague
SDL in Section 1.3.3. No universally accepted solution has so far been found
for propositional deontic logic, but we hinted that one way forward is the use
of dyadic modal operators that represent conditional obligations. We present
term-modal versions of such dyadic modal operators in Section 5.7. In Chap-
ter 7 we look at the problems surrounding the detachment of unconditional
obligations on a propositional level and propose a logic of holistic detachment.
Using the results of Section 5.7 and Chapter 7, we present a term-modal logic of
holistic detachment in Chapter 8. Until then we will use a narrow scope read-
ing of deontic conditionals, as this allows us to derive unconditional personal
obligations from uncategorical obligations and information about the situation
at hand.

3.5.9 Exceptions

A second problem of the formalisation of general rules as proposed above, is that
it does not allow for exceptions to the rules. In TMDL, once we posit a general
rule, positing exceptions leads to triviality. For example, from (∀x)Ox¬Kx
(everyone has an obligation not to kill) and PaKa (it is permissible for a to kill)
we can derive Oa¬Ka ∧ ¬Oa¬Ka, a contradiction.

For an example with uncategorical obligations, consider that we can say
that doctors have to take care of all their patients, while at the same time
maintaining that in certain crisis situations (such as wars or pandemics) they
are allowed to institute a triage mechanism and only take care of a limited
number of their patients. If a is a doctor in a crisis situation, then, in TMDL,
we can derive that a both is and is not allowed to take care of only a limited
number of patients. By (D) this is a contradiction.

We put this objection to the side until chapters 7 and 8. The logic of holistic
detachment that we present in Chapter 7 is designed to allow for exceptions to
conditional obligations on the propositional level. The term-modal versions of
this logic can also handle exceptions to general obligations, such as the examples
above. These term-modal versions are discussed in Chapter 8.

3.5.10 Other kinds of quantification

In Chapter 1 we mentioned that we exclude from consideration some sentences
that could plausibly be seen as quantified deontic statements, for example sen-
tences such as “most people have an obligation to pay taxes”. TMDL cannot
give an adequate account of such sentences. The same goes for generic sentences.

Montague discusses a different kind of quantification. He gives the example
“Jones has not discharged all his obligations” [Montague, 1969, p. 159]. This
could also be called a quantified deontic statement, since it involves quantifica-
tion over obligations. TMDL is also not equipped to handle such statements.
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3.5.11 Further challenges

Some further challenges will be taken up in other chapters. In Chapter 5 we
present a neighborhood semantics for term-modal logics. This allows us to give
up some of the possibly problematic principles of TMDL in Section 5.8.1 and
avoid, for example, the Ross paradox. We can also use these semantics to extend
the language of TMDL with a term-modal ‘brings it about’ operator (Section
5.8.2). This allows us to give a much richer account of personal ought-to-do’s. A
neighborhood semantics for dyadic term-modal operators, developed in Section
5.7, gives us the tools for a term-modal logic of conditional obligations. Chapter
6 is dedicated to conflict-tolerant versions of TMDL and chapters 7 and 8 are
dedicated to a variant of TMDL that can deal with exceptions and contrary-to-
duty obligations. There are undoubtedly other challenges, but these fall outside
the scope of this thesis, and need to be taken up by further work.
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Chapter 4

An Andersonian-Kangerian
Reduction

Summary In this chapter, we prove that TMDL is a fragment of the first-
order modal logic KQ2, which is itself not a term-modal logic. The main
difference between KQ2 and more well-known examples of first-order modal
logic is the fact that the language of KQ2 includes two predicative constants.
For didactic reasons, we do not start out by proving that TMDL is a fragment
of KQ2. Instead, we first prove that the bearer-relative fragment of TMDL
is a fragment of the first-order modal logic KQ, which is in turn a fragment of
KQ2.

4.1 Introduction

SDL can be reduced to an alethic modal logic with a propositional constant
[Åqvist, 1987; McNamara, 2019; Hilpinen and McNamara, 2013]. This reduction
is often attributed to Kanger [Kanger, 1970] and Anderson [Anderson, 1958,
1967], although the general idea can be traced back to Leibniz. Leibniz defined
‘ϕ is obligatory for a’ as ‘ϕ is necessary for a’s being a good person’ [Hilpinen,
2001, pp. 159-160]. Abstracting away from the reference to a bearer, we can
formalise this as :

Definition 4.1. Oϕ =df 2(G→ ϕ)

where 2 is an alethic modal operator, to be read as ‘it is necessary that’, and
G is a propositional constant.

There have been multiple suggestions as to how such a propositional constant
should be read. Kanger suggests “what morality prescribes” [Kanger, 1970,
p. 115]. Applying Definition 4.1, this means that Oϕ can be read as ‘it is
necessary for what morality prescribes that ϕ is the case’. Anderson employs
a different constant, V , which denotes some ‘bad state of affairs’ [Anderson,
1958, p. 103], a violation of a rule [Anderson, 1967, p. 348] or the applicability

79
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of some kind of sanction [Hilpinen and McNamara, 2013, p. 41]. This requires
a different definition:

Definition 4.2. Oϕ =df 2(¬ϕ→ V )

which means that ϕ is obligatory iff the negation of ϕ necessarily leads to a bad
state of affairs, a violation, or a sanction. However, Kanger’s and Anderson’s
approaches turn out to be practically equivalent if we simply take V to be the
negation of G [McNamara, 2019].

The main point is that SDL can be reduced to an alethic modal logic K
extended with a propositional constant, be it V or G. To be more precise, this
means that we can define a translation from the language LSDL of SDL to the
language of this alethic modal logic, and we can prove that for any formula
ϕ ∈ LSDL, ϕ is a theorem of SDL iff the translation of ϕ is a theorem of the
alethic modal logic with the propositional constant.

In this chapter we prove a similar reduction result for TMDL. We show
that TMDL can be reduced to a first-order modal logic KQ2 with only one
unary modal operator and two constants: the one-place predicative constant Q
and the two-place predicative constant Q2. In KQ2 we can define undirected
and directed obligations as:

Definition 4.3. Oαϕ =df 2(Qα→ ϕ)

Definition 4.4. Oβαϕ =df 2(Q2αβ → ϕ)

If we interpret Qα as ‘α is a good person’, then Definition 4.3 exactly captures
the original Leibnizian definition of undirected personal obligations.73

This chapter is organized as follows. For didactic reasons, we start with
a reduction of the fragment of TMDL that only contains modal operators
for undirected obligations. To achieve this we first define (in Section 4.2) the
fragment BTMDL of TMDL that omits directed personal obligations. In
Section 4.3 we define the alethic modal logic KQ and a translation from the
language of BTMDL to the language of KQ. Then (Section 4.4) we prove the
completeness of KQ. We rely on this to prove in Section 4.5 that ϕ is a theorem
of BTMDL iff the translation of ϕ is a theorem of KQ. In Section 4.6 we show
how we can obtain a similar reduction result for TMDL. We then discuss some
implications of the reduction in Section 4.7.

4.2 The undirected fragment of TMDL

In this section we define the logic BTMDL (Bearer-relative TMDL). BTMDL
is the fragment of TMDL without directed obligation operators. To avoid too
much repetition with Section 3.2, we will keep our presentation brief. We present

73A similar translation to that suggested by Definition 4.3 is also given in briefly discussed
in [Padmanabha and Ramanujam, 2019c, p. 30:2]. There it is suggested that term-modal logic
can be seen as a fragment of first-order modal logic, but no proof is given. Reservations are
stated in Section 9 of [Occhipinti Liberman et al., 2020].
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the language and semantics of BTMDL in Section 4.2.1 and an axiomatisation
in Section 4.2.2.

The main reason why we first look at the reduction of BTMDL is didactic.
The proof of the translation theorem for BTMDL (Section 4.5) is already quite
lengthy and complicated. Proving the theorem at once for TMDL would un-
necessarily obscure the proof even more. First proving the translation theorem
for BTMDL without the extra clutter allows the reader to get a better grasp on
the proof. Aside from this didactic reason, it should be noted that the reduction
of BTMDL is of interest independently of the reduction of full TMDL, as the
reduction captures the historically important Leibnizian proposal.

4.2.1 The language and semantics of BTMDL

The language LB of BTMDL is defined by the following Backus-Naur form.

ϕ ::= Pθ1, . . . , θn | θ = κ | ¬ϕ | ϕ ∨ ϕ | Oθϕ | (∀ν)ϕ

In other words, the language of BTMDL is identical to that of TMDL except
for the omission of the one-place operator Oβα. As before, a wff ϕ is a sentence
iff all the variables in ϕ are bound. We define the set SB of sentences of LB :
SB =df {ϕ ∈ LB | ϕ is a sentence}.

The definition of a BTMDL-model is the same as that of a TMDL-model
(Definition 3.1), except that clauses 4.-4.2. are removed. This gives us the
following definition:

Definition 4.5. A BTMDL-model is a tuple M = 〈W,A, R, I〉, where:

1. W 6= ∅
2. A 6= ∅
3. R ⊆ W × A ×W (where w ∈ W and p ∈ A, we write R(w, p) for {w′ ∈

W | 〈w, p, w′〉 ∈ R})
3.1. For all p ∈ A and w ∈W , R(w, p) 6= ∅
5. I is an interpretation function such that:
5.1. I : T → A
5.2. I : Pn ×W → ℘(An) for every natural number n ∈ N1.

There is nothing that is surprising about the rest of the semantics. The
definition of a ν-alternative is analogous to that of Definition 3.2:

Definition 4.6. For any ν ∈ V , M ′ = 〈W,A, R, I ′〉 is a ν-alternative to M =
〈W,A, R, I〉 iff I ′ differs at most from I in the member of A that I ′ assigns to
ν.

The semantic clauses are the same as in Definition 3.3, except for the omission
of SC7. The definitions of validity and semantic consequence are as before. Let
Γ ⊆ SB and ϕ ∈ SB , then:

Definition 4.7 (Semantic consequence). ϕ is a semantic consequence of Γ,
Γ  ϕ iff for every BTMDL-model M = 〈W,A, R, I〉 and w ∈W : if M,w |= ψ
for all ψ ∈ Γ, then M,w |= ϕ.
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Definition 4.8 (Validity). ϕ is valid,  ϕ iff for every BTMDL-model M =
〈W,A, R, I〉 and w ∈W : M,w |= ϕ.

4.2.2 Axiomatisation of BTMDL

A sound and strongly complete axiomatisation of BTMDL is obtained by clos-
ing a complete axiomatisation of classical propositional logic (CL) with all in-
stances of the axiom schemata in Table 4.1 under the rules of Table 4.2.

ϕ is a BTMDL-theorem (denoted `BTMDL ϕ) iff ϕ can be derived from
the BTMDL-axioms and rules. ϕ ∈ SB is BTMDL-derivable from Γ ⊆ SB
(denoted Γ `BTMDL ϕ) iff there are ψ1, . . . , ψn ∈ Γ such that `BTMDL (ψ1 ∧
. . . ∧ ψn)→ ϕ. From this it follows immediately that `BTMDL is compact.

(K) Oα(ϕ→ ψ)→ (Oαϕ→ Oαψ)
(D) Oαϕ→ ¬Oα¬ϕ

(BF) (∀ν)Oαϕ→ Oα(∀ν)ϕ
(UI) (∀ν)ϕ→ ϕ(α/ν)

(REF) α = α
(SUB) (α = β)→ (ϕ→ ϕ(α//β))
(ND) (α 6= β)→ Oγ(α 6= β)

Table 4.1: Axiom schemata of BTMDL

(MP) if ϕ→ ψ and ϕ, then ψ
(NEC) if ` ϕ, then Oαϕ
(UG) if ` ϕ→ ψ(α/ν) and α not in ϕ or ψ, then ` ϕ→ (∀ν)ψ.

Table 4.2: Rules of BTMDL

Completeness follows immediately from the proof for the completeness of
TMDL in Section 3.3.

4.3 The alethic logic KQ

In this section we present the logic KQ. This is a normal first-order modal logic
extended with a predicative constant Q. We define the language, the semantics
and an axiomatisation of KQ in sections 4.3.1–4.3.3. In Section 4.3.4 we define
a translation from the language of BTMDL to the language of KQ. This
translation is based on the Leibnizian definition of a personal obligation.

4.3.1 The language of KQ

The language of KQ is built using the same constants, variables and predicate
symbols as the language of BTMDL. This is important for the proof of Theo-
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rem 4.2. We add to this a predicative constant Q of rank 1. Our language LQ
is defined with the following Backus-Naur form:

ϕ ::= P (θ1, . . . , θn) | θ = κ | ¬ϕ | ϕ ∨ ϕ | 2ϕ | (∀ν)ϕ | Qθ

The other connectives are defined in the standard way, with the addition that
3ϕ =df ¬2¬ϕ. The notions of free and bound variables are as usual. A wff ϕ is
a sentence iff all the variables in ϕ are bound. We define the set SQ of sentences
of LQ: SQ =df {ϕ ∈ LQ | ϕ is a sentence}. Note that the only difference
between the BF-forms defining LQ and the one defining LB , is that Oθϕ has
been replaced by 2ϕ and Qθ.
Qx can be read in different ways. For now, we want to model the Leibnizian

intuitions, so we read Qx as ‘x is a good person’. However, technically there is
nothing wrong with staying closer to a Kangerian or Andersonian interpretation:
we could read Qx as ‘x’s obligations are fulfilled’ or ‘x is not in violation of any
obligation’. We briefly comment on this in Section 4.7.

4.3.2 Semantics of KQ

We define KQ-models as follows:

Definition 4.9. A KQ-model is a tuple M = 〈W,A, RQ, f, I〉, where:

1. W 6= ∅
2. A 6= ∅
3. RQ ⊆ W ×W (where w ∈ W and p ∈ A, we write RQ(w) for {w′ ∈ W |

〈w,w′〉 ∈ RQ})
4. f is a function such that:
4.1. f : A → ℘(W )
4.2. For all p ∈ A and w ∈W , R(w) ∩ f(p) 6= ∅
5. I is an interpretation function such that:
5.1. I : T → A
5.2. I : Pn ×W → ℘(An) for every natural number n ∈ N1.

This definition is quite similar to earlier definitions of models. W should
again be interpreted as a world domain and A as an agent domain consisting
of persons. The relation RQ should be given an alethic instead of a deontic
interpretation: RQ(w) is the set of worlds that is possible at w. f(p) can
be interpreted as the set of worlds that are (deontically) ideal for agent p.
Alternatively, we could say that f(p) is the set of worlds where p is praiseworthy,
where p is not blameworthy, or where p satisfies her obligations/the demands
placed on her.

There are no surprises in the definitions of ν-alternatives and semantic
clauses:

Definition 4.10. For any ν ∈ V , M ′ = 〈W,A, RQ, f, I ′〉 is a ν-alternative to
M = 〈W,A, RQ, f, I〉 iff I ′ differs at most from I in the member of A that I ′

assigns to ν.
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Definition 4.11 (Semantic Clauses). For any KQ-model M = 〈W,A, RQ, f, I〉:
SC1 M,w |= Pθ1, . . . , θn iff 〈I(θ1), . . . , I(θn)〉 ∈ I(P,w)
SC2 M,w |= ¬ϕ iff M,w 6|= ϕ
SC3 M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
SC4 M,w |= θ = κ iff I(θ) = I(κ)
SC5 M,w |= 2ϕ iff M,w′ |= ϕ for all w′ ∈ R(w)
SC6 M,w |= (∀ν)ϕ iff for every ν-alternative M ′: M ′, w |= ϕ
SC7 M,w |= Qθ iff w ∈ f(I(θ)).

Semantic consequence and validity are defined as usual.

4.3.3 Axiomatisation of KQ

A sound and strongly complete axiomatisation of KQ is obtained by closing a
complete axiomatisation of classical propositional logic (CL) with all instances
of the axiom schemata in Table 4.3 under the rules of Table 4.4.

ϕ is a KQ-theorem (denoted `KQ ϕ) iff ϕ can be derived from the BTMDL-
axioms and rules. ϕ ∈ SQ is KQ-derivable from Γ ⊆ SQ (denoted Γ `KQ ϕ)
iff there are ψ1, . . . , ψn ∈ Γ such that `KQ (ψ1 ∧ . . . ∧ ψn) → ϕ. From this it
follows immediately that `KQ is compact. We will omit the subscript KQ when
this is clear from the context.

The axiomatisation of KQ is unsurprising, except for the axiom (Q). (Q)
corresponds to condition 4.2. in Definition 4.9. As will become clear, there is a
connection between this condition and the condition of seriality on BTMDL-
models. Note that by (Q), (UG) and CL, (∀ν)3Qν is a theorem of KQ.

(QK) 2(ϕ→ ψ)→ (2ϕ→ 2ψ)
(Q) 3Qα

(QBF) (∀ν)2ϕ→ 2(∀ν)ϕ
(QUI) (∀ν)ϕ→ ϕ(α/ν)

(QREF) α = α
(QSUB) (α = β)→ (ϕ→ ϕ(α//β))
(QND) (α 6= β)→ 2(α 6= β)

Table 4.3: Axiom schemata

(QMP) if ϕ→ ψ and ϕ, then ψ
(QNEC) if ` ϕ, then 2ϕ
(QUG) if ` ϕ→ ψ(α/ν) and α not in ϕ or ψ, then ` ϕ→ (∀ν)ψ.

Table 4.4: Rules
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4.3.4 The translation

We define a translation T , based on [Åqvist, 1987, p. 114]74:

Definition 4.12 (Translation). Let ϕ ∈ LB, then:
1. T (Pθ1, . . . , θn) = Pθ1, . . . , θn
2. T (θ = k) = θ = k
3. T (¬ϕ) = ¬T (ϕ)
4. T (ϕ ∨ ψ) = T (ϕ) ∨ T (ψ)
5. T (Oθϕ) = 2(Qθ → T (ϕ))
6. T ((∀ν)ϕ) = (∀ν)T (ϕ)

Clause 5. is the only interesting clause of this translation. IfQx is interpreted
as ‘x is a good person’, then clause 5. captures precisely the Leibnizian idea that
a personal obligation for a that ϕ should be understood as meaning that ‘ϕ is
necessary for a’s being a good person’.75

The translation allows us to define the deontic fragment of KQ:

Definition 4.13. The deontic fragment of KQ is the set:

{ϕ ∈ LB | `KQ T (ϕ)}

Defining the deontic fragment allows us to rephrase our current goal: we aim
to prove that the deontic fragment of KQ is identical to the set of theorems of
BTMDL.

4.4 Completeness of KQ

The proof for strong completeness of KQ is mostly similar to that for first order
modal logic: we define saturated sets, construct a canonical model and prove
both that this model is a KQ model and that the truth lemma holds for it (see
Section 3.3 and [Fitting, 2007; Hughes and Cresswell, 1996]). In view of the
proof in Section 3.3, most of this proof can safely be left to the reader. We
comment only where substantial changes are necessary.

We define LQ+ in a way analogous to LQ, but with C replaced by C+ =
C ∪ {α+

1 , α
+
2 , . . .}. We stipulate that α+

1 , α
+
2 , . . . /∈ C. SQ+ =df {ϕ ∈ LQ+ |

ϕ is a sentence}. Again, if we define the logic over the richer language LQ+,
then we obtain a different logic. We will call this logic KQ+ and we will use +̀

to denote the consequence relation of KQ+.

Definition 4.14. Γ ⊆ SQ+ is LQ+-saturated iff
1. Γ is KQ+-consistent.
2. for all ϕ ∈ SQ+: ϕ ∈ Γ or ¬ϕ ∈ Γ.
3. for all ϕ ∈ SQ+ and ν ∈ V : there is an α ∈ C+ such that ϕ(α/ν)→ (∀ν)ϕ ∈

Γ.

74The translation in [Åqvist, 1987] is given for a propositional language.
75For a translation in the other direction see [Sedlár, 2014, p. 8], where a translation is given

from a propositional (non-normal) modal logic into evidence logic.
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If a consistent set of sentences Γ satifies the second condition of Definition
4.14, we call it maximal consistent. If some Γ satisfies its third condition, we
call it ω-complete.

Lemma 4.1. For any set Γ ⊆ SQ+, α ∈ C+ and ϕ ∈ SQ+: If Γ is LQ+-
saturated and 2ϕ /∈ Γ, then there is an LQ+-saturated set Θ such that {ψ |
2ψ ∈ Γ} ∪ {¬ϕ} ⊆ Θ.

The proof of Lemma 4.1 is analogous to that of Lemma 3.3.
Since the definition of KQ-models is substantially different from that of

TMDL-models, it follows that the definition of a canonical model for KQ is
also substantially different from that for TMDL.

Where Γ ⊆ SQ+ is an LQ+-saturated set and α ∈ C+, [[α]]Γ denotes {β ∈
C+ | α = β ∈ Γ}.

Definition 4.15. Where Γ is an LQ+-saturated set, the canonical model MΓ =
〈WΓ,AΓ, R

Q
Γ , fΓ, IΓ〉 is defined as follows:

i. WΓ is the set of all LQ+-saturated sets ∆ s.t. α = β ∈ Γ iff α = β ∈ ∆.
ii. AΓ = {[[α]]Γ | α ∈ C+}
iii. For all ∆ ∈WΓ: RQΓ (∆) = {Θ ∈WΓ | {ϕ | 2ϕ ∈ ∆} ⊆ Θ}
iv. For all [[α]]Γ ∈ AΓ: fΓ([[α]]Γ) = {Θ ∈WΓ | Qα ∈ Θ}
v. IΓ is defined as follows:

v.1. v.1.1. for all α ∈ C+: I(α) = [[α]]Γ
v.1.2. for all ν ∈ V : I(ν) = [[α+

1 ]]Γ
v.2. for all ∆ ∈WΓ and n-ary P ∈ Pn:

I(P,∆) = {〈[[α1]]Γ, . . . , [[αn]]Γ〉 | P (α1, . . . , αn) ∈ ∆}

Lemma 4.2. For all LQ+-saturated sets Γ, MΓ is a KQ-model.

Proof. The proof proceeds mostly analogous to that for Lemma 3.7 in Section
3.3, except that we have to prove that the canonical model satisfies clause 4.2.
of Definition 4.9. That is, we have to prove that for all ∆ ∈WΓ and [[α]]Γ ∈ AΓ:

RQΓ (∆) ∩ fΓ([[α]]Γ) 6= ∅.
Suppose that ∆ ∈ WΓ and [[α]]Γ ∈ AΓ. By (Q), 3Qα ∈ ∆. By the

definition of 3, ¬2¬Qα ∈ ∆. Since ∆ is maximally consistent, 2¬Qα /∈ ∆.
Hence, {ϕ | 2ϕ ∈ ∆} is consistent. By Lemma 4.1, there is an LQ+-saturated

set Θ such that {ϕ | 2ϕ ∈ ∆} ∪ {Qα} ⊆ Θ. By Definition 4.15, Θ ∈ RQΓ and

Θ ∈ f([[α]]Γ). Thus, RQΓ ∩ f([[α]]Γ) 6= ∅.

Lemma 4.3 (Truth Lemma). For all Γ ⊆ SQ+, ϕ ∈ SQ+ and ∆ ∈ WΓ:
MΓ,∆ |= ϕ iff ϕ ∈ ∆.

Proof. In view of the proof for Lemma 3.8, it suffices to prove the case where ϕ
is of the form Qα. By the semantic clause for Qα, MΓ,∆ |= ϕ iff ∆ ∈ fΓ(I(α)).
By Definition 4.15, ∆ ∈ fΓ(I(α)) iff Qα ∈ ∆.

Lemma 4.4. For all Γ ⊆ S and ϕ ∈ S: if Γ +̀ ϕ then Γ ` ϕ.
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Proof. The proof is identical to that of Lemma 3.9, except that TMDL and
TMDL+ are replaced with KQ and KQ+, and that tables 3.2 and 3.3 are
replaced by 4.3 and 4.4.

Theorem 4.1 (Soundness and Strong Completeness for KQ). For all Γ ⊆ SQ
and ϕ ∈ SQ: Γ ` ϕ iff Γ  ϕ

Proof. The proof is analogous to that of Theorem 3.5.

4.5 Proof of the translation theorem

In this section we prove the translation theorem (Theorem 4.2). This theorem
says that for every ϕ ∈ LB , `BTMDL ϕ iff `KQ T (ϕ), i.e. that the deontic
fragment of KQ is identical to the set of theorems of BTMDL. Our proof is
based on a similar proof in [Åqvist, 1987, pp. 117-135] for propositional deontic
logic.

Lemma 4.5 proves one direction of Theorem 4.2.

Lemma 4.5. If `BTMDL ϕ, then `KQ T (ϕ).

Proof. Suppose that `BTMDL ϕ. The proof proceeds by induction on the length
of the derivation.

Base case: If the derivation is of length one, then ϕ is an instance of one of
the axiom schemes of BTMDL. We can distinguish the following cases:

Case 1: ϕ is an instance of an axiom of CL. By Definition 4.12 and the fact
that every axiom of CL is a theorem of KQ, T (ϕ) is a theorem of KQ.

Case 2: ϕ is an instance of (K). Then T (ϕ) is of the form 2(Qα→ (T (ψ)→
T (χ))) → (2(Qα → T (ψ)) → 2(Qα → T (χ))). By (QK) and (QNEC),
`KQ T (ϕ).

Case 3: ϕ is an instance of (D). Then T (ϕ) is of the form 2(Qα→ T (ψ))→
¬2(Qα → ¬T (ψ)). By (QK) and (QNEC), `KQ 3Qα → (2(Qα → T (ψ)) →
¬2¬(Qα∧T (α))). By (Q), `KQ 2(Qα→ T (ψ))→ ¬2¬(Qα∧T (α)). By CL,
(QK) and (QNEC), `KQ 2(Qα→ T (ψ))→ ¬2(Qα→ ¬T (ψ)).

Case 4: ϕ is an instance of (BF). Then T (ϕ) is of the form (∀ν)2(Qα →
T (ψ)) → 2(Qα → (∀ν)T (ψ)). By (QBF), `KQ (∀ν)2(Qα → T (ψ)) →
2(∀ν)(Qα → T (ψ)). By (QUI), CL and (QUG), `KQ (∀ν)2(Qα → T (ψ)) →
2(Qα→ (∀ν)T (ψ)).

Case 5: ϕ is an instance of (ND). Then T (ϕ) is of the form α 6= β →
2(Qγ → α 6= β). By (QND), `KQ α 6= β → 2(α 6= β). By (QK), (QNEC) and
CL, α 6= β → 2(Qγ → α 6= β).

The cases where ϕ is an instance of (UI), (REF) or (SUB) are immediate in
view of (QUI), (QREF) and (QSUB).

Induction step: There is a BTMDL derivation of ϕ and ϕ is obtained by
one of the rules in Table 4.2. We can distinguish three cases:

Case 1: ϕ is derived by (MP). Then `BTMDL ψ and `BTMDL ψ → ϕ for
some ψ. By the induction hypothesis, `KQ T (ψ) and `KQ T (ψ → ϕ). By
Definition 4.12, `KQ T (ψ)→ T (ϕ). By (QMP), `KQ T (ϕ).



88 CHAPTER 4. AN ANDERSONIAN-KANGERIAN REDUCTION

Case 2: ϕ is derived by (NEC). Then ϕ is of the form Oαψ and `BTMDL ψ.
By the induction hypothesis, `KQ T (ψ). By CL, `KQ Qα → T (ψ). By
(QNEC), `KQ 2(Qα→ T (ψ)). By Definition 4.12, `KQ T (ϕ).

Case 3: ϕ is derived by (UG). Then ϕ is of the form ψ → (∀ν)χ and
`BTMDL ψ → χ(α/ν) for an α that does not occur in ψ or χ. By the induction
hypothesis, `KQ T (ψ → χ(α/ν)). By Definition 4.12, `KQ T (ψ)→ T (χ(α/ν)).
By Definition 4.12, T (χ(α/ν)) = (T (χ))(α/ν) and α does not occur in T (χ).
By (QUG), `KQ T (ψ)→ (∀ν)T (χ). By Definition 4.12, `KQ T (ϕ).

For the other direction, we need some intermediate steps. From here the
proof becomes substantially different from that in [Åqvist, 1987, pp. 117-135],
as the construction of the model M∗ is more complicated than that of its coun-
terpart in [Åqvist, 1987].

Definition 4.16. Let M = 〈W,A, R, I〉 be a BTMDL-model. We define M∗ =
〈W ∗,A, RQ, f, I∗〉 as follows:

1. W ∗ = W ×A
2. For all 〈w, p〉 ∈W ∗, RQ(〈w, p〉) = {〈w′, p′〉 ∈W ∗ | w′ ∈ R(w, p′)}
3. For all p ∈ A, f(p) = {〈w, p〉 ∈W ∗ | there exists a w′ ∈W such that w ∈

R(w′, p)}
4.1. For all θ ∈ T , I∗(θ) = I(θ)
4.2. For all P ∈ P and 〈w, p〉 ∈W ∗, I∗(P, 〈w, p〉) = I(P,w)

Note the difference between R(w, p) and RQ(〈w, p〉). R(w, p) is the set of
worlds where all the obligations that p has in world w are fulfilled, formally:
R(w, p) = {w′ ∈ W | 〈w, p, w′〉 ∈ R}. In contrast, RQ(〈w, p〉) is the set of
worlds that are possible at world 〈w, p〉, formally: RQ(〈w, p〉) = {〈w′, p′〉 ∈
W ∗ | 〈〈w, p〉, 〈w′, p′〉〉 ∈ RQ}.

M∗ is defined such that for any BTMDL-model M = 〈W,A, R, I〉, w ∈
W , p ∈ A and ϕ ∈ LB : M,w |= ϕ iff M∗, 〈w, p〉 |= T (ϕ) (Lemma 4.9). In
what follows we will prove this formally, but now we first sketch an example to
illustrate Definition 4.16.

Consider a BTMDL-model M1 = 〈W,A, R, I〉 (graphically represented in
Figure 4.1), such that:

W = {w1, w2},
A = {p1, p2} and
R = {〈w1, p1, w2〉, 〈w1, p1, w1〉, 〈w2, p1, w2〉〈w1, p2, w1〉, 〈w1, p2, w1〉}.

w1 w2

p1

p2

p1

p2

p1

Figure 4.1: The model M1
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M∗1 = 〈W ∗,A, RQ, f, I∗〉 is graphically represented in Figure 4.2. By clause
1 of Definition 4.16, W ∗ = W × A and W ∗ contains the four elements rep-
resented in Figure 4.2. By clause 2, for any 〈w, p〉 ∈ W ∗: RQ(〈w, p〉) con-
tains exactly those worlds 〈w′, p′〉 such that w′ ∈ R(w, p′). So for example,
〈w2, p1〉 ∈ RQ(〈w1, p1〉) because w2 ∈ R(w1, p1) and 〈w2, p2〉 /∈ RQ(〈w1, p1〉)
because w2 /∈ R(w1, p2). By clause 3 of Definition 4.16, 〈w, p〉 ∈ f(p′) iff p = p′

and there is a w′ ∈ W such that w ∈ R(w′, p). So f(p1) = {〈w1, p1〉, 〈w2, p1〉},
and f(p2) = {〈w1, p2〉}. In Figure 4.2 we have designated the worlds in f(p1)
by underlining the names of these worlds, and the world in f(p2) by underling
the name of this world twice.

〈w1, p2〉 〈w2, p2〉

〈w1, p1〉 〈w2, p1〉

Figure 4.2: The model M∗1

We return to the proof of 4.2. We first prove that M∗ is a KQ-model
(Lemma 4.6). Then we move on to the two preliminary lemmas 4.7 and 4.8
which we need to prove the Crucial Lemma (Lemma 4.9).

Lemma 4.6 (Easy Lemma). Given a BTMDL-model M = 〈W,A, R, I〉, M∗ =
〈W ∗,A, RQ, f, I∗〉 is a KQ-model.

Proof. It is sufficient to prove that M∗ satisfies clause 4.2 of Definition 4.9.
Specifically, we have to prove that for all p ∈ A and 〈w, p′〉 ∈W ∗, RQ(〈w, p′〉)∩
f(p) 6= ∅. Suppose that p1 ∈ A and 〈w2, p2〉 ∈W ∗.

Since M is a BTMDL-model, for all p ∈ A and w ∈W , R(w, p) 6= ∅. So in
particular, there is a w1 ∈W such that w1 ∈ R(w2, p1). By clause 2 of Definition
4.16, 〈w1, p1〉 ∈ RQ(〈w2, p2〉). By clause 3 of Definition 4.16, 〈w1, p1〉 ∈ f(p1).
Hence, RQ(〈w2, p2〉) ∩ f(p1) 6= ∅.

Lemma 4.7 (Lemma on Relations). Let M = 〈W,A, R, I〉 be a BTMDL-model
and let M∗ = 〈W ∗,A, RQ, f, I∗〉 be as in Definition 4.16. For all w,w′ ∈ W
and p ∈ A:

w′ ∈ R(w, p) iff 〈w′, p〉 ∈ RQ(〈w, p〉) and 〈w′, p〉 ∈ f(p)

Proof. For the left to right direction, suppose that w′ ∈ R(w, p). By clause 2 of
Definition 4.16, 〈w′, p〉 ∈ RQ(〈w, p〉). By clause 3 of Definition 4.16, 〈w′, p〉 ∈
f(p).

For the right to left direction, suppose that 〈w′, p〉 ∈ RQ(〈w, p〉) and 〈w′, p〉 ∈
f(p). By clause 2 of Definition 4.16, w′ ∈ R(w, p).



90 CHAPTER 4. AN ANDERSONIAN-KANGERIAN REDUCTION

Lemma 4.8. Let M = 〈W,A, R, I〉 and M∗ = 〈W ∗,A, RQ, f, I∗〉 be as in
Definition 4.16, then for all w ∈W and p, p′ ∈ A:

RQ(〈w, p〉) = RQ(〈w, p′〉)

Proof. Immediate in view of clause 2 of Definition 4.16.

Lemma 4.9 (Crucial Lemma). Let M = 〈W,A, R, I〉 be a BTMDL-model,
w ∈W , p ∈ A and ϕ ∈ LB, then:

M,w |= ϕ iff M∗, 〈w, p〉 |= T (ϕ)

Proof. The proof proceeds by induction on the complexity of ϕ.
Base case: ϕ is of the form Pθ1 . . . θn. By clause 1. of Definition 4.12,

T (Pθ1 . . . θn) = Pθ1 . . . θn. By clause 4.2. of Definition 4.16, M,w |= Pθ1 . . . θn
iff M∗, 〈w, p〉 |= Pθ1 . . . θn.

Induction step: In view of Definition 4.16 (the definition of M∗) and Defini-
tion 4.12 (the definition of the translation), all cases are straightforward except
for the case where ϕ is of the form Oθψ.

For the left to right direction (of this case), we assume that M,w |= Oθψ. Let
〈w′, p′〉 ∈ RQ(〈w, I(θ)〉)∩ f(I(θ)). By clause 3 of Definition 4.16, p′ = I(θ). By
Lemma 4.7, w′ ∈ R(w, I(θ)). Since M,w |= Oθψ, M,w′ |= ψ. By the Induction
Hypothesis, M∗, 〈w′, I(θ)〉 |= T (ψ). Thus, for all 〈w′, p′〉 ∈ RQ(〈w, I(θ)〉): if
〈w′, p′〉 ∈ f(I(θ)), then M∗, 〈w′, I(θ)〉 |= T (ψ). By Lemma 4.8, RQ(〈w, I(θ)〉) =
RQ(〈w, p〉). Hence, by the semantic clauses of KQ, M∗, 〈w, p〉 |= 2(Qθ →
T (ψ)).

For the right to left direction, assume that M∗, 〈w, p〉 |= 2(Qθ → T (ψ)).
Let w′ ∈ R(w, I(θ)). By Lemma 4.7, 〈w′, I(θ)〉 ∈ RQ(〈w, I(θ)〉) ∩ f(I(θ)). By
Lemma 4.8, 〈w′, I(θ)〉 ∈ RQ(〈w, p〉)∩f(I(θ)). By the assumption, M∗, 〈w′, I(θ)〉 |=
T (ψ). By the induction hypothesis, M,w′ |= ψ. Thus, by the semantic clauses,
M,w |= Oθψ.

This gives us the tools to prove the other direction of Theorem 4.2 (Lemma
4.10).

Lemma 4.10. For all ϕ ∈ LB, if `KQ T (ϕ), then `BTMDL ϕ.

Proof. Suppose that 0BTMDL ϕ. By completeness, there is a BTMDL-model
M = 〈W,A, R, I〉 such that for a w ∈ W , M,w 6|= ϕ. By the Easy Lemma
and the Crucial Lemma (lemmas 4.6 and 4.9), there is a KQ-model M∗ =
〈W ∗,A, RQ, f, I∗〉 and w′ ∈ W ∗, such that M∗, w′ 6|= T (ϕ). By the soundness
of KQ, 0KQ T (ϕ).

Theorem 4.2. {ϕ ∈ LB | `BTMDL ϕ} = {ϕ ∈ LB | `KQ T (ϕ)}

Proof. This follows immediately from lemmas 4.5 and 4.10.
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4.6 The reduction of TMDL

We are now in a position to prove that a similar Andersonian-Kangerian re-
duction can be made for TMDL. That is the goal of the present section. In
Section 4.6.1 we present the alethic modal logic KQ2 and in Section 4.6.2 we
prove the translation theorem for TMDL.

4.6.1 The logic KQ2

The language of KQ2 is build using the same constants, variables and predicate
symbols as the language of TMDL. We add to this a predicative constant Q
of rank one and Q2 of rank two. The language L2 is defined with the following
Backus-Naur form:

ϕ ::= P (θ1, . . . , θn) | θ = κ | ¬ϕ | ϕ ∨ ϕ | 2ϕ | (∀ν)ϕ | Qθ | Q2θκ

The other connectives are defined in the standard way, as is the set of sentences
S2 of KQ2.

The predicative constantQ2 will be used in the translation for directed obli-
gations. A similar two-place predicate is proposed by Lindahl [Lindahl, 2001,
p. 163] to solve some problems with Kanger’s formal treatment of rights (see
Section 2.6.2). Following Lindahl’s suggestion, we shall read Q2xy as ‘y has not
been wronged by x’.

The semantics of KQ2 are similar to those of KQ. To get a definition of
KQ2-models we simply take the definition of KQ-models and add a function
f2:

Definition 4.17. A KQ2-model is a tuple M = 〈W,A, RQ, f, f2, I〉, where
1. W , A, RQ, f and I are as in KQ-models
2. f2 is a function such that:
2.1. f2 : A×A → ℘(W )
2.2 For all p1, p2 ∈ A and w ∈W : RQ(w) ∩ f2(p1, p2) 6= ∅
2.3 For all p1, p2 ∈ A and w ∈W : f(p1) ⊆ f2(p1, p2)

Since these models are different from KQ-models, we also need a slightly
different definition for ν-alternatives:

Definition 4.18. For any ν ∈ V , M ′ = 〈W,A, RQ, f, f2, I ′〉 is a ν-alternative
to M = 〈W,A, RQ, f, f2, I〉 iff I ′ differs at most from I in the member of A
that I ′ assigns to ν.

The semantic clauses are the same as those in Definition 4.11, except that we
need to add the following clause for Q2:

SC8 M,w |= Q2θκ iff w ∈ f2(I(θ), I(κ)).

A sound and strongly complete axiomatisation of KQ2 is obtained by closing
the axiomatisation of KQ (Section 4.3.3) under the axiom schemes in Table 4.5.
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(Q2) 3Q2αβ
(QQ) Qα→ Q2αβ

Table 4.5: Axiom schemata of KQ2

The proof for the completeness of KQ2 is mostly analogous to that of KQ.
There are only two changes worth mentioning. The first is that we need to add
the following clause to the definition of a canonical model:

vi. For all ∆ ∈ WΓ and [[α]]Γ, [[β]]Γ ∈ AΓ: f2
Γ([[α]]Γ, [[β]]Γ) = {Θ ∈ WΓ |

Q2αβ ∈ Θ}
The second important change is that we must now prove that fΓ([[α]]Γ) ⊆
f2

Γ([[α]]Γ, [[β]]Γ). This follows from the definition of the canonical model, more
specifically the clauses for fΓ and f2

Γ, and the axiom scheme (QQ).

4.6.2 The translation theorem for TMDL

In this section we prove the translation theorem for full TMDL (Theorem
4.3). This proof is build up in the same way as the proof in Section 4.5. We
first define a translation and prove the easiest direction (Lemma 4.11) of the
translations theorem. Given a TMDL-model, we then define a structure M+

in Definition 4.20. We prove that M+ is a KQ2-model and, with the aid of
some auxiliary lemmas (lemmas 4.13, 4.14 and 4.15), we prove the crucial lemma
(Lemma 4.16). The crucial lemma allows us to prove the other direction of the
translation theorem in Lemma 4.17.

To obtain a translation from TMDL to KQ2, we simply add the following
clause to Definition 4.12:

7. T (Oκθϕ) = 2(Q2θκ→ T (ϕ))

This allows us to define the deontic fragment of KQ2:

Definition 4.19. The deontic fragment of KQ2 is the set {ϕ ∈ L |`KQ2

T (ϕ)}.

In Lemma 4.11 we prove the easiest direction of the translation theorem
(Theorem 4.3).

Lemma 4.11. If `TMDL ϕ, then `KQ ϕ

Proof. Suppose that `TMDL ϕ. The proof again proceeds by induction on the
length of the derivation. In view of the proof of Lemma 4.5, we only need to
prove the case where ϕ is an instance of (DP).

In this case T (ϕ) is of the form 2(Q2αβ → ψ) → 2(Qα → ψ). By (QQ),
`KQ2 Qα → Q2αβ. By CL, `KQ2 (Q2αβ → ψ) → (Qα → ψ). By (QNEC)
and (QK), 2(Q2αβ → ψ)→ 2(Qα→ ψ).

Definition 4.20. Let M = 〈W,A, R,RD, I〉 be a TMDL-model. We define
M+ = 〈W+,A, RQ, f, f2, I+〉 as follows:
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1. W ∗ = W ×A ∪W ×A×A
2. For all 〈w, p〉, 〈w, p1, p2〉 ∈W+, RQ(〈w, p〉) = RQ(〈w, p1, p2〉) = {〈w′, p′〉 ∈

W+ | w′ ∈ R(w, p′)} ∪ {〈w′, p′, p′′〉 ∈W+ | w′ ∈ RD(w, p′, p′′)}
3. For all p ∈ A, f(p) = {〈w, p〉 ∈W+ | there exists a w′ ∈W such that w ∈

R(w′, p)}
3.b. For all p1, p2 ∈ A, f2(p1, p2) = {〈w, p1, p2〉 | there exists a w′ ∈ W

such that w ∈ RD(w′, p1, p2)} ∪ f(p1)
4.1. For all θ ∈ T , I+(θ) = I(θ)
4.2. For all P ∈ P and 〈w, p〉, 〈w, p′, p′′〉 ∈W+, I+(P, 〈w, p〉) =

I+(P, 〈w, p′, p′′〉) = I(P,w)

Clauses 3. and 4.1. are practically the same as in Definition 4.16 (the only
difference is that we have changed the superscript ∗ by +). We have added
a new set of worlds (W × A × A), that we need to deal with the directed O-
operator. The definition of RQ has been changed to make these new worlds
accessible (clause 2). We have added a definition of f2 with clause 3.b.

Lemma 4.12 (Easy Lemma). Given a TMDL-model M = 〈W,A, R,RD, I〉,
M+ = 〈W+,A, RQ, f, f2, I+〉 is a KQ2-model.

Proof. Given the proof of Lemma 4.6, we only prove that M+ satisfies clause
2.3. of Definition 4.17. In other words, we have to prove that for any p1, p2 ∈ A,
f(p1) ⊆ f2(p1, p2). This follows immediately from clause 3.b. of Definition
4.20.

We now prove two variants of the Lemma on Relations. The first (Lemma
4.13 is practically the same as Lemma 4.7. The second (Lemma 4.14) is very
similar to Lemma Lemma 4.13, but concerns the ternary accessibility relation
of TMDL-models.

Lemma 4.13 (First Lemma on Relations). Let M = 〈W,A, R,RD, I〉 and
M+ = 〈W+,A, RQ, f, f2, I+〉 as in Definition 4.20 For all w,w′ ∈ W and
p ∈ A:

w′ ∈ R(w, p) iff 〈w′, p〉 ∈ RQ(〈w, p〉) and 〈w′, p〉 ∈ f(p)

Proof. Both directions are immediate in view of clauses 2. and 3. of Definition
4.20.

Lemma 4.14 (Second Lemma on Relations). Let M = 〈W,A, R,RD, I〉 and
M+ = 〈W+,A, RQ, f, f2, I+〉 as in Definition 4.20. For all w,w′ ∈ W and
p, p′ ∈ A:

w′ ∈ RD(w, p, p′) iff 〈w′, p, p′〉 ∈ RQ(〈w, p〉) and 〈w′, p, p′〉 ∈ f2(p, p′)

Proof. Both directions are immediate in view of clauses 2. and 3.b. of Definition
4.20.
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We now prove a variant on Lemma 4.8

Lemma 4.15. Let M = 〈W,A, R,RD, I〉 and M+ = 〈W+,A, RQ, f, f2, I+〉 as
in Definition 4.20, then for all w,∈W and p1, p2, p3, p4 ∈ A:

RQ(〈w, p1〉) = RQ(〈w, p2〉) = RQ(〈w, p3, p4〉)

Proof. The proof is immediate in view of clause 2. of Definition 4.20.

This gives us the tools to prove the crucial lemma.

Lemma 4.16 (Crucial Lemma). Let M = 〈W,A, R,RD, I〉 be a TMDL-model,
w ∈W , p, p1 ∈ A and ϕ ∈ L, then:

M,w |= ϕ iff M+, 〈w, p〉 |= T (ϕ) iff M+, 〈w, p, p1〉 |= T (ϕ)

Proof. The proof proceeds by induction on the complexity of ϕ. In view of
Definition 4.20 (the definition of M+) and the definition of the translation, all
cases are straightforward except for the cases where ϕ is of the form Oθψ or
Oκθψ.

We start with the case where ϕ is of the form Oθψ. We first prove that
M,w |= Oθψ iff M+, 〈w, p〉 |= T (Oθψ).

For the left to right direction, assume that M,w |= Oθψ. By clauses 2. and
3. of Definition 4.20, RQ(〈w, I(θ)〉) ∩ f(I(θ)) ⊆ W × A. Given this, the proof
follows immediately from the left to right direction of the case where ϕ is of
the form Oθψ in the proof of Lemma 4.9: simply replace Definition 4.16 with
Definition 4.20, Lemma 4.7 with Lemma 4.13, Lemma 4.8 with Lemma 4.15 and
the superscript ∗ with +.

For the right to left direction, assume that M+, 〈w, p〉 |= 2(Qθ → T (ψ)).
The proof is the same as in the right to left direction of the case where ϕ is
of the form Oθψ in the proof of Lemma 4.9: Simply replace Lemma 4.7 with
Lemma 4.13, Lemma 4.8 with Lemma 4.15 and the superscript ∗ with +.

For this case all that remains to prove is that M+, 〈w, p〉 |= T (Oθψ) iff
M+, 〈w, p, p1〉 |= T (Oθψ). By the definition of the translation, we have to
prove that M+, 〈w, p〉 |= 2(Qθ → T (ψ)) iff M+, 〈w, p, p1〉 |= 2(Qθ → T (ψ)).
This follows immediately from the induction hypothesis, Lemma 4.15 and the
semantic clauses.

For the case where ϕ is of the form Oκθψ, we first prove that M,w |= Oκθψ iff
M+, 〈w, p〉 |= T (Oκθψ). For the left to right direction, assume that M,w |= Oκθψ.
Let 〈w′, p′〉 ∈ RQ(〈w, I(θ)〉) ∩ f2(I(θ), I(κ)). By clause 3.b. of Definition 4.20,
〈w′, p′〉 ∈ RQ(〈w, I(θ)〉) ∩ f(I(θ)). By clause 3. of Definition 4.20, p′ = I(θ).
By Lemma 4.14, w′ ∈ RD(w, I(θ), I(κ)). Since M,w |= Oκθψ, M,w′ |= ψ.
By the induction hypothesis, M+, 〈w′, I(θ)〉 |= T (ψ). Thus, for all 〈w′, p′〉 ∈
RQ(〈w, I(θ)〉): if 〈w′, p′〉 ∈ f2(I(θ), I(κ)), then M+, 〈w′, I(θ)〉 |= T (ψ). By
Lemma 4.15, RQ(〈w, I(θ)〉) = RQ(〈w, p〉). By clause 3. of Definition 4.20, if
〈w′, p′〉 ∈ f2(I(θ), I(κ)), then p′ = I(θ). Hence, for all 〈w′, p′〉 ∈ RQ(〈w, p〉):

if 〈w′, p′〉 ∈ f2(I(θ), I(κ)), then M+, 〈w′, p′〉 |= T (ψ) (4.1)
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Suppose that 〈w′, p′, p′′〉 ∈ RQ(〈w, I(θ)〉) ∩ f2(I(θ), I(κ)). By clause 3.b. of
Definition 4.20, p′ = I(θ) and p′′ = I(κ). By Lemma 4.14, w′ ∈ RD(w, I(θ), I(κ)).
SinceM,w |= Oκθψ, M,w′ |= ψ. By the induction hypothesis, M+, 〈w′, I(θ), I(κ)〉
|= T (ψ). Thus, for all 〈w′, p′, p′′〉 ∈ RQ(〈w, I(θ)〉): if 〈w′, p′, p′′〉 ∈ f2(I(θ), I(κ)),
thenM+, 〈w′, I(θ), I(κ)〉 |= T (ψ). By Lemma 4.15, RQ(〈w, I(θ)〉) = RQ(〈w, p〉).
By clause 3.b. of Definition 4.20, if 〈w′, p′, p′′〉 ∈ f2(I(θ), I(κ)), then I(θ) = p′

and I(κ) = p′′. Hence, for all 〈w′, p′, p′′〉 ∈ RQ(〈w, p〉):

if 〈w′, p′, p′′〉 ∈ f2(I(θ), I(κ)), then M+, 〈w′, p′, p′′〉 |= T (ψ) (4.2)

From (4.1) and (4.2) it follows that M+〈w, p〉 |= 2(Q2θκ→ T (ψ)).
For the right to left direction, assume that M+, 〈w, p〉 |= 2(Q2θκ→ T (ψ)).

Suppose that w′ ∈ RD(w′, I(θ), I(κ)). By Lemma 4.14, 〈w′, I(θ), I(κ)〉 ∈
RQ(〈w, I(θ), I(κ)〉)∩f2(I(θ), I(κ)). By Lemma 4.15, 〈w′, I(θ), I(κ)〉 ∈ RQ(〈w, p〉)
∩f2(I(θ), I(κ)). By the assumption, M+, 〈w′, I(θ), I(κ)〉 |= T (ψ). By the in-
duction hypothesis, M,w′ |= ψ. By the semantic clauses, M,w |= Oκθψ

What remains to be proven for this case is that M+, 〈w, p〉 |= T (Oκθψ) iff
M+, 〈w, p, p1〉 |= T (Oκθψ). By the translation, this means that we have to prove
that M+, 〈w, p〉 |= 2(Q2θκ → ψ) iff M+, 〈w, p, p1〉 |= 2(Q2θκ → ψ). This
follows immediately from Lemma 4.15 and the semantic clauses.

The rest of the proof is analogous to that in Section 4.5:

Lemma 4.17. For all ϕ ∈ L, if `KQ2 T (ϕ), then `TMDL ϕ.

Proof. Suppose that 0TMDL ϕ. By completeness, there is a TMDL-model
M = 〈W,A, R,RD, I〉 such that for a w ∈ W , M,w 6|= ϕ. By the Easy Lemma
and the Crucial Lemma (lemmas 4.12 and 4.16), there is a KQ2-model M+ =
〈W+,A, RQ, f, f2, I+〉 and 〈w, p〉 ∈W+, such that M+, 〈w, p〉 6|= T (ϕ). By the
soundness of KQ2, 0KQ2 T (ϕ).

Theorem 4.3. {ϕ ∈ L | `TMDL ϕ} = {ϕ ∈ L | `KQ2 T (ϕ)}

Proof. This follows immediately from lemmas 4.11 and 4.17.

4.7 Implications of the reduction

The Andersonian-Kangerian reduction is interesting from both a technical and a
philosophical viewpoint. This makes sense, as the reduction can be read as both
a technical and as a philosophical reduction. Technically, it reduces the formal
logic TMDL to the logic KQ2, and thus, essentially to first-order modal logic
with a special axiom that ensures the D-schema. Philosophically, it reduces
statements about personal obligations to statements about necessity and some
property of an agent (or agents in the case of Q2).

From a technical point of view, it is surprising to see that a term-modal logic
is reducible to a non-term-modal logic. At a first glance the language of term-
modal logic seems to be much richer than that of first-order modal logic. As far
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as we know such a reduction of term-modal logic to first-order modal logic has
not been proven before. It remains an open problem whether other term-modal
logics, such as the epistemic logic in [Thalmann, 2000; Fitting et al., 2001], can
also be reduced to first-order modal logic.76.

The reduction also serves to underline the parallels between SDL and TMDL.
Both logics are reducible to an alethic modal logic. Thus, the reduction allevi-
ates the unfamiliarity of TMDL not only as a term-modal logic (since it can
be reduced to a much more familiar normal modal logic), but also as a deontic
logic, since its behaviour mirrors the behaviour of the most studied deontic logic
SDL.

The reduction has some philosophical implications as well. The first of these
implications is that the reduction allows us to build a richer account of counter-
parties into the logic. Remember from Section 3.5.2 that we can interpret the
counterparty as the person who benefits from the obligation or as the person
who can legitimately complain when the obligation is not fulfilled. This is the
difference between benefit theory and claimant theory. If we interpret Q2xy as
‘y cannot legitimately complain about x’, then we are committed to claimant
theory. On the other hand, if we interpret Q2xy as something like ‘y adequately
benefits from x’, then we are committed to benefit theory. If we want the coun-
terparty to be the authority, then we might opt for the reading ‘x fulfils all of
y’s demands’.

In propositional deontic logic, the Andersonian-Kangerian reduction is some-
times read as an analysis of the notion of obligation in non-deontic terms. The
same philosophical motivation can be given for our Andersonian-Kangerian re-
duction. If we follow Leibniz and read Qα as ‘α is a good person’, then we
can say that the reduction of BTMDL is an analysis of undirected personal
obligations. However, there are several caveats to such an analysis in the propo-
sitional case (see [McNamara, 2019]), which might translate to the term-modal
case. For example, if we read Qx simply as ‘x fulfills all of x’s obligations’, then
the analysis of personal obligations is circular: the notion of a personal obliga-
tion is analysed by using the notion itself. For Q2αβ we proposed the reading
‘β has not been wronged by α’ in Section 4.6.1. This reading seems safe, but
the reading ‘α fulfils all of β’s demands’ proposed above is not safe. This is a
circular analysis.

A philosophical point that is unique to our reduction concerns some specif-
ically first-order problems. Recall that in sections 3.5.4 and 3.5.5 we discussed
i.a. whether constants should be seen as rigid designators, whether the Barcan
Formula should be valid and whether constant or variable domain semantics are
appropriate for term-modal deontic logics. If the philosophical reduction goes
through, then it seems reasonable that these issues can be reduced to similar
issues in alethic modal logic. If one thinks that constant domains or rigid desig-
nators are the way to go in alethic modal logic, then it seems to be a consequence
of the philosophical reduction that term-modal deontic logics should also have

76From a technical point of view, the reduction might also help to prove some meta-results
for TMDL.
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constant domains or should also treat constants as rigid designators.77

4.7.1 The T-axiom and (A4)

The implications of the philosophical reduction are, however, undercut by an
important problem of this reduction. If the 2-operator is interpreted as neces-
sity, then it seems plausible that the T-scheme (2ϕ→ ϕ) should be a theorem of
the alethic modal logic: it is natural to think that if it is necessary that ϕ, then
ϕ is the case [McNamara, 2019; Hilpinen and McNamara, 2013]. However, the
T-scheme is not a theorem of KQ2. This undercuts the philosophical reduction,
as the formal account of necessity given by KQ2 is implausible.78

This problem also occurs for the propositional reduction. SDL is a fragment
of a normal alethic modal logic K extended with a propositional constant. This
logic does not have the T-scheme as a theorem. However, the deontic fragment
of this logic extended with the T-scheme corresponds to SDL extended with
the scheme (A4).

Suppose that we define the logic KTQ2, which is obtained from KQ2 by
adding the T-scheme as an axiom. It seems realistic to assume that the deontic
fragment of KTQ2 corresponds to the set of theorems of TMDL+, i.e. that
{ϕ ∈ L | `TMDL+ ϕ} = {ϕ ∈ L | `KTQ2 T (ϕ)}. Unfortunately, a proof of
this lies beyond the scope of the current thesis. We simply conclude that if this
reduction goes through, then that might be a point in favour of TMDL+ over
TMDL.80

77Funnily enough, this is a point against the defense of treating constants as rigid designators
in Section 3.5.4. The arguments in that section (derived from [Goble, 1994, 1996]) rely on the
dissimilarity between alethic and deontic modal logic.

7879

80However, there is no inherent contradiction in arguing against the principles (t-A4) and
(d-A4), but in favour of the T-scheme for necessity. Those who hold these two positions will
likely reject the philosophical reduction altogether.
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Chapter 5

Classical Term-modal
(Deontic) Logics

Summary In this chapter we present a family of term-modal logics. These
logics are classical, and characterised by a term-modal version of neighbourhood
semantics. This is in contrast with TMDL, which is a normal term-modal
logic, characterised by a term-modal version of relational semantics. The use
of neighborhood semantics allows us to construct term-modal logics that are
inferentially weaker than TMDL or other normal term-modal logics. If we
interpret these weaker logics deontically, then we can avoid some of the problems
with TMDL that were identified in Section 3.5.

F
Previous versions of sections 5.1 to 5.6 can be found in the paper
“Classical Term-Modal Logics” [Frijters and Van De Putte, 2020].

5.1 Introduction

The aim of this chapter is to introduce and study classical term-modal logics,
which can serve as a tool for formalising reasoning with non-normal, agent-
dependent modal notions. The logics are obtained by a combination of two basic
ingredients: neighborhood semantics for first-order modal logic and a term-
modal language. Let us briefly introduce neighborhood semantics, before we
argue why it is useful to combine them with a term-modal language.

Neighborhood semantics Neighborhood models are based on a set of clas-
sical possible worlds, but differ from the more well-known relational models in
one crucial aspect: the accessibility relation between worlds is replaced by a
neighborhood function N that associates a set of sets of possible worlds with
every world (i.e. N : W → ℘(℘(W ))). A given modal formula �ϕ is then true at

99
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a world w if and only if the set of worlds that verify ϕ is an element of N(w).81

Neighborhood models allow one to invalidate theorems of normal modal logic
that might be problematic for a deontic interpretation of the modal operator.
For example, where � is interpreted as obligation, some82 have argued that
necessitation should fail for �: �> should not be a theorem (see Section 1.3).
It has also been argued that monotony (from 2ϕ and ` ϕ → ψ derive 2ψ)
should fail. In Section 1.3.2 we saw the Ross paradox: even though ‘the letter is
mailed’ logically entails ‘the letter is mailed or burned’, it should not follow from
‘it is obligatory that the letter is mailed’ that ‘it is obligatory that the letter
is mailed or burned’ (see [McNamara, 2019; Hilpinen and McNamara, 2013] for
some other counterexamples to monotony). Finally, we will argue in Chapter 6
that giving up the principle of aggregation ((2ϕ ∧ 2ψ) → 2(ϕ ∧ ψ)) is a good
way to obtain a conflict-tolerant deontic logic.

Neighborhood models can also be used to model other modal notions that
play a role in moral reasoning, but do not validate certain principles of normal
modal logic. Consider for example the logic of intentions, for which monotony
arguably fails. That is, where �ϕ stands for “the agent intends ϕ”, �ψ does
not follow from �ϕ and the fact that ϕ logically entails ψ [Cohen and Levesque,
1990]. For a different example, note that it has been argued that the logic of
ability is not closed under aggregation: having the ability to guarantee ϕ and
having the ability to guarantee ψ does not entail having the ability to guarantee
their conjunction ϕ ∧ ψ [van Benthem et al., 2012].

A different advantage of neighborhood semantics is that it allows us to in-
clude axiom schemata that would trivialize any normal modal logic. For exam-
ple, the schemas �⊥ and �(ϕ∨ψ)→ (�ϕ∧�ψ) have been studied for specific
notions of “strong” or “free choice” permission [Van De Putte, 2017], ¬�> is
a principle of Elgesem’s ‘bring it about that’-logic [Elgesem, 1997; Governatori
and Rotolo, 2005] and the schema (�(ϕ∨ψ)∧¬�ϕ)→ �ψ has been considered
in the context of modal logics of agency [McNamara, 2018]. Adding any of these
schemas to the weakest normal modal logic K yields an explosive or even trivial
logic.83

Term-modal logics In Chapter 3 a term-modal deontic logic was developed.
It was also shown that term-modal logics were originally conceived for epistemic
applications. In both cases, the main gains of term-modal logics over normal
modal logics are the very natural formalisation of natural language and the
apparent increase in expressivity.84 As we will show below, going term-modal

81Some authors employ a slightly different semantic clause. According to this clause, �ϕ is
true at a world w iff some element of N(w) is a (perhaps proper) subset of the set of worlds
that verify ϕ [Van De Putte and Klein, 2019]. See [Chellas, 1980] and [Pacuit, 2017] for
in-depth introductions to neighborhood semantics.

82Most notably Von Wright held this position, but was not alone. For a short overview, see
[Hilpinen and McNamara, 2013, p. 60] and Section 1.3.

83A (modal) logic is explosive iff for every ϕ, 2ϕ is a theorem. A logic is trivial iff for every
ϕ, ϕ is a theorem.

84Though note that, in view of the results of Chapter 4, the increase in expressivity of
TMDL is not as big as it might seem at first sight.
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has advantages for various other applications of modal logic.

In the present chapter, we work with a term-modal language that contains all
of first-order predicate logic (with identity) and operators �α, where α is a finite
(non-empty) tuple of terms. Including such tuples (as opposed to only single
terms) is costless at the technical level, yet it allows us to cover applications that
concern groups of agents or modal operators that connect two or more agents
— examples of such applications will be given below in this section. Sawasaki
et al. take a comparable approach with what they call ‘term-sequence modal
logics’ [Sawasaki et al., 2019].85

As before, we will interpret terms as referring to agents. Nothing technical
hinges on this, however. We could allow terms to denote objects as well; in that
case, a natural approach is to distinguish two sorts of terms (agent-terms vs.
object-terms), and to restrict the modal language such that only agent-terms
can occur in the index of a modal operator (see Section 3.5.3 and [Occhipinti
Liberman et al., 2020]).

The combination In this chapter we interpret term-modal operators by
means of a neighborhood function that associates a set of sets of possible worlds
with every world-agent(s) pair. Focusing on single agents, a formula �〈a〉ϕ is
true at a world w iff the neighborhood of w and the agent named by a contains
the set of worlds validating ϕ (see Section 5.2 for a more detailed description
and the generalisation to tuples of terms). The resulting logic is the weakest
classical term-modal logic E, which can be extended in various different ways
by imposing specific conditions on the neighborhood function (see Sections 5.4
and 5.5).

This chapter offers a comprehensive study of classical term-modal logics with
constant domain semantics and rigid designators. Our work is hence founda-
tional, and mainly technical: we establish sound and strongly complete axioma-
tisations and decidability results. However, classical term-modal logics have a
wide range of applications. We will hint at some applications in informal terms
in this introduction, and return to a few of those applications in Section 5.8.

Non-normal attitudes The combination of term-modal logic and neighbor-
hood semantics can be used in the formalisation of non-normal modal attitudes
that play a role in moral reasoning. Take for example the logics of intentions
or desires. We illustrated above that the logic of intentions is non-normal. The
same might be said of the logic of desires. Cohen and Levesque maintain that
it is possible to have conflicting desires [Cohen and Levesque, 1990, p. 218], and
several non-normal logics of desire have been developed [Su et al., 2007; Dubois
et al., 2017].86 Both the notion of desire and the notion of intention depend
on agents, i.e. there is always someone (or something) that intends or desires.

85For indexing with groups of agents in an epistemic context, see also [Naumov and Tao,
2018].

86Though note that Dubois et al. hold that desiring both ϕ and ¬ϕ is seen as irrational
[Dubois et al., 2017, p. 199].
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Naturally, quantification also plays a role here. Consider ‘there is a pilot who
intends to bomb the country’ or ‘all children in the classroom desire candy’.

Conflict-tolerant deontic logic The term-modal deontic logic in Chapter 3
is an extension of the normal modal logic SDL. However, it has been argued
that in the context of normative conflicts a non-normal operator is needed [Van
De Putte et al., 2019]. In particular, in order to invalidate the inference from
�ϕ and �¬ϕ to �ψ, one must either give up classicality, or monotony, or
aggregation (cf. [Van De Putte et al., 2019]). Using neighborhood semantics,
one can study the consequences of the latter two options.87

The advantages that the term-modal machinery brings to SDL apply equally
well to non-normal deontic logics. Taking the term-modal route allows us to ex-
press the richness of quantified deontic statements like ‘no-one is allowed to enter
a house without the owner’s permission’ or ‘only certified medical professionals
are allowed to administer IV’s’. It can also be used to explicate situations where
general rules result into conflicting obligations. Consider for example the rules
‘all teachers must attend the meeting’ and ‘students are not allowed to attend
the meeting’ in a situation where some teachers are also (PhD-)students. Here
one needs both conflict-tolerance and term-modal expressivity to explicate how
one can sensibly reason about the deontic conflict at hand, taking into account
its origin in (seemingly compatible) general deontic rules. Finally, adding a
term-modal operator indexed with a tuple consisting of two elements allows us
to quantify over both the bearers and counterparties of directed obligations.

Logics of action and ability It is commonly agreed that the notion of ability
is not closed under aggregation [Horty and Belnap, 1995]. An agent may for
example have the ability to see her parents at six o’clock, or to have dinner with
her friends at six, but not the ability to do both.88

As we saw in Section 2.6, different authors have combined a personal or
impersonal deontic operator with a modal operator for actions, to represent
ought-to-do’s. Various logics have been proposed for such an action operator,
many of which are non-normal. Note for example Elgesem’s logic of ‘bring it
about’ [Elgesem, 1997], which has ¬2> as a principle and does not validate
monotony. A neighborhood semantics for this logic was given in [Governatori

87There are also other possible motivations for non-normal deontic logics: it has been argued
that necessitation should not be a principle of deontic logic [McNamara, 2019], and Anglberger
et al. developed a non-normal logic for “obligations as weakest permissions” by making use of
neighborhood semantics [Anglberger et al., 2015].

88In coalition logic [Pauly, 2002], the abilities of individual and group agents are formalised,
giving rise to various interactions of the resulting operators. One element that has been absent
from the formal work on coalitional ability is the role that networks play in the coordination
of group actions. The notion of group ability in Pauly’s original coalition logic is very weak,
in that it only requires that there is some combination of actions – one for each member of
the group – that guarantees the proposition at hand. In contrast, one may require that this
group forms a dense network or that there is some agent who coordinates the individuals’
actions. Here, going term-modal gives us the machinery that is required for expressing such
richer notions of coalitional ability.
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and Rotolo, 2005].

Evidence logic There is no immediate link between deontic logic and evi-
dence logic, but we can apply the technical results of the present chapter to
evidence logic as well. Evidence logic was first developed by Van Benthem and
Pacuit in [van Benthem and Pacuit, 2011], they argue that evidence is a non-
normal notion. To model this they employ a modal operator interpreted as ‘the
agent has evidence for’ and provide a neighborhood semantics for this operator.
Building on this, Liu and Lorini [Liu and Lorini, 2016] introduce a modal oper-
ator with two indexes, which is to be read as ‘agent i has evidence in support
of ϕ based on the information provided by agent j’.

Applying the tools of term-modal logics to the framework of Van Benthem
and Pacuit allows one to express claims that connect properties of and relations
between agents to the evidence of those agents. One can e.g. express sentences
such as ‘all reliable researchers have evidence that smoking causes cancer’, or
‘none of a’s friends have any evidence showing that b is unreliable’. If we add
a term-modal operator indexed with a tuple of two elements, then one can
also express sentences such as ‘all the researchers from whom Ann received
evidence that smoking does not cause cancer, are paid by the tobacco industry’
or ‘the detective has evidence that Bob was planning to rob the bank based on
information provided by someone that Bob trusted’.89

Outline of this chapter Section 5.2 introduces the weakest classical term-
modal logic E. We define its language, semantics and give a Hilbert-style ax-
iomatisation. We prove that this axiomatisation is strongly complete in Section
5.3.

Section 5.4 is dedicated to extensions of E with aggregation, monotony, or
both (cf. supra). We define classes of models that correspond to these extensions
and we study their interaction with the Barcan and Converse Barcan Formula.
In Section 5.5 we review some further extensions.

Section 5.6 concerns models with a domain of at most n agents, where n is
a cardinal. These extensions can be seen as explicit, first-order representations
of propositional multi-agent modal logics. In Section 5.7 we consider dyadic
modal logics and in Section 5.8 we discuss some applications in deontic logic of
the technical results in the earlier sections. Section 5.9 summarizes our main
results and discusses topics for future research.

5.2 The classical term-modal logic E

The logics that are presented in this chapter are conservative extensions of
propositional classical modal logics that were mapped out in Chellas’ seminal
[Chellas, 1980]. For the sake of readibility, we will use his nomenclature, though

89A different approach is taken in [Sedlár, 2014, 2016]. Sedlár takes a normal term-modal
logic, but interprets the domain as ranging over (potential) pieces of evidence. Thus he can
express sentences such as ‘there is a strong piece of evidence for ϕ’.
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it should be kept in mind that the logics are defined over a much richer language.
Thus, in this thesis E refers to the weakest classical term-modal logic, M is the
term-modal extension of Chellas’ like named logic, etc.

In this section we introduce the logic E. We start by defining the for-
mal term-modal language of this logic. Then we introduce its semantics and a
Hilbert-style axiomatisation.

5.2.1 Language

Again, let C = {a, b, . . .} be a countable set of constants and V = {x, y, . . .} a
countable set of variables. We let α, β, . . . range over C and ν, ξ, . . . over V . Let
T = C∪V be the set of terms and let θ, κ, . . . be the metavariables ranging over
it. We use θ, κ, . . . to refer to finite tuples of terms. The set of all such finite
tuples is denoted by T and where n ∈ N0, we let Tn denote the set of all n-
tuples of terms. Likewise, we let C (V ) be the set of all finite tuples of constants
(variables) and use α, β, . . . (ν, ξ, . . .) as metavariables for its members. Where
ν = 〈ν1, . . . , νn〉, ∀ν is shorthand for ∀ν1 . . . ∀νn. Finally, for each n ∈ N0, let
Pn be a countable set of n-ary predicate symbols and let P denote the union of
all Pn. Note that our language includes propositional variables, officially these
are the 0-ary predicate symbols.

The formal language LC is defined by the following Backus-Naur form, where
P ∈ Pn, θ ∈ Tn, θ, κ ∈ T , and ν ∈ V :

ϕ ::= > | P (θ) | θ = κ | ¬ϕ | ϕ ∨ ϕ | (∀ν)ϕ | [U]ϕ | �θϕ | >

Beyond the standard first-order predicate language with identity and >,
our language contains two basic novelties. First, for every finite tuple θ of
terms, we have the unary, classical term-modal operator �θ. We refer to Section
5.1 for various interpretations of these operators. Second, we also introduce
the universal modal operator [U]. While it is probably unnecessary for the
purpose of axiomatisation, this operator brings significant expressive power with
it, in line with known results on the universal modality in propositional modal
logic [Goranko and Passy, 1992]. Moreover, as will become clear, the universal
modality does not cause any fundamental issues as regards completeness.90

As before, we take ¬ and ∨ to be primitive; the other Boolean connectives
are defined in the standard way. Additionally, (∃ν)ϕ =df ¬(∀ν)¬ϕ, 3θϕ =df

¬�θ¬ϕ, 〈U〉ϕ =df ¬[U]¬ϕ and ⊥ =df ¬>. We will write θ 6= κ as shorthand for
¬θ = κ.

Free and bound variables are defined as usual, with one addition (cf. Fitting
et al. [Fitting et al., 2001]): the free variables in �θϕ are all free occurrences

of variables in ϕ and, in addition, all the variables that occur in θ. A wff ϕ
is a sentence iff all the variables in ϕ are bound. We use SC for the set of all
sentences in LC .

90We do not explicitly tackle the axiomatisation of the [U]-less fragments of our logics in this
thesis, but in view of our meta-proofs this seems to be mostly analogous to the logics with [U],
but replacing the axiom (REU) with the well-known rule (RE), “replacement of equivalents”.
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5.2.2 Semantics of E

As in TMDL, the models we work with have two domains: the world domain
W that is used to interpret the modal operators, and the agent domain A
of (explicit, object-level) predication and first-order quantification. In what
follows, we use A to refer to the set of all finite tuples of agents. Beside the
world domain and the agent domain, models also consist of two functions defined
over these domains: a neighborhood function and an interpretation function.

For every tuple 〈p1, . . . , pn〉 ∈ A and every state w ∈ W , the function N
specifies a neighborhood X ∈ ℘(℘(W )) of that tuple at w. Focusing on single
terms, N(w, p) can e.g. be the set of propositions that are obligatory for p in
world w.

Fourth and last, as for regular first-order modal logic and TMDL, our mod-
els make use of an interpretation function I that has a double role: for every
term θ ∈ T , I(θ) ∈ A is the agent that corresponds to θ; and for every state
w ∈ W and every n-ary predicate P ∈ P, I specifies which agents satisfy P at
w.

The quantifiers and predicates are interpreted at states w ∈W by reference
to the interpretation function, in line with standard accounts of first-order modal
logic. The interpretation of the modal operators is obtained by a combination
of both I and N . For instance, where I(a) = p, �aϕ is true at w if and only if
the set of worlds at which ϕ is true is a member of the neighborhood N(w, p).

Taking everything together, we obtain the following definitions.

Definition 5.1. An E-model is a tuple M = 〈W,A, N, I〉, where:

1. W 6= ∅ is the world domain of M
2. A 6= ∅ is the agent domain of M
3. N : W ×A → ℘(℘(W )) is the neighborhood function of M
4. I is an interpretation function of M , where

4.1. I : T → A
4.2. I : Pn ×W → ℘(An) for every natural number n ∈ N1.
4.3. I : P0 → ℘(W )

Where θ = 〈θ1, . . . , θn〉 and given some model M = 〈W,A, N, I〉, we will
henceforth use I(θ) as shorthand for the tuple 〈I(θ1), . . . , I(θn)〉. We call
JϕKM =df {w | w ∈W and M,w |= ϕ} the truth set of ϕ.

Definition 5.2. For any ν ∈ V , M ′ = 〈W,A, N, I ′〉 is a ν-alternative of M =
〈W,A, N, I〉 iff I ′ differs at most from I in the member of A that I ′ assigns to
ν.

Definition 5.3 (Semantic Clauses). For any E-model M = 〈W,A, N, I〉 and
w ∈W :

SC1 If P ∈ Pn for a natural number n ∈ N1, then M,w |= P (θ) iff I(θ) ∈
I(P,w)

SC1’ If P ∈ P0, then M,w |= P iff w ∈ I(P )
SC2 M,w |= ¬ϕ iff M,w 6|= ϕ
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SC3 M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
SC4 M,w |= θ = κ iff I(θ) = I(κ)
SC5 M,w |= �θϕ iff JϕKM ∈ N(w, I(θ))
SC6 M,w |= (∀ν)ϕ iff for every ν-alternative M ′: M ′, w |= ϕ
SC7 M,w |= [U]ϕ iff for all w′ ∈W , M,w′ |= ϕ
SC8 M,w |= >.

Semantic consequence and validity are defined in the standard way:

Definition 5.4. Where Γ ⊆ SC and ϕ ∈ SC : ϕ is a semantic consequence of
Γ, Γ E ϕ iff for every E-model M = 〈W,A, N, I〉 and w ∈ W : if M,w |= ψ
for all ψ ∈ Γ, then M,w |= ϕ.

Definition 5.5. Where ϕ ∈ SC : ϕ is valid, E ϕ iff for every E-model M =
〈W,A, N, I〉 and w ∈W : M,w |= ϕ.

In the introduction we considered theorems of normal modal logic that were
problematic for some interpretations of the �-operator. We quickly revisit them
here in order to illustrate our semantics. First, necessitation is invalid in E: it
is not required that W ∈ N(w, I(α)). Second, monotony fails whenever the
neighborhood is not closed under supersets: X ∈ N(w, I(α)) and X ⊆ Y ⊆ W
does not entail Y ∈ N(w, I(α)). Third, aggregation fails for neighborhoods
that are not closed under (binary) intersection. In Sections 5.4 and 5.5 we will
consider various extensions of E that validate some of these principles.

5.2.3 Axiomatisation

A sound and strongly complete axiomatisation of E is obtained by closing a
complete axiomatisation of classical propositional logic (CL) under the axiom
schemata in Table 5.1 and the rules of Table 5.2. Here, ϕ(θ/κ) is the result
of replacing all free occurrences of κ in ϕ by θ, relettering bound variables if
necessary to avoid rendering new occurrences of θ bound in ϕ(θ/κ). ϕ(θ//κ) is
the result of replacing various (not necessarily all or even any) free occurrences
of κ in ϕ by θ, again relettering if necessary [Thomason, 1970, p. 57].

ϕ is an E-theorem (denoted `E ϕ) iff ϕ can be derived from the E-axioms
and rules. ϕ ∈ SC is E-derivable from Γ ⊆ SC (denoted Γ `E ϕ) iff there are
ψ1, . . . , ψn ∈ Γ such that `E (ψ1 ∧ . . . ∧ ψn) → ϕ. From this stipulation, it
follows immediately that `E is compact. We sometimes omit the subscript E
when this cannot cause any confusion.

The principles and rules in Tables 5.1 and 5.2 require some explanation.
Because of the presence of a universal modality we obtain a principle (REU)
that is slightly stronger than the term-modal version of (standard) replacement
of equivalents. Having only this principle for �α gives us the weakest classical
term-modal logic. (UK), (UT), (U5), and the necessitation rule (NEC) together
give us the normal modal logic S5 for [U]. As a result of our use of a constant
domain semantics, the Barcan Formula (in the form of (UBF)) holds for [U].
A principle of necessary distinctness (ND) is also validated by our logic, since
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(REU) (�αϕ ∧ [U](ϕ↔ ψ))→ �αψ
(UK) [U](ϕ→ ψ)→ ([U]ϕ→ [U]ψ)
(UT) [U]ϕ→ ϕ
(U5) 〈U〉ϕ→ [U]〈U〉ϕ

(UBF) (∀ν)[U]ϕ→ [U](∀ν)ϕ)
(UI) (∀ν)ϕ→ ϕ(α/ν)

(REF) α = α
(SUB) (α = β)→ (ϕ→ ϕ(α//β))
(ND) (α 6= β)→ [U](α 6= β)

Table 5.1: Axiom schemata

(MP) if ` ϕ→ ψ and ` ϕ, then ` ψ
(NEC) if ` ϕ, then [U]ϕ
(UG) if ` ϕ→ ψ(α/ν) and α not in ϕ or ψ, then ` ϕ→ (∀ν)ψ.

Table 5.2: Rules

we use terms as rigid designators. The other rules and principles are inherited
from classical first-order logic.

Note that many of the axiom schemes in Table 5.1 can also be be expressed
using a universal quantifier. For example, instead of (REU) we could have
(∀ν)((�νϕ ∧ [U](ϕ ↔ ψ)) → �νψ). The same holds for many of the axiom
schemes that we introduce below. In the presence of (UI) and (UG) these
formulations are equivalent.

The following two theorems will be useful for proofs further on in the chapter.

Theorem 5.1. `E α = β ↔ [U](α = β)

Proof. For left to right, since α = α is a theorem we can use (NEC) to derive
[U](α = α). Using (SUB) and the fact that in CL from ϕ → (ψ → χ) and ψ
it follows that ϕ → χ, we can derive α = β → [U](α = β). The right to left
direction follows immediately from (UT).

As is well-known, the 4-axiom is a theorem for the S5-operator [U]:

Theorem 5.2. `E [U]ϕ→ [U][U]ϕ

5.3 Completeness

In this section we prove strong completeness of E (Theorem 5.3). Our proof
consists in, first, constructing canonical models MΓ relative to specific (satu-
rated) sets of formulas Γ (Definition 5.7), and second, proving a truth lemma for
all models thus constructed (Lemma 5.5). The analogies with the completeness
proof for TMDL in Section 3.3 are obvious.91

91Completeness results for a wide range of first-order non-normal modal logics with neigh-
borhood semantics is already known. For an overview, see [Pacuit, 2017]. The main novelty
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We first define an extended language LC+ in a way analogous to LC , but
with C replaced by C+ = C ∪ {a+

1 , a
+
2 , . . .}. We stipulate that a+

1 , a
+
2 , . . . /∈ C.

SC+ =df {ϕ ∈ LC+ | ϕ is a sentence}. The pseudo-constants a+
1 , a

+
2 , . . . will be

used as witnesses for the negation of universally quantified formulas, following a
well-known technique for building canonical models in first-order logic [Hughes
and Cresswell, 1996]. Technically, if we define the logic over the richer language
LC+, then we obtain a different logic. We will call this logic E+ and we will use
`E+ to denote the consequence relation of E+.

Definition 5.6. Γ ⊆ SC+ is LC+-saturated iff
1. Γ is E+-consistent.
2. for all ϕ ∈ SC+: ϕ ∈ Γ or ¬ϕ ∈ Γ.
3. for all ϕ ∈ SC+ and ν ∈ V : there is an α ∈ C+ such that ϕ(α/ν)→ (∀ν)ϕ ∈

Γ.

If a consistent set of sentences Γ satifies the second condition of Definition
5.6, we call it maximal consistent. If a set of sentences satisfies the third condi-
tion, we call it ω-complete.

The proof of the following lemma is obvious in view of the Lindenbaum
construction, and is left to the reader (see [Fitting, 2007; Hughes and Cresswell,
1996] for examples).

Lemma 5.1. For any set Γ ⊆ SC (respectively, Γ ⊆ SC+), if Γ is consistent,
there is a maximal consistent Γ′ ⊆ SC (respectively, Γ′ ⊆ SC+) such that Γ ⊆ Γ′.

For the proof of the following two lemmas, we assume that all sentences of
S+ of the form (∀ν)ϕ are enumerated in a fixed order (∀ν1)χ1, (∀ν2)χ2, . . .

Lemma 5.2. For any set Γ ⊆ SC : if Γ is consistent then there is an LC+-
saturated set Γ′ ⊆ SC+ such that Γ ⊆ Γ′.

Proof. Suppose Γ ⊆ SC is consistent, and define a sequence of sets as follows:

Γ0 = Γ

Γn+1 = Γn ∪ {χn+1(βn/νn+1)→ (∀νn+1)χn+1}

Where βn is the first element of {a+
1 , a

+
2 , . . .} such that βn does not occur

in Γn or in χn+1. Note that there is always such a βn, since at step n in the
construction we have introduced at most finitely many a+

i .
We prove by induction that Γn is consistent, for all n. The base case is

obvious, as Γ is consistent. For the induction step, suppose that Γn is consistent
and Γn+1 is not. It follows that there are ψ1, . . . , ψk ∈ Γn such that `E+(ψ1 ∧
. . . ∧ ψk) → χn+1(βn/νn+1) and `E+(ψ1 ∧ . . . ∧ ψk) → ¬(∀νn+1)χn+1. By the
construction, βn does not occur in ψ1 ∧ . . . ∧ ψk and not in χn+1. By (UG),
`E+(ψ1 ∧ . . . ∧ ψk) → (∀νn+1)χn+1. Thus Γn is inconsistent. This contradicts
the supposition.

of the completeness proofs in this chapter is that we prove completeness for first-order non-
normal term-modal logics.
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Let Γ∗ be the union of all Γn. Γ∗ is consistent (by the above and the fact
that the logic is compact) and satisfies condition 3 of Definition 5.6. In view of
Lemma 5.1, Γ∗ can be extended to an LC+-saturated set Γ′.

For all Γ ⊆ SC+, we define Γ[U] =df {[U]ϕ | [U]ϕ ∈ Γ} and Γ¬[U] =df {¬[U]ϕ |
¬[U]ϕ ∈ Γ}. Note that for any maximally consistent (and thus also for any
LC+-saturated) sets Γ and ∆: if Γ[U] = ∆[U], then Γ¬[U] = ∆¬[U].

Lemma 5.3 (Existence Lemma). For all Γ ⊆ SC+ and ϕ ∈ SC+: If Γ is
LC+-saturated and [U]ϕ /∈ Γ, then there is an LC+-saturated set Θ such that
Θ[U] = Γ[U] and ϕ /∈ Θ.

Proof. Suppose that Γ is LC+-saturated and [U]ϕ /∈ Γ. First, assume for a con-
tradiction that Γ[U]∪Γ¬[U]∪{¬ϕ} is not consistent. It follows that (?) there is a
finite subset {[U]ψ1, . . . , [U]ψn} of Γ[U] and a finite subset {¬[U]χ1, . . . ,¬[U]χm}
of Γ¬[U] such that

`E+([U]ψ1 ∧ . . . ∧ [U]ψn ∧ ¬[U]χ1 ∧ . . . ∧ ¬[U]χm)→ ϕ. (5.1)

By (NEC) and (UK),

`E+([U][U]ψ1 ∧ . . . ∧ [U][U]ψn ∧ [U]¬[U]χ1 ∧ . . . ∧ [U]¬[U]χm)→ [U]ϕ (5.2)

Since [U]ϕ /∈ Γ and Γ is maximally consistent, ¬[U]ϕ ∈ Γ. Hence,

¬([U][U]ψ1 ∧ . . . ∧ [U][U]ψn ∧ [U]¬[U]χ1 ∧ . . . ∧ [U]¬[U]χm) ∈ Γ (5.3)

By CL,

¬[U][U]ψ1 ∨ . . . ∨ ¬[U][U]ψn ∨ ¬[U]¬[U]χ1 ∨ . . . ∨ ¬[U]¬[U]χm ∈ Γ (5.4)

By Theorem 5.2 and (U5),

¬[U]ψ1 ∨ . . . ∨ ¬[U]ψn ∨ [U]χ1 ∨ . . . ∨ [U]χm ∈ Γ (5.5)

However, this contradicts (?). Hence Γ[U] ∪ Γ¬[U] ∪ {¬ϕ} is consistent.
We now define a sequence of sentences ϕ0, ϕ1, ϕ2, . . . as follows.92 Let ϕ0

be ¬ϕ, and define ϕn+1 as ϕn ∧ (χn+1(αn/νn+1) → (∀νn+1)χn+1), where αn
is the first constant in C+ for which Γ[U] ∪ Γ¬[U] ∪ {ϕn ∧ (χn+1(αn/νn+1) →
(∀νn+1)χn+1)} is consistent.

To prove that there is always such an αn ∈ C+, suppose Γ[U] ∪ Γ¬[U] ∪ {ϕn}
is consistent and assume for a contradiction that there is no such αn. Then for
every α ∈ C+ there is a set of sentences {ψ1, . . . , ψm} ⊆ Γ[U] ∪ Γ¬[U] such that

`E+(ψ1 ∧ . . . ∧ ψm)→ (ϕn → ¬(χn+1(α/νn+1)→ (∀νn+1)χn+1)) (5.6)

92Note that a construction other than the one used for Lemma 5.2 is needed, since Lemma
5.2 concerns Γ ⊆ SC , whereas Lemma 5.3 concerns Γ ⊆ SC+.
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Hence, by (NEC), (UK) and (CL),

`E+([U]ψ1∧. . .∧[U]ψm)→ [U](ϕn → ¬(χn+1(α/νn+1)→ (∀νn+1)χn+1)) (5.7)

holds. Since Γ is LC+-saturated and {ψ1, . . . , ψm} ⊆ Γ[U] ∪ Γ¬[U], it follows by
Theorem 5.2 and (U5) that

[U]ψ1, . . . , [U]ψm ∈ Γ (5.8)

And thus by CL that, for every α ∈ C+:

[U](ϕn → ¬(χn+1(α/νn+1)→ (∀νn+1)χn+1)) ∈ Γ (5.9)

Let ν ∈ V be such that ν does not occur in ϕn or χ. Since Γ is LC+-
saturated, there is an αl ∈ C+ such that

[U](ϕn → (¬χn+1(αl/νn+1)→ (∀νn+1)χn+1))→
(∀ν)[U](ϕn → ¬(χn+1(ν/νn+1)→ (∀νn+1)χn+1)) ∈ Γ

(5.10)

In view of (5.9) and (MP),

(∀ν)[U](ϕn → ¬(χn+1(ν/νn+1)→ (∀νn+1)χn+1)) ∈ Γ (5.11)

and by (UBF),

[U](∀ν)(ϕn → ¬(χn+1(ν/νn+1)→ (∀νn+1)χn+1)) ∈ Γ (5.12)

Since ν does not occur in ϕn, also

[U](ϕn → (∀ν)(¬(χn+1(ν/νn+1)→ (∀νn+1)χn+1))) ∈ Γ (5.13)

However, (∀ν)¬(χn+1(ν/νn+1)→ (∀νn+1)χn+1) is a contradiction, hence [U]¬ϕn ∈
Γ, and [U]¬ϕn ∈ Γ[U] ∪ Γ¬[U]. But then, by (UT), Γ[U] ∪ Γ¬[U] ∪ {ϕn} is incon-
sistent, which contradicts the supposition.

It can easily be observed, in view of our construction, that the set Γ[U] ∪
Γ¬[U]∪{ϕ0, ϕ1, ϕ2, . . .} is ω-complete. In view of Lemma 5.1, it can be extended
to an LC+-saturated set Θ such that Γ[U] ∪ Γ¬[U] ∪ {¬ϕ} ⊆ Θ.

Where Γ ⊆ SC+ is an LC+-saturated set and α ∈ C+, [[α]]Γ stands for {β ∈
C+ | α = β ∈ Γ}. In our construction of the canonical model (Definition 5.7), we
will treat these equivalence classes as agents, giving us agent domain AΓ. Where
α = 〈α1, . . . , αn〉 is a tuple of constants, let [[α]]Γ =df 〈[[α1]]Γ, . . . , [[αn]]Γ〉
denote the corresponding tuple of agents in the canonical model. Finally, we let
AΓ denote the set of all such finite tuples of agents in the canonical model.

In our canonical model construction, the variables are just mapped onto
[[a+

1 ]]Γ. This choice is somewhat arbitrary and does not affect the truth of
closed formulas in the canonical model: what matters is that every variable is
mapped to some object in the constructed agent domain.
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Definition 5.7 (Canonical Model). Where Γ is an LC+-saturated set, the
canonical model MΓ = 〈WΓ,AΓ, NΓ, IΓ〉 is defined as follows:

i. WΓ = {∆ | ∆[U] = Γ[U] and ∆ is LC+-saturated}
ii. AΓ = {[[α]]Γ | α ∈ C+}
iii. For all ∆ ∈WΓ and [[α]]Γ ∈ AΓ: NΓ(∆, [[α]]Γ) = {{Θ | Θ ∈WΓ and ϕ ∈

Θ} | �αϕ ∈ ∆}
iv. IΓ is defined as follows:

iv.1. iv.1.1. for all α ∈ C+: IΓ(α) = [[α]]Γ
iv.1.2. for all ν ∈ V : IΓ(ν) = [[a+

1 ]]Γ
iv.2. for all ∆ ∈WΓ and n ≥ 1: if P ∈ Pn, then IΓ(P,∆) = {[[α]]Γ ∈

AΓ | P (α) ∈ ∆}
iv.3. for all ∆ ∈WΓ and P ∈ P0: IΓ(P ) = {Θ ∈WΓ | P ∈ Θ}

Lemma 5.4. For all LC+-saturated sets Γ, MΓ is an E+-model.

Proof. It sufffices to observe that the conditions 1 and 2 of Definition 5.1 are
fulfilled. Condition 1 holds since Γ ∈WΓ, condition 2 holds since C+ 6= ∅.

Given a canonical model MΓ = 〈WΓ,AΓ, NΓ, IΓ〉 and ϕ ∈ LC+, we will use
|ϕ|Γ to refer to the proof set of ϕ in MΓ, defined as: |ϕ|Γ =df {Θ ∈WΓ | ϕ ∈ Θ}.
As usual, we will sometimes omit Γ when this is clear from the context.

Lemma 5.5 (Truth Lemma). For all Γ ⊆ SC+, ϕ ∈ SC+ and ∆ ∈ WΓ,
MΓ,∆ |= ϕ iff ϕ ∈ ∆. Equivalently, JϕKMΓ = |ϕ|Γ.

Proof. By induction on the complexity of ϕ. The lemma obviously holds for
sentences of the form P (θ), which forms the base case. The cases where ϕ is of
the form ¬ψ or χ ∨ ψ are standard. The case where ϕ is of the form (∀ν)ψ is
analogous to that for the same case in the proof of Lemma 3.8. This leaves us
with three cases.

Case 1: ϕ is of the form α = β. MΓ,∆ |= α = β iff IΓ(α) = IΓ(β) iff
[[α]]Γ = [[β]]Γ (by Definition 5.7iv.1.2.) iff α = β ∈ Γ (by the definition of
[[α]]Γ) iff [U](α = β) ∈ Γ (by Theorem 5.1) iff [U](α = β) ∈ ∆ (since ∆ ∈ WΓ)
iff α = β ∈ ∆ (by Theorem 5.1).

Case 2: ϕ is of the form [U]ψ. For the left to right direction, suppose that
[U]ψ ∈ ∆. Then by Definition 5.7.i., for all Θ ∈WΓ, [U]ψ ∈ Θ. By (UT), for all
Θ ∈ WΓ, ψ ∈ Θ. By the induction hypothesis, for all Θ ∈ WΓ, MΓ,Θ |= ψ. By
Definition 5.3, MΓ,∆ |= [U]ψ and thus ∆ ∈ J[U]ψKMΓ .

For the right to left direction, suppose that [U]ψ /∈ ∆. By Lemma 5.3, there
is an LC+-saturated set Θ such that ψ /∈ Θ and Θ[U] = ∆[U]. By Definition 5.7.i.
(and since ∆ ∈WΓ), Θ[U] = Γ[U] and thus Θ ∈WΓ. By the induction hypothesis,
MΓ,Θ 6|= ψ. Thus, by Definition 5.3, MΓ,∆ 6|= [U]ψ. Hence, ∆ /∈ J[U]ψKMΓ

.
Case 3: ϕ is of the form �αψ. �αψ ∈ ∆ iff (by Definition 5.7.iii) |ψ|Γ ∈

N(∆, [[α]]Γ) iff (by the induction hypothesis) JψKMΓ
∈ N(∆, [[α]]Γ) iff (by Def-

inition 5.7.iv.1.) JψKMΓ ∈ N(∆, IΓ(α)) iff (by Definition 5.3) MΓ,∆ |= �αψ iff
∆ ∈ J�αψKMΓ .

Lemma 5.6. For all Γ ⊆ SC and ϕ ∈ SC: if Γ `E ϕ then Γ `E+ ϕ.
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Proof. Suppose Γ `E+ ϕ. Then there are ψ1, . . . , ψn ∈ Γ such that `E+ (ψ1 ∧
. . . ∧ ψn) → ϕ. Thus, a finite number of E+ axioms/rules is needed to prove
`E+ (ψ1 ∧ . . . ∧ ψn) → ϕ. Every one of these E+ axioms/rules that is not an
E-axiom is an instantiation of one of the schemes in tables 3.2 and 3.3 with
a finite number of α+

1 , . . . , α
+
n ∈ C+ \ C. Since C is countably infinite, these

α+
1 , . . . , α

+
n can be replaced by some α1, . . . , αn ∈ C that do not occur in the

E+-proof, to obtain an E-proof of `E+ (ψ1 ∧ . . . ∧ ψn) → ϕ (this replacement
will not impact the correctness of the proof, since Γ ⊆ S and ϕ ∈ S, i.e. the
constants in C+ \ C do not occur in Γ or ϕ).

Theorem 5.3 (Soundness and Strong Completeness for E). Γ `E ϕ iff Γ E ϕ

Proof. Soundness is a matter of routine, each of the axioms and rules is valid.
For completeness, suppose Γ 0 ϕ. By Lemma 5.6 and contraposition, Γ 0E+ ϕ.
Hence, Γ ∪ {¬ϕ} is E+-consistent. By Lemma 5.2, we can construct an LC+-
saturated set Θ such that Γ ∪ {¬ϕ} ⊆ Θ. By Lemma 5.4, we know that the
canonical model MΘ is an E+-model. By Lemma 5.5, MΘ,Θ |= ϕ iff ϕ ∈ Θ.

Let MΘ
′ be as MΘ except that the interpretation function is restricted to

C.93 Since MΘ is an E+-model, MΘ
′ is an E-model. Since ϕ ∈ L, MΘ

′,Θ |= ϕ
iff ϕ ∈ Θ. Since ϕ /∈ Θ, MΘ,Θ 6|= ϕ. Hence, Γ 1E ϕ.

5.4 Three Basic Extensions

In this section we look at three basic extensions of E, obtained by adding axioms
from the first half of Table 5.3. M is obtained by adding the monotony scheme
(M) to the axiomatisation of E. It is sound and strongly complete with regards
to the class of supplemented E-models (Theorem 5.4). Section 5.4.2 concerns
the logic C, that is obtained by adding the aggregation scheme (C) to E. It
corresponds to the class of E-models that are closed under binary intersection
(Theorem 5.6). Adding both (C) and (M) to E gives us the logic R that is
sound and strongly complete with regards to the class of models that are closed
under binary intersection and under supersets (Theorem 5.8).

name axiom E M C R
(M) �α(ϕ ∧ ψ)→ (�αϕ ∧�αψ) - + - +
(C) (�αϕ ∧�αψ)→ �α(ϕ ∧ ψ) - - + +

(BF) (∀ν)�αϕ→ �α(∀ν)ϕ - - - -
(CBF) �α(∀ν)ϕ→ (∀ν)�αϕ - + - +

Table 5.3: Axiom schemas that take central stage in Section 5.4.

The Barcan Formula and its converse feature prominently in discussions on
first-order modal logic. Their term-modal counterparts (BF) and (CBF) are
valid on relational models with constant domains (see Section 3.5.5). In what

93I.e. for all α ∈ C: I(α) = [[α]]Γ and for all α ∈ C+ \ C, I(α) is not defined.
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follows, we show that (BF) is not valid in any of the four base logics and that
(CBF) is only valid in M and R.

5.4.1 Closure under supersets: M

We first define what it means when we say that a model is supplemented.

Definition 5.8 (Closure under supersets). An E-model M = 〈W,A, N, I〉 is
supplemented iff for all w ∈ W and p ∈ A: if X ∈ N(w, p) and X ⊆ Y ⊆ W ,
then Y ∈ N(w, p).

It can be easily verified that axiom (M) is valid on the class of supplemented
models, and hence M is sound (see for an example [Chellas, 1980, p. 216]). In
order to prove completeness, we first introduce two lemmas and a definition.

Lemma 5.7. `M (�αϕ ∧ [U](ϕ→ ψ))→ �αψ
Proof. By REU and the S5 properties of [U], `M (�αϕ ∧ [U](ϕ → ψ)) →
�α(ϕ ∧ (ϕ→ ψ)). Another application of (REU) gives us `M (�αϕ ∧ [U](ϕ→
ψ))→ �α(ϕ ∧ ψ). By (M), `M (�αϕ ∧ [U](ϕ→ ψ))→ �αψ.

Lemma 5.8 (Strict implication). Let ϕ,ψ ∈ LC+. If |ψ|Γ ⊆ |ϕ|Γ, then for all
Θ ∈WΓ: [U](ψ → ϕ) ∈ Θ.

Proof. Suppose that |ψ|Γ ⊆ |ϕ|Γ and there is a ∆ ∈ WΓ such that [U](ψ →
ϕ) /∈ ∆. By Lemma 5.3, there is an LC+-saturated set Θ such that Θ[U] = ∆[U]

and ψ → ϕ /∈ Θ. Since Θ is saturated, it follows that ψ ∈ Θ and ϕ 6∈ Θ. By
Definition 5.7.i., Θ ∈WΓ and thus it is not the case that |ψ|Γ ⊆ |ϕ|Γ.

Definition 5.9. M⊆ = 〈W,A, N⊆, I〉 is the supplementation of an E-model
M = 〈W,A, N, I〉 iff for all w ∈ W and p ∈ A, N⊆(w, p) = {Y | X ⊆ Y ⊆
W for an X ∈ N(w, p)}.
Theorem 5.4. M is sound and strongly complete with regard to the class of all
supplemented E-models.

Proof. The proof is analogous to the proof of Theorem 5.3, except that we make
use of the supplementation M⊆Γ = 〈WΓ,AΓ, N

⊆
Γ , IΓ〉 of the canonical model

MΓ = 〈WΓ,AΓ, NΓ, IΓ〉. Hence, we have to prove the truth lemma anew for
this supplemented model. All the steps in the proof are just the same as in the
proof of Lemma 5.5, except the left to right direction of the case where ϕ is of
the form �αψ.

Suppose that ϕ ∈ SC+, ∆ ∈ WΓ, [[α]]Γ ∈ AΓ and |ϕ|Γ ∈ N⊆Γ (∆, [[α]]Γ). It
follows that there is a ψ ∈ ∆ such that |ψ|Γ ⊆ |ϕ|Γ and |ψ|Γ ∈ NΓ(∆, [[α]]Γ).
By Definition 5.7.iii., �αψ ∈ ∆ and by Lemma 5.8, [U](ψ → ϕ) ∈ ∆. Hence, by
Lemma 5.7 and the fact that ∆ is maximally consistent, �αϕ ∈ ∆.

As mentioned at the start of this section, (CBF) is valid in M:

Theorem 5.5. (CBF) is a theorem of M.

Proof. Let β be such that it does not occur in �α(∀ν)ϕ. By Lemma 5.7, `M
�α(∀ν)ϕ→ �αϕ(β/ν) . By (UG), `M �α(∀ν)ϕ→ (∀ν)�αϕ.
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5.4.2 Closure under binary intersection: C

Let us first introduce a parametrized notion of closure under intersection, de-
pending on the number of sets that are being intersected. In the remainder, we
use |X| to denote the cardinality of a given set X.

Definition 5.10 (Closure under k intersections). Let k be a cardinal number.
The E-model M = 〈W,A, N, I〉 is closed under k intersections94 iff for any
w ∈ W , p ∈ A and for any collection of sets X ⊆ N(w, p) with |X | ≤ k,⋂
X ∈ N(w, p).

We will say that a model is closed under binary intersections iff it is closed
under k = 2 intersections. It can easily be verified that a model is closed under
n-intersections for any n ∈ N0 (i.e. closed under finite intersections) iff it is
closed under binary intersection.

Definition 5.11 (Closure under arbitrary intersection). The E-model M =
〈W,A, N, I〉 is closed under arbitrary intersections iff for any w ∈ W , p ∈ A
and for any collection of sets X ⊆ N(w, p)

⋂
X ∈ N(w, p).95

It is well-known from the study of propositional classical modal logics that
(C) is valid on the class of E-models that are closed under binary intersections
(see for an example [Chellas, 1980, p. 216]). It immediately follows that (C) is
also valid on E-models that are closed under k intersections for any k ≥ 2 and
on E-models that are closed under arbitrary intersection.

Theorem 5.6. C is sound and strongly complete with respect to the class of all
E-models that are closed under binary intersections.

Proof. The proof is analogous to the proof for Theorem 5.3, with the exception
that we have to prove that the canonical models are closed under binary intersec-
tions. Suppose that ∆ ∈WΓ, [[α]]Γ ∈ AΓ and X,Y ∈ NΓ(∆, [[α]]Γ). By Defini-
tion 5.7.iii., there is a ψ and τ such that X = |ψ|Γ, Y = |τ |Γ and �αψ,�ατ ∈ ∆.
By axiom (C), we have that �α(ψ ∧ τ) ∈ ∆. Hence, by Definition 5.7.iii.,
{Θ | Θ ∈WΓ and ψ ∧ τ ∈ Θ} ∈ NΓ(∆, [[α]]Γ). Thus, X ∩ Y ∈ N(∆, [[α]]Γ).

In line with earlier work, (BF) is not valid in all E-models that are closed
under binary intersections [Pacuit, 2017; Arló-Costa and Pacuit, 2006]. That
is, consider an E-model M = 〈W,A, N, I〉, where W = N0 and where A = {pi |
i ∈ N0}. For all i ∈ N0 and p ∈ A, let N(i, p) = {{k, k + 1, . . .} | k ∈ N0}.
Note that the neighbourhoods are closed under finite intersections. Finally, let
I be such that, for every i, j ∈ N0, I(ai) = pi and pi ∈ I(Q, j) iff j ≥ i. In other
words, the set of worlds where agent ai has property Q is {i, i+ 1, . . .}. A little
reflection shows that this model validates (∀x)�a1

Qx in every world. However,
∅ is not a member of any of the neighbourhoods, and J(∀x)QxKM = ∅, so that
M, i 6|= �a1(∀x)Qx for all i ∈ N0.

94It would be more precise to say ‘closed under less than or equal to k intersections’, however,
for brevity we call this ‘closed under k intersections’.

95The collection of sets X can contain an infinite number of sets.
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Nevertheless, there is a connection between closure under intersection and
the Barcan Formula, as shown by the following theorem and corollary:96

Theorem 5.7. Let M = 〈W,A, N, I〉 and |A| = k. If M is closed under k
intersections, then M validates (BF).

Proof. Suppose the antecedent holds and M,w |= (∀ν)�αϕ. Note that the
set of ν-alternatives of M has at most cardinality k. By Definition 5.3, for
every such ν-alternative M ′, JϕKM ′ ∈ N(w, I(α)). Since M is closed under k
intersections, ∩{JϕKM ′ | M ′ is a ν-alternative of M} ∈ N(w, I(α)). Note that
∩{JϕKM ′ | M ′ is a ν-alternative of M} = J(∀ν)ϕKM . Hence, by Definition 5.3,
M,w |= �α(∀ν)ϕ.

Corollary 5.1. If M is closed under arbitrary intersections, then M validates
(BF).

Corollary 5.1 points to an interesting difference with the propositional case,
where closure under finite intersections and closure under arbitrary intersections
yield the same logic [Pacuit, 2017]. It also raises the question how the logic of
models that are closed under arbitrary intersections is axiomatized. We have
no positive results on this question. In Section 5.6.3, we explain where our
attempts to prove completeness go wrong.

We finish by showing that (CBF) is invalid in C, and hence also in E.
Consider a model with worlds {1, 2, 3} and two agents p, p′. Let N(p, w) =
N(p′, w) = {{2}} for w ∈ {1, 2, 3} and let I(Q, 1) = {p}, I(Q, 2) = {p, p′},
I(Q, 3) = {p′}. Finally, let I(a) = p and I(b) = p′. Note that here, the truth set
of (∀x)Qx equals {2}. Hence, �a(∀x)Qx is true at each world. However, since
neither JQaK = {1, 2} nor JQbK = {2, 3} are members ofN(p, w) for w ∈ {1, 2, 3},
(∀x)�aQx is false at each world.

5.4.3 Closure under supersets and intersection: R

Say a model is regular if and only if it is both closed under binary intersections
and supplemented. Regular models are also known under the name of quasi-
filters [Chellas, 1980, p. 215]. In this section we prove that R, obtained by
adding both (C) and (M) to E, is sound and complete with regards to this class
of models.

Theorem 5.8. R is sound and strongly complete with respect to the class of
regular E-models.

Proof. Let MΓ be the canonical model for R, and let M⊆Γ be its supplementa-

tion. We prove that M⊆Γ is also closed under binary intersection. Suppose that

for some ∆ ∈WΓ and [[α]]Γ ∈ A, X,Y ∈ N⊆Γ (∆, [[α]]Γ). By Definition 5.9, there
are X ′ ⊆ X and Y ′ ⊆ Y such that X ′, Y ′ ∈ NΓ(∆, [[α]]Γ). Since MΓ is closed
under binary intersection, X ′ ∩ Y ′ ∈ NΓ(∆, [[α]]Γ). Since (X ′ ∩ Y ′) ⊆ (X ∩ Y ),

96Our proof is largely analogous to that in [Pacuit, 2017, p. 108].
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X ∩ Y ∈ N⊆Γ (∆, [[α]]Γ). In sum, M⊆Γ is a regular model. The rest of the com-
pleteness proof, including the proof of the truth lemma, is entirely analogous to
the proof of Theorem 5.4.

In view of Section 5.4.1, (CBF) is valid in R. To see that (BF) is invalid in
R, it suffices to take the supplementation of the counterexample to (BF) that we
constructed in Section 5.4.2. For the resulting model it can be shown that it is
equivalent to the original counterexample (since we only added neighbourhoods
that do not correspond to any truth set of a formula). As a corollary, (BF) is
invalid in each of the four base logics from this section.

5.5 Further extensions

In this section we study further extensions of each of the four basic logics E, M,
C, and R. Section 5.5.1 deals with definable conditions on models. In Section
5.5.2 we discuss the well known axiom schemes (D), (T), and (4). Finally,
Section 5.5.3 is concerned with interactions across distinct modal operators.

5.5.1 Definable frame conditions

The treatment of definable conditions on models in this section follows [Van
De Putte and Klein, 2020, pp. 27-29]. Let us start by making the mentioned
notion exact:

Definition 5.12. A formula ϕ defines a condition C on E-models iff for all
E-models M = 〈W,A, N, I〉, M satisfies C iff for all w ∈W , M,w |= ϕ.

Table 5.4 gives ten examples of axioms and the conditions they define.
Adding some of these to one of the four base logics from the previous sec-
tion will lead to systems that are well-known. For example, adding (N) for a
given constant a to R will ensure that �a is a normal modal operator.

Note that the first four conditions in Table 5.4 are stated for specific tuples
α; so we can e.g. characterize a logic of models in which only agent a satis-
fies condition (N), or only agents a1 up to an satisfy the condition (P). The
conditions refer to the interpretation function I of the model, since that inter-
pretation function singles out the object that corresponds to the given constant
in the model at hand.

Generalizing these conditions to all tuples of a given size n, we obtain frame
conditions (Nn)-(NPn) in Table 5.4. Here, (∀x1 . . . xn) abbreviates the expected
list of n quantifiers over x1, . . . , xn respectively. These are genuine frame condi-
tions, as they do not refer to the interpretation function of the model at hand.
Note that here, the quantification over the indexes of operators allows us to
characterize each of the conditions by a single formula, rather than in terms of
an axiom schema.

The final two conditions, (F≥n) and (F≤n), are inspired by [Occhipinti Liber-
man et al., 2020]. These conditions express that there are at most, respectively
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at least n agents. (F≤n) will play a prominent role in Section 5.6. Also here
we use (∃x1 . . . xn) as shorthand for the existential quantification over the men-
tioned variables.

name axiom condition
(N) �α> W ∈ N(w, I(α))
(P) 3α> ∅ /∈ N(w, I(α))
(NN) ¬�α> W /∈ N(w, I(α))
(NP) �α¬> ∅ ∈ N(w, I(α))
(Nn) (∀x1 . . . xn)�〈x1,...,xn〉> W ∈ N(w, 〈p1, . . . , pn〉)
(Pn) (∀x1 . . . xn)3〈x1,...,xn〉> ∅ 6∈ N(w, 〈p1, . . . , pn〉)
(NNn) (∀x1 . . . xn)¬�〈x1,...,xn〉> W 6∈ N(w, 〈p1, . . . , pn〉)
(NPn) (∀x1 . . . xn)¬3〈x1,...,xn〉> ∅ ∈ N(w, 〈p1, . . . , pn〉)
(F≥n) (∃x1 . . . xn)(

∧
i,j≤n,i 6=j xi 6= xj) |A| ≥ n

(F≤n) (∃x1 . . . xn)(∀y)(
∨
i≤n y = xi) |A| ≤ n

Table 5.4: Definable semantic conditions and corresponding axioms. In the first
four conditions, α denotes a fixed member of C. In the next four conditions, n
is fixed but we implicitly quantify over all tuples 〈p1, . . . , pn〉.

Obviously, the combination of some of the principles in Table 5.4, such as (N)
and (NN), or (P) and (NP), leads to triviality. The corresponding conditions on
models are also incompatible. Keeping this in mind, we do have the following
result.

Theorem 5.9. Let C1, C2, . . . be definable conditions on models and let ϕ1, ϕ2, . . .
be the formulas that define them. Then a sound and strongly complete axioma-
tisation for the class of all (supplemented/binary intersective/regular) E-models
that satisfy C1, C2, . . . is obtained by adding ϕ1, ϕ2, . . . to the axiom schemes of
E (C/M/R).

Proof. Soundness is routine. For strong completeness, note that every ∆ ∈
WΓ contains all instances of ϕ1, ϕ2, . . .. Hence, every world in the canonical
model makes all instances of ϕ1, ϕ2, . . . true, as does the supplementation of the
canonical model. Since these formulas define C1, C2, . . ., the canonical model
and its supplementation both satisfy C1, C2, . . . (cf. [Van De Putte and Klein,
2020, p. 29]).

5.5.2 Other unimodal axioms

In this section we discuss the axiom schemes (D), (T), and (4). Table 5.5
represents these schemes and the associated semantic conditions.

Again, we have two variants of each condition: one that is constant-specific
and refers to the interpretation function of the model; another that is generic
and refers only to the frame. We will focus on proving completeness for the
constant-specific variants; completeness for the other ones follows from a similar
line of reasoning, but using an arbitrary tuple.
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name axiom / condition
(D) �αϕ→ 3αϕ
(d) if X ∈ N(w, I(α)), then W \X /∈ N(w, I(α))
(T) �αϕ→ ϕ
(t) if X ∈ N(w, I(α)), then w ∈ X
(4) �αϕ→ �α�αϕ
(iv) if X ∈ N(w, I(α)), then {w′ ∈W | X ∈ N(w′, I(α))} ∈ N(w, p)

(Dn) (∀x1 . . . xn)(�〈x1,...,xn〉ϕ→ 3〈x1,...,xn〉ϕ)
(dn) if X ∈ N(w, 〈p1, . . . , pn〉), then W \X /∈ N(w, 〈p1, . . . , pn〉)
(Tn) (∀x1 . . . xn)(�〈x1,...,xn〉ϕ→ ϕ)
(tn) if X ∈ N(w, 〈p1, . . . , pn〉), then w ∈ X
(4n) (∀x1 . . . xn)(�〈x1,...,xn〉ϕ→ �〈x1,...,xn〉�〈x1,...,xn〉ϕ)
(ivn) if X ∈ N(w, 〈p1, . . . , pn〉), then {w′ ∈W | X ∈ N(w′, 〈p1, . . . , pn〉)} ∈

N(w, p)

Table 5.5: The axiom schemes (D), (T) and (4), and their generalized variants.
Similar remarks apply as for Table 5.4.

Theorem 5.10. A sound and strongly complete axiomatisation for the class of
E-models (that are supplemented / closed under binary intersection / regular)
satisfying (d) is obtained by adding (D) to the axiomatisation of E (M/C/R).

Proof. It suffices to prove that both the canonical model and its supplementation
satisfy (d) if the L+-saturated sets in WΓ are closed under (D). We first prove
this for the canonical model, MΓ.

Suppose that X ∈ NΓ(∆, [[α]]Γ). Then, by Definition 3.7, there is a ϕ such
that �αϕ ∈ ∆ and X = |ϕ|Γ. By (D), ¬�α¬ϕ ∈ ∆. Since ∆ is maximally
consistent, �α¬ϕ /∈ ∆. And since |¬ϕ|Γ = (W \X), W \X /∈ NΓ(∆, [[α]]Γ).

Now consider M⊆Γ , the supplementation of the canonical model. Suppose

that X ∈ N⊆Γ (∆, [[α]]Γ). Then there is a Y ⊆ X such that for some ϕ ∈ L+,
Y = |ϕ|Γ and �αϕ ∈ ∆. Towards a contradiction, suppose that W \ X ∈
N⊆Γ (∆, [[α]]Γ). Then there is a Z ⊆ (W \ X) such that for some ψ ∈ L+,
Z = |ψ|Γ and �αψ ∈ ∆. Since |ψ|Γ ⊆ (W \ X) and |ϕ|Γ ⊆ X, it follows
that |ψ|Γ ⊆ |¬ϕ|Γ. By Lemma 5.8 [U](ψ → ¬ϕ) ∈ ∆ and hence by Lemma
5.7, �α¬ϕ ∈ ∆. By (D) and the definition of 3α, ¬�αϕ ∈ ∆. However, this
contradicts �αϕ ∈ ∆.

Theorem 5.11. A sound and strongly complete axiomatisation for the class of
E-models (that are supplemented / closed under binary intersection / regular)
satisfying (t) is obtained by adding (T) to the axiomatisation of E (M/C/R).

Proof. It suffices to prove that the canonical model construction from Section
5.4 and its supplementation both satisfy (t) if the L+-saturated sets in WΓ are
closed under (T). We first prove this for the system E + T.

Suppose that X ∈ NΓ(∆, [[α]]Γ). Then there is a ϕ such that X = |ϕ|Γ and
�αϕ ∈ ∆. By (T), ϕ ∈ ∆ and thus ∆ ∈ X.
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By the same argument, the canonical model for C + T satisfies condition
(t). Finally, note that closure under supersets preserves condition (t). Thus,
the supplementation of the canonical models for M + T and R + T also satisfy
(t).

Theorem 5.12. A sound and strongly complete axiomatisation for the class of
E-models (that are supplemented / closed under binary intersection / regular)
satisfying (iv) is obtained by adding (4) to the axiomatisation of E (M/C/R).

Proof. It suffices to prove that both the canonical model and its supplementation
satisfy (iv) if the L+-saturated sets in WΓ are closed under (4). We first prove
this for the system E + 4.

Suppose that X ∈ NΓ(∆, [[α]]Γ). Then there is a ϕ such that X = |ϕ|Γ and
�αϕ ∈ ∆. By (4), �α�αϕ ∈ ∆ and thus |�αϕ|Γ ∈ NΓ(∆, [[α]]Γ. By Definition
3.7, |�αϕ|Γ = {Θ ∈ WΓ | |ϕ|Γ ∈ NΓ(Θ, [[α]]Γ)}. Thus, since |ϕ|Γ = X, {Θ ∈
WΓ | X ∈ NΓ(Θ, [[α]]Γ)} ∈ NΓ(∆, [[α]]Γ).

Now consider the supplementation of the canonical model, M⊆Γ , that we con-
structed to prove completeness for M, resp. R. Suppose that X ∈ NΓ(∆, [[α]]Γ).
Then there is a ϕ such that |ϕ|Γ ⊆ X and �αϕ ∈ ∆. By reasoning analogous to
that above, we conclude that {Θ ∈ WΓ | |ϕ|Γ ∈ NΓ(Θ, [[α]]Γ)} ∈ NΓ(∆, [[α]]Γ).
Since |ϕ|Γ ⊆ X andMΓ is supplemented, for all Θ such that |ϕ|Γ ∈ NΓ(Θ, [[α]]Γ),
it holds that X ∈ NΓ(Θ, [[α]]Γ). Hence, {Θ ∈ WΓ | |ϕ|Γ ∈ NΓ(Θ, [[α]]Γ)} ⊆
{Θ ∈WΓ | X ∈ NΓ(Θ, [[α]]Γ)}. Since NΓ(∆, [[α]]Γ) is closed under supersets, it
follows that {Θ ∈WΓ | X ∈ NΓ(Θ, [[α]]Γ)} ∈ NΓ(∆, [[α]]Γ).

Note that the above proofs are completely modular. That is, since we did
not have to make any adjustments to the canonical models for E and C, nor to
the supplemented canonical models of M and R, it can easily be observed that
we also obtain soundness and completeness results for all possible combinations
of these axiom schemata over the four base logics (see Theorem 5.14 below).

This strategy does not work for just any frame condition or axiom. Consider
this term-modal version of the well-known axiom (5):

3αϕ→ �α3αϕ (5)

and the corresponding frame condition:

if X /∈ N(w, I(α)), then {w′ ∈W | X /∈ N(w′, I(α))} ∈ N(w, I(α))

One way to prove completeness for the logic E + 5 is by enriching the neigh-
borhoods NΓ(w, I(α)), adding all X ⊆WΓ that do not correspond to any proof
set [Chellas, 1980, p. 263]. However, such tinkering with the canonical model
interferes with our proof for other conditions such as (d) or (iv).
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5.5.3 Interaction principles

Given the presence of agents in the object language, one obvious further type
of extensions consists in imposing specific interactions on the neighborhoods of
(tuples of) agents. Table 5.6 gives five examples of such interaction principles,
and spells out the corresponding axioms.

These principles have different possible applications. (BO) and (BT) are
plausible in the context of deontic or evidence logic (note that (BO) corresponds
to (DP)). Moreover, in the context of deontic reasoning, (BD) expresses that
one agent’s obligations cannot contradict another agent’s obligations. Note
furthermore that axiom (D) is a variant of (BD), where p2 is replaced by p1.

Completeness results for extensions of E (M/C/R) with one of the condi-
tions in Table 5.6 are given below.

Theorem 5.13. A sound and strongly complete axiomatisation for the class of
E-models (that are supplemented / closed under binary intersection / regular)
satisfying one of the conditions from Table 5.6 is obtained by adding the axiom
that corresponds to this condition to the axiomatisation of E (M/C/R).

Proof. It suffices to prove each time that the canonical model construction (or
its supplementation) satisfies the condition. We prove this for the condition
(bo). In view of this proof, the proofs for the other conditions in Table 5.6 are
safely left to the reader.

We first prove that the canonical model MΓ satisfies (bo). Suppose X ∈
NΓ(∆, 〈[[α]]Γ, [[β]]Γ〉). By Definition 5.7, there is a ϕ such that �〈α,β〉ϕ ∈ ∆ and
X = |ϕ|Γ. By (BO), (UI) and (UG), �〈α〉ϕ ∈ ∆. Hence, X ∈ N(∆, 〈[[α]]Γ〉).

Now consider M⊆Γ , the supplementation of the canonical model. Suppose

that X ∈ N⊆Γ (∆, 〈[[α]]Γ, [[β]]Γ〉). Then there is a Y ⊆ X such that for some ϕ ∈
L+, Y = |ϕ|Γ and �〈α,β〉ϕ ∈ ∆. By (BO), (UI) and (UG), �〈α〉ϕ ∈ ∆. Towards

a contradiction, suppose that X /∈ N⊆Γ (∆, 〈[[α]]Γ〉). Since M⊆Γ is supplemented,

Y /∈ N⊆Γ (∆, 〈[[α]]Γ〉) and �〈α〉ϕ /∈ ∆.

Again, since no changes to the canonical models or their supplementations
are required, all completeness results here are entirely modular.97 All in all,
this shows that our completeness results extend to every possible combination
of the discussed axioms resp. semantic conditions (Theorem 5.14).

Theorem 5.14. A sound and strongly complete axiomatisation for a non-empty
class of E-models (that are supplemented / closed under binary intersection /
regular) satisfying any combination of the conditions from Tables 5.4, 5.5 and
5.6 is obtained by adding the axioms that correspond to these conditions to the
axiomatisation of E (M/C/R).

97Moreover, one can easily come up with different variations on these interaction principles,
and obtain completeness results for the resulting logics.
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name axiom / condition
(i1) if X1 ∈ N(w, I(α1)), . . ., and Xn ∈ N(w, I(αn)), then

X1 ∩ . . . ∩Xn ∈ N(w, I(β))
(I1) (�α1

ϕ1 ∧ . . . ∧�αn
ϕn)→ �β(ϕ1 ∧ . . . ∧ ϕn)

(i2) if X1 ∈ N(w, I(α1)), . . ., and Xn ∈ N(w, I(αn)), then

W \ (X1 ∩ . . . ∩Xn) 6∈ N(w, I(β))
(I2) (�α1ϕ1 ∧ . . . ∧�αnϕn)→ 3β(ϕ1 ∧ . . . ∧ ϕn)

(bo) if X ∈ N(w, 〈p1, p2〉), then X ∈ N(w, 〈p1〉)
(BO) (∀x)(∀y)(�〈x,y〉ϕ→ �〈x〉ϕ)
(bt) if X ∈ N(w, 〈p1, p2〉), then X ∈ N(w, 〈p2〉)
(BT) (∀x)(∀y)(�〈x,y〉ϕ→ �〈y〉ϕ)
(bd) if X ∈ N(w, 〈p1〉), then W \X /∈ N(w, 〈p2〉)
(BD) (∀x)(∀y)(�〈x〉ϕ→ 3〈y〉ϕ)

Table 5.6: Interactions between tuples of agents and the corresponding axioms.

5.6 Finite agent domains

In Section 5.5.1 we introduced the frame condition (F≤n) that imposes an agent
domain of at most cardinality n (for a finite n). In this section we dive deeper
into the logics that result from imposing this condition on the four base logics
from Section 5.4.

Let us first disambiguate between two types of finiteness. A model is agent-
finite iff the agent domain of the model is finite and a model is world-finite iff the
world domain of the model is finite. We say that a model is finite iff it is both
agent-finite and world-finite. In what follows we first discuss the behaviour of
(BF) on models with an agent domain of cardinality at most n (Section 5.6.1),
before turning to the finite model property and decidability (Section 5.6.2).
In Section 5.6.3 we will comment on the fact that, although we have given a
completeness proof of C in Section 5.4.2, and have seen in Section 5.6.1 that
C + F≤n validates (BF), we do not have a completeness-proof for C + BF.

5.6.1 The Barcan formula and agent-finite models

The closure under binary intersection of the models that validate (F≤n) gives
us the Barcan Formula for free. The following is a corollary of Theorem 5.7:

Corollary 5.2. Agent-finite E-models that are closed under binary intersection
validate (BF).

Thus, (BF) is valid on the class of models where |A| ≤ n and that are closed
under binary intersection. Since we know that C + F≤n is complete with regards
to this class of models (Theorem 5.9), (BF) must be a theorem of C + F≤n.

Theorem 5.15. `C+F≤n
(∀ν)(�αϕ)→ �α(∀ν)ϕ
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Proof. This follows by completeness, but let us give the syntactic proof by way
of illustration. Suppose that

(∀ν)�αϕ (5.14)

Let a1, . . . , an ∈ C be such that none of these constants occur in �α(∀ν)ϕ.
Suppose furthermore that

(∀y)
∨
i≤n

y = ai (5.15)

By 5.15 and Theorem 5.1, (∀y)
∨
i≤n[U]y = ai. By the S5 properties of [U],

(∀y)[U](
∨
i≤n y = ai). By UBF,

[U](∀y)
∨
i≤n

y = ai (5.16)

By (5.14), (UI) and CL,
∧
i≤n�αϕ(ai/ν). By (C),

�α
∧
i≤n

ϕ(ai/ν) (5.17)

By (REU) and (C), �α(
∧
i≤n ϕ(ai/ν) ∧ ∀y

∨
i≤n y = ai). By (REU) and the

fact that

`E [U](
∧
i≤n

ϕ(ai/ν) ∧ (∀y)
∨
i≤n

y = ai)↔ ((∀ν)ϕ ∧ (∀y)
∨
i≤n

y = ai) (5.18)

it follows that �α((∀ν)ϕ ∧ (∀y)
∨
i≤n y = ai). By (REU) and (5.16), �α(∀ν)ϕ.

Since this was derived on the hypotheses (5.14) and (5.15),

`C+F≤n
(∀ν)(�αϕ ∧ (∀y)

∨
i≤n

y = ai)→ �α(∀ν)ϕ (5.19)

By CL, `C+F≤n
((∀ν)�αϕ ∧ ¬�α(∀ν)ϕ) → ¬(∀y)

∨
i≤n y = ai. By (UG) and

the fact that none of the constants ai occur in the antecedent,

`C+F≤n
((∀ν)�αϕ ∧ ¬�α(∀ν)ϕ)→ (∀x1 . . . xn)¬(∀y)

∨
i≤n

y = xi (5.20)

By (F≤n) and CL, `C+F≤n
¬((∀ν)�αϕ ∧ ¬�α(∀ν)ϕ). By CL, `C+F≤n

(∀ν)�αϕ→ �α(∀ν)ϕ.

5.6.2 The finite model property and decidability

Although E itself is not decidable,98 the logics obtained by adding (F≤n) to any
of E, M, C, or R are all decidable.99 To prove this we first define filtrations of

98E is an extension of first-order logic, which is undecidable. Hence, E is undecidable. See
also [Occhipinti Liberman et al., 2020, p. 24].

99We are not the first to prove decidability results for fragments of term-modal logic. For
example, Padmanabha and Ramanujam have proven decidability of the monodic and two-
variable fragments [Padmanabha and Ramanujam, 2019c,a], and Orlandelli and Corsi prove
the decidability of two other fragments [Orlandelli and Corsi, 2017]. For a short overview, see
[Occhipinti Liberman et al., 2020, p. 24].
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E-models, show some salient properties of these filtrations, and then establish
the finite model property.100

Definition 5.13 (Equivalence classes). Let M = 〈W,A, N, I〉 be an E-model
and Γ ⊆ S. Then for any w ∈ W , [w]Γ =df {w′ ∈ W | for all ϕ ∈ Γ : M,w |=
ϕ iff M,w′ |= ϕ}. We call [w]Γ the equivalence class of w under Γ.

Definition 5.14 (Filtration). Let M = 〈W,A, N, I〉 be an E-model and let
Γ ⊆ S be closed under subformulas. Then a filtration of M through Γ is a
model Mf

Γ = 〈W f
Γ ,A

f
Γ, N

f
Γ , I

f
Γ〉 such that

1. W f
Γ = {[w]Γ | w ∈W}

2. AfΓ = A
3. For every w ∈ W and �αϕ ∈ Γ, JϕKM ∈ N(w, I(α)) iff {[w′]Γ | w′ ∈

JϕKM} ∈ Nf
Γ ([w]Γ, I(α)).

4. IfΓ is an interpretation function such that:

4.1. For all θ ∈ T that occur in Γ, IfΓ(θ) = I(θ)

4.2. For all P ∈ Pn (where n 6= 0) that occur in Γ and [w]Γ ∈W f
Γ , IfΓ(P, [w]Γ) =

I(P,w)

4.3. For all P ∈ P0 that occur in Γ and [w]Γ ∈W f
Γ , [w]Γ ∈ IfΓ(P ) iff w ∈ I(P ).

Note that a filtration does not change A. This is as intended: since we are
concerned with the decidability of logics with (F≤n) as an axiom, A is already
finite in the models that we consider. Theorem 5.16 shows that if Γ is moreover
finite, then a filtration through Γ is a world-finite E-model.

Theorem 5.16. Let Mf
Γ = 〈W f

Γ ,A
f
Γ, N

f
Γ , I

f
Γ〉 be a filtration of an E-model

M = 〈W,A, N, I〉 through a non-empty, finite, subformula-closed set of formulas

Γ. Then W f
Γ is finite.

Proof. If k is the number of sentences in Γ, then, by Definition 5.14, W f
Γ is at

most of size 2k (since there are at most 2k ways in which worlds can agree on

the sentences in Γ). Hence, if k is finite, then W f
Γ is finite. It is easily seen that

every filtration of an E-model satisfies all the conditions of Definition 5.1 and
is thus an E-model.

We show that a world in a model and its equivalence class in a filtration
of the model through Γ agree on every sentence in Γ. In preparation, we note
a property that follows immediately from the semantic clause for the universal
quantifier.101

100For the use of filtrations in proving decidability for propositional classical modal logic
see [Chellas, 1980; Pacuit, 2017] and for decidability of finite normal term-modal logics, see
[Occhipinti Liberman et al., 2020]. To the best of our knowledge, this is the first elaborate
proof of decidability via the finite model property, for term modal logics that set a bound n
on the number of agents.
101Recall from Section 5.2 that ϕ(θ/κ) is the result of replacing all free occurrences of κ in ϕ

by θ, relettering bound variables if necessary to avoid rendering new occurrences of θ bound
in ϕ(θ/κ).
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Lemma 5.9. Where M = 〈W,A, N, I〉 is an E-model and w ∈ W : for all ϕ
and all ν, ξ, M,w |= (∀ξ)ϕ iff M,w |= (∀ν)(ϕ(ν/ξ)).

Theorem 5.17. Let M = 〈W,A, N, I〉 be an E-model, let Γ be a non-empty,
subformula-closed set, and let ν be a variable that occurs in Γ. Let M∗ be a
ν-alternative of M and let M∗fΓ = 〈W ∗fΓ ,A∗fΓ , N∗fΓ , I∗fΓ 〉 be a filtration of M∗

through Γ. Then, for all ϕ ∈ Γ and w ∈W : M∗, w |= ϕ iff M∗fΓ , [w]Γ |= ϕ.

Proof. The proof proceeds by induction on formula complexity (cf. [Pacuit,
2017, p. 70] for a propositional variant). The base cases and the cases for
the boolean connectives are straightforward adaptations of the propositional
analogue. We only consider the cases where ϕ is of the form (∀ξ)ψ or of the
form �αψ.

First, suppose that ϕ is of the form (∀ξ)ψ. For the left to right direc-
tion, suppose M∗, w |= (∀ξ)ψ. By Lemma 5.9, M∗, w |= (∀ν)ψ(ν/ξ). Let

M†fΓ = 〈W †fΓ ,A†fΓ , N†fΓ , I†fΓ 〉 be an arbitrary ν-alternative of M∗fΓ . Let M† =
〈W,A, N, I†〉, where I† differs from I at most in the interpretation of ν, with

I†(ν) = I†fΓ (ν). Then clearly, M† is a ν-alternative of M and hence also of M∗.

By Definition 5.14 and since M∗fΓ is a filtration of M∗, M†fΓ is a filtration of

M†. To see why this holds, note that W †fΓ = W ∗fΓ = W f
Γ (cf. Definition 5.14),

A†fΓ = A∗fΓ = A, and N†fΓ = N∗fΓ . Note also that N∗fΓ satisfies Definition 5.14.3

(as N∗ = N). Finally, note that I†fΓ agrees with I† on the value of ν, and with

I∗fΓ (and hence also with I†fΓ ) on all other variables, constants and predicates
that occur in Γ.

By the semantic clause for (∀ν), M†, w |= ψ(ν/ξ). By the induction hy-

pothesis and since M† is a ν-alternative of M , M†fΓ , [w]Γ |= ψ(ν/ξ). Since

M†fΓ was an arbitrary ν-alternative of M∗fΓ and by the semantic clause for (∀ν),

M∗fΓ , w |= (∀ν)ψ(ν/ξ). By Lemma 5.9, M∗fΓ , w |= (∀ξ)ψ.

For right to left, suppose M∗fΓ , [w]Γ |= (∀ξ)ψ. By Lemma 5.9, M∗fΓ , [w]Γ |=
(∀ν)ψ(ν/ξ). Let M† = 〈W,A, N, I†〉 be an arbitrary ν-alternative of M∗, and

hence also of M . Let M†fΓ = 〈W ∗fΓ ,A∗fΓ , N∗fΓ , I†fΓ 〉 be such that I†fΓ differs from

I∗fΓ at most in the value of ν, with I†fΓ (ν) = I†(ν). By Definition 5.14 and

since M∗fΓ is a filtration of M∗, it can again be checked (by a similar argument

to the one two paragraphs up) that M†fΓ is a filtration of M†. Moreover, in

view of its definition, M†fΓ is a ν-variant of M∗fΓ . By the semantic clause for

(∀ν), M†fΓ , [w]Γ |= ψ(ν/ξ). By the induction hypothesis and since M† is a ν-
alternative of M , M†, w |= ψ(ν/ξ). Since M† was an arbitrary ν-alternative of
M∗ and by the semantic clause for (∀ν), M∗, w |= (∀ν)ψ(ν/ξ). By Lemma 5.9,
M∗, w |= (∀ξ)ψ.

Finally, we consider the case where ϕ is of the form �αψ. Since Γ is closed
under subformulas, ψ ∈ Γ. By the induction hypothesis, {[w]Γ ∈ W f

Γ | w ∈
JψKM∗} = JψKM∗fΓ

. Hence, by the definition of a filtration, M∗, w |= �αψ iff

{[w′]Γ ∈ W f
Γ | w′ ∈ JψKM∗} ∈ Nf

Γ ([w]Γ, I
∗(α)). By the induction hypothesis,

JψKM∗fΓ
∈ Nf

Γ ([w]Γ, I
∗(α)) and thus M∗fΓ , [w]Γ |= �αψ.
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Definition 5.14 does not define a unique filtration. In particular, Definition
5.14.3 only imposes a constraint on the neighborhood function Nf

Γ in terms

of formulas �αϕ ∈ Γ. For sets X ⊆ W f
Γ that are not correlated with some

formula ϕ ∈ Γ, the definition leaves it open whether we include those X in some
neighborhoods or not. We now define the minimal filtration of a model, as the
model in which the neighborhoods are the minimal ones that satisfy Definition
5.14. Such minimal filtrations are also known as finest filtrations [Chellas, 1980,
p. 227].

Definition 5.15 (Minimal filtration). Mm
Γ = 〈W f

Γ ,A
f
Γ, N

m
Γ , I

f
Γ〉 is the minimal

filtration of a model M = 〈W,A, N, I〉 through Γ iff Mm
Γ is a filtration of M

through Γ and for all [w]Γ ∈ W f
Γ and α ∈ C, Nm

Γ ([w]Γ, I(α)) = {{[w]Γ | w ∈
JϕKM} | JϕKM ∈ N(w, I(α)) and �αϕ ∈ Γ}

Theorem 5.18 (Finite model property). If 0E+F≤n
ϕ, then there is a finite

E + F≤n-model M = 〈W,A, N, I〉 and a w ∈W such that M,w 6|= ϕ.

Proof. Suppose 0E+F≤n
ϕ. By the completeness of E + F≤n there is an E + F≤n-

model M = 〈W,A, N, I〉 and a w ∈ W such that M,w 6|= ϕ. Let Mm
Γ =

〈W f
Γ ,A

f
Γ, N

m
Γ , I

f
Γ〉 be the minimal filtration of M through the set Γ consisting

of ϕ and the subformulas of ϕ.
Note that A is at most of size n, since (F≤n) defines this property (cf.

Theorem 5.9 and Table 5.4). By the definition of a filtration (Definition 5.14),

AfΓ is finite and at most of size n. Since ϕ is of a finite length, Γ is finite. By

Theorem 5.16, W f
Γ is finite. By Theorem 5.16, Mm

Γ is an E-model. SinceAfΓ is at
most of size n, Mm

Γ is an E + F≤n-model. By Theorem 5.17, Mm
Γ , [w]Γ 6|= ϕ.

Theorem 5.19 (Decidability). E + F≤n is decidable.102

Proof. Let ϕ ∈ LC . Since E + F≤n is axiomatizable, there is a positive test for
theoremhood. Since E + F≤n is complete, ϕ is a theorem iff ϕ is valid. If ϕ is
valid, then every E + F≤n-model satisfies ϕ. If ϕ is not valid, then there is a
finite E + F≤n-model M = 〈W,A, N, I〉 and a w ∈ W such that M,w 6|= ϕ (by
Theorem 5.18). Since the cardinality of this model’s world domain is a function
of the number of symbols in ϕ and the size of the model’s agent domain is at
most n, there is only a finite number of finite models that need to be checked to
check the validity of ϕ. Thus, there is also a negative test for theoremhood.

To prove decidability for M + F≤n, C + F≤n and R + F≤n, we need to
change the proof above. The problem is that the minimal filtration does not
preserve the required properties of the models, i.c. closure under intersections
and supersets. To remedy this, we prove that the supplementation, intersection
closure and regularisation of the minimal filtration are themselves filtrations for
the relevant kinds of models.103

102I.e. for every ϕ ∈ LC , there is a finitary method for deciding whether or not it is a theorem.
See [Chellas, 1980, p. 62] for this definition of decidability and a more extensive discussion of
decidability of (propositional) modal logic.
103See Definition 5.9 in Section 5.1 for the definition of supplementation.
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Definition 5.16. M∩ = 〈W,A, N∩, I〉 is the closure under binary intersections
of an E-model M = 〈W,A, N, I〉 iff for all w ∈ W and p ∈ A, N∩(w, p) is the
closure of N(w, p) under binary intersections.

Definition 5.17. M∩⊆ = 〈W,A, N∩⊆, I〉 is the regularisation of an E-model
M = 〈W,A, N, I〉 iff M∩⊆ is the supplementation of M∩.

Theorem 5.20. Let Mm
Γ be the minimal filtration of an E + F≤n-model M

through the subformula closed set of sentences Γ. Let Mm⊆
Γ be the supplemen-

tation of Mm
Γ , Mm∩

Γ the closure under binary intersection of Mm
Γ and Mm∩⊆

Γ

the regularisation of Mm
Γ . Then:

(1.) If M is supplemented, then Mm⊆
Γ is a filtration of M through Γ.

(2.) If M is closed under binary intersection, then Mm∩
Γ is a filtration of M

through Γ.
(3.) If M is a regular model, then Mm∩⊆

Γ is a filtration of M through Γ.

Proof. For (1.) it is sufficient to prove that for every w ∈ W and �αϕ ∈ Γ,

JϕKM ∈ N(w, I(α)) iff {[w′]Γ | w′ ∈ JϕKM} ∈ Nf⊆
Γ ([w]Γ, I(α)). Left to right is

trivial, since JϕKM ∈ N(w, I(α)) iff {[w′]Γ | w′ ∈ JϕKm} ∈ Nm
Γ ([w]Γ, I(α)) and

Nm
Γ (w, I(α)) ⊆ Nm⊆

Γ ([w]Γ, I(α)).
For the right to left direction, suppose that {[w′]Γ | w′ ∈ JϕKm} ∈

Nm⊆
Γ ([w]Γ, I(α)). Then, by Definition 5.15 and Definition 5.9, there is a ψ

such that {[w′]Γ | w′ ∈ JψKM} ∈ Nm
Γ ([w]Γ, I(α)) and {[w′]Γ | w′ ∈ JψKM} ⊆

{[w′]Γ | w′ ∈ JϕKM}. By Definition 5.15, �αψ ∈ Γ and JψKM ∈ N(w, I(α)).
Take an arbitrary w′′ ∈ JψKM . Since [w′′]Γ ∈ {[w′]Γ | w′ ∈ JψKM}, [w′′]Γ ∈

{[w′]Γ | w′ ∈ JϕKM}. By Theorem 5.17 and the fact that ϕ ∈ Γ, w′′ ∈ JϕKM .
Since w′′ was arbitrary, JψKM ⊆ JϕKM . Since M is supplemented and JψKM ∈
N(w, I(α)), JϕKM ∈ N(w, I(α)).

For (2.) it is sufficient to prove that for every w ∈ W and �αϕ ∈ Γ,
JϕKM ∈ N(w, I(α)) iff {[w′]Γ | w′ ∈ JϕKM} ∈ Nm∩

Γ ([w]Γ, I(α)). As for (1.), left
to right is trivial.

For the right to left direction, suppose {[w′]Γ | w′ ∈ JϕKM} ∈ Nm
Γ ([w]Γ, I(α)).

By Definitions 5.16 and 5.15, there are ψ1, . . . , ψn ∈ Γ such that {[w′]Γ |
w′ ∈ Jψ1KM}, . . . , {[w′]Γ | w′ ∈ JψnKM} ∈ Nm

Γ ([w]Γ, I(α)) and {[w′]Γ | w′ ∈
Jψ1KM} ∩ . . . ∩ {[w′] | w′ ∈ JψnKM} = {[w′] | w′ ∈ JϕKM}.

We first prove that JϕKM = Jψ1KM ∩ . . . ∩ JψnKM . Let w′′ ∈ JϕKM . Then
[w′′]Γ ∈ {[w′]Γ | w′ ∈ JϕKM}. Thus, [w′′]Γ ∈ {[w′]Γ | w′ ∈ Jψ1KM}∩ . . .∩{[w′]Γ |
w′ ∈ JψnKM}. Hence, [w′′]Γ ∈ {[w′]Γ | w′ ∈ Jψ1KM} and . . . and [w′′]Γ ∈ {[w′]Γ |
w′ ∈ Jψ1KM}. Since ψ1, . . . , ψn ∈ Γ, w′′ ∈ Jψ1KM and . . . and w′′ ∈ JψnKM .
Thus JϕKM = Jψ1KM ∩ . . . ∩ JψnKM . By Definition 5.15, Jψ1KM ∈ N(w, I(α))
and . . . and JψnKM ∈ N(w, I(α)) Since M is closed under binary intersection,
JϕKM ∈ N(w, I(α)).

The proof for (3.) can now safely be left to the reader (for a propositional
version, see [Chellas, 1980, pp. 228-229]).

Theorem 5.21. M + F≤n, and C + F≤n and R + F≤n have the finite model
property.
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Proof. The proof is similar to that for Theorem 5.18, but using the filtrations
specified in Theorem 5.20 instead of the minimal filtration.

Theorem 5.22. M + F≤n, C + F≤n and R + F≤n are decidable.

Proof. The proofs are analogous to the proof for Theorem 5.19, relying on The-
orem 5.21 instead of Theorem 5.18.

The techniques above can also be used to prove the decidability of other
extensions of E + F≤n. For reasons of space we will not go into these here.

It is noteworthy that Definitions 5.14 and 5.15 and Theorems 5.16 and 5.17
apply to E-models in general, so that we can also prove a specific finite model
property for these logics, regardless of whether they have the axiom (F≤n). We
show this for E, but the proofs for the extensions of E are analogous.

Theorem 5.23 (World-finite model property). If 0E ϕ, then there is a world-
finite E-model M = 〈W,A, N, I〉 and a w ∈W such that M,w 6|= ϕ.

Proof. Suppose 0E ϕ. By the completeness of E there is an E-model M =
〈W,A, N, I〉 and a w ∈W such that M,w 6|= ϕ. Let Mm

Γ = 〈W f
Γ ,A

f
Γ, N

m
Γ , I

f
Γ〉 be

the minimal filtration ofM through the set Γ consisting of ϕ and the subformulas
of ϕ. Since ϕ is of a finite length, Γ is finite. By Theorem 5.16, Wm

Γ is finite.
By Theorem 5.17, Mm

Γ , [w]Γ 6|= ϕ.

5.6.3 Arbitrary intersection and the Barcan formula

In Section 5.6.1 it was shown that the Barcan Formula (BF) is valid in any
extension of E that includes (C) and (F≤n). In these systems, (BF) is a theorem,
derivable using the basic principles of E, (F≤n), and (C). Theorem 5.7 points to
two further ways of defining a class of E-models that validate (BF). One option
is to close each model under k intersections, where k is the cardinality of the
agent domain of the model in question: k = |A|. A different approach is to look
at models that are closed under arbitrary intersections.

The question remains however whether the logics obtained by adding (BF)
to C are complete with respect to either of these classes of models. In what
follows, we focus on closure under arbitrary intersections, but our observations
generalize to closure under k-intersections for k = |A|. Our aim here is to point
out one crucial difficulty in proving completeness for such logics; we hope that
doing so may contribute to an eventual solution of this issue.

Let us first consider the propositional case, and focus on the simpler case of a
classical modal logic with a single (non-normal) operator �. Here, closure under
finite intersections and closure under arbitrary intersections give us exactly the
same logic, viz. the propositional fragment of C. It is instructive to go through
the completeness proof for both logics, in order to see the difference with the
predicative extension.

We construct the canonical model M = 〈W c, N c, V c〉 such that (i) W c

is the set of all maximal consistent sets of the logic; (ii) for all ∆ ∈ W c,
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N c(∆) = {|ϕ| | �ϕ ∈ ∆}, and (iii) V c(p) = {∆ ∈ W c | p ∈ ∆}.104 The proof
of the truth lemma is entirely standard. It then suffices to show that, when
all the maximal consistent sets are closed under (C), the (minimal) canonical
neighborhood function N c satisfies closure under finite intersections. This is
straightforward: given that �ϕ and �ψ implies �(ϕ ∧ ψ), and by (ii), we can
simply infer that X ∈ N c

Γ(∆), Y ∈ N c
Γ(∆) implies X ∩ Y ∈ N c

Γ(∆).
To show that the same logic is also strongly complete with respect to the

class of models that are closed under arbitrary intersection, one typically relies
on compactness of C’s syntactic consequence relation. This requires some expla-
nation. First, we close each neighborhood N c(∆) under arbitrary intersections,
giving us the neighborhood function N c

∩. Next, we show that adding neighbor-
hoods in this way does not affect the truth lemma. In other words, we need
to show that if (a) X ⊆ N c(∆) and (b)

⋂
X = |ϕ|, then �ϕ ∈ ∆. So suppose

the antecedent holds. Let Θ = {ψ | |ψ| ∈ X}. By (ii), {|ψ| | ψ ∈ Θ} = X .
From (b), we can infer that (c) every ∆ ∈W c that contains each member of Θ,
must also contain ϕ and conversely, (d) every ∆ ∈W c that contains ϕ contains
every member of Θ. This in turn implies that (c’) Θ ` ϕ and (d’) for every
ψ ∈ Θ, ϕ ` ψ. Now we can rely on compactness to derive that there is a finite
Θ′ ⊆ Θ such that (c”) Θ′ ` ϕ and (d”) for all ψ ∈ Θ′, ϕ ` ψ. By (c”) and (d”),∧
ψ∈Θ′ ψ and ϕ are equivalent: `

∧
ψ∈Θ′ ψ ↔ ϕ. Since ∆ is closed under axiom

(C), it follows that �
∧
ψ∈Θ′ ψ ∈ ∆ and hence by replacement of equivalents,

also �ϕ ∈ ∆.
The crucial point where this argument cannot be generalized to the predica-

tive case, is in the step from (c) to (c’). Indeed, when we construct our canoni-
cal models for classical term-modal logics, we introduced a richer language LC+

that features pseudo-constants a+
1 , a

+
2 , . . .. We use this language to generate

LC+-saturated sets and in the construction of the canonical neighborhood func-
tion. This means that we not only introduce elements |ϕ| of neighborhoods for
ϕ ∈ LC , but also for ϕ ∈ LC+. Now, the following implication is not valid for
every Θ ⊆ SC+:

(I) Suppose that, for every ∆ ∈WΓ, if Θ ⊆ ∆, then ϕ ∈ ∆. Then Θ ` ϕ.

For a simple counterexample, let Θ = {Pa+
1 , Pa

+
2 , . . .} for a unary predicate

P , and ϕ = (∀x)Px. Although Θ 0 ϕ in this case, we have constructed the
canonical model MΓ in such a way that the antecedent of (I) is satisfied.

In sum, the standard technique for proving completeness with respect to
closure under arbitrary intersections does not generalize to the predicative case,
at least not using the canonical model construction from this paper. Mind that
similar observations apply to the canonical model construction for languages
in which free variables are allowed in sentences, and where pseudo-variables
play the role of our pseudo-constants [Hughes and Cresswell, 1996]. Some other
construction or some different type of argument seems to be required. Moreover,
it is unclear where exactly the Barcan Formula would enter the picture in proving
the truth lemma for this alternative construction or argument, let alone whether

104Here, |ϕ| = {Θ ∈W c | ϕ ∈ Θ}.
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(BF) alone will do to prove completeness with respect to closure under arbitrary
intersections.

5.7 Dyadic modal operators

So far we have only looked at monadic term-modal operators. In this section
we instead discuss dyadic modal operators.105 Dyadic operators have been used
in deontic logic to formalise conditional obligations (see Section 1.3.3). The
impersonal dyadic operator O(ϕ|ψ) is then read as ‘ϕ is obligatory, given that
ψ’. Term-modal versions of this operator can be used to formalise complex
expressions like ‘only doctors are allowed to administer drug D, given that there
is no emergency’ (see Section 3.5.8). We will use this deontic interpretation of
the dyadic term-modal operator in Chapter 8.

A term-modal version of the dyadic modal operator can also be useful when
the modal operator is not read as an obligation. For example, Elgesem proposes
an indexed dyadic modal operator for “bringing it about that ϕ is a way for the
agent to bring it about that ψ” and a different one for “by bringing it about that
ϕ the agent brings it about that ψ”. A term-modal version of these operators
allows us to express sentences like ‘bringing it about that ϕ is a way for anyone
to bring it about that ψ’ or more concretely, ‘some doctor brings it about that
Monica’s inflammation is cured by giving her antibiotics’.

In this section we work with a language LD. The definition of LD is mostly
analogous to that of LC in Section 5.2.1, except that we replace the monadic
operator 2θ by 2θ(.|.). So LD is defined by the following Backus-Naur form,

where P ∈ Pn, θ ∈ Tn, θ, κ ∈ T , and ν ∈ V :

ϕ ::= > | P (θ) | θ = κ | ¬ϕ | ϕ ∨ ϕ | (∀ν)ϕ | [U]ϕ | �θ(ϕ|ϕ)

The duals, the notion of free variables and the set of sentences SD are all
defined as they were defined for LC . For ease of reference we call the first
formula occurring within the dyadic modal operator the consequent and the
second formula the antecedent. So in 2θ(ϕ|ψ) the formula ϕ is the consequent
and ψ is the antecedent. This naming convention is natural if the operator is
read as a conditional, for example if 2θ(ϕ|ψ) is read as ‘ϕ is obligatory for θ,
given that ψ’.

We make two important observations about the interaction of the dyadic
operator and the quantifier ∀ in our definition of the formal language. First,
note that the formula 2α((∀x)Rx|Qx) is well formed, but not a sentence. The
same holds for 2α(Rx|(∀x)Qx), this formula is also well-formed, but not a
sentence. The first formula is not a sentence because the variable x in the
antecedent is free. The second formula is not a sentence because the variable x
in the consequent is free. Second, note that the formula 2α(∀x)(Rx|Qx) is not
well-formed, but (∀x)2α(Rx|Qx) is. This last formula is also a sentence, as all
free variables have been bound by the quantifier ∀.
105Dyadic modal operators are sometimes called binary (modal) operators.
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Chellas calls the logics that use a language with a dyadic modal operator
conditional logics. He distinguishes two families of conditional logics: normal
conditional logic and classical conditional logic. Normal conditional logic is
classical with regards to the antecedent, but normal with regards to the conse-
quent. In contrast, classical conditional logic is classical with regards to both
the antecedent and the consequent [Chellas, 1980, pp. 268-270]. Section 5.7.1 is
dedicated to normal conditional logic and Section 5.7.2 is dedicated to classical
conditional logic. As before, we will use Chellas’ terminology to refer to the
term-modal logics.

5.7.1 Normal conditional logic

We call the weakest normal conditional logic NCL. In what follows we define
the semantics and an axiomatisation of NCL. The definition of an NCL-model
is analogous to that of an E-model, except that the neighborhood function maps
triples consisting of a world, a tuple of persons and a set of worlds to a set of
worlds:

Definition 5.18. An NCL-model is a tuple M = 〈W,A, N, I〉, where
1. W , A and I are as in Definition 5.1
2. N : W ×A× ℘(W )→ ℘(W ) is the neighborhood function of M .

This means that for any w ∈ W , p ∈ A and X ⊆ W , N(w, p,X) is a set of
worlds, just like R(w, p) is a set of worlds in the context of TMDL-models.
Given this parallel the semantic clause for 2α(ϕ|ψ) is not very surprising:

SC5’ M,w |= 2α(ϕ|ψ) iff N(w, I(α), JψKM ) ⊆ JϕKM

A full list of the semantic clauses is obtained by replacing SC5 with SC5’ in
Definition 5.3. Validity and semantic consequence are defined as usual.

To obtain a sound and complete axiomatisation of NCL, we simply take
the axiomatisation of E in Section 5.2.3, but we replace (REU) by the axiom
schemes in Table 5.7. To prove soundness it suffices to check that all schemes
are valid on NCL-models.

(N-REU) [U](ϕ↔ ψ)→ (2α(τ |ϕ)↔ 2α(τ |ψ))
(N-NEC) [U]ϕ→ 2α(ϕ|ψ)
(N-K) 2α(ϕ→ ψ|τ)→ (2α(ϕ|τ)→ 2α(ψ|τ))
(N-BF) (∀ν)2α(ϕ|χ)→ 2α((∀ν)ϕ|χ)

where ν does not occur in χ

Table 5.7: The additional axiom schemes of NCL

This axiomatisation shows why we said above that NCL is classical with
regards to the antecedent and normal with regards to the consequent. The
principle of replacement of extensional equivalents is the only principle that
holds for the antecedent. This principle is typical for classical modal operators



5.7. DYADIC MODAL OPERATORS 131

(see Section 5.2). In contrast, for the consequent we have an analogue to the
principle (K), to the rule of necessitation and to the Barcan Formula, all three
of which are typical of normal first-order modal logic with constant domains.

Completeness The procedure to prove strong completeness of NCL is famil-
iar by now. We construct a canonical model (Definition 5.19), prove that it is
an NCL+-model (Lemma 5.12) and that the truth lemma (Lemma 5.13) holds.
Since the operator 2α(.|.) is normal with regards to the consequent, we need
to prove an existence lemma for 2α(.|.) (Lemma 5.11).106 Because 2α(.|.) is a
dyadic operator, we cannot simply copy the proof of Lemma 5.3 or Lemma 3.3.
To prove Lemma 5.11 we rely on Lemma 5.10, but 5.10 we do get for free in
view of the proof of Lemma 5.2.

In what follows, the definitions of LD+, SD+, LD+ and NCL+ are analogous
to those of LC+, SC+, LC+ and E+ in Section 5.3. C+ is the set of all tuples of
elements of C+. Furthermore, we assume that all sentences of SD+ of the form
(∀ν)ϕ are enumerated in a fixed order (∀ν1)χ1, (∀ν2)χ2, . . .

Lemma 5.10. For any set Γ ⊆ SD: if Γ is consistent then there is an LD+-
saturated set Γ′ ⊆ SD+ such that Γ ⊆ Γ′.

Proof. The proof is entirely analogous to that of Lemma 5.2.

Lemma 5.11 (Existence Lemma for 2α(.|.)). For any set Γ ⊆ SD+, α ∈ C+

and ϕ, χ ∈ SD+: If Γ is LD+-saturated and 2α(ϕ|χ) /∈ Γ, then there is an
LD+-saturated set Θ such that {ψ | 2α(ψ|χ) ∈ Γ} ∪ {¬ϕ} ⊆ Θ.

Proof. In view of the Lindenbaum construction, it is sufficient to show that, if
Γ is LD+-saturated and 2α(ϕ|χ) /∈ Γ, the set {ψ | 2α(ψ|χ) ∈ Γ} ∪ {¬ϕ} is
consistent and moreover can be extended to a set that is ω-complete.

Suppose that Γ is LD+-saturated and 2α(ϕ|χ) /∈ Γ. It follows that {ψ |
2α(ψ|χ) ∈ Γ} is consistent. Suppose further that {ψ | 2α(ψ|χ) ∈ Γ} ∪ {¬ϕ}
is not consistent. It follows that there is a finite subset {ψ1, . . . , ψn} of {ψ |
2α(ψ|χ) ∈ Γ} such that `NCL+ (ψ1∧. . .∧ψn)→ ϕ. By necessitation for [U] and
(N-NEC), `NCL+2α((ψ1∧ . . .∧ψn)→ ϕ|χ), and by (N-K), `NCL+2α(ψ1∧ . . .∧
ψn|χ) → 2α(ϕ|χ). But then, 2α(ϕ|χ) ∈ Γ, which contradicts the supposition
that 2α(ϕ|χ) /∈ Γ.

To prove that {ψ | 2α(ψ|χ) ∈ Γ} ∪ {¬ϕ} can be extended to a set that
is ω-complete, we define a sequence of sentences ϕ0, ϕ1, ϕ2, . . .. We let ϕ0 be
¬ϕ, and define ϕn+1 as ϕn ∧ (χn+1(αk/ν) → (∀ν)χn+1), where αk is the first
constant in C+ for which {ψ | 2α(ψ|χ) ∈ Γ}∪{ϕn∧(χn+1(αk/ν)→ (∀ν)χn+1)}
is consistent.

The set Θ∗ = {ψ | 2α(ψ|χ) ∈ Γ} ∪ {ϕ0, ϕ1, ϕ2, . . .} is ω-complete and
in view of Lemma 5.10 it can be extended to an LD+-saturated set Θ such

106Compare the proof of the completeness of CCL below: since the dyadic term-modal
operator of CCL is not normal, but classical with regards to both the antecedent and the
consequent, we do not need to prove an existence lemma for the completeness-proof to go
through.
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that {ψ | 2α(ψ|χ) ∈ Γ} ∪ {¬ϕ} ⊆ Θ. We do have to prove, however, that
the construction is well-defined, namely that there is an αk ∈ C+ such that
{ψ | 2α(ψ|χ) ∈ Γ} ∪ {ϕn ∧ (χn+1(αk/ν)→ (∀ν)χn+1)} is consistent.

To prove that there is always such an αk ∈ C+, suppose {ψ | 2α(ψ|χ) ∈
Γ}∪{ϕn} is consistent and suppose there is no such αk. Then for every αk ∈ C+

there is a set of sentences {ψ1, . . . , ψm} ⊆ {ψ | 2α(ψ|χ) ∈ Γ} such that

`NCL+(ψ1 ∧ . . . ∧ ψm)→ (ϕn → ¬(χn+1(αk/ν)→ (∀ν)χn+1)) (5.21)

Hence, by (N-K) and CL,

`NCL+(2α(ψ1 ∧ . . . ∧2αψm|χ)→ 2α(ϕn → ¬(χn+1(αk/ν)→ (∀ν)χn+1)|χ)
(5.22)

holds. Since Γ is LD+-saturated,

2α(ϕn → ¬(χn+1(αk/ν)→ (∀ν)χn+1)|χ) (5.23)

is a member of Γ for every αk ∈ C+.
Let ν1 ∈ V be such that ν1 does not occur in ϕn, χn+1 or χ.107 Since Γ is

LD+-saturated, there is an αl ∈ C+ such that

2α(ϕn → (¬χn+1(αl/ν)→ (∀ν)χn+1)|χ)→
(∀ν1)2α(ϕn → ¬(χn+1(ν1/ν)→ (∀ν)χn+1)|χ)

(5.24)

is a member of Γ.
In view of (5.23) and (MP),

(∀ν1)2α(ϕn → ¬(χn+1(ν1/ν)→ (∀ν)χn+1)|χ) (5.25)

is a member of Γ, and by (N-BF) and the fact that ν1 does not occur in χ, so is

2α((∀ν1)(ϕn → ¬(χn+1(ν1/ν)→ (∀ν)χn+1))|χ). (5.26)

Since ν1 does not occur in ϕn, also

2α(ϕn → (∀ν1)(¬(χn+1(ν1/ν)→ (∀ν)χn+1))|χ) (5.27)

is a member of Γ. However, (∀ν1)(¬(χn+1(ν1/ν) → (∀ν)χn+1)) is a contra-
diction, hence 2α(¬ϕn|χ) ∈ Γ, and ¬ϕn ∈ {ψ | 2α(ψ|χ) ∈ Γ}. But then,
{ψ | 2α(ψ|χ) ∈ Γ}∪{ϕn} is inconsistent, which contradicts the supposition.

Definition 5.19 (Canonical Model). The definition of a canonical model MΓ =
〈WΓ,AΓ, NΓ, IΓ〉 is analogous to that in Definition 5.7, except that clause iii. is
replaced by the following:
iii. For all ∆ ∈WΓ, [[α]]Γ ∈ AΓ and X ∈WΓ,

107The stipulation that ν1 does not occur in χ is a crucial difference between the proof for
the dyadic operator and a similar proof for a monadic operator (for example the proof of
Lemma 3.3). This allows us to apply (N-BF) below.
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iii.1 if there is a ψ such that X = |ψ|Γ, then NΓ, [[α]]Γ, X) = {Θ ∈WΓ |
{τ | 2α(τ |ψ) ∈ ∆} ⊆ Θ}

iii.2 otherwise NΓ(∆, [[α]]Γ, X) = X

The precise definition for NΓ(∆, [[α]]Γ, X) when X does not correspond to
the proof set of any formula is not important. We have only chosen this definition
because it makes it possible to use the same canonical model construction to
prove completeness for NCL extended with the scheme (I) (see Table 5.8 below).

Lemma 5.12. For all LD+-saturated sets Γ, MΓ is an NCL+-model.

Proof. This follows immediately from definitions 5.18 and 5.19.

Lemma 5.13 (Truth Lemma). For all Γ ⊆ SD+, ϕ ∈ SD+ and ∆ ∈ WΓ,
MΓ,∆ |= ϕ iff ϕ ∈ ∆.

Proof. The proof proceeds by induction on formula complexity. In view of the
proof of Lemma 5.5, we only prove the case where ϕ is of the form 2α(ψ|τ).

For the right to left direction, suppose that 2α(ψ|τ) ∈ ∆. By clause iii.1
of Definition 5.19, NΓ(∆, [[α]]Γ, X) ⊆ |ψ|Γ. By the semantic clause, MΓ,∆ |=
2α(ψ|τ).

For the left to right direction, suppose that MΓ,∆ |= 2α(ψ|τ). By clause
iii.1 of Definition 5.19 and the induction hypothesis,

NΓ(∆, [[α]]Γ, JτKMΓ) = {Θ ∈WΓ | {ψ′ | 2α(ψ′|τ) ∈ ∆} ⊆ Θ} (5.28)

Towards a contradiction, suppose that 2α(ψ|τ) /∈ ∆. Since ∆ is LD+-
saturated, {ψ′ | 2α(ψ′|τ) ∈ ∆} ∪ {¬ψ} is consistent. By Lemma 5.11, there
is an LD+-saturated set Λ such that {ψ′ | 2α(ψ′|τ) ∈ ∆} ∪ {¬ψ} ⊆ Λ. By
the induction hypothesis, MΓ,Λ 6|= ψ. By (5.28), Λ ∈ NΓ(∆, [[α]]Γ, JτKMΓ

).
However, then MΓ,∆ 6|= 2α(ψ|τ), which contradicts the supposition.

What remains of the completeness proof is entirely analogous to that in
Section 5.3. We will not repeat it here.

Extensions The logic NCL can be extended by adding additional axiom
schemes. Two examples of schemes that are interesting for a deontic inter-
pretation are given in Table 5.8. In a deontic interpretation, the scheme (N-D)
expresses that if some ψ is possible, then it is not the case that a formula and its
negation are both obligatory conditional on ψ. This can be seen as a conditional
version of the principle (D). The scheme (I) expresses that ϕ is obligatory given
that ϕ. The corresponding frame conditions are given in Table 5.9. Complete-
ness results follow from the observation that the canonical model of Definition
5.19 satisfies (n-d), (i) or both if the LC+-saturated sets in WΓ are closed under
(N-D), (I) or both respectively.
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(N-D) 〈U〉ψ → (2α(ϕ|ψ)→ ¬2α(¬ϕ|ψ))
(I) 2α(ϕ|ϕ)

Table 5.8: Optional axiom schemes for NCL

(n-d) for all w ∈W , p ∈ A and ∅ 6= X ⊆W , N(w, p,X) 6= ∅
(i) for all w ∈W , p ∈ A and X ⊆W , N(w, p,X) ⊆ X

Table 5.9: Conditions corresponding to the schemes in Table 5.8

5.7.2 Classical conditional logic

Classical conditional logic is classical both with regards to the antecedent and
with regards to the consequent. We call the weakest classical conditional logic
CCL. CCL uses the language LD. The definition of a CCL-model is analogous
to that of an NCL-model, except that the neighborhood function now maps
triples consisting of a world, a tuple of persons and a set of worlds to a set of
sets of worlds.

Definition 5.20. A CCL-model is a tuple M = 〈W,A, N, I〉, where
1. W , A and I are as in Definition 5.1
2. N : W ×A× ℘(W )→ ℘(℘(W )) is the neighborhood function of M .

This means that for any w ∈ W , p ∈ A and X ⊆ W , N(w, p,X) is a set
consisting of sets of worlds, just like N(w, p) is a set of sets of worlds according
to the definition of E-models. This parallel can also be seen in the semantic
clause for 2α(ϕ|ψ):

SC5” M,w |= 2α(ϕ|ψ) iff JψKM ∈ N(w, I(α), JψKM )

We replace SC5 in Definition 5.3 with SC5” to obtain a full list of the
semantic clauses for CCL. Validity and semantic consequence are defined as
before.

To obtain a sound and strongly complete axiomatisation of CCL we take the
axiomatisation of E in Section 5.2.3, but we replace (REU) with (N-REU) (see
Table 5.7) and the schema (C-REU) in Table 5.10. This axiomatisation shows
why we said above that classical conditional logics are classical with regards to
both the antecedent and the consequent: in the weakest classical conditional
logic only the principle of replacement of extensional equivalents holds for the
antecedent and the consequent.

(C-REU) [U](ϕ↔ ψ)→ (2α(ϕ|τ)↔ 2α(ψ|τ))
(C-M) 2α(ϕ ∧ ψ|τ)→ (2α(ϕ|τ) ∧2α(ψ|τ))
(C-C) (2α(ϕ|τ) ∧2α(ψ|τ))→ 2α(ϕ ∧ ψ|τ)

Table 5.10: Possible axiom schemes for CCL

Table 5.10 also contains the schemes (C-M) and (C-C). We could extend
CCL with these schemes, or with (I), (N-D) or (N-NEC). However, going over
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each of these extensions in detail would be tedious, and we hope that by now
the reader is convinced that these are easily covered by the proof methods that
were introduced earlier on in this chapter.

Completeness To prove strong completeness for CCL it suffices to construct
a canonical model (Definition 5.21), prove that it is a CCL+-model108 (Lemma
5.14) and that the truth lemma (Lemma 5.15) holds. As CCL is classical with
regards to both the antecedent and the consequent of the dyadic operator, we
do not need to prove an existence lemma for this operator (which we did have
to do for the completeness proof of NCL in Section 5.7.1).

Definition 5.21 (Canonical Model). The definition of a canonical model MΓ =
〈WΓ,AΓ, NΓ, IΓ〉 is analogous to that in Definition 5.7, except that clause iii. is
replaced by the following:
iii. For all ∆ ∈WΓ, [[α]]Γ ∈ AΓ and X ∈WΓ,

iii.1 if there is a ψ such that X = |ψ|Γ, then NΓ(∆, [[α]]Γ, X) = {|τ |Γ |
2α(τ |ψ) ∈ ∆}

iii.2 otherwise NΓ(∆, [[α]]Γ, X) = {X}

Lemma 5.14. For all LD+-saturated sets Γ, MΓ is a CCL+-model.

Proof. This follows from definitions 5.21 and 5.20.

Lemma 5.15 (Truth Lemma). For all Γ ⊆ SD+, ϕ ∈ SD+ and ∆ ∈ WΓ,
MΓ,∆ |= ϕ iff ϕ ∈ ∆.

Proof. The proof proceeds by induction on formula complexity. In view of the
proof of Lemma 5.5, we only prove the case where ϕ is of the form 2α(ψ|τ).

By Definition 5.21, 2α(ψ|τ) ∈ ∆ iff |ψ|Γ ∈ NΓ(∆, [[α]]Γ, |τ |Γ). By the in-
duction hypothesis, |ψ|Γ ∈ NΓ(∆, [[α]]Γ, |τ |Γ) iff JψKMΓ ∈ NΓ(∆, [[α]]Γ, JτKMΓ).
By the semantic clauses and Definition 5.21, JψKMΓ

∈ NΓ(∆, [[α]]Γ, JτKMΓ
) iff

MΓ,∆ |= 2α(ψ|τ).

5.8 Applications

There are many possible applications for the results obtained in this chapter. We
hinted at some of these in Section 5.1. In Chapter 6 we will use the neighborhood
semantics of this chapter to develop several conflict-tolerant deontic logics. In
Chapter 8 we use the semantics proposed in Section 5.7 to capture conditional
and uncategorical obligations.

In the present section we highlight two other applications within the domain
of deontic logic. In Section 5.8.1 we work with the language L of TMDL,
extended with the [U] operator and >. Interpreting this language over neigh-
borhood models allows us to construct variants of TMDL that do not validate
some of the possibly problematic principles of deontic logic (see sections 1.3 and

108The definition of CCL+ is analogous to that of NCL+.
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3.5). In Section 5.8.2 we extend the language of TMDL with a term-modal
operator for ‘agent a brings it about that’. We show that this operator can be
interpreted by using a neighborhood function. The resulting logic gives a better
picture of reasoning with personal ought-to-do’s and the Kangerian theory of
rights relations.

5.8.1 Weakening TMDL

There are several reasons to think that SDL might be too strong. Some of the
problems that result from SDL were discussed in Section 1.3. Since TMDL is
in a way simply a term-modal extension of SDL, it inherits many of these prob-
lems. For example, TMDL is not conflict-tolerant, it validates necessitation,
and it suffers from the Ross paradox. We discuss conflict-tolerant term-modal
deontic logics that are based on the neighborhood semantics in this chapter in
more detail in Chapter 6. In this section we sketch how the classical term-
modal logics developed in the present chapter can be used to develop variants
of TMDL that do not validate necessitation or do not suffer from the Ross
paradox. We describe the weaker variant that does not validate necessitation in
some detail. From this description and the hints at the end of the section the
reader will be able construct other weaker variants of TMDL.

In Section 1.3 we saw that there are two main objections levelled against
necessitation. The first is that it is thought to be problematic that necessita-
tion makes every tautology obligatory. We described in Section 3.5.6 that this
problem is exacerbated by TMDL, since also every identity is made obligatory.
The second objection is that necessitation excludes the possibility that nothing
is obligatory.

In Section 3.5.6 we pointed out that we saw two possible solutions to the
problem. The first is to define an obligation-operator ONVα in such a way that
ONVα > is not a theorem. After adding an operator [U] for universal modality to
the language, we can define this non-vacuous obligation-operator by: ONVα ϕ =df

Oαϕ∧¬[U]ϕ. In this section we present a different solution: a variant of TMDL
without the necessitation principle.109

Let us call this weaker logic TMDL−NEC. A TMDL−NEC-model is
defined in Definition 5.22. The semantic clauses are as one would expect.

Definition 5.22. A TMDL−NEC-model is a tuple M = 〈W,A, N,ND, I〉,
where:

1. W 6= ∅ is the world domain of M
2. A 6= ∅ is the agent domain of M
3.1. N : W ×A → ℘(℘(W )) is a neighborhood function that satisfies condition

(d) and is closed under both binary intersections and supersets
3.2. ND : W × A × A → ℘(℘(W )) is a neighborhood function that satisfies

condition (d) and is closed under both binary intersections and supersets

109Using neighborhood semantics to obtain a deontic logic without necessitation is not a new
idea. It was already suggested in [Chellas, 1980, p. 202] for example.
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3.3. For all w ∈ W , p, p′ ∈ A and X ⊆ W : if X ∈ ND(w, p, p′), then X ∈
N(w, p).

4. I is an interpretation function of M , where
4.1. I : T → A
4.2. I : Pn ×W → ℘(An) for every natural number n ∈ N1.
4.3. I : P0 → ℘(W )

A sound and strongly complete axiomatisation is obtained from the axioma-
tisation of TMDL by omitting the rules and axiom schemes (NEC), (DNEC),
(BF) and (DBF), and adding the schemes and rules of tables 5.1 and 5.2. For
the continuity with the other sections of the present chapter we also replace (K)
and (DK) by the axiom schemes in Table 5.11.

(DM) Oβα(ϕ ∧ ψ)→ (Oβαϕ ∧ Oβαψ)
(DC) (Oβαϕ ∧ Oβαψ)→ Oβα(ϕ ∧ ψ)
(PM) Oα(ϕ ∧ ψ)→ (Oαϕ ∧ Oαψ)
(PC) (Oαϕ ∧ Oαψ)→ Oα(ϕ ∧ ψ)

Table 5.11: Additional axiom schemes of TMDL−NEC

Oα> and Oβα> are not theorems of TMDL−NEC. This is easily proven.
Since TMDL−NEC is sound and complete, it suffices to find a world w
in a TMDL−NEC-model M such that M,w 6|= Oα> and M,w 6|= Oβα>.
To find such a model, simply consider any model M = 〈W,A, N,ND, I〉 of
TMDL−NEC where w ∈ W , W /∈ N(w, I(α)) and W /∈ ND(w, I(α), I(β)).
Thus, the logic TMDL−NEC seems to solve the problems with necessitation.

However, this solution works better for the objection that it should at least
be logically possible that nothing is obligatory than for the objection that it
is problematic for a tautology to be obligatory. It is possible that nothing is
obligatory for a person α, but as soon as one thing is obligatory for α, then
it follows that all tautologies are obligatory for a: `TMDL−NEC Oαϕ → Oα>.
This follows from Lemma 5.7 and the fact that for any ϕ, `TMDL−NEC ϕ→ >.
According to an analogous line of reasoning `TMDL−NEC Oβαϕ→ Oβα>.110

One way to avoid this problem is to give up not only necessitation, but also
inheritance. Formally this means that we no longer require the two neighbor-
hood functions to be closed under supersets and that we omit (DM) and (PM)
from the axiomatisation.111 If we do this, then we can go even further and
require that tautologies are never obligatory: simply add the axiom schemes
¬Oα> and ¬Oβα> to the axiomatisation and the conditions corresponding to
NN1 and NN2 to the models (see Table 5.4).

It will be clear that there are many other ways to weaken TMDL. To avoid
the Ross paradox we can give up inheritance. We can give up both inheritance

110Note that this also means that if no tautology is obligatory, then nothing is obligatory. For
example, by contraposition `TMDL−NEC ¬Oα> → ¬Oαϕ. Semantically, if W /∈ N(w, I(α)),
then N(w, I(α)) = ∅.
111This solution also circumvents the problem in footnote 110. In this new logic something

can be obligatory while tautologies are not obligatory.
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and necessitation to avoid both the Ross paradox and the problems around
necessitation. To make the logic conflict-tolerant we can give up (D) and the
pair (DC) and (PC), or (D) and the pair (DM) and (PM) (see Chapter 6 and
[Van De Putte et al., 2019]).

5.8.2 Ought-to-do

So far we have simply formalised ought-to-do statements by using predicates
that represent actions. For example, we can formalise ‘a ought to close the
door’ in the language of TMDL by OaCa, where Ca is to be interpreted as ‘a
closes the door’. In this section we extend the language of term-modal deontic
logics with a term-modal operator Bα for ‘α brings it about that’. With the
new operator we can express ‘a ought to close the door’ by OaBaCa, where Ca
can still be interpreted as ‘a closes the door’, or as ‘a’s door is closed’.

There are a number of reasons for this extension. One of these reasons is
that an extension with the Bα operator allows us to represent the intricacies
of the theory of normative positions developed by Kanger and others [Sergot,
2013]. The authors in this tradition use a language with an obligation and an
action operator to make a detailed analysis of the possible normative relations
between agents. This analysis builds on the Hohfeldian theory of rights relations
that we saw in Section 2.3 (see also Section 2.6.2).

A second reason for our extension of the language is the formal representation
of all the distinctions in Section 2.2.2. In that section we distinguished ought-
to-be and ought-to-do sentences. So far, our language has not been rich enough
to formally distinguish the two, but introducing the Bα operator allows us to
distinguish the two categories in the formal language. We will also add two
impersonal obligation operators (see Section 3.5.7). This allows us to formally
differentiate all four (or five) categories of obligations identified in Section 2.2.2.

A final reason for the extension with the Bα-operator is that it allows us
to study some distinctions and logical interactions for which the language of
TMDL is not fine-grained enough. For example, the sentences ‘a ought to
bring it about that the door is closed’ and ‘a ought to bring it about that the
door is not closed’ seem to be in conflict: it is not possible for a to fulfill both of
these obligations. However, in TMDL we need to use two different predicates
for ‘a brings it about that the door is closed’ and ‘a brings it about that the
door is not closed’. Let us use Da for the first sentence and Na the second. As
a result, the formalisation of the two obligations (OaDa and OaNa) does not
yield a trivial premise set in TMDL.

What we set out to do in this section can be seen as a variant of what Horty
[Horty, 2001] calls the Meinong-Chisholm analysis: we use a deontic operator
that has propositions in its complement together with an agency operator to
represent ought-to-do statements. However, by using a personal obligation oper-
ator, we avoid the two standard problems that Horty identifies for the Meinong-
Chisholm analysis.112 The first of these problems [Horty, 2001, pp. 50-51] is

112Horty’s own argument against the Meinong-Chisholm analysis (the gambling problem
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familiar to us from Section 2.4: if we use an impersonal obligation-operator
for personal ought-to-do statements, then ‘Andrew ought to walk on the out-
side of Bryony’, now formalised as OBaKab, is equivalent to ‘Bryony ought to
walk on the inside of Andrew’, now formalised as OBbIba. This is not a prob-
lem when we use personal obligation-operators. OaBaKab is not equivalent to
ObBbIba. The obligation for Andrew does not imply an obligation for Bryony.
The second problem described by Horty is that the Meinong-Chisholm analysis
cannot distinguish between impersonal ought-to-do’s and agent-implicating per-
sonal ought-to-do’s. Since we use both a personal and an impersonal obligation
operator in the logic below, we are able to make this distinction.

The Logic Foregoing further preliminaries, we now turn to the logic itself.
For the logic of Bα we are inspired by Governatori and Rotolo [Governatori and
Rotolo, 2005]. They provide a neighborhood semantics for the logic of agency
proposed by Elgesem [Elgesem, 1997]. We use the personal obligation operators
of TMDL and the impersonal strong and weak obligation operators developed
in Section 3.5.7. We call the logic ATMDL (for Agency TMDL). The language
of ATMDL is defined by the following Backus-Naur form::

ϕ ::= Pθ1 . . . θn | θ = κ | ¬ϕ | ϕ ∨ ϕ | Oθϕ | Oθκϕ |

(∀ν)ϕ | [U]ϕ | OSϕ | OWϕ | Bθϕ | >

The other Boolean connectives and the duals ∃, 〈U〉, ⊥, Pθ and Pκθ are defined
as before.

The notions of strong and weak impersonal obligation are inspired by [Her-
restad and Krogh, 1995] (see Section 3.5.7). OS denotes strong obligation. OSϕ
implies that ϕ is obligatory for everyone. OW denotes weak permission. OWϕ is
implied by unspecific obligation, i.e. (∃ν)Oνϕ→ OWϕ. We use PS and PW for
strong and weak permission respectively. A strong permission that ϕ (PSϕ) im-
plies that ϕ is permissible for everyone ((∀νPνϕ). PWϕ is implied by (∃ν)Pνϕ.
As we noted in Section 3.5.7, this means that strong permission is not the dual
of strong obligation, but of weak obligation. Similarly, weak permission is the
dual of strong obligation. Hence: PSϕ =df ¬OW¬ϕ and PWϕ =df ¬OS¬ϕ.

An ATMDL-model is defined as follows:

Definition 5.23. An ATMDL-model is a tuple M = 〈W,A, R,RD, RS , RW , N, I〉,
where:

1. W , A, R, RD and I are as in Definition 3.1.
2. RS : W ×W and RW : W ×W are serial accessibility relations such that:
2.1. for every w ∈W and p, p′ ∈ A: RD(w, p, p′) ⊆ RS(w)
2.2. for every w ∈W : RW (w) ⊆

⋂
p∈AR(w, p)

3. N : W × A → ℘(℘(A)) is a neighborhood function such that for every
w ∈W and p ∈ A:

[Horty, 2001, pp. 53-58]) is only an argument against a very specific form of the Meinong-
Chisholm analysis, a form where the deontic accessibility of a world is only determined by the
pay-off that is realised in that world.
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3.1 W /∈ N(w, p)
3.2 if X,Y ∈ N(w, p), then X ∩ Y ∈ N(w, p)
3.3 if X ∈ N(w, p), then w ∈ X

The semantic clauses are an amalgamation of semantic clauses that we have
seen before:

Definition 5.24 (Semantic Clauses). For any ATMDL-model M = 〈W,A, R,
RD, RS , RW , N, I〉 and w ∈W :

SC1 M,w |= Pθ1 . . . θn iff 〈I(θ1), . . . , I(θn)〉 ∈ I(P,w)
SC2 M,w |= ¬ϕ iff M,w 6|= ϕ
SC3 M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
SC4 M,w |= θ = κ iff I(θ) = I(κ)
SC5 M,w |= Oθϕ iff M,w′ |= ϕ for all w′ ∈ R(w, I(θ))
SC6 M,w |= (∀ν)ϕ iff for every ν-alternative M ′: M ′, w |= ϕ
SC7 M,w |= Oκθϕ iff M,w′ |= ϕ for all w′ ∈ RD(w, I(θ), I(κ))
SC8 M,w |= OSϕ iff M,w′ |= ϕ for all w′ ∈ RS(w)
SC9 M,w |= OWϕ iff M,w′ |= ϕ for all w′ ∈ RW (w).
SC10 M,w |= Bθϕ iff JϕKM ∈ N(w, I(θ))
SC11 M,w |= [U]ϕ iff for all w′ ∈W , M,w′ |= ϕ
SC12 M,w |= >.

A ν-alternative is defined as before.

For a sound and complete axiomatisation we take the axiomatisation of
TMDL in Section 3.2.4 and close it under the axiom schemes in Table 5.12
(note that again some axiom schemes are superfluous).

(SK) OS(ϕ→ ψ)→ (OSϕ→ OSψ)
(SD) OSϕ→ ¬OS¬ϕ
(WK) OW (ϕ→ ψ)→ (OWϕ→ OWψ)
(WD) OWϕ→ ¬OW¬ϕ
(SBF) (∀ν)OSϕ→ OS(∀ν)ϕ
(WBF) (∀ν)OWϕ→ OW (∀ν)ϕ
(SNEC) [U]ϕ→ OSϕ
(WNEC) [U]ϕ→ OWϕ
(BREU) (Bαϕ ∧ [U](ϕ↔ ψ))→ Bαψ
(BNN) ¬Bα>
(BT) Bαϕ→ ϕ
(BC) (Bαϕ ∧ Bαψ)→ Bα(ϕ ∧ ψ)
(SiP) OSϕ→ (∀ν)Oνϕ
(WiP) ¬OW¬ϕ→ (∀ν)¬Oν¬ϕ
(SiD) OSϕ→ (∀ν)(∀ξ)Oξνϕ
(WiD) ¬OW¬ϕ→ (∀ν)(∀ξ)¬Oξν¬ϕ

Table 5.12: Additional axiom schemes of ATMDL



5.9. CONCLUSION 141

Reflections We mentioned three reasons for extending the language with the
Bα-operator: doing so allows us to formally differentiate all types of obligations
distinguished in Section 2.2.2, it allows us to see some further logical connec-
tions, and it allows us to give a formal account of the Kangerian theory of
normative positions. In Table 5.13 we show how the form of a formula deter-
mines in which of the categories of Section 2.2.2 the obligation falls. We leave it
for future work to explore further logical connections and the Kangerian theory
of normative positions.

Impersonal
ought-to-be

All formulas of the form OSϕ or OWϕ, where ϕ is
not of the form Bαψ.

Personal ought-
to-be

All formulas of the form Oαϕ or Oβαϕ, where ϕ is not
of the form Bαψ.

Personal ought-
to-do

All formulas of the form Oα1
Bα2

ϕ or Oα3
α1
Bα2

ϕ (these
are agent-implicating iff α1 = α2).

Impersonal
ought-to-do

All formulas of the form OSBαϕ or OWBαϕ.

Table 5.13: The four categories of Section 2.2.2

Before we conclude this section we should note that our intention here has
not been to give a full and final account of action or agency in a deontic context.
We have merely sketched one possible account in order to illustrate the classical
term-modal logics laid out in the present chapter. For a different account, one
could for example develop a term-modal version of Horty’s deontic stit-logic
[Horty, 2001] or Meyer’s dynamic deontic logic (see [Meyer, 1988] and [Meyer
and Veltman, 2007, pp. 997-999]).113

5.9 Conclusion

Let us briefly wrap up. We have introduced classical term-modal logics and
shown how these can be interpreted by a straigthforward combination of neigh-
borhood models and the semantics of term-modal logics. In particular, our
formal language allows for any tuple of terms to be used as the index of a
modal operator, thus yielding a significant increase in expressive power relative
to standard first-order modal languages. In line with the known taxonomy of
classical modal logics, we gave sound and strongly complete axiomatisations of
the minimal term-modal logic E and various important extensions. We paid
particular attention to the (in)validity of the Barcan Formula and its converse,
and showed that by adding a fixed upper bound n on the number of agents, we
obtain decidable yet rich logics.

113Meyer’s dynamic deontic logic uses an Andersonian-Kangerian reduction, so the results of
Chapter 4 might be applicable to this. Note also that the combination of dynamic and term-
modal logic has already been studied in the literature, see for example [Kooi, 2007; Occhipinti
Liberman and Rendsvig, 2019; Occhipinti Liberman et al., 2020].
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From here, various research lines suggest themselves. First and foremost, as
already hinted in Section 5.1, we foresee new applications for non-normal term-
modal logics. For example, we believe the role of social categories and networks
in both evidence dynamics and ability ascriptions can be elucidated using the
logics studied in this chapter. For deontic reasoning, going term-modal opens
up new possibilities in terms of studying the relation between deontic conflicts
and the deontic rules that generate them (which we do in Chapter 6).

At the technical level, we noted an important gap in the literature on first-
order classical logics: i.e. proving the completeness of C + BF with respect
to models that are closed under arbitrary intersection. In Section 5.6.3 we
explained the difficulties that we encountered in this proof. In addition one
may consider various frame conditions that we left aside, such as the property
of negative introspection (condition (v) in Section 5.5) or the analogue of what
in relational semantics is known as symmetry (corresponding to the well-known
B-axiom). Finally, our framework can be further generalized to allow for non-
rigid designators, variable domain semantics or modal operators that are not
dyadic, but n-ary for some n ≥ 3. Whereas such work will no doubt give rise to
new difficulties, the present chapter forms a good starting point.



Chapter 6

Conflict-Tolerant Deontic
Logic

Summary In this chapter we discuss conflicts between personal obligations
and present a family of conflict-tolerant deontic logics. These logics are based on
the classical term-modal logics of Chapter 5. However, we argue that monotonic
conflict-tolerant deontic logics are too weak, i.e. these logics do not validate some
possibly plausible principles of normative reasoning. To remedy this, we suggest
some adaptive extensions to the monotonic conflict-tolerant logics. The adap-
tively extended logics are as conflict-tolerant as the monotonic logics on which
they are based, but they also satisfy the plausible principles under precisely
defined ‘normal circumstances’.

F
Previous versions of sections 6.1 to 6.4 and Section 6.6 can be
found in the paper “The Manchester Twins: Conflicts Between
Directed Obligations” [Frijters and De Coninck, 2020].

6.1 Introduction

In deontic reasoning, one often encounters conflicting obligations. These con-
flicting obligations do not always result from conflicting moral theories or legal
systems. Take, for example, the commonly accepted general rule: ‘Doctors have
an obligation to their patients to benefit the health of these patients’.Taken on
its own, this rule is perfectly consistent. However, in certain specific situations
it can lead to deontic conflicts. Let us illustrate this with an example loosely
based on the widely discussed Manchester twins case [Paris and Elias-Jones,
2001; Kaveny, 2002], summarised by Kaveny:114

A pair of conjoined twins, known by the pseudonyms of “Jodie”
and “Mary,” were born in Manchester, England, hospital in August

114We say that this example is ‘loosely based on’ the case, as the actual case was much more
complicated than this summary suggests [Paris and Elias-Jones, 2001; Kaveny, 2002].
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2000. Mary’s heart and lungs were essentially non-functioning; she
was entirely dependent upon her connection with her stronger sister
for survival. But Jodie’s cardiovascular system could not continue
to do the work necessary to support both babies indefinitely. Physi-
cians predicted that without an operation to separate the twins, both
babies soon would die, probably before their first birthday. Unfortu-
nately, however, the surgical separation would be able to save only
Jodie. Although likely to need several reconstructive operations, she
was predicted to live a long and virtually normal life once her body
was liberated from the burden of providing life support to her sister.
Mary’s fate would be very different; she was predicted to die in the
course of the procedure. [Kaveny, 2002, p. 115]

In this specific situation, benefitting Jodie’s health implies performing the
operation, while benefitting Mary’s health implies refraining from it. Both Jodie
and Mary are patients of the same physician.115 Thus, this physician has an
obligation to Jody to perform the operation, and an obligation to Mary not to
do so: a genuine deontic conflict [Goble, 2013].

In this chapter, we define a deontic conflict as a situation in which multiple
obligations hold that are individually, but not jointly fulfillable. In our example,
the physician can perform the surgery, or she can refrain from it, but she cannot
do both. Thus, these two obligations are individually fulfillable, but not jointly.
This differs from a situation in which one is faced with multiple obligations
none of which is fulfillable. These are excluded by our definition of a deontic
conflict.116

We can be more precise about the kind of deontic conflict with which the
physician is faced. This is a conflict between directed obligations. In the Manch-
ester twins case, Jodie is the counterparty to the directed obligation that the
physician has to operate. Mary is the counterparty to the directed obligation
that the physician has to not operate.

In Chapter 3 we considered it plausible that directed obligations imply undi-
rected obligations. We accepted (DP) (Oβαϕ→ Oαϕ) as a principle of TMDL.
However, if we accept (DP), then conflicts like the Manchester twins case be-
tween directed obligations imply conflicts between undirected obligations: from
the physician’s obligation to Jody to perform the operation one can derive
the physician’s undirected obligation to perform the operation, and from the
physician’s obligation to Mary not to perform the operation one can derive the
physician’s undirected obligation not to perform the operation (see also Section
3.4.1).

In this chapter we start out by considering undirected obligations to be
action guiding in the sense that they should not offer contradictory demands
[Van De Putte and Straßer, 2012a]. In Section 6.5 we lift this restriction. In

115In reality there was a team of physicians, all responsible for both Jodie and Mary, but we
make abstraction of this.
116The distinction between an impossiblity being obligatory and a deontic conflict is also

made in [Hilpinen and McNamara, 2013, pp. 69-70].
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that section we also discuss conflicting undirected obligations.
We develop several logics with the aim of capturing reasoning with possibly

conflicting directed obligations. These logics should enable us to derive conflicts
from general premise sets. For example, from a formalisation of the key infor-
mation presented in the Manchester twins example, the logic should allow us to
derive the two conflicting undirected obligations. At the same time, the logics
should be weak enough that they do not trivialize such conflicts. Specifically,
we will develop classical term-modal deontic logics as proposed in Chapter 5.

The chapter is organised as follows. We begin in Section 6.2 by setting out
DE, a very weak classical term-modal deontic logic. In the same section, we
also discuss a number of monotonic extensions of DE.117 These logics all allow
us to derive directed obligations from more general premises and to capture
different principles of reasoning with both directed and undirected obligations.
The next section is devoted to deontic conflicts. We distinguish two kinds of
conflicts between directed obligations and then describe reasoning in the face
of these conflicts. We show that the monotonic logics of Section 6.2 cannot at
the same time capture all plausible principles, while also tolerating conflicts. To
remedy this, Section 6.4 is devoted to defeasible versions of two principles of
deontic logic. We show how we can use these to extend the monotonic logics to
non-monotonic adaptive logics [Batens, 1986, 1989, 2007, 2015; Van De Putte
et al., 2019]. In Section 6.5 we briefly consider conflicts between undirected
personal obligations with different bearers. We end the chapter by presenting
some avenues of future research in Section 6.6.

6.2 A family of monotonic deontic logics

This section is divided into four subsections. The first of these presents the
formal language that will be used in all of the logics in this chapter. Section
6.2.2 is dedicated to a semantic characterisation of the weakest logic that we
present: DE. A sound and complete axiomatisation of DE is given in Section
6.2.3. After this we discuss some other plausible principles of deontic logic and
the ways in which we can refine the semantics of DE to validate these.

6.2.1 The formal language and its interpretation

Let C = {a, b, . . .} be a countable set of constants and V = {x, y, . . .} a countable
set of variables. We let α, β, α1, . . . range over C and ν, ξ, ν1, . . . over V . Let T =
C ∪ V be the set of terms and let θ, κ, θ1, . . . be the metavariables ranging over
it. For each n ∈ N0, let Pn be a countable set of n-ary predicate symbols and
let P denote the union of all Pn. Note that our language includes propositional
variables, i.e. the 0-ary predicate symbols.

117The terms monotony and monotonicity should not be confused. Monotony is a property
of a modal operator, that it satisfies the scheme (M). Monotonicity is a property of a logic:
a logic L is monotonic iff for all premise sets Γ and formulas ϕ and ψ: if Γ `L ϕ, then
Γ ∪ {ψ} `L ϕ. This use of the terms is not consistent in the literature, for example, Chellas
calls a modal logic monotonic if it validates the scheme (M) [Chellas, 1980, p. 234].
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The formal language LCT is defined by the following Backus-Naur form,
where Π ∈ Pn, θ, κ ∈ T and ν ∈ V :

ϕ ::= Π(θ1, . . . , θn) | θ = κ | ¬ϕ | ϕ ∨ ϕ | Oθϕ | Oθκϕ | (∀ν)ϕ | [U]ϕ

The other symbols are defined in the standard way and all the symbols (except
for [U]) are interpreted as before. We let SCT be the set of sentences of LCT .

[U] is a universal modal operator (see Chapter 5) and we interpret [U]ϕ as
‘ϕ is settled true’. This operator allows us to formalise more conflicts with the
language. As an example, we can look back at the tutoring case. Here, a had
promised b to tutor c, say at three in the afternoon. As a result, a has an
obligation towards b that a tutors c at three in the afternoon. Suppose that a
has also promised their friend d to meet for an afternoon of playing computer
games. The resulting (directed) obligation conflicts with the obligation that
a has towards c, but only because it is (practically) impossible to fulfill both
obligations. This is not a logical impossibility, but for all intents and purposes
it is settled true that b does not both tutor c at three and also meets d for an
afternoon of playing computer games. We can express this with the [U]-operator.

6.2.2 DE, the weakest logic

We now present a semantic characterisation of DE, the weakest classical term-
modal deontic logic that we discuss in the present chapter. These semantics
are based on the neighborhood semantics for term-modal logics in Chapter 5.
A DE-model is a tuple M = 〈W,A, NP , ND, I, wa〉. W is a world domain,
consisting of possible worlds w,w1, . . . and A is an agent domain, consisting of
agents p, p1, p2, . . .. Both are non-empty. I is an interpretation function. The
actual world wa is new. wa is used to determine validity in the model (Definition
6.6) This becomes important in Section 6.4.

Definition 6.1. A DE-model is a tuple M = 〈W,A, NP , ND, I, wa〉, where:

1. W 6= ∅
2. A 6= ∅
3. NP : W ×A → ℘(℘(W )) is a neighborhood function
3.1 for all w ∈ W and p ∈ A: if X ∈ NP (w, p) and X ⊆ Y ⊆ W , then

Y ∈ NP (w, p)
3.2 for all w ∈W and p ∈ A: W ∈ NP (w, p)
3.3 for all w ∈W and p ∈ A: ∅ /∈ NP (w, p)
3.4 for all w ∈W and p ∈ A: if X,Y ∈ NP (w, p), then X ∩ Y ∈ NP (w, p)
4. ND : W ×A×A → ℘(℘(W )) is a neighborhood function
4.1. For all w ∈W and p1, p2 ∈ A: ∅ /∈ ND(w, p1, p2)
5. I is an interpretation function such that:
5.1. I : T → A
5.2. I : Pn ×W → ℘(An) for every natural number n ∈ N1

5.3. I : P0 → ℘(W )
6. wa ∈W .



6.2. A FAMILY OF MONOTONIC DEONTIC LOGICS 147

The neighborhood function NP assigns to each world-agent pair a set of
propositions that are obligatory for this agent (each proposition being a set of
worlds). This will be used to interpret the undirected obligation operator. NP

has a number of conditions. The first of these ensures inheritance: if a proposi-
tion is obligatory, then what necessarily follows from this proposition will also
be obligatory. The second condition ensures that what is necessary is obligatory,
and the third ensures that what is impossible cannot be obligatory. The final
condition corresponds to aggregation: if two propositions are obligatory, then
their conjunction is obligatory as well (see Chapter 5). Taken together, this
means that the undirected obligation operator is roughly equivalent to that of
TMDL (the main difference is that in DE, (BF) does not hold for Oα).

The neighborhood function ND assigns to every triple consisting of a world
and two agents a set of propositions that are obligatory for the first agent to-
wards the second agent. Condition 4.1. ensures that what is obligatory, is also
possible. The reason for this condition is that we do not want the logic to
model unfulfillable directed obligations. We defined a conflict as a situation
in which multiple (directed) obligations hold that can each be individually ful-
filled, but which are not jointly fulfillable. The ought-implies-can principle for
directed obligations that is expressed by condition 4.1. ensures that all directed
obligations can indeed be individually fulfilled.

To interpret quantifiers, we define ν-alternatives, before we give the semantic
clauses. As usual, for any ϕ ∈ LCT and DE-model M = 〈W,A, NP , ND, I, wa〉,
JϕKM =df {w ∈W |M,w � ϕ}.
Definition 6.2 (ν-alternative). For any ν ∈ V , M ′ = 〈W,A, NP , ND, I ′, wa〉
is a ν-alternative to M = 〈W,A, NP , ND, I, wa〉 iff I ′ differs at most from I in
the member of A that I ′ assigns to ν.

Definition 6.3 (Semantic Clauses). For any DE-model M = 〈W,A, NP , ND, I, wa〉:
SC1 If P ∈ Pn for a natural number n ∈ N1, then M,w |= P (θ1, . . . , θn) iff

〈I(θ1), . . . , I(θn)〉 ∈ I(P,w)
SC1’ If P ∈ P0, then M,w |= P iff w ∈ I(P )
SC2 M,w |= ¬ϕ iff M,w 6|= ϕ
SC3 M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
SC4 M,w |= θ = κ iff I(θ) = I(κ)
SC5 M,w |= Oθϕ iff JϕKM ∈ NP (w, I(θ))
SC6 M,w |= Oκθϕ iff JϕKM ∈ ND(w, I(θ), I(κ))
SC7 M,w |= (∀ν)ϕ iff for every ν-alternative M ′: M ′, w |= ϕ
SC8 M,w |= [U]ϕ iff M,w′ |= ϕ for all w′ ∈W .

In the following three definitions we define semantic consequence, validity
and validity in a model. In this last definition, we use the actual world wa.

Definition 6.4. Where Γ ⊆ SCT and ϕ ∈ SCT , ϕ is a semantic consequence
of Γ, Γ  ϕ, iff for every DE-model M = 〈W,A, NP , ND, I, wa〉 and w ∈ W :
if M,w |= ψ for all ψ ∈ Γ, then M,w |= ϕ.

Definition 6.5. Where Γ ⊆ SCT and ϕ ∈ SCT , DE validates ϕ iff for every
DE-model M = 〈W,A, NP , ND, I, wa〉 and w ∈W : M,w |= ϕ.
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Definition 6.6. Where ϕ ∈ SCT , ϕ is valid in a model M , M |= ϕ, iff M,wa |=
ϕ.

6.2.3 Axiomatisation of DE

A sound and strongly complete axiomatisation of DE is obtained by closing a
complete axiomatisation of classical propositional logic (CL) with all instances
of the axiom schemata in Table 6.1 under the rules of Table 6.2.118 ϕ(θ/κ) is the
result of replacing all free occurrences of κ in ϕ by θ, relettering bound variables
if necessary to avoid rendering new occurrences of θ bound in ϕ(θ/κ). ϕ(θ//κ) is
the result of replacing various (not necessarily all or even any) free occurrences
of θ in ϕ by occurrences of κ, again relettering if necessary [Thomason, 1970, p.
57].

(UK) [U](ϕ→ ψ)→ ([U]ϕ→ [U]ψ) (UI) (∀ν)ϕ→ ϕ(α/ν)
(UT) [U]ϕ→ ϕ (REF) α = α
(U5) 〈U〉ϕ→ [U]〈U〉ϕ (SUB) (α = β)→ (ϕ→ ϕ(α//β))

(UBF) (∀ν)[U]ϕ→ [U](∀ν)ϕ (ND) α 6= β → [U]α 6= β

(DREU) (Oβαϕ ∧ [U](ϕ↔ ψ))→ Oβαψ
(DIC) Oβαϕ→ 〈U〉ϕ
(PK) Oα(ϕ→ ψ)→ (Oαϕ→ Oαψ)
(PIC) Oαϕ→ 〈U〉ϕ
(PN) [U]ϕ→ Oαϕ

Table 6.1: Axiom schemata

(MP) if ϕ→ ψ and ϕ, then ψ
(UG) if ` ϕ→ ψ(α/ν) and α not in ϕ or ψ, then ` ϕ→ (∀ν)ψ.

(UNEC) if ` ϕ, then ` [U]ϕ

Table 6.2: Rules

There is little that is surprising in this axiomatisation. [U] is an S5-operator,
Oα is a normal modal operator satisfying the ought-implies-can principle and
Oβα is a classical modal operator with the ought-implies-can principle. The
other schemes are familiar from first-order modal logic. One result of using
neighborhood semantics instead of relational semantics is that we do not have
the Barcan formula for the obligation-operators even though we work with a
constant domain semantics. If one feels that this is an important principle that
should be validated by any term-modal deontic logic, then Chapter 5 gives us
the tools to construct a variant of DE with a finite agent domain that does
validate the Barcan formula.

118Soundness and completeness follow from the results in Chapter 5.
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6.2.4 Further principles for directed obligations

In this section we discuss four more logical principles for the directed obligation
operator: (DP), necessitation, inheritance and aggregation. SDL satisfies the
last three and TMDL satisfies all four, but each of these can also be given up.
By adding any combination of the four conditions to Definition 6.1, we obtain
extensions of DE. We list these conditions in Table 6.3 on page 152. The first
column gives the name of the logic, the next four columns the conditions that
it satisfies. Completeness for each variant follows from the results of Chapter 5.

As we stated in the introduction, under normal circumstances directed and
undirected obligations are related to each other in a natural way. If a has
towards b a directed obligation to tutor c, then a has an undirected obligation
to tutor c. This principle, stating that directed obligations imply undirected
obligations, will be called (DP): Oβαϕ → Oαϕ. We can validate it easily by
adding the following condition (that we call (dp)): for all w ∈ W , p1, p2 ∈ A
and X ⊆ W : if X ∈ ND(w, p1, p2) then X ∈ NP (w, p1). This is an instance of
the scheme (BO) in Section 5.5.3.

Necessitation is the principle that anything that is settled true, is also oblig-
atory: [U]ϕ → Oβαϕ. We can validate it by adding the condition (n) to our
models: for all p1, p2 ∈ A and w ∈W : W ∈ ND(w, p1, p2).

Inheritance is the principle: Oβα(ϕ ∧ ψ) → (Oβαϕ ∧ Oβαψ). It is validated
by models satisfying the condition (m): for all w ∈ W and p1, p2 ∈ A, if
X ∈ ND(w, p1, p2) and X ⊆ Y ⊆ W , then Y ∈ ND(w, p1, p2). Note that any
models satisfying condition (m) also validates the principle that we will call
inheritance∗: (Oβαϕ ∧ [U](ϕ→ ψ))→ Oβαψ (see Lemma 5.7 on page 113).

Finally, aggregation (between directed obligations with the same bearer)
says that if ϕ and ψ are obligatory, then their conjunction is also obligatory:
(Oβαϕ∧Oβαψ)→ Oβα(ϕ∧ψ). It corresponds to the condition (c): for all w ∈W ,
p1, p2 ∈ A and X,Y ∈ ND(w, p1, p2), X ∩ Y ∈ ND(w, p1, p2).

6.3 Deontic conflicts

We distinguish two different types of conflicts between directed obligations,
before discussing the kind of reasoning that is employed when encountering
such conflicts.

6.3.1 Types of deontic conflict

In the introduction we distinguished deontic conflicts from situations in which an
impossible proposition is obligatory. As noted before, we see a deontic conflict as
a situation in which two or more obligations hold that are not jointly fulfillable,
but neither of which is impossible to fulfill on its own. In the Manchester twins
case, the doctor has an obligation towards Jodie to perform the surgery, and
another obligation towards Mary not to perform the surgery. In what follows,
we focus on such conflicts between directed obligations with the same bearer.
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We distinguish two kinds of deontic conflicts between directed obligations
with the same bearer: bilateral and multilateral conflicts. Multilateral conflicts
are conflicts between directed obligations with distinct counterparties (for ex-
ample {ObaQa,Oca¬Qa} or {ObaPa,ObaQa,Oca¬(Qa ∧ Pa)} in a context where
b 6= c). In the Manchester twins case there is such a multilateral conflict:
Mary is the counterparty of one obligation, and Jodie of the other obligation.
Bilateral conflicts are conflicts where all the obligations involved are directed
and where the counterparty is the same for all those obligations (for example
{ObaQa,Oba¬Qa}).119

Consider the following case of a bilateral conflict: A twelve-year old patient
w with cystic fibrosis is in need of a life-saving blood transfusion by doctor
b. However, w and w’s parents are Jehovah’s witnesses, and w refuses the
transfusion on religious grounds [Parker and Dickenson, 2001, pp. 34-35]. The
same general rule holds as in the Manchester twins case: ‘Doctors have an
obligation to their patients to benefit the health of these patients’. From this
rule and the information at hand it follows that ‘Doctor b has an obligation
towards w to administer a blood transfusion to w’. However, this time there
is also a second rule in play: ‘Doctors have an obligation to their patients
to respect the autonomy of these patients’. Since patient w refuses a blood
transfusion, respecting the autonomy of w necessarily implies not administering
a blood transfusion to w. Hence, b is faced with a bilateral conflict: b has an
obligation towards w to administer the blood transfusion, and b has another
obligation towards w not to administer the blood transfusion.120

A few other points need to be taken account of. Not every conflict is a
conflict between the obligatoriness of a proposition and its negation. Some-
times, as in the tutoring and gaming example above, the incompatibility of
obligatory propositions is not due to logical impossibility, but due to contingent
circumstances. We can use the [U]-operator to express that two propositions
are mutually incompatible. At other times, we will have conflicts between three
or more obligations, e.g. {Oad(P ∨Q),Obd¬P,Ocd¬Q}. Finally, it is also possible
to have existentially quantified formulas as part of a conflict. Thus, we consider
{(∃x)(OaxPx ∧ Obx¬Px)} to be a multilateral conflict as well.

Premise sets will usually not explicitly contain formulas that fit neatly into
the definition of deontic conflicts above. Instead, we have to deduce these by
means of deontic reasoning. In the Manchester twins case, the premises are: (1)
all doctors have an obligation to their patients to benefit the health of these
patients, (2) Jodie and Mary are patients of physician a, (3) it is necessary that
if physician a acts to benefit Jodie, then she does perform the surgery and (4)
if physician a acts to benefit Marie, then she does not perform the surgery. We
can formally express these premises in the language as follows:

1. (∀x)(∀y)(Pxy → OxyByx)

119In this chapter we will not consider conflicts between directed obligations with different
bearers, but it is possible to make analogous constructions for these.
120If one thinks a twelve-year old is not yet competent enough for their autonomy to be

taken into consideration, then we can simply vary the age of the patient.
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2. Pja ∧ Pma

3. [U](Baj → Sa)

4. [U](Bam→ ¬Sa)

No combination of these formulas fits the definition of a deontic conflict. We
need a logic that is strong enough to derive a conflict from such a premise set,
but does not lead to triviality once it does so. DE allows us to derive the conflict
{OjaBaj,Oma Bam,¬〈U〉(Baj ∧Bam)} (by (UI), (MP), (UK) and (UNEC)).121

6.3.2 Desiderata for a conflict-tolerant deontic logic

When we are faced with a deontic conflict, we do not throw our hands up in the
air and forego any further reasoning. We also do not conclude that everything
is suddenly obligatory. This leads us to our first desideratum: deontic conflicts
should not be trivialized. This means that if we have a deontic conflict in our
premises, we should not be able to derive ⊥.

Any extension of DE that validates aggregation trivialises bilateral conflicts.
Consider, for example, the premise set {ObaQa,Oba¬Qa}. By aggregation, we
can derive Oba(Qa ∧ ¬Qa). By the ought-implies-can principle, we can derive
〈U〉(Qa ∧ ¬Qa). By CL and the S5 properties of [U], we derive ⊥.

When an extension of DE validates (DP), then it tolerates none of the
conflicts identified above. From a conflict between directed obligations, we can
derive a conflict between undirected obligations. Since Oα is a normal modal
operator, DE trivialises such conflicts.

However, there are other possible desiderata than conflict-tolerance that we
must take into account. For obligations that are not tainted by conflicts we
want to be able to apply all the principles from Section 6.2.4 that we deem
to be plausible. This is the second desideratum. Since (DP) and aggregation
are incompatible with a logic that is conflict-tolerant, this means that we need
defeasible versions of these principles.122 If we find the principle (DP) plausible,
then we should, for example, be able to derive OaQa from {ObaQa} or from
{ObaQa,OcaPa,Oda¬Pa}, but not from {ObaQa,Oba¬Qa}. Similarly, if one finds
aggregation of directed obligations plausible, but also wants the logic to be
conflict-tolerant, then one would want to be able to derive Oba(Qa ∧ Pa) from
{ObaQa,ObaPa}, but not Oba(Qa ∧ ¬Qa) from {ObaQa,Oba¬Qa}.

Finally, we should note that until Section 6.5 we do not want conflicts be-
tween undirected obligations to be derivable from conflicting directed obliga-
tions. In the beginning of this chapter we are only concerned with conflicts be-
tween directed obligations. Our undirected obligations should be action guiding

121With any of the logics in Table 6.3 that validate inheritance, we can derive
{OjaSa,Oma ¬Sa} as well.
122This kind of problem is typical for the type of solution to normative conflicts that we

propose here. Goble notes the same problem for conflict-tolerant variants of SDL [Goble,
2013, p. 297]: if the logic is weak enough to be conflict-tolerant, then it does not validate all
principles of SDL, and if the logic does validate all principles of SDL, then it is too strong
to be conflict-tolerant.
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Name (m) (c) (n) (dp) bilateral multilateral

DE X X
DM x X X
DC x X
DR x x X
DN x X X

DMN x x X X
DCN x x X
DK x x x X

DE + DP x
DM + DP x x
DC + DP x x
DR + DP x x x
DN + DP x x

DMN + DP x x x
DCN + DP x x x
DK + DP x x x x

Table 6.3: The different monotonic logics

in the sense that they should not offer contradictory demands [Van De Putte and
Straßer, 2012a]. All undirected obligations of an agent should be jointly fulfill-
able. Therefore we are only concerned with logics that satisfy ought-implies-can
and aggregation for undirected obligations.

6.4 Adaptive extensions

The principles (DP) and aggregation seem incompatible with tolerating conflicts
between directed obligations. Nevertheless, one can argue that these principles
are plausible for obligations not involved in a conflict (cf. the second desidera-
tum). In this section we develop adaptive logics that take this idea into account.
These logics allow us to apply (DP) or aggregation in unproblematic cases, but
block the application of the same principles for obligations that are in conflict.

We briefly summarise the main idea of non-monotonic logic in Section 6.4.1.
In Section 6.4.2 we explain the semantics of adaptive logics in the standard for-
mat, using a toy logic. The proof theory is laid out in Section 6.4.3. Section 6.4.4
sets out two problems with this toy logic. The last three sections, 6.4.5, 6.4.6
and 6.4.7, develop a number of adaptive logics based on the conflict-tolerant
logics that were presented in Section 6.3, while taking the two problems of the
toy logic into account.
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6.4.1 Non-monotonic logic

Non-monotonic logics can be used to explicate defeasible reasoning, i.e. reason-
ing where the conclusion can be withdrawn in the light of new information. The
classic example of defeasible reasoning is to infer from ‘Tweety is a bird’ that
‘Tweety can fly’. This seems to be a reasonable conclusion based on the fact
that birds typically can fly. However, we retract this conclusion upon hearing
that Tweety is a pinguin, a kind of bird that cannot fly [Strasser and Antonelli,
2019]. Defeasible reasoning is also what we have in mind for the problematic
principles: we can apply these principles, but we must retract them when we
learn that our obligations conflict.

Defeasible reasoning cannot be captured by classical logic, since classical
logics are monotonic. A logic L is monotonic iff for all premise sets Γ and
formulas ϕ and ψ: if Γ `L ϕ, then Γ ∪ {ψ} `L ϕ. Non-monotonic logics are
characterised by the fact that they violate this property.

Non-monotonic logics come in various guises (see [Strasser and Antonelli,
2019] for a concise introduction), but in this thesis we will only be concerned
with adaptive logics. The main advantage of adaptive logic over other non-
monotonic formalisms is that adaptive logics (in the standard format) give us a
dynamic proof theory [Van De Putte et al., 2019, p. 528]. This dynamic proof
theory “explicates the dynamics of defeasible reasoning” [Straßer, 2014, p. 9].123

6.4.2 Adaptive logic, a toy example

To explain adaptive logics, we will use a running toy example of such a logic.
The motivating idea behind this toy logic is that we would like to block the
principle (DP) only in case the obligations involved are in conflict with other
obligations. For example, we should be able to derive Oaϕ from {Obaϕ}, but
not from {Obaϕ,Oca¬ϕ}. In this last premise set, Obaϕ is part of a conflict and
so applying (DP) would lead to triviality.

Our toy logic uses the standard format of adaptive logics (see the recent
survey in [Van De Putte et al., 2019]). Every logic in the standard format is
defined by a lower limit logic (LLL), a set of abnormalities and an adaptive
strategy. For our present purposes the LLL can be any of the logics in Table
6.3 that does not validate (DP). The adaptive logic validates all of the valid
formulas of the LLL, so taking a logic that validates (DP) as LLL will result in
an adaptive logic that does not block (DP) in any circumstance. For this toy
example, we will use DK as the LLL.

Abnormalities are those formulas that we want the logic to falsify as often
as possible. How this ‘as often as possible’ is interpreted exactly is determined
by the adaptive strategy. In our case we want all negations of instances of
(DP) to be falsified as long as this does not lead to triviality. So we use Ω =
{Oβαϕ ∧ ¬Oαϕ | α, β ∈ C and ϕ ∈ LCT } as the set of abnormalities.

For all logics in this section, including our toy logic, we will use the adaptive
strategy known as ‘minimal abnormality’ (see for example [Van De Putte et al.,

123Another advantage is the transparent handling of premise sets [Straßer, 2014, pp. 87-88].
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2019]). To explain this strategy, we first need some preliminary definitions. We
say that a model M is a model of Γ iff for all ϕ ∈ Γ, M |= ϕ. For any model
M , Ab(M) =df {ϕ | ϕ ∈ Ω and M |= ϕ}.

Definition 6.7. An LLL-model M of Γ is minimally abnormal iff there is no
LLL-model M ′ of Γ such that Ab(M ′) ⊂ Ab(M).

The models of our adaptive logic are those models of the LLL that are
minimally abnormal.

Definition 6.8. Where MLLLm(Γ) is the set of all minimally abnormal LLL-
models of Γ,

Γ LLLm ϕ iff for all M ∈MLLLM(Γ), M |= ϕ

Take our toy logic and the premise set {ObaQ}. There are DK models M
of this premise set such that Ab(M) = ∅. In all of these models M |= OaQ
(otherwise ObaQ ∧ ¬OaQ ∈ Ab(M) and thus Ab(M) 6= ∅). Hence, OaQ is
a semantic consequence of {ObaQ} in our toy logic. However, if we take the
premise set {ObaQ,Oba¬Q}, then for all LLL-models M : M |= ObaQ ∧ ¬OaQ or
M |= Oba¬Q ∧ ¬Oa¬Q. So OaQ is not a consequence of this premise set.

6.4.3 A dynamic proof theory

The standard format of adaptive logic gives us a proof theory, as well as sound-
ness and completeness results for our adaptive logic. Since the logic is non-
monotonic, this proof theory is dynamic: what has been derived on a certain
line (at a certain stage of the proof ) can be made obsolete at a later point in
the proof, in view of other formulas that have been derived in the proof. In this
section we lay out the proof theory of adaptive logics in the standard format.
For more details see [Van De Putte et al., 2019; Straßer, 2014; Batens, 2007].

An adaptive proof in standard format consists of four columns: a line num-
ber, a formula, a justification and a condition ∆ ⊂ Ω. The first three of these
will be familiar to the reader, but the fourth column is new. The condition
states the set of abnormalities that have been assumed false in order to derive
the formula on that line. We give an example below, but first we present the
inference rules in Table 6.4 (we omit line numbers and justifications). Dab(Θ)
is defined as the disjunction of abnormalities in Θ ⊂ Ω.

A stage of a proof is a sequence of lines and a proof is a chain of such stages.
Adding a line to a proof by applying one of rules in Table 6.4 brings the proof
to its next stage, which is the sequence of all lines written so far. The following
is an example of an adaptive proof.

1 ObaSa Prem ∅
2 OaSa ∨ ¬OaSa (RU) ∅
3 OaSa ∨ (ObaSa ∧ ¬OaSa) 1,2; (RU) ∅
4 OaSa 3; (RC) {ObaSa ∧ ¬OaSa}
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Prem If A ∈ Γ, then:
...

...
A ∅

(RU) If A1, . . . , An `LLL B, then: A1 ∆1

...
...

An ∆n

B ∆1 ∪ . . . ∪∆n

(RC) If A1, . . . , An `LLL B ∨Dab(Θ), then: A1 ∆1

...
...

An ∆n

B ∆1 ∪ . . . ∪∆n ∪Θ

Table 6.4: Inference rules

On line 1 the premise ObaSa is introduced using the rule Prem. On line
2 we derive OaSa ∨ ¬OaSa. Since OaSa ∨ ¬OaSa is a theorem of the LLL
(= DK) of the toy logic, it can be derived by (RU) with the emptyset as
a condition. Since {ObaSa,OaSa ∨ ¬OaSa} `DK OaSa ∨ (ObaSa ∧ ¬OaSa), we
derive OaSa∨(ObaSa∧¬OaSa) on line 3 on condition ∅∪∅ = ∅. ObaSa∧¬OaSa is
an element of Ω, and thus also a minimal disjunction of abnormalities (consisting
of only one disjunct). So we use the rule (RC) to derive OaSa on line 4, on the
condition {ObaSa ∧ ¬OaSa}.

In the previous example there was no conflict. Now we show what happens
if there is a (multilateral) conflict, by using the Manchester twins example.

1 (∀x)(∀y)(Pxy → OxyByx) Prem ∅
2 Pja ∧ Pma Prem ∅
3 [U](Baj → Sa) Prem ∅
4 [U](Bam→ ¬Sa) Prem ∅

Since {(∀x)(∀y)(Pxy → OxyByx), P ja ∧ Pma, [U](Baj → Sa)} `DK OjaSa (see
footnote 121), we can advance to the next stage by adding:

5 OjaSa 1,2,3; (RU) ∅

Now we can derive OaSa at stage 7:

6 OaSa ∨ (OjaSa ∧ ¬OaSa) 5; (RU) ∅
7 OaSa 6; (RC) {OjaSa ∧ ¬OaSa}

We can derive Oa¬Sa by an analogous line of reasoning:

8 Oma ¬Sa 1,2,4;(RU) ∅
9 Oa¬Sa ∨ (Oma ¬Sa ∧ ¬Oa¬Sa) 8 (RU) ∅

10 Oa¬Sa 9; (RC) {Oma ¬Sa ∧ ¬Oa¬Sa}
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However, ¬(OaSa∧Oa¬Sa) is a theorem of the LLL DK, so deriving its negation
is problematic.

This problem is solved by means of a marking definition. Marking a line
‘blocks’ the derivation of the formula on that line. The exact definition differs
depending on the adaptive strategy, but in what follows we explain the marking
definition of the strategy minimal abnormality.

Recall that Dab(Θ) denotes the disjunction of abnormalities in Θ. We now
say that Dab(Θ) is a Dab-formula at stage k of a proof from Γ iff it is the second
element of a line in the proof with an empty condition. Dab(Θ) is a minimal
Dab-formula at stage k iff there is no other Dab-formula Dab(Θ′) at stage k for
which Θ′ ⊂ Θ. Where Dab(Θ1), Dab(Θ2), . . . are the minimal Dab-formulas at
stage k of a proof, let Σk(Γ) = {Θ1,Θ2, . . .}.

For example, at the next stage of the proof we can write a minimal Dab-
formula:

11 (OjaSa ∧ ¬OaSa) ∨ (Oma ¬Sa ∧ ¬Oa¬Sa) (RU) ∅

Where Λ is the set consisting of the four premises on lines 1 – 4, Σ11(Λ) =
{{OjaSa ∧ ¬OaSa,Oma ¬Sa ∧ ¬Oa¬Sa}}.

We say that Υ ⊂ Ω is a choice set of Σk(Γ) iff for every Θ ∈ Σk(Γ), Υ∩Θ 6= ∅.
Υ is a minimal choice set of Σk(Γ) iff there is no choice set Ξ of Σk(Γ) such that
Ξ ⊂ Υ. Let Φk(Γ) be the set of minimal choice sets of Σk(Γ), then we define
marking for minimal abnormality as follows.

Definition 6.9 (Marking Definition). A line l with formula ϕ and condition ∆
is marked at stage s iff:
i. there is no Υ ∈ Φs(Γ) such that Υ ∩∆ = ∅, or
ii. for an Υ ∈ Φs(Γ), there is no line on which ϕ is derived on a condition Θ

for which Θ ∩Υ = ∅.

At stage 11 of the proof that we are using as an example, lines 7 and 10
are marked. Since Σ11(Λ) = {{OjaSa ∧ ¬OaSa,Oma ¬Sa ∧ ¬Oa¬Sa}}, Φ11(Λ) =
{{OjaSa∧¬OaSa}, {Oma ¬Sa∧¬Oa¬Sa}}. Line 7 is marked because for {OjaSa∧
¬OaSa} there is no line on which OaSa is derived on a condition Θ for which
Θ∩ {OjaSa∧¬OaSa} = ∅ (in this case, line 7 is the only line on which OaSa is
derived). For a similar reason line 10 is marked.

The marking makes the proof format dynamic. Lines that were not marked
at a certain stage of the proof can be marked at a later stage, and marked lines
can become unmarked at a later stage. However, we also need a stable notion
of derivability. This is called final derivability.

To give a definition of final derivability, we first need to introduce the notion
of an extension. An extension of the stage s of a proof is every stage s′ that
contains the lines occurring in s in the same order. We are now in a position to
define final derivability and state the completeness theorem:

Definition 6.10. ϕ is finally derived from Γ on line l of a finite stage s iff
i. ϕ is the second element of line l,
ii. line l is not marked at stage s, and
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iii. every extension of the stage in which line l is marked may be further ex-
tended in such a way that line l is unmarked again.

Definition 6.11. Γ `LLLm ϕ (ϕ is finally LLLm-derivable from Γ) iff ϕ is
finally derived on a line of a LLLm-proof from Γ.

Theorem 6.1. Γ LLLm ϕ iff Γ `LLLm ϕ.

For a proof of the completeness theorem and some other interesting meta-
theorems, we refer to the existing literature, in particular [Batens, 2007].

6.4.4 Two problems with the toy logic

In the previous two sections, we presented a toy logic that gives us an adaptive
version of (DP). In this section, we present two problems of this toy logic. Then,
in the next section, we will present an adaptive logic that solves these problems.

The first problem with the toy logic is that it is what adaptive logicians call
a flip-flop. An adaptive logic is a flip-flop iff, for all premise sets from which
an abnormality is derivable, the formulas that are derivable with the adaptive
logic are the same as those derivable with the LLL [Van De Putte et al., 2019].
In other words, in the presence of an abnormality, the adaptive logic collapses
into the LLL.

To illustrate this, let us take the premise set {ObaPa,Oca¬Pa,OdaQa} as an
example. Here there is a conflict between the obligations that a has towards b
and c. So we would want to block the derivation of OaPa and Oa¬Pa. However,
OdaQa is unproblematic and so we do want OaQa to be derivable.

Sadly, this is impossible in the toy logic. To see this, consider the follow-
ing three abnormalities: Oba(Pa ∨ ¬Qa) ∧ ¬Oa(Pa ∨ ¬Qa), Oca(¬Pa ∨ ¬Qa) ∧
¬Oa(¬Pa∨¬Qa) and OdaQa∧¬OaQa. Each minimally abnormal model of the
premises validates at least one of these abnormalities and every one of these
formulas is validated in at least one of the minimally abnormal models. Since
the last formula is validated in some minimally abnormal models, one cannot
derive OaQa in the toy logic.

A second problem with the abnormalities of the toy logic can be illustrated by
taking as a premise set {(∃x)OaxPb}. From this, we would want to be able to de-
rive (∃x)OxPb. However, there are minimally abnormal models of {(∃x)OaxPb}
that do not validate {(∃x)OxPb}.

Take, for instance, a DK-model M = 〈W,A, NP , ND, I, wa〉 where W =
{wa, wb, wc} and A = {p1, p2}. For every w ∈ W and p ∈ A, let NP (w, p) =
{wc}. Let ND(wa, p1, p2) = {wb} and for every 〈w, p, p′〉 ∈ {〈w, p, p′〉 | w ∈
W and p, p′ ∈ A} \ 〈wa, p1, p2〉, let ND(w, p, p′) = {wc}. Let I be such that
for all θ ∈ T , I(θ) = p2, I(P,wb) = {p2} and I(P,w1) = I(P,w2) = ∅. M
validates (∃x)ObxPb∧¬(∃x)OxPb, but this formula is not an abnormality. M is
a minimally abnormal model of {(∃x)OaxPb} and does not validate (∃x)OxPb,
thus we cannot derive this in our toy logic.
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6.4.5 Adaptive (DP)

The problem of flip-flops is well-known in the study of adaptive logics. We can
use the following solution, taken from [Meheus et al., 2010].124

Let LCTa be the literals in LCT . Where Θ ⊆ LCTa is finite and non-empty,
we define σκθ (Θ) as follows:

σκθ (Θ) =df {Oκθ (
∨

Θ′) ∧ ¬Oθ(
∨

Θ′) | Θ′ ⊆ Θ and Θ′ 6= ∅}

We define the set of abnormalities, ΩI , as follows:

ΩI =df {
∨

(σβα(Θ)) | Θ ⊆ LCTa ,Θ 6= ∅,Θ is finite and α, β ∈ C}

This approach gets rid of our flip-flop problem. Recall our example premise
set from above: {ObaPa,Oca¬Pa,OdaQa}. We could not derive OaQa, since there
were minimally abnormal models validating ObaQa ∧ ¬OaQa, as every model
validated at least one of Oba(Pa ∨ ¬Qa) ∧ ¬Oa(Pa ∨ ¬Qa), Oca(¬Pa ∨ ¬Qa) ∧
¬Oa(¬Pa ∨ ¬Qa) and OdaQa ∧ ¬OaQa. However, with the new definition of
abnormalities, the first two of these three formulas are no longer abnormalities,
while the last still is. Thus, models that validate ObaQa ∧ ¬OaQa are no longer
minimally abnormal. Hence, we can derive OaQa.

The second problem with the abnormalities of the toy logic (that is not solved
by taking ΩI as abnormalities) was illustrated by the premise set {(∃x)OaxPb}.
From this, we would want to be able to derive (∃x)OxPb. However, there are
minimally abnormal models of {(∃x)OaxPb} that do not validate {(∃x)OxPb}.
To solve both the first and second problem of the toy logic, we define the fol-
lowing two sets of abnormalities:

Ω1 =df {(∃ν)
∨

(σνα(Θ)) | Θ ⊆ LCTa ,Θ 6= ∅,Θ is finite, α ∈ C and ν ∈ V }

Ω2 =df {(∃ν)(∃ξ)
∨

(σξν(Θ)) | Θ ⊆ LCTa ,Θ 6= ∅,Θ is finite and ν, ξ ∈ V }

Let ΩDP = Ω1∪Ω2. Models that validate {(∃x)OaxPb}, but not {(∃x)OxPb} are
no longer minimally abnormal with these new abnormalities. Hence, (∃x)OxPb
is derivable.

If we had taken only Ω2 as our set of abnormalities, then we could not
derive Oaϕ from {Obaϕ}, but only (∃x)Oxϕ. By taking only Ω1, we run into the
opposite problem: not being able to derive (∃x)Oxϕ from {(∃x)Oaxϕ}. Thus, we
need the union of both.

Taking the set ΩDP as the abnormalities solves both problems. We can use
this set to get a defeasible form of (DP) for any of the logics in Table 6.3 that
do not validate (DP). We simply take the selected monotonic logic from Table
6.3 as LLL, ΩDP as the set of abnormalities and minimal abnormality as the
strategy. Each of these logics is tolerant to the same conflicts as its LLL, but
is stronger than its LLL. In particular, it satisfies the second desideratum for
(DP): when there are no conflicts, then we are able to apply (DP).

124See also [Goble, 2014; Van De Putte et al., 2019].
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6.4.6 Adaptive aggregation

To satisfy desideratum 2 for aggregation of directed obligations, we need an
adaptive form of this aggregation. A first suggestion might be to use as abnor-
malities the set of all formulas of the form Oβαϕ∧Oβαψ ∧¬Oβα(ϕ∧ψ). However,
this leads to similar problems as the two we identified in Section 6.4.4. Luckily,
the solution of these problems is analogous to those presented in Section 6.4.5
for the adaptive form of (DP).

Again let LCTa be the literals in LCT and let Θ ⊆ LCTa be finite and non-
empty.

τκθ (Θ,K) =df {Oκθ (
∨

Θ′) ∧ Oκθ (
∨
K ′) ∧ ¬Oκθ (

∨
Θ′ ∧

∨
K ′) | Θ′ ⊆ Θ,K ′ ⊆ K

and Θ′,K ′ 6= ∅}

Ω1
C =df {

∨
(τβα (Θ)) | Θ ⊆ LCTa ,Θ 6= ∅,Θ is finite and α, β ∈ C}

Ω2
C =df {(∃ν)(∃ξ)

∨
(τ ξν (Θ)) | Θ ⊆ LCTa ,Θ 6= ∅,Θ is finite and ν, ξ ∈ V }

Ω3
C =df {(∃ν)

∨
(τβν (Θ)) | Θ ⊆ LCTa ,Θ 6= ∅,Θ is finite, ν ∈ V and β ∈ C}

Ω4
C =df {(∃ν)

∨
(τνα(Θ)) | Θ ⊆ LCTa ,Θ 6= ∅,Θ is finite, α ∈ C and ν ∈ V }

ΩC =df Ω1
C ∪ Ω2

C ∪ Ω3
C ∪ Ω4

C

The flip-flop problem would already have been solved by only taking Ω1
C as

our set of abnormalities. This solution is analogous to the one in [Meheus et al.,
2010, p. 10] and can be seen as an adaptation to aggregation of the solution to
the flip-flop problem in Section 6.4.5.

To solve the second problem we need all four of Ω1
c-Ω

4
C . Without Ω4

c we would
not be able to derive (∃x)Oxa(Pa∧Qa) from {(∃x)(OxaPa∧OxaQa}, i.e. we would
not be able to apply aggregation to formulas with existential quantification
over the counterparty. Similarly, without Ω3

C we would not be able to apply
aggregation to formulas with existential quantification over the bearer, without
Ω2
C we would have trouble with existential quantification over both the bearer

and the counterparty, and without Ω1
C we would have problems with formulas

without existential quantification.
Now we can take any of the monotonic logics from Table 6.3 that do not

validate aggregation for directed obligations and use this logic as the LLL of
an adaptive logic. We take ΩC as the set of abnormalities and minimal abnor-
mality as the strategy. The resulting adaptive logic satisfies desideratum 2 for
aggregation and does not suffer from the two problems from Section 6.4.4. In
addition, it is tolerant to the same conflicts as its LLL.

Let us illustrate that desideratum 2 is satisfied by taking DMN as the LLL.
If we take as premises the set {ObaQa,ObaPa}, then we can derive Oba(Qa∧Pa).
Any models that do not validate Oba(Qa ∧ Pa) are not minimally abnormal,
as they validate the abnormality ObaQa,∧ObaPa ∧ ¬Oba(Qa ∧ Pa). Similarly,
from {ObaQa,ObaPa,Oca¬Pa} we can derive Oba(Qa ∧ Pa). All models of the
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premise set that do not validate Oba(Qa ∧ Pa), do validate the abnormality
ObaQa ∧ ObaPa ∧ ¬Oba(Qa ∧ Pa) and are therefore not minimally abnormal.125

6.4.7 Combining adaptive (DP) and aggregation

We can also combine adaptive aggregation and adaptive (DP). Take as LLL any
logic from Table 6.3 that does not validate (DP) nor aggregation for directed
obligations, take as abnormalities ΩC ∪ ΩDP and as a strategy minimal abnor-
mality. The resulting logic is tolerant to both kinds of conflicts (as its LLL is
tolerant to both) and satisfies desideratum 2 for both aggregation and (DP).
We consider for a moment the strongest of these logics, the one with DMN as
its LLL. For ease of reference, we will call it TMDLm.

Imagine an extension of the Manchester Twins case where it is necessary
for performing the surgery to prepare surgical equipment, [U](Sa→ Ea). With
TMDLm we can derive from this and the premises (i)-(iv) from Section 6.3.1
that a has an obligation towards Jodie to prepare the surgical equipment:
By (UI) and (MP), we can derive OjaBaj from (i). By two applications of
inheritance∗ (see Section 6.2.4), we first derive OjaSa and then OjaEa. This
seems appropriate for cases of multilateral conflicts where it is not clear which
obligation (if any) should be given up. When there is only a multilateral con-
flict, then we can still derive the obligations that the bearer has towards each
counterparty. However, when we decide for some extra-logical reason that the
obligation not to perform the surgery prevails, then we might no longer be
willing to make this derivation.

6.5 Conflicting undirected obligations

According to our definition of a deontic conflict, {Oaϕ,Ob¬ϕ, a 6= b} is a deontic
conflict. According to this premise set, two distinct persons have obligations
that are not jointly fulfillable. The conflicts that we have seen in the previous
sections were between obligations with the same bearer. We will call these
intrapersonal conflicts. In the present section we discuss interpersonal conflicts:
conflicts between obligations with distinct bearers.

Hilpinen holds that a logic of personal obligations should not tolerate such
conflicts, i.e. that it should be a principle of deontic logic that obligations of
different bearers are jointly fulfillable [Hilpinen, 1974, pp. 164-166]. This is not a
principle of any of the logics in Table 6.3. In these logics Γ = {Oaϕ,Ob¬ϕ, a 6= b}
is perfectly consistent. The logics in Table 6.3 all tolerate interpersonal conflicts.

In Section 5.5.3 we saw one way of extending the logics in Table 6.3 that
makes Γ inconsistent. We add the following condition to DE-models: for all
w ∈ W and p, p′ ∈ A, if X ∈ N(w, p), then (W \ X) /∈ NP (w, p′). This
corresponds to the axiom Oαϕ→ Pβ¬ϕ, which states that if some state of affairs
is obligatory for α, then this state of affairs is permissible for everyone else. The
logics extended in this way do indeed trivialise Γ, but they do not completely

125Naturally, any logics whose LLL validates (DP) will trivialise this last premise set.
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fulfill Hilpinen’s desideratum. Consider the set Θ = {Oaϕ,Obψ,Oc¬(ϕ∧ψ)}. Θ
is consistent in all the described logics, but the obligations in Θ are not jointly
fulfillable.

One way to obtain a logic that excludes situations in which personal obli-
gations are in conflict is by using the weak impersonal obligation operator OW

and the principle (WiP) of Section 5.8.2. Indeed, the logic ATMDL in Section
5.8.2 fulfills Hilpinen’s requirement that all obligations are jointly fulfillable. To
obtain an extension of a logic in Table 6.3 that excludes situations in which per-
sonal obligations are in conflict, we can do the following: we add the operator
OW to the language, the serial accessibility relation RW and condition 2.2 of
Definition 5.23 (for every w ∈ W : RW (w) ⊆

⋂
p∈AR(w, p)) to the semantics,

and the axiom schemes (WK), (WD), (WNEC) (WBF) and (WiP) of Table 5.12
to the axiomatisation (see Section 5.8.2).

If we want a logic with the weak obligation operator that is tolerant to inter-
personal conflicts, then we can give up (WiP) (and the corresponding semantic
condition). However, (WiP) seems to be a plausible principle: OW was intro-
duced as the operator for impersonal obligations that are implied by personal
obligations (Section 3.5.7). To retain this intuition we can give an adaptive ver-
sion of (WiP). Another possibility is making OW conflict-tolerant, for example
by giving up aggregation for weak obligations.

6.6 Conclusion

In the bulk of this chapter we focussed on intrapersonal conflicts, distinguishing
between bilateral and multilateral conflicts. We outlined a number of monotonic
extensions of the term-modal deontic logic DE, and showed which of these tol-
erate what kinds of intrapersonal conflicts. We then noted that none of the
conflict-tolerant extensions validate aggregation of directed obligations with the
same bearer, or the derivation of undirected obligations from directed obliga-
tions. They did not even validate these for obligations that were not involved
in any conflict. Since these principles are arguably plausible, we have devel-
oped defeasible versions of (DP) and aggregation. This allows us to construct
non-monotonic logics that validate these principles as much as possible.

This shows that, within the formal framework of classical term modal logics
developed in Chapter 5, and making use of the standard format of adaptive logics
(and well-known extensions), we can specify a rich variety of logics that tolerate
bilateral and multilateral conflicts. Whatever combination of the principles
discussed in Section 6.2.4 one finds plausible can be used to construct a conflict-
tolerant logic. If one finds inheritance, necessitation, both or neither plausible,
then one can use the conflict-tolerant logic in Table 6.3 that validates exactly
these principles. If, in addition, one finds aggregation, (DP) or both plausible,
then one can add these as defeasible principles, as was described in Section 6.4.
We see this as the main result of the present chapter.

This opens the door to different avenues of future research. In Section 6.5 we
briefly commented on interpersonal conflicts within (extensions of) our frame-
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work. One can develop this in more detail and consider whether certain obli-
gations should prevail over others in virtue of their form. One could ask, for
example, whether from {Oβαϕ,Oγ¬ϕ} we should be able to finally derive OWϕ,
OW¬ϕ, or neither of the two. We can also explore the implications of intro-
ducing agency operators. The obligations ‘a ought to bring it about that the
door is closed’ and ‘b ought to bring it about that the door is not closed’ seem
to be in conflict (see Section 5.8.2), but the language LCT is not fine-grained
enough to pick this up. Other possibilities are: exploring the results of using a
different adaptive strategy, or giving up the requirement that undirected per-
sonal obligations are action-guiding, i.e. also allowing for conflicts of the form
{Oaϕ,Oa¬ϕ}.



Chapter 7

Holistic Detachment

Summary In this chapter we turn away from term-modal logics for a moment,
in order to present a propositional logic HDm

< of conditional obligations. We
return to term-modal logic in Chapter 8, where we present a term-modal version
of HDm

< . The propositional logic HDm
< is constructed to fulfill two important

desiderata regarding detachment. The first desideratum states that an uncon-
ditional obligation should only be detached from a conditional obligation if it
is fixed that the antecedent of the conditional obligation is true. The second
desideratum states that an unconditional obligation should only be detached
from a conditional obligation if the antecedent of the conditional obligation is
all that is fixed. We argue for the desirability of both desiderata and show that
the monotonic logic HD satisfies both. However, we also argue that HD itself
is too weak and propose the adaptive extension HDm

< instead.

F
Previous versions of sections 7.1 to 7.6.3 and Section 7.7 can
be found in the paper “How to Take Heroin (if at all). Holistic
Detachment in Deontic Logic” [Van De Putte et al., 2018].

7.1 Introduction

One of the central motivating concerns for developing Term-Modal Deontic
Logic was that we wanted to represent (reasoning with) general rules such as
‘all doctors must swear the Hippocratic oath’ (see Section 2.2). One of the
goals of the thesis is to develop a logic that explicates the derivation of per-
sonal obligations from general rules and possibly some information about the
circumstances. To achieve this we proposed a narrow scope interpretation of
uncategorical obligations in TMDL (Section 3.5.8).126 For example, ‘all doc-
tors must swear the Hippocratic oath’ is then formalised as (∀x)(Dx→ OxSx).

126Remember that ‘uncategorical general obligations’ are obligations that hold for all people
who satisfy a certain condition. In Section 2.2.3 we contrasted these with categorical general
obligations, that hold for every person.
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If in addition we have that a is a doctor (Da), then TMDL allows us to derive
the personal obligation ‘a has to swear an oath (OaSa)’. So far so good.

However, in Section 3.5.9 we have laid out a problem with this interpretation
of uncategorical obligations in TMDL: it does not allow for exceptions to
general obligations. In Section 1.3.3 we discussed a similar objection to SDL.
We also hinted that a solution to this problem of SDL can be found in a logic
that uses dyadic modal operators to represent conditional obligations.

That is what we will explore in this chapter. We present a propositional
logic HDm

< of holistic detachment which allows for both the derivation of un-
conditional obligations from conditional obligations and information about the
circumstances, and reasoning with exceptions to conditional obligations.

In Chapter 8 we will use HDm
< as the basis of a term-modal logic of uncate-

gorical obligations. This transition is unproblematic, since we argued in Section
3.5.8 that there is a natural link between conditional and uncategorical obliga-
tions: we see uncategorical obligations as statements that universally quantify
over personal conditional obligations.

We proceed as follows. In Section 7.2 we argue against the principle of factual
detachment for the derivation of unconditional obligations. Instead we propose
a principle of holistic detachment. The remainder of the present chapter is
devoted to setting out a propositional logic of holistic detachment. We start out
by presenting this logic, HD, in Section 7.3. HD is a monotonic, propositional
logic of holistic detachment. We prove completeness for HD in Section 7.4.
After discussing possible variants of HD in Section 7.5, we devote Section 7.6
to some shortcomings of HD and a way to solve these by defining the adaptive
logic HDm

< . We close out our discussion by comparing HDm
< to some related

approaches in Section 7.7.

7.2 Conditional obligations and detachment

In this section we lay out some problems for the formalisation of conditional
obligations. We bracket considerations that are specific to first-order perspec-
tives in this chapter. We focus on conditional obligations and return to the
term-modal perspective in Chapter 8.

7.2.1 Factual and deontic detachment

An important subject in the study of conditional obligations is detachment.
Detachment principles are principles that govern what unconditional obliga-
tions can be derived from conditional obligations. One prominent proposed
detachment-principle is factual detachment (FD): (O(ϕ|ψ) ∧ ψ) → Oϕ. (FD)
allows for the derivation of unconditional obligations from conditional obliga-
tions and information about the facts at hand [Hilpinen and McNamara, 2013,
p. 118]. For example, from ‘you ought to wash your hands, if you have repaired
your bike’ and the fact that ‘you have repaired your bike’, (FD) allows you to
detach that ‘you ought to wash your hands’. Factual detachment is usually
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opposed to deontic detachment (DD): (O(ϕ|ψ)∧Oψ)→ Oϕ. (DD) concerns the
derivation of unconditional obligations from both conditional obligations and
unconditional obligations. If we have the two premises ‘you ought to visit your
grandmother’ and ‘if you visit your grandmother, then you ought to bring her
flowers’, (DD) allows us to derive ‘you ought to bring you grandmother flowers’.
The Chisholm paradox (Section 1.3.3) shows that (FD) and (DD) cannot easily
be combined (if both principles hold, then Og ∧ O¬g can be derived from the
Chisholm set).

In the next two sections we argue for an alternative principle of detachment
that allows us to detach those unconditional obligations that can guide our
actions, given the (perhaps non-ideal) circumstances. These detached uncondi-
tional obligations come close to what Carmo and Jones call ‘actual obligations’
[Carmo and Jones, 2002], to what Greenspan [Greenspan, 1975, p. 262] describes
as “oughts for the coherent direction of choice” and are perhaps most similar
to what Sven Ove Hansson [Hansson, 1997] calls ‘situational obligations’. Since
we have already used the term ‘situational’ to refer to impersonal obligations,
we will in the remainder use the term ‘actual’ obligations for the detached
situation-specific obligations.

7.2.2 Fixedness and restricted detachment

It has been argued that fixedness plays a crucial role in detachment from con-
ditional obligations. To illustrate this, take the following example, based on
[Boutilier, 1993]. There is a robot butler, b, that has the goal that its master,
a, does not get wet. Suppose furthermore that the master has no umbrella, and
that it is raining. Both are true, but the two facts have a different statute. The
fact that the master has no umbrella can easily be changed (the robot can hand
the master an umbrella), but this is not the case for the fact that it is raining.
This is a fixed truth. We would never say that, given that the master has no
umbrella, the robot’s obligation is that it is not raining. However, we would say
that, given that it is raining, the robot ought to give the master an umbrella.
The crucial difference is that it is fixed that it is raining, but not fixed that
the master has no umbrella. This example indicates that the antecedent of a
conditional obligation is something that is fixed, not merely true.

This fixedness is especially important in contexts with reparational obliga-
tions. A reparational obligation is an obligation that only holds if some other
obligation has been violated. For example, suppose that it ought to be that
ϕ. Then ‘it is obligatory that ψ, if ¬ϕ’ is a reparational (or contrary-to-duty)
obligation.

If ¬ϕ is true, then the primary obligation that it ought to be that ϕ is
true, has been violated. The pivotal point is the following. As long as it is
merely true, but not fixed that ¬ϕ, then the actual obligation is simply that ϕ
is true. However, when it is not merely true, but a fixed fact that ¬ϕ, then the
reparational obligation comes into play, and it becomes obligatory that ψ, since
the obligation for ϕ has definitively been violated.

We illustrate this with an example taken from Greenspan [Greenspan, 1975].
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The example presupposes two obligations, the primary obligation that I ought
not to get a parking ticket, and the reparational obligation that I ought to pay
a parking ticket, if I do get one. I can avoid getting a parking ticket by only
parking my car in places where I am allowed to do so. As long as this is still
possible, my actual obligation is not to get the ticket. Even if I park where I
am not allowed to, and will get a parking ticket in the future, Greenspan argues
that this mere fact is not enough for me to have an obligation to pay the ticket.
As long as I can still avoid getting the ticket, I do not have an obligation to
pay the ticket. Only when I have gotten the ticket, and this has thus become a
fixed, unalterable fact, does the obligation to pay the ticket become actual.

We conclude that factual detachment is not a satisfactory principle. Instead
one may propose the following detachment principle:127

Restricted Detachment: one should take only fixed circumstances into
account, when detaching oughts.

According to this principle, from ‘it is obligatory that ϕ, if ψ’ and the mere
fact that ψ, we cannot detach ‘ϕ is actually obligatory‘. For this conclusion to
follow, it needs to be at least fixed that ψ is true.

Crucial for the principle of restricted detachment is the meaning of ‘fixed’.
The idea of restricted detachment has a long history and different authors have
given different meanings to fixedness. The earliest suggestion of a restricted
detachment principle that we were able to find is by Bengt Hansson [Hansson,
1969]. He claims that the antecedents of conditional reparations should be “re-
garded as something which has actually happened (or will unavoidably happen)
and which cannot be changed afterwards” [Hansson, 1969, p. 394]. A more
fleshed out account is given by Greenspan. She expounds what she calls the
‘timebound view’: “According to the time-bound view, what lets us detach an
ought from its condition is never just the tenseless fact, but only the presently
unalterable fact, of that condition’s fulfillment” [Greenspan, 1975, p. 260]. Her
parking ticket example (that we discussed above) fits perfectly with this view
that something becomes fixed (or in her words: unalterable) due to temporal
factors.

Against this time-bound view, Carmo and Jones argue that there are exam-
ples of detachment where the circumstances are fixed, but not due to temporal
reasons [Carmo and Jones, 2002, pp. 282-285]. It is from them that we take
the intentionally ambiguous term ‘fixed’. They consider an example where (a)
“there ought to be no dog”, and (b) “[i]f there is a dog, there ought to be a
warning sign” [Carmo and Jones, 2002, p. 274]. Furthermore, there is a dog,
and this is fixed since the owner refuses to remove the dog. Carmo and Jones
say that in this case the fixity is due to “practical impossibility”, i.e. the refusal
of the owner [Carmo and Jones, 2002, p. 283]. They give other examples to
argue for fixity due to causal necessity or due to the firm decision of an agent.

127Restricted detachment (RD) is a refinement of factual detachment. Both are principles
for deriving unconditional obligations from conditional obligations and information on the
circumstances. We come back to deontic detachment in Chapter 8.
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In the same vein, we can come up with examples where fixity is due to a host
of different reasons. Sometimes an agent might take some of their intentions or
desires as fixed. Suppose that ‘if you have a job, you ought to get up at seven in
the morning’. Our agent could conceivably quit her job, but she intends to keep
it. Thus, she takes as fixed that she has a job, and derives an actual obligation
to get up at seven.

We will not try to determine what exactly are the necessary and sufficient
conditions for something being fixed. It might even be the case that there
is not one such set of necessary and sufficient conditions. Perhaps the time-
bound view allows for the derivation of a certain kind of actual obligations,
whereas another kind of actual obligation can be derived with a different view
of fixedness. We will not settle these questions here. Instead, we take fixedness
as an unanalysed notion, that everyone can fill out as they deem fit. A reasoner
can decide for themselves what they deem fixed, our aim is to provide a formal
logic in which we can derive what is actually obligatory given this determination
of what is fixed. The important point to take away from this section is that the
antecedent being merely true is not enough to trigger detachment, it needs to
be fixed. However, as we will see next, this demand of fixedness is not enough
when we are also dealing with exceptions.

7.2.3 Exceptions and holistic detachment

In Section 1.3.3, we have shown that we often encounter conditional obligations
that have exceptions. We used the following example: suppose that ‘if a is an
employee, then a ought to come to the office’, but also that ‘if a is an employee
with a contagious disease, then a ought not to come to the office’. The second
conditional obligation expresses an exception to the first: the antecedent of the
second obligation is more specific than that of the first, whereas the consequent
of the second obligation contradicts the consequent of the first obligation.

If we have two contradictory conditional obligations that are both applicable
to a given situation, then we follow the most specific conditional obligation, i.e.
the one that expresses an exception to the other obligation. Suppose that it is
not only fixed that a is an employee, but also that a has a contagious disease.
Then we derive that a ought not to come to the office. We do not derive that
he ought to come. If we would detach whenever the antecedent is fixed, then we
would derive both unconditional obligations. We conclude that, when deriving
unconditional obligations, one should not only take into account what is fixed,
but all that is fixed. This principle we call Holistic Detachment:

Holistic Detachment: one should take all and only the fixed circum-
stances into account, when detaching oughts.

In our example, all that is fixed is ‘that a is an employee and that a has a
contagious disease’. We only detach from those conditional obligations that
have all that is fixed as their antecedent.
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7.3 The monotonic propositional logic HD

In this section we present a monotonic logic for holistic detachment. This logic
is propositional and is meant to give a formal account of conditional obligations.
Even though its underlying intuitions seem straightforward, they give rise to a
rich system with some surprising interaction principles (cf. Section 7.3.3). In
Chapter 8 we present a term-modal variant of this logic. That term-modal
variant will be used to capture uncategorical obligations.

7.3.1 Formal language

Fix a countable set PHD = {p, q, r, . . .} of sentential variables. The set of wffs
of HD, W, is obtained by closing PHD ∪ {>,⊥} under the classical truth-
functional connectives ¬,∨,∧,→,↔, the unary operators [U],→2,

↔
2,O and the

binary operator O(.|.). We treat ⊥, ¬ and ∨ as primitive, > and the other
classical connectives are defined in the usual way.

[U] is a global modality in the sense of [Goranko and Passy, 1992]; it simplifies
the axiomatisation of the logic and will turn out highly useful in defining the
non-monotonic extensions of HD.128 →

2 is a normal modality of the type KT,
and is used to express the properties of the situation that are fixed – one may
also call those properties unalterable or unavoidable, cf. Section 7.2.2. O(.|.)
allows us to express the conditional oughts that are used in our deliberation.
O(ϕ|ψ) is read as ‘ϕ is obligatory, given that ψ’. The behavior of O(.|.) is
fairly standard: as long as ψ is held constant, O(.|ψ) can be seen as a (unary)
normal modal operator (see Section 5.7). The unconditional obligations that
apply to the case at hand are then formalised using O, which is a normal modal
operator of type KD. Following Section 7.2.1, we read O as an operator for
‘situation-specific obligation’, or more briefly, ‘actual obligation’.
↔
2 is an ‘all and only’ modality in the sense of [Levesque, 1990] and [Hum-

berstone, 1987]. The formula ↔2ϕ allows us to express that ϕ is all that is fixed,
and plays a crucial role in the detachment rule of HD (see the axiom (DET) in
Section 7.3.3).

One can express various types of obligations in W. O(¬ϕ|ψ ∧ τ) expresses
an exception to the less specific obligation O(ϕ|ψ). O(τ |¬ϕ) is a reparational
obligation to the primary obligation O(ϕ|>). This O(ϕ|>) expresses that under
normal – or unexceptional– circumstances ϕ is obligatory. We will call this the
normal obligation that ϕ.

W also allows us to express different kinds of violations. For example,
O(ϕ|>)∧¬ϕ stands for ‘the normal obligation that ϕ, is violated’; O(ϕ|>)∧→2¬ϕ
expresses that this violation is fixed. Oϕ∧¬ϕ should be read as ‘the actual obli-
gation that ϕ, is violated’ and finally, O(ϕ|>)∧O¬ϕ expresses that one has the
actual obligation to violate the normal obligation that ϕ. Each of these expres-
sions are contingent in our logic (for contingent ϕ). One may further refine the
formal language and distinguish various levels of “fixedness” (essentially gener-

128See our definition of Ω0 in Section 7.6.
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alizing the picture drawn in [Carmo and Jones, 2002]), but we leave that aside
here.

We can also define a different monadic operator for obligation:

ONV ϕ =df Oϕ ∧ ¬→2ϕ

The operator ONV speaks of actual obligations that are not vacuous, in the
sense that ONV ϕ is true iff ϕ is true in all acceptable worlds relative to the case
at hand, but ϕ is not fixed. Such a ϕ may however still be more or less specific.
As a result, ONV still suffers from some paradoxes akin to the Ross paradox in
Standard Deontic Logic.129 We will largely ignore those paradoxes, and focus
on O in most of what follows. We do however briefly return to ONV in sections
7.6.7 and 7.7.1.

7.3.2 Semantics

We define an HD-model (Definition 7.1) and the semantic clauses (Definition
7.2).

Definition 7.1. An HD-model is a tuple M = 〈W,RF , f, v, wa〉 where
(C1) W 6= ∅ is the world domain of M
(C2) RF ⊆W ×W is reflexive
(C3) f : W × ℘(W ) → ℘(W ) is a function that satisfies the following condi-

tions:
(C3.1) where w ∈W and ∅ 6= X ⊆W : f(w,X) 6= ∅
(C3.2) where w ∈W and X ⊆W : f(w,X) ⊆ X

(C4) v : PHD → ℘(W ) is a valuation function
(C5) wa ∈W

W is the world domain of the model and v is a normal valuation function.
wa is the actual world, which will come in handy when defining non-monotonic
extensions to HD in Section 7.6 (see Chapter 6).

Intuitively, RF (w) corresponds to the set of worlds w′ ∈W that are available,
in view of those circumstances that are fixed at w. The requirement that RF is
reflexive is motivated by the idea that, from the perspective of the person who
reasons about a situation, whatever is fixed also obtains in the current world.

The function f is used to interpret deontic conditionals. Intuitively, f(w,X)
is the set of worlds w′ ∈ X that would be acceptable from the viewpoint of
w, if X would coincide with one’s options at w. We require that, unless ϕ is
impossible in M , f(w, JϕKM ) 6= ∅. In other words: conditional on a proposition
that is possible, one cannot be obliged to do the impossible.

Definition 7.2. Where M = 〈W,RF , f, v, wa〉 is an HD-model and w ∈W ,

129For instance, we have the following variant of the Ross paradox: ONV ϕ ∧ ¬→2(ϕ ∨ ψ) `
ONV (ϕ ∨ ψ). So if (according to this reading) it is obligatory that one mails the letter, and
if mailing the letter or burning it is not fixed, then it is obligatory that one mails or burns it.
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(SC0) M,w |= ϕ iff w ∈ v(ϕ) for all ϕ ∈ PHD
(SC1) M,w 6|= ⊥
(SC2) M,w |= ¬ϕ iff M,w 6|= ϕ
(SC3) M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
(SC4) M,w |= [U]ϕ iff for all w′ ∈W , M,w′ |= ϕ
(SC5) M,w |= →2ϕ iff RF (w) ⊆ JϕKM
(SC6) M,w |= ↔2ϕ iff RF (w) = JϕKM
(SC7) M,w |= O(ϕ|ψ) iff f(w, JψKM ) ⊆ JϕKM
(SC8) M,w |= Oϕ iff f(w,RF (w)) ⊆ JϕKM

where, JϕKM = {w′ ∈W |M,w′ |= ϕ} and RF (w) = {w′ ∈W | RFww′}.

Semantic consequence (Γ  ϕ) and validity ( ϕ) are defined in the standard
way. A model M = 〈W,RF , f, v, wa〉models a formula ϕ (M |= ϕ) iff M,wa |= ϕ
(compare Chapter 6).

Note that the clauses for [U] and →2 are standard. The one for O(.|.) will
be familiar from Section 5.7.1. The interesting (since non-standard) clauses are
those for ↔2 (which corresponds to our intuitive reading of “all that is fixed”),
and the one for O, which refers to both RF and f .

Semantic clause (SC8) shows that actual obligations are a function of condi-
tional obligations and the fixed circumstances. Note that, since RF is reflexive,
RF (w) is guaranteed to be non-empty, and hence so is f(w,RF (w)) by condition
(C3.1). In view of (SC8) this guarantees that one gets a normal modal operator
of type KD. As a result, HD is an extension of Standard Deontic Logic.

Recall from Section 7.2.2 that different authors have different views on what
counts as fixed. Such differences correspond, in our semantics, to a difference
concerning the set RF (w). At one extreme, everything that happens to be true
in our current world is fixed, and hence RF (w) = {w}. This will trivialize the
concept of actual obligation, since ϕ→ Oϕ becomes valid under this condition.
At the other extreme, one only considers those circumstances fixed that are
logically unavoidable: RF (w) = W . This implies that Oϕ becomes equivalent to
O(ϕ|>). Note that in general, Oϕ and O(ϕ|>) are logically independent in HD.
Whereas Oϕ expresses that ϕ is obligatory in view of the fixed circumstances,
O(ϕ|>) can be read as “under normal or unexceptional circumstances, ϕ is
obligatory” (we have called O(ϕ|>) a normal obligation in Section 7.3.1).

7.3.3 Axiomatisation

A sound and strongly complete axiomatisation of HD is obtained by closing
a complete axiomatisation for classical logic together with all instances of the
axiom schemata in Table 7.1 under necessitation for [U] and modus ponens.130

ϕ is an HD-theorem (`HD ϕ) iff ϕ can be derived from the HD-axioms and
rules. ϕ is HD-derivable from Γ (Γ `HD ϕ) iff there are ψ1, . . . , ψn ∈ Γ such
that `HD (ψ1 ∧ . . . ∧ ψn) → ϕ.131 We drop the subscript HD when doing so

130Note that this entails necessitation for →2 and O as well, in view of axiom (UB), resp.
(BO).
131Note that this syntactic consequence relation is by definition compact.
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cannot cause confusion.

S5 for [U] (UB) [U]ϕ→ →
2ϕ

KT for →2 (UC) [U]ϕ→ O(ϕ|ψ)
KD for O (BO) →

2ϕ→ Oϕ
(CG) [U](ϕ↔ ψ)→ (O(τ |ϕ)→ O(τ |ψ)) (AO1) ↔

2ϕ→ →
2ϕ

(CK) (O(ψ|ϕ) ∧ O(ψ → τ |ϕ))→ O(τ |ϕ) (AO2) (→2ϕ ∧↔2ψ)→ [U](ψ → ϕ)
(CP) ¬[U]¬ϕ→ (O(ψ|ϕ)→ ¬O(¬ψ|ϕ)) (AO3) [U](ϕ↔ ψ)→ (↔2ϕ↔ ↔

2ψ)
(CI) O(ϕ|ϕ) (DET) (↔2ϕ ∧ O(ψ|ϕ))→ Oψ

(ATT) (↔2ϕ ∧ Oψ)→ O(ψ|ϕ)

Table 7.1: Axiom schemata for HD.

Let us briefly go over the (non-standard) HD-axioms and clarify them. (CG)
follows from the fact that the function f operates on sets of worlds, rather
than formulas. The axioms (CK) and (UC) together with necessitation for [U]
imply that, given that one holds the antecedent ϕ constant, one can read O(.|ϕ)
as a normal modal operator (see Section 5.7). (CP) and (CI) correspond to
conditions (C3.1), respectively (C3.2) in Definition 7.1.

(UB) and (UC) follow from the fact that [U] is a global modality, and that
both →2 and O(.|ϕ) (for ϕ held constant) are normal modalities. The bridging
principle (BO) follows from the semantic clause for O: if a given alternative
is acceptable, conditional on all that is fixed, then it must be one that is still
available given all that is fixed; hence it must make all the fixed circumstances
true.

(AO1) and (AO2) express interactions between the normal modal operator →2
and its “all and only”-counterpart. Together with Necessitation for [U], (AO3)
entails that ↔2 is a classical operator in the sense of [Chellas, 1980]. Note that,
using (AO1)-(AO3), one can derive the following theorem (AO4):

Theorem 7.1 (AO4). (↔2ϕ ∧↔2ψ)→ [U](ϕ↔ ψ)

(DET) corresponds to our notion of holistic detachment. It can be seen as
an introduction rule for O and as an elimination rule for O(.|.). Interestingly,
with the current semantics we also get an elimination rule for O that allows us
to introduce new conditionals, viz. (ATT) (for “attachment”). This rule says
that, if you are in a situation where ψ is an unconditional obligation, and if
ϕ provides an adequate and complete description of the fixed circumstances in
that situation, then the conditional O(ψ|ϕ) is true.

7.4 Completeness of HD

For the proof of completeness, we need to refine the usual canonical model
construction in various ways. Some of these refinements will be familiar from
Section 5.7.1. First, to deal with the universal modality [U], we need to relativize
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the canonical model to a given maximal consistent set Γ; the idea is that we only
take worlds that are equivalent to Γ for all [U]-formulas. Second, we need to
make two copies of each maximal consistent set; this allows us to deal with cases
where RF (∆) (defined in the standard way for the canonical model, given some
maximal consistent set ∆) happens to be modally definable by some formula ϕ,
but nevertheless ↔2ϕ 6∈ ∆. Third and last, we need to define the function f in
such a way that its interaction with RF and the semantic clauses of ↔2, O(.|.),
and O are respected.

Definition 7.3. Let Γ be a maximal consistent set in HD. Let MCSΓ denote
the set of all maximal consistent sets ∆ in HD such that {ϕ | [U]ϕ ∈ ∆} = {ψ |
[U]ψ ∈ Γ}. We define the canonical model MΓ = 〈WΓ, R

F
Γ, fΓ, vΓ, wΓ〉 for HD

as follows:132

(i) WΓ = {(Θ, i) | Θ ∈ MCSΓ, i ∈ {1, 2}}
(ii) For all (∆, i) ∈WΓ:

(ii.1) if there is a ϕ s.t. ↔2ϕ ∈ ∆, RF Γ(∆, i) = {(Θ, j) ∈WΓ | ϕ ∈ Θ};
(ii.2) otherwise: RF Γ(∆, i) = {(Θ, i) | {ψ | →2ψ ∈ ∆} ⊆ Θ}

(iii) For all (∆, i) ∈WΓ, X ⊆WΓ:
(iii.1) if there is a ψ s.t. X = {(Θ, j) ∈WΓ | ψ ∈ Θ}:

(iii.1a) if X = RF Γ(∆, i), fΓ((∆, i), X) = {(Λ, i) ∈ WΓ | {τ |
Oτ ∈ ∆} ⊆ Λ}

(iii.1b) otherwise, fΓ((∆, i), X) = {(Λ, k) ∈ WΓ | {τ | O(τ |
ψ) ∈ ∆} ⊆ Λ}

(iii.2) if there is no ψ s.t. X = {(Θ, j) ∈WΓ | ψ ∈ Θ}:
(iii.2a) if X = RF Γ(∆, i), fΓ((∆, i), X) = {(Λ, i) | {τ | Oτ ∈

∆} ⊆ Λ}
(iii.2b) otherwise, fΓ((∆, i), X) = X

(iv) For all ϕ ∈ PHD: vΓ(ϕ) = {(Θ, k) ∈WΓ | ϕ ∈ Θ}
(v) wΓ = (Γ, 1)

Lemma 7.1 (Strict implication). For all ϕ and all (∆, i) ∈WΓ: [U](ϕ→ ψ) ∈
∆ iff {(Θ, k) ∈WΓ | ϕ ∈ Θ} ⊆ {(Λ, j) ∈WΓ | ψ ∈ Λ}.

Proof. The proof is standard, relying on S5-properties of [U] and the construc-
tion of WΓ. For an example, see the proof of Lemma 5.8.

Corollary 7.1 (Strict Equivalence). For all ϕ and all (∆, i) ∈ WΓ: [U](ϕ ↔
ψ) ∈ ∆ iff {(Θ, k) ∈WΓ | ϕ ∈ Θ} = {(Λ, j) ∈WΓ | ψ ∈ Λ}.

Lemma 7.2. For all maximally consistent sets Γ, MΓ is an HD-model.

Proof. Since [U] is an S5-modality, we can easily show that WΓ 6= ∅. Using
Corollary 7.1 and the derived theorem (AO4), we can prove that RF Γ is well-
defined. Also, with Corollary 7.1 and the axiom (CG) we can show that fΓ is
well-defined. So it suffices to check that each of the conditions (C1)-(C5) are

132We often skip brackets when referring to members of WΓ; e.g. RF Γ((Θ, i)) is written as
RF Γ(Θ, i).
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satisfied. (C1), (C4) and (C5) are safely left to the reader. For (C2) we rely on
the construction, the derivable theorem ↔

2ϕ→ ϕ (in case (ii.1) applies) and the
T-schema for →2 (if (ii.2) applies). So we are left with establishing (C3).

Ad (C3.1). Let (∆, i) ∈ WΓ and suppose that ∅ 6= X ⊆ WΓ. If (iii.1a) or
(iii.2a) applies, then we rely on the KD-properties of O to infer that {(Θ, i) | {τ |
Oτ ∈ ∆} ⊆ Θ} 6= ∅ and hence fΓ((∆, i), X) 6= ∅. If (iii.1b) applies, then in view
of the construction and since X 6= ∅, there exists a ψ such that ¬[U]¬ψ ∈ ∆.
We can rely on compactness, the K-axioms for O(.|ψ), and axiom (CP), to show
that {(Λ, k) ∈ WΓ | {τ | O(τ | ψ) ∈ ∆} ⊆ Λ} 6= ∅. Finally, if (iii.2b) applies
then by the construction, f((∆, i), X) = X 6= ∅.

Ad (C3.2). This follows by the construction. For (iii.1a) and (iii.2a), apply
axiom (BO) to derive that {(Θ, i) | {τ | Oτ ∈ ∆} ⊆ Θ} ⊆ RF Γ(∆, i). For
(iii.1b), apply axiom (CI). For (iii.2b) the conclusion follows trivially.

Lemma 7.3 (Truth Lemma). For all ϕ and all (∆, i) ∈ WΓ: MΓ, (∆, i) |= ϕ
iff ϕ ∈ ∆.

Proof. By a standard induction on the complexity of ϕ. The base case is trivial.
The case for ϕ = [U]ψ is likewise standard, relying on the construction and S5-
properties of [U].

For ϕ = →
2ψ, we distinguish between two cases. If (ii.1) applies, then

MΓ, (∆, i) |= →
2ψ iff [by the construction] for some τ such that ↔2τ ∈ ∆,

{(Θ, j) ∈ WΓ | τ ∈ Θ} ⊆ {(Λ, k) ∈ WΓ | ψ ∈ Λ} iff [by Lemma 7.1] for
some τ such that ↔2τ ∈ ∆, [U](τ → ψ) ∈ ∆ iff [by axioms (AO1) and (UB)
for left to right and by (AO2) for right to left] for some τ such that ↔2τ ∈ ∆,
→
2ψ ∈ ∆. If (ii.2) applies, then we can use the standard argument, relying on
the normality of →2, to prove the truth lemma for this case.

For ϕ = ↔
2ψ, the right to left direction is easy in view of the construction,

item (ii.1). For the other direction, we distinguish two cases:

Case 1: The truth set of ψ in MΓ equals WΓ. This means that RF Γ(∆, i) = WΓ.
In view of the construction, we cannot be in case (ii.2) and hence
↔
2> ∈ ∆; applying (AO3) and Corollary 7.1, we obtain that ↔2ψ ∈ ∆.

Case 2: ψ is not a tautology. Then, if (ii.1) applies, we can infer that ψ has
the same truth set as some ψ′ with ↔2ψ

′ ∈ ∆, and hence ↔2ψ ∈ ∆ by
Corollary 7.1 and (AO3). In the other case (i.e. when (ii.2) applies),
we derive a contradiction from the fact that RF Γ(∆, i) is not definable
by any formula τ in the model MΓ.

The case for ϕ = Oψ is completely standard; it suffices to note that, given
the semantic clause for O, the only relevant items in the construction are (iii.1a)
and (iii.2a), where in both cases, we can use a standard argument (relying on
K-properties of O and the induction hypothesis) to prove that

Oψ ∈ ∆ iff fΓ((∆, i), RF Γ(∆, i)) ⊆ {(Θ, j) ∈WΓ | ψ ∈ Θ}

For ϕ = O(ψ|τ), right to left is again easy in view of case (iii.1) of the
construction. The only tricky case is where (iii.1a) applies (i.e. where JτKMΓ =
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RF Γ(∆, i)). There, we apply axiom (DET) and the case for ϕ = ↔
2ψ, to derive

that Oψ ∈ ∆. By the case for ϕ = Oψ, fΓ((∆, i), JτKMΓ) ⊆ JψKMΓ .
For the other direction, suppose that MΓ, (∆, i) |= O(ψ|τ). By the seman-

tic clause, fΓ((∆, i), JτKMΓ) ⊆ JψKMΓ . If (iii.1a) applies (i.e. if RF Γ(∆, i) =
{(Θ, j) ∈ WΓ | τ ∈ Θ}), then by the induction hypothesis, JτKMΓ

= RF Γ(∆, i).
Hence, MΓ, (∆, i) |= Oψ. By the case for ϕ = Oψ, Oψ ∈ ∆. By the case
ϕ = ↔2ψ, ↔2τ ∈ ∆. With (ATT) we get O(ψ|τ) ∈ ∆.

If (iii.1b) applies, then by the induction hypothesis, we can infer that

fΓ((∆, i), JτKMΓ) = {(Λ, k) | k ∈ {1, 2} and {ψ′ | O(ψ′ | τ) ∈ ∆} ⊆ Λ} (7.1)

Towards a contradiction, suppose that O(ψ|τ) /∈ ∆. It follows that {ψ′|O(ψ|τ) ∈
∆}∪{¬ψ} is consistent. By the Lindenbaum construction there is a maximally
consistent set Θ such that {ψ′ | O(ψ′|τ) ∈ ∆} ∪ {¬ψ} ⊆ Θ. By the induc-
tion hypothesis MΓ, (Θ, i) 6|= ψ. By (7.1), (Θ, i) ∈ fΓ((∆, i), JτKMΓ). Hence,
MΓ, (∆, i) 6|= O(ψ|τ), which contradicts the main supposition.

Theorem 7.2. Γ `HD ϕ iff Γ |=HD ϕ.

Proof. Soundness is a matter of routine; it suffices to check that each of the HD-
axioms are valid. For the completeness proof we rely on the canonical model
from Definition 7.3. Suppose that Γ 0 ϕ. Hence, Γ ∪ {¬ϕ} is consistent. By
Lindenbaum’s Lemma we can construct a maximal consistent set Θ ⊇ Γ∪{¬ϕ}.
Note that ϕ 6∈ Θ. By Lemma 7.2 we know that MΘ is an HD-model. By Lemma
7.3, MΘ, (Θ, 1) |= ψ for all ψ ∈ Γ but MΘ, (Θ, 1) 6|= ϕ. Hence, Γ 6 ϕ.

7.5 Variants of HD

We briefly mention some possibilities for varying on the semantics in Section
7.3.3. First, one may consider weaker or stronger requirements on the accessi-
bility relation RF , in line with traditional distinctions in normal modal logics.
In [Carmo and Jones, 2002, p. 291] it is argued that fixed propositions need not
be true. Technically, this option – i.e. to give up reflexivity and the associated
T-schema for →2 – poses no problems; the completeness proof can be run just
as before. Alternatively, one may consider more restricted classes of models,
where e.g. RF is required to be transitive and/or symmetric. For instance,
we can prove soundness and strong completeness for the logic where RF is an
equivalence relation (Theorem 7.3).

Theorem 7.3. A sound and strongly complete axiomatisation for the class of
models where RF is an equivalence relation is obtained by adding the following
axioms to HD:
(B) ϕ→ →

2¬→2¬ϕ
(4) →

2ϕ→ →
2
→
2ϕ

(S5↔2-1) ↔
2ϕ↔ ↔

2
↔
2ϕ

(S5↔2-2) ¬↔2ϕ→ →
2¬↔2ϕ
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Proof. The proof is wholly analogous to that of Theorem 7.2, using the same
construction for the canonical model. The only place where we need to amend
that proof is in showing that the relation RΓ constructed there is both transitive
and symmetric. For both properties, we rely on the above four axioms. More
particularly, in case (ii.1) applies we rely on (S5↔2-1) to prove both transitivity
and symmetry. In case (ii.2) applies we rely on (S5↔2-2) and (4) for transitivity,
and on (S5↔2-2) and (B) for symmetry.

Note that from the above proof, we do not immediately get a completeness
result for the intermediate logics where RF is only symmetric (and reflexive) or
only transitive (and reflexive). A full study of these systems is left for future
work.

So far, we have only considered interpretations of →2 and ↔2 that are meta-
physical, not epistemological or doxastic: they express what is true of the situa-
tion at hand, not what a given agent knows or believes to be true. Accordingly,
O does not represent belief-based or knowledge-based obligation in the sense of
[Pacuit et al., 2006; Ciuni, 2017]. However, one might interpret →2 and ↔2 epis-
temically, as “I know that” and “all I know is that” respectively. In that case,
O would record “what is obligatory, in view of all one’s knowledge”. For such
an epistemic reading, the variant of HD where RF is an equivalence relation
might be more suitable than HD proper (see also Section 8.6 below).

Another type of variation can be obtained by imposing additional require-
ments on the deontic function f . In particular, one may require that f is con-
stant, in the sense that for all w,w′ ∈ W and all X ⊆ W , f(w,X) = f(w′, X).
This condition makes it possible to capture (an abstract form of) reasoning from
cases to conditional norms, as it validates all instances of the following schema:

¬[U]¬(↔2ϕ ∧ Oψ)→ O(ψ|ϕ)

which intuitively says that conditional oughts are constant throughout the
model. An exploration of these and other frame conditions, and the axiomati-
sation of the resulting logics is left for future work.133

7.6 Problems with HD and adaptive solutions

Although HD has interesting features and is very expressive (cf. supra), it is
also inferentially weak in at least two respects. We first explain why, after
which we consider various ways one can strengthen HD and thus allow for a
more realistic formalisation of reasoning with deontic conditionals.134

133An exception is the frame condition: if X ⊆ Y , then f(w,X) ⊆ f(w, Y ). This condition
corresponds to strengthening of the antecedent and is discussed in Section 7.6.2 below.
134What we write below applies just as well to the stronger logics obtained by imposing one

or more frame conditions like the ones we discussed in Section 7.5. So this is really a problem
of the approach in general, not of the specificities of HD.
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7.6.1 All that is fixed?

Suppose that Caroline has a normal obligation not to visit her grandmother
(P1), as her grandmother has a weak immune system.135 However, if Caroline
does visit, then she ought to wear a face mask while visiting (P2). This is
safer for her grandmother than visiting without a face mask. (P2) is a repa-
rational, or contrary-to-duty obligation. According to our analysis, whether or
not this reparational obligation kicks in depends on whether it is merely true
that Caroline visits her grandmother (P3), or that this is also fixed (P4).136

(P1) O(¬p|>) — “Caroline ought not to visit her grandmother.”
(P2) O(w ∧ p|p) — “If Caroline does visit her grandmother, then she ought to

wear a face mask while visiting.”
(P3) p — “Caroline visits her grandmother.”
(P4) →

2p — “It is fixed that Caroline visits her grandmother.”

In HD, from (P1)-(P3) it does not follow that Caroline ought to wear a
face mask while visiting, in line with our intuitions. Now, does it follow from
(P1)-(P4) that Caroline ought to wear a face mask while visiting? In other
words, does O(w ∧ p) follow from these premises? Intuitively it might, but it
does not in HD. The reason is simple: the premises leave it open that there are
propositions other than (and independent of) p that are also fixed. Fully in line
with the idea behind HD, one needs to know that p expresses all that is fixed,
before one can apply detachment. But unfortunately, one can never derive ↔2p
from (P1)-(P4). More generally:

Theorem 7.4. Let Γ ⊆ W be an HD-consistent set such that ↔2 occurs in no
member of Γ.137 Then there is no ϕ such that Γ ` ↔2ϕ.

Proof. Suppose the antecedent is true. Let M = 〈W,RF , f, v, wa〉 be a model

of Γ. We construct the model M ′ = 〈W ′, RF ′, f ′, v′, w′a〉 as follows:

(i) W ′ = {(w, 1), (w, 2) | w ∈W}
(ii) RF

′
(w, i) = {(v, i) ∈W ′ | v ∈ RF (w)}

(iii) For all X ⊆W ′ and (w, i) ∈W ′
(iii.i) if there is a ϕ such that X = {(v, j) ∈ W ′ | v ∈ JϕKM}, then

f ′((w, i), X) = {(u, k) ∈W ′ | u ∈ f(w, JϕKM )}
(iii.ii) ifX = RF

′
(w, i), then f ′((w, i), X) = {(v, i) ∈W ′ | v ∈ f(w,RF (w))}

(iii.iii) if neither (iii.i) nor (iii.ii) applies, then f ′((w, i), X) = X.
(iv) v′(ϕ) = {(w, 1), (w, 2) | w ∈ v(ϕ)} for all ϕ ∈ PHD
(v) w′a = (wa, 1)

One can now show that M ′ is a HD-model and (by an induction on the
complexity of ϕ) that, for all ϕ that do not contain ↔2, and for all w ∈ W ,
M,w |= ϕ iff (M ′, (w, 1) |= ϕ and M ′, (w, 2) |= ϕ). Thus, for all ψ ∈ Γ,
M ′ |= ψ. However, one can also show that for no ψ ∈ W and for no (w, i) ∈W ′,
135Note that these are all personal obligations. Since they are all obligations with the same

bearer (Caroline) we do not need to index the O-operators.
136Of course, (P3) follows from (P4).
137Remember from Section 7.3.1 that W is the set of well-formed formulas of HD.
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M ′, (w, i) |= ↔
2ψ, since for no (w, i) ∈ W ′, the set RF

′
(w, i) is definable (i.e.

there is no ψ ∈ W such that RF
′
(w, i) = JϕKM ).138

In view of this theorem, there is a logical gap between formulas that express
fixed circumstances and formulas of the form ↔

2ϕ. So if in the example above,
we take p to be fixed, and if we want to arrive at the appropriate conclusion
using HD, then we should add ↔2p as a premise. We will return to this point
below, but first consider a different problem for HD.

7.6.2 Applying general norms to specific cases

Suppose that we add the following premise to (P1)-(P4):

(P5) ↔
2(p∧c) — “Caroline visits her grandmother and uses her car to get there,
and this is all that is fixed”

In this case, we do have information about all that is fixed. Still, we cannot
detach that Caroline ought to wear a mask. The reason is that the deontic
conditional O(w ∧ p|p) only speaks about those situations in which all that is
fixed coincides with p. (P5) fixes too much. One obvious way out would be
to assume that conditional obligations are closed under strengthening of the
antecedent (henceforth, (SA)): from O(ϕ|ψ), to infer O(ϕ|ψ ∧ τ). Semantically,
this corresponds to the condition: if X ⊆ Y , then f(w,X) ⊆ f(w, Y ).

The problem with this move is that it implies a very strong reading of the
deontic conditional: very few conditional obligations are not overruled in certain
very specific circumstances. Consider the following story: A doctor’s assistant
tells a doctor that one of their patients has lost a large amount of blood. The
doctor tells him: “if our patient has lost this much blood, then we ought to
give her a blood transfusion.” While they are preparing a transfusion, the
(competent adult) patient states that she is a Jehova’s witness and refuses a
blood transfusion on religious grounds. Upon hearing this, the doctor tells her
assistant: “if our patient has lost this much blood, but refuses a transfusion,
then we ought not to give her the transfusion.”

Here we have a clear exception to the first conditional obligation, which is
made explicit only after the first obligation was stated. This exception does
not generate a conflict at the level of the eventual advice one will give: it sim-
ply blocks the application of the less specific conditional obligation. If (SA) is
built into the logic, then either one must rule out the possibility of such poste-
rior exceptions – and hence, have all exception clauses built into one’s deontic
conditionals from the start –, or one should treat exceptions as merely “other
considerations” that are on equal footing with the specific variant of the general
rule that can be derived by (SA). Moreover, if all exception clauses are explicitly
stated as part of the less specific conditional obligation, then one should also

138This is because of the definition of RF
′
(w, i). RF

′
(w, i) consists of only i-worlds (so

RF
′
(w, 1) contains only pairs whose second element is 1 and RF

′
(w, 2) contains only pairs

whose second element is 2). Hence there are always worlds in the truth set of ψ that are not

in RF
′
(w, i): the worlds (v, j) ∈W ′ such that j ∈ {1, 2} \ {i}.
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assume that all the negations of those clauses are fixed circumstances, in order
to solve the problem noted in Section 7.6.1.

7.6.3 Tacit premises?

Each of the above problems can easily be tackled if we just add certain premises
to our formalisation of the examples in question. For the problem of specificity
(Section 7.6.2), this means one would add the following premise:

(P6) O(w∧p|p∧ c) — “If Caroline takes her car to visit her grandmother, then
she ought to wear a mask while visiting.”

In other words, the argument from (P1)-(P5) to O(w ∧ p) is treated as an
enthymeme: an argument that draws on a tacit premise – i.c. (P6) – that is en-
dorsed by anyone who reasons about the example. In more elaborate examples,
making such tacit premises explicit may be rather tedious, but isn’t that what
logic is about: making one’s hidden premises explicit?

The enthymematic approach (as we shall call it) to deontic reasoning is
not new. For instance, in his work on conflict-tolerant deontic logics, Goble
developed logics which allow for restricted forms of aggregation (from Oϕ,Oψ
to infer O(ϕ ∧ ψ)) and restricted forms of inheritance (from Oϕ and ϕ ` ψ, to
infer Oψ).139 Goble’s restrictions are of the type “it is possible that τ” or “it
is permitted that τ”. In order to make natural examples of deontic reasoning
work, one then has to treat such possibility or permissibility claims as tacit
premises. In a similar vain, Carmo and Jones [Carmo and Jones, 2002] need to
add the premises ¬→2ϕ and ¬→2¬ϕ in order to get the inference from →

2ψ,O(ϕ|ψ)
to Oϕ off the ground.

In itself, the enthymematic approach should not be rejected: it is a fact of
life that we do not always make all our premises explicit, and it is a virtue of
logic that it forces us to do so. However, in the case of HD, logic can and
should do more.140 The (allegedly) implicit premise (P6) is not simply some
‘general relevant background information’: it bears a specific, formal relation
to the explicit premise (P2): (P6) can be obtained from (P2) by (SA). Likewise,
↔
2p has a formal relation to (P4) and to the premises (P1)-(P4) as a whole:
↔
2p entails (P4) and it is compatible with each of the other premises. As these
examples show, formal tools can help us clarify at least some of the tacit premises
that are at stake.

Such help is indispensable as soon as one considers more complex scenar-
ios, where proper logical calculations will be required to determine which tacit
premises are mutually compatible. Note that, as soon as we go to first or-
der predicative languages (which we will do in Chapter 8), there is not even a
positive test for joint consistency of the explicit premises with the tacit ones.
Moreover, if we want to model the dynamics of reasoning with conditionals, we
should be able to accommodate cases where explicit premises are added along

139See e.g. [Goble, 2005] for an introduction to these systems.
140The same applies to Goble’s work, as he later acknowledged [Goble, 2014, 2013]. We

believe that a similar argument can be made for the approach of Carmo and Jones, but this
is beyond the scope of the current thesis.
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the way, as we reason. In such cases, one would have to double-check consis-
tency with previously added tacit premises, change them again, etc. Describing
such a procedure in exact terms will result, essentially, in a formalism much like
the one we describe below.

7.6.4 Lexicographic adaptive logics

In view of the preceding, one should strengthen HD by adding certain defeasible
rules of inference. There are several ways to do so – see [Makinson, 2005] for a
reader-friendly introduction to the field and a primer on some of the terminology
used in this section. We will use the format of lexicographic adaptive logics
developed in [Van De Putte and Straßer, 2012b] (see also [Van De Putte, 2012,
ch. 5]).141 In this section we give an introduction to this format.

The format of lexicographic adaptive logics is a generalisation of the standard
format of adaptive logics that was discussed in Section 6.4. As we show below,
the semantics and proof theory have the same general structure as the semantics
and proof theory of the standard format. Like the standard format, the format
of lexicographic adaptive logics demands a lower limit logic, abnormalities, and
a strategy. However, instead of a single set of abnormalities, the format demands
a sequence of sets of abnormalities 〈Ω1,Ω2, . . .〉 (where the abnormalities with
the highest priority have the lowest numbering) [Van De Putte and Straßer,
2012b, p. 604].

As a strategy we use <-minimal abnormality. This is a prioritised variant of
the strategy minimal abnormality that was presented in Section 6.4. To define
it, we first define a lexicographic ordering <.

Definition 7.4 (lexicographic order). Where ∆,∆′ ∈ Ω : 〈∆ ∩ Ωi〉i∈I <lex
〈∆′ ∩ Ωi〉i∈I iff there is a k ∈ I such that (1) for all j ∈ I, if j < k, then
∆∩Ωj = ∆′∩Ωj, and (2) ∆∩Ωk ⊂ ∆′∩Ωk. We write ∆ < ∆′ iff 〈∆∩Ωi〉i∈I <lex
〈∆′ ∩ Ωi〉i∈I .

Given a lower limit logic LLL, we obtain the lexicographic adaptive logic
LLLm< . The lexicographic order is used to define the LLLm< -models of a premise
set Γ. The LLLm< -models of Γ are the <-minimal LLL-models of Γ. We refer
to this set as MLLLm

<
(Γ) and we define it as follows. Remember from Section

6.4.2 that for any model M of LLL, M is a model of Γ (i.e. M ∈MLLL(Γ)) iff
for all ϕ ∈ Γ, M |= ϕ and that Ab(M) =df {ϕ | ϕ ∈ Ω and M |= ϕ}).

Definition 7.5. M ∈ MLLLm
<

(Γ) iff M ∈ MLLL(Γ) and there is no M ′ ∈
MLLL(Γ) such that Ab(M ′) < Ab(M).

Now we can define semantic consequence in much the same way as we did in
Section 6.4.2.

Definition 7.6. Where MLLLm
<

(Γ) is the set of all minimally abnormal LLL-
models of Γ,

141For a different application of this format to deontic logic, see [Van De Putte and Straßer,
2012a].
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Γ LLLm
<
ϕ iff for all M ∈MLLLM

<
(Γ), M |= ϕ

Like the standard format, the format of lexicographic adaptive logics pro-
vides us with a proof theory. The inference rules are the same as for adaptive
logics in the standard format, as are the concepts of a proof, a stage of a proof,
and an extension of a proof (see Section 6.4.3). The only difference is in the
marking definition.

The marking definition is as follows. Let Σk(Γ) be as in Section 6.4.3 and
let Φ<

k (Γ) be the set of <-minimal choice sets of Σk(Γ). The marking definition
is analogous to that for minimal abnormality, we simply replace Φs by Φ<

s :

Definition 7.7 (Prioritized Marking Definition). A line l with formula ϕ is
marked at stage s iff, where its condition is ∆:
i. there is no X ∈ Φ<

s (Γ) such that X ∩∆ = ∅, or
ii. for an X ∈ Φ<

s (Γ), there is no line on which ϕ is derived on a condition Θ
for which Θ ∩X = ∅.

The definitions of final derivability are the same as for adaptive logics in the
standard format (definitions 6.10 and 6.11 on page 156). Given a monotonic
LLL with a sound and complete axiomatisation, Van De Putte and Straßer prove
that the prioritised adaptive logic built on top of it is sound and complete as
well [Van De Putte and Straßer, 2012b; Van De Putte, 2012].

7.6.5 Adaptively deriving all that is fixed

We use the format of lexicographic adaptive logics to deal with the weaknesses
of HD identified above. The first weakness of HD concerns the inference from
→
2ϕ to ↔2ϕ. The obvious solution would be: treat all claims of the type “if ϕ is
a fixed circumstance, then ϕ is all that is fixed” as default assumptions. Thus,
let the LLL be HD, the strategy minimal abnormality and the abnormalities
the members of the following set:

Ω1a = {→2ϕ ∧ ¬↔2ϕ | ϕ ∈ W}

So e.g. from Γ1 = {→2p} we can infer↔2p; however, from Γ′1 = {→2p,→2q,¬[U](p→
q)} we can no longer infer ↔2p in view of the derived theorem (AO4). This way,
we obtain a non-monotonic, but exact and formal criterion for when it is safe
to assume ↔2ϕ for some ϕ.

There is a problem with this approach. Let Γ2 = {→2p,→2q}. Intuitively, one
would expect that only ↔2(p∧ q) is derivable from Γ2. However, this premise set
is also compatible with the formula [U](p ↔ q). So, as far as Γ2 is concerned,
there is no reason to block the inferences from Γ2 to ↔2p and ↔2q.

142 This is
highly counterintuitive. Suppose that “it is fixed that there is a dog”, →2d, and
“it is fixed that there is a crocodile”, →2c. Absent further information, this is

142Using (AO3) and (AO4), it can be shown that ↔2p,
↔
2q `HD

↔
2(p ∧ q). The converse fails

for obvious reasons.
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compatible with “there is a dog if and only if there is a crocodile”, and hence
with “all that is fixed is that there is a dog and all that is fixed is that there is
a crocodile”. So if one only tries to falsify as many members of Ω1a as possible,
then one would end up identifying all kinds of propositions that are (intuitively
speaking, at least) distinct.

To counter this problem, one needs to minimize abnormalities in the set
{[U](ϕ ↔ ψ) | ϕ,ψ ∈ W}. The effect of minimizing such abnormalities is that
one will consider any two propositions ϕ and ψ non-equivalent (in the model,
i.e., JϕKM 6= JψKM ) unless ϕ ↔ ψ is a theorem of the logic, or unless the
premises indicate otherwise. In other words: two propositions are taken to be
non-equivalent by default.

Note however that every member of {[U](ϕ ↔ ψ) | ϕ,ψ ∈ W} is of the
form [U]τ , and conversely, every formula of the latter form can be equivalently
rephrased as a formula in {[U](ϕ ↔ ψ) | ϕ,ψ ∈ W}, simply by putting ϕ = τ
and ψ = >. Thus, the needed set of abnormalities Ω0 can most easily be defined
as:

Ω0 = {[U]ϕ | ϕ ∈ W}

These abnormalities are familiar from adaptive logics for (classical) compat-
ibility [Batens and Meheus, 2000]. Returning to our example Γ2 = {→2p,→2q},
we will thus first infer ¬[U](p ↔ q), ¬[U](p ↔ (p ∧ q)) and ¬[U](q ↔ (p ∧ q)).
This at once blocks the derivations of ↔2p and ↔2q in view of (AO4).

Note that Ω0 should receive priority over Ω1a. The format of lexicographic
adaptive logics gives us a framework for this prioritisation, but before discussing
that we first address the problem of (SA).

7.6.6 Adaptive (SA)

The second weakness of HD that we spotted was that it invalidates (SA), mak-
ing it impossible to apply conditional obligations to more specific circumstances.
This suggests that we use a third type of abnormalities, to allow for a defeasible
form of (SA):

Ωa = {O(ϕ|ψ) ∧ ¬O(ϕ|ψ ∧ χ) | ϕ,ψ, χ ∈ W}

However, Ωa gives flip-flop problems 6.4.4. Suppose e.g. that we have Γ =
{O(p|>),O(¬p|q),O(r|>),¬[U]¬q}. From the first conditional obligation, we can
(unconditionally) derive O(p∨¬r|>). Then we can adaptively derive O(p∨¬r|q),
on the condition that the following abnormality is false:

O(p ∨ ¬r|>) ∧ ¬O(p ∨ ¬r|> ∧ q) (7.2)

From the third conditional in the premise set, we can derive O(r|q), on the
condition:

O(r|>) ∧ ¬O(r|> ∧ q) (7.3)
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But in view of the second conditional (O(¬p|q)), Ω0, and properties of the
lower limit logic, O(p ∨ ¬r|q) and O(r|q) cannot both be true. Hence the dis-
junction of (7.2) and (7.3) is HD-derivable from Γ. This implies that we cannot
finally derive O(r|q) from Γ.

The obvious way out of this predicament is to refine the set of abnormalities,
along the lines of earlier work in [Goble, 2014; Meheus et al., 2010; Van De Putte
et al., 2019]. For this refined set of abnormalities we first define 0(ϕ,ψ, χ):

Definition 7.8. Let S(ϕ) be the set of subformulas of ϕ (including ϕ), then:
0(ϕ,ψ, χ) =df

∨
τ∈S(ϕ)(O(τ |ψ) ∧ ¬O(τ |ψ ∧ χ))

Using this we can define Ωb (over which at least Ω0 needs to be prioritized,
see Section 7.6.7 below):

Definition 7.9. Ωb =df {0(ϕ,ψ, χ) | ϕ,ψ, χ ∈ W}

Note that ` ((O(ϕ|ψ) ∧ ¬O(ϕ|ψ ∧ χ)) ∨ 0(ϕ,ψ, χ))↔ 0(ϕ,ψ, χ).
Looking back to the example above, we can still derive O(r|q) on the con-

dition (7.3). We can, however, no longer derive O(p ∨ ¬r|q) on the condition
(7.2). Instead, we need the condition:

(O(p ∨ ¬r|>) ∧ ¬O(p ∨ ¬r|q))∨ (7.4)

(O(p|>) ∧ ¬O(p|q))∨

(O(¬r|>) ∧ ¬O(¬r|q))∨

(O(r|>) ∧ ¬O(r|q))

Using the abnormalities in Ω0, we can adaptively derive that ¬[U]¬q. Using
axiom (CP) we can then derive ¬O(p|q) from the second premise (O(¬p|q)).
Using this and the first premise we can derive (7.4). Thus the minimal Dab-
formula that blocked the derivation of O(r|q) is no longer a minimal Dab-formula
with this new definition of the abnormalities. The flip-flop problem is solved.

Unfortunately, this new definition of the abnormalities for (SA) is also not
yet satisfactory. It is faced with a problem specific for conditional obligations.
Consider the following premise set {O(p|q),O(¬p|q ∧ r),↔2(q ∧ r ∧ t)}. Accord-
ing to our observations in Section 7.2.3, O¬p should be derivable from these
premises. However, our current form of (SA) does not allow for this. With Ωb
as abnormalities, we can derive O(p|q ∧ r ∧ t) on the condition:

0(p, q, r ∧ t) (7.5)

Since p is the only subformula of p, this is equivalent to

O(p|q) ∧ ¬O(p|q ∧ r ∧ t) (7.6)

O(¬p|q ∧ r ∧ t) can be derived from the second premise on the condition:

0(¬p, q ∧ r, t) (7.7)
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Which is equivalent to

(O(¬p|q ∧ r) ∧ ¬O(¬p|q ∧ r ∧ t)) ∨ (O(p|q ∧ r) ∧ ¬O(p|q ∧ r ∧ t)) (7.8)

Unfortunately, with (AO1), (UB) and (CP), the disjunction of 7.6 and 7.8 is
derivable. Since neither 7.6, nor 7.8 are derivable on their own, their disjunction
is a minimal Dab-formula. Thus the derivation of both O(p|q ∧ r ∧ t) and of
O(¬p|q ∧ r ∧ t) is blocked. The problem of Ωb is that it treats both conditional
obligations from the premise set as equals, even though one is more specific for
the situation at had.

Instead of Ωb, we need a form of (SA) that gives priority to ‘more specific’
obligations. Our solution, partly inspired by [Beirlaen et al., 2018, p. 377], is as
follows. Let DNF (for Disjunctive Normal Forms) be the set of all formulas ϕ
such that ϕ is a disjunction of conjunctions of literals.

Definition 7.10. For all χ ∈ DNF , ∗(ϕ,ψ, χ) is the disjunction of all formulas
of the form ¬O(ϕ|ψ ∧ τ), where τ is χ or a formula obtained from χ by deleting
one or more disjuncts or by deleting one or more conjuncts from a disjunct or
by doing both.

Definition 7.11. #(ϕ,ψ, χ) =df

∨
τ∈S(ϕ)(O(τ |ψ) ∧ ∗(τ, ψ, χ))

Definition 7.12. Ω1b =df {#(ϕ,ψ, χ)|ϕ,ψ ∈ W, χ ∈ DNF}

From to the premise set {O(p|q),O(¬p|q ∧ r),↔2(q ∧ r∧ t)} that inspired this
refinement of the abnormalities, we can now derive O¬p, as desired: O(p|q∧r∧t)
is derivable not on condition 7.6, but on #(p, q, r ∧ t), which is equivalent to

(O(p|q) ∧ ¬O(p|q ∧ r ∧ t))∨ (7.9)

(O(p|q) ∧ ¬O(p|q ∧ r))∨

(O(p|q) ∧ ¬O(p|q ∧ t))∨

(O(p|q) ∧ ¬O(p|q))

From ↔
2(q ∧ r ∧ t) we can derive ¬[U]¬(q ∧ r). With (CP), ¬O(p|q ∧ r) follows

from the second premise. Thus, 7.9 is derivable from the premise set and the
derivation of O(p|q∧r∧t) is blocked. In contrast, the derivation of O(¬p|q∧r∧t)
is not blocked. The relevant condition is #(p, q ∧ r, t), which is equivalent to

((O(¬p|q ∧ r) ∧ ¬O(¬p|q ∧ r ∧ t)) ∨ (O(¬p|q ∧ r) ∧ ¬O(¬p|q ∧ r)))∨ (7.10)

(O(p|q ∧ r) ∧ ¬O(p|q ∧ r ∧ t)) ∨ (O(p|q ∧ r) ∧ ¬O(p|q ∧ r)))

Since 7.9 is derivable from the premise set, the disjunction of 7.9 and 7.10 is not
a minimal Dab-formula (as the disjunction of 7.6 and 7.8 was). Hence, we can
derive O(¬p) with (DET).
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7.6.7 The lexicographic adaptive logic HDm
<

Now we have all the puzzle pieces to properly define the lexicographic adaptive
logic HDm

< . As with every puzzle, the challenge is to put the pieces together in
the correct way. We will argue that the abnormalities in Ω0 should be prioritized
over those in Ω1a and those in Ω1b.

In Section 7.6.5 we discussed the relation between Ω1a and Ω0. It was shown
that if Ω0 is not in the set of abnormalities, then [U](ϕ↔ ψ) would be derivable
from Γ = {→2ϕ,→2ψ}. The same holds if Ω1a is prioritized over Ω0. If Ω0 was
on the same level as Ω1a, then from Γ we could not finally derive ↔2(ϕ∧ ψ). To
see this, note that →2(ϕ ∧ ψ) is derivable, and thus ↔2(ϕ ∧ ψ) is derivable on the
following condition:

→
2(ϕ ∧ ψ) ∧ ¬↔2(ϕ ∧ ψ)

However, the following minimal disjunction of abnormalities is derivable:

(→2ϕ ∧ ¬↔2ϕ)∨

(→2(ϕ ∧ ψ) ∧ ¬↔2(ϕ ∧ ψ)∨

[U](ϕ↔ (ϕ ∧ ψ)

This blocks the derivation of ↔2(ϕ ∧ ψ). Thus, as we claimed in Section 7.6.5,
Ω0 needs to be prioritized over Ω1a.

If Ω0 is not also prioritised over Ω1b, then we get some counter-intuitive
results for strengthening of the antecedent. Take for example the premise set
Γ′ = {O(q|>),O(r|p), [U]¬(q ∧ r)}. If Ω1b was prioritised over Ω0, or if Ω0 was
omitted, then Γ′ would imply O(q|p), an inference that we would want to avoid
as it runs counter to our observations around exceptions in sections 1.3.3 and
7.2.3.

If Ω0 and Ω1b had the same priority, then we would not be able to derive
O(r|p ∧ s) from Γ′. The condition for deriving this is O(r|p) ∧ ¬O(r|p ∧ s), but
this is a disjunct of the following minimal Dab-formula:

(O(r|p) ∧ ¬O(r|p ∧ s))∨

(O(q|>) ∧ (¬O(q|s ∧ p) ∨ ¬O(q|s) ∨ ¬O(q|p) ∨ ¬O(q|>)))∨

[U]¬(s ∧ p)

However, if Ω0 is prioritised over Ω1b, then O(r|p ∧ s) is derivable from Γ′ and
[U]¬q is not.143

143We would have gotten similar results if we had used the premise set {O(q|>),O(¬q|p)}
instead of Γ′. That is, if Ω0 and Ω1b would have the same priority, then it would not follow
that O(¬q|p ∧ s), and if Ω1b would be prioritised over Ω0 or Ω0 were omitted, then O(q|p)
would follow. The reason why we use Γ′ is that the relevant abnormalities are shorter.
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What about the priority of Ω1a and Ω1b? Should one be prioritised over
the other, or should both have the same priority? This makes a difference for
premise sets like Γ′′ = {(Pp ∧ Pq),O(¬p|>),O(¬q|>),→2r}. If Ω1a is prioritised
over Ω1b, then ↔2r is derivable from Γ′′, but the derivation of O(p|r) and O(q|r)
is blocked. If Ω1b is prioritised over Ω1a, then the reverse happens: O(p|r) and
O(q|r) are derivable, but ↔2r is not. If Ω1a and Ω1b are at the same level, then
none of the three formulas are derivable.

We find that we do not have strong intuitions as to which of these formulas
should be derivable. The rather far-fetched informal examples that we can come
up with also do not help to evoke our intuitions. In what follows, we will let
Ω1a and Ω1b have the same priority, but one could also choose to prioritise one
over the other.

Let Ω1 =df Ω1a ∪Ω1b. Then HDm
< is defined by the LLL HD, the sequence

of abnormalities 〈Ω0,Ω1〉 and the strategy <-minimal abnormality. HDm
< gives

the intuitively expected results in the examples above.

At this point some readers may have become suspicious about the whole
enterprise of holistic detachment. We argued that one should strengthen →2ϕ to
↔
2ϕ whenever this is possible; this inference is necessary in order to obtain the
kind of information that is strong enough to license detachment. We also argued
that one should have a defeasible form of (SA) in order to allow that general
conditionals are applicable in more specific cases. But why then not give up on
the requirement of holism, so that neither (SA), nor the defeasible derivation of
↔
2 is required in the first place? Doesn’t that make for a much smoother logic?

Two points in defense. First, some defeasible form of (SA) is highly intuitive
in itself. Regardless of the specific circumstances we are in, it seems that we
can reason about the relation between conditional oughts, even if these are
interpreted as defeasible pieces of advice. From “if you are in Sapporo, you
should go to a sushi-bar”, we are inclined to infer “if you are in Sapporo with
friends, then you should go to a sushi-bar”. The inference appears to be valid,
regardless of where in the world one happens to be.

Second, in cases where exceptions are explicitly mentioned – such as, “if you
are in Sapporo but you are allergic to fish, then you should not go to a sushi-bar”
– we do want to be able to draw the correct conclusion regarding our obligations,
relative to the circumstances at hand. If I am in Sapporo and I happen to be
allergic to fish, then I do not want to derive the conclusion that I should go
to a sushi-bar. But if one skips the holistic requirement, that conclusion will
have exactly the same logical status as the conclusion that I should not go to a
sushi-bar: it is a deductive consequence of the premises.

We end this section with a short remark. At the end of Section 7.3.1 we
defined the operator O.144 In HD we needed to add the tacit premise ¬→2ϕ to
be able to derive Oϕ from Oϕ. One could argue against such an enthymematic
approach using similar arguments as those in Section 7.6.3. With the set of
abnormalities {→2ϕ | ϕ ∈ W} we have no more need for these tacit premises.
From Oϕ we could derive ϕ on the condition that →2ϕ is false. This makes

144Oϕ =df Oϕ ∧ ¬→2ϕ
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working with the operator O much smoother.

7.7 HDm
< compared to similar approaches

The literature on dyadic deontic logic and detachment is vast. For reasons of
space, we focus on work that is directly linked to ours and draw some high-
level comparisons. We first focus on possible worlds semantics, after which we
consider norm-based accounts (in the sense of [Hansen, 2014]) and other more
syntactic approaches.

7.7.1 Possible worlds semantics with restricted detach-
ment

As noted in Section 7.2, the idea of restricted detachment can be found in many
accounts. In his [Feldman, 1986], Feldman argues in favour of restricted detach-
ment and proposes a logic based on this idea. In a back and forth ([Castañeda,
1989b; Feldman, 1989; Castañeda, 1989a]) Castañeda criticises Feldman’s logic,
but acknowledges the importance of what he calls “deontic circumstances” for a
proper understanding of ought-claims. Such circumstances are contrasted with
“deontic foci”, i.e. the things that are the subject of obligations and permissions.
Our distinction between mere facts and fixed circumstances has some parallels
with Castañeda’s distinction between deontic circumstances and deontic foci,
but there are also some fundamental differences. Most strikingly, Castañeda
argues that only actions (of a given agent) can be obligatory, not proposi-
tions.Circumstances are represented by propositional variables, whereas formu-
las of the form Oϕ are only well-formed if ϕ represents an action. Castañeda
deems it unacceptable that deontic circumstances are obligatory (as they are
in our account of O, cf. our axiom (BO)), especially for cases of “determined,
successfully and carefully planned wrongdoing” [Castañeda, 1989b, p. 13].

Treating the defined operator O (cf. Section 7.3.1) as the “proper” oper-
ator for obligations is also unacceptable for Castañeda, since this would still
imply that these instances of planned wrongdoing are neither wrong nor right
[Castañeda, 1989b, p. 13]. Note however that, as we argued in Section 7.3.1,
we make a distinction between the claim that ϕ is obligatory given the cir-
cumstances – which one can express either by O or O – and the claim that
the circumstances themselves violate a normal obligation – e.g. expressed by
O(¬ϕ|>) ∧→2ϕ.

In a series of articles ([Carmo and Jones, 1997, 2002, 2013]) Carmo and
Jones develop a theory of “fixedness” or unalterability with regards to condi-
tional obligations. This theory was a direct source of inspiration for our HDm

< .
There are however a few problems with the specific route taken by Carmo and
Jones. First, as shown in [Kjos-Hanssen, 2017], their logic (as defined in [Carmo
and Jones, 2013]) validates a specific type of deontic explosion: if ϕ and ψ are
independent, in the sense that neither strictly implies the other, and if O(ϕ|>),
then O(ψ|¬ϕ). This is i.a. due to the validity of a (restricted) form of strength-
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ening of the antecedent in their logic.145 Second, as noted in Section 7.6.3, one
needs to add various tacit premises in order to obtain the correct results with
Carmo and Jones’ system, even in simple cases. As we argued, this drawback
can be overcome by extending the logic non-monotonically. The third and more
serious drawback is that this logic cannot handle specificity-cases [Carmo and
Jones, 2002, p. 295] (see also [Straßer, 2011]). This in turn motivates our move
to holistic detachment, making use of the additional operator ↔2.

According to Van Benthem, Liu and Grossi [van Benthem et al., 2014], de-
tachment should be modeled by a formula of the type O(ϕ|ψ) → [!ψ]O(ϕ|>),
which expresses that if ϕ is obligatory conditional on ψ, then, after the informa-
tion is received that ψ, ϕ becomes an unconditional obligation. Note that here,
the holism is built in automatically, since the event !ψ is the announcement of ψ
and nothing but ψ. However, as of yet, the Hansson-style semantics for dyadic
deontic logic has not been equipped with an “all and only” modality, in order
to model the (defeasible) inferences from a (possibly incomplete) description of
the fixed circumstances to the oughts that can be detached in view of all that
is fixed.146

In the related field of practical, goal-oriented reasoning, Boutilier [Boutilier,
1994] proposes a way to determine “actual preferences” on the basis of con-
ditional preference statements and a (finite) knowledge base K. When I(ψ|ϕ)
represents that, conditional on ϕ, ψ is true in all preferred states, the agent has
an actual preference for ψ iff I(ψ|

∧
K) holds. Note however that this type of

inference is not modeled at the object level of the logic: there is no operator for
“all the agent knows”, or for “what is preferred given all the agent’s knowledge”.
Boutilier’s article is mainly focussed on the logic of the conditional preference
operator, and not on detachment.

Van der Torre [van der Torre, 1997] suggested that Boutilier’s proposal could
be turned into a principle of deontic reasoning, using Levesque’s “all and only”
modality. Van der Torre calls the resulting rule “exact factual detachment”
(EFD); it is formally identical to our holistic detachment. He only discusses
this rule, but develops no semantics or axiomatisation for the resulting logic.
He then goes on to argue that EFD leads to the validity of the truth schema
Oϕ → ϕ and concludes that “if EFD is accepted, then the relation between
facts and absolute obligations is identical to the relation between antecedent
and consequent of the conditional obligations” [van der Torre, 1997, p. 88].
This is however incorrect, at least as long as one can distinguish between mere
facts and knowledge (or in our interpretation: what is fixed). Indeed, Oϕ ∧ ¬ϕ
is perfectly satisfiable in HD, which validates (EFD).

145In fact, one can prove an even stronger fact: in the logic of Carmo and Jones,
O(ϕ|>),¬[U]¬(¬ϕ ∧ ψ) ` O(ψ|¬ϕ). So whenever ψ is compatible with the violation of a
normal obligation that ϕ, then ψ is obligatory conditional on ¬ϕ.
146In recent, unpublished work Kit Fine also studies the relation between detachment and

fixedness. His analysis has a lot of common ground with ours, philosophically speaking, but he
uses the more fine-grained framework of truthmaker semantics to develop his logical system.
We hope to compare this work with ours in the near future.
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7.7.2 Norm-based accounts

There is also a wide range of accounts that do not attempt to reduce the truth or
applicability of conditional norms to some external reality such as a preference
relation or deontic function defined over possible worlds. Instead, these accounts
take a set N of conditional norms as primitive, and use that N to construct an
operational, rule-based semantics for deontic logic. Technically, N is just a set
of pairs (ψ,ϕ) in a formal language. Following [Parent and van der Torre, 2017]
we call these norm-based accounts.

One account of this type is developed in Horty’s [Horty, 2012]. Here, norms
are represented as default rules, and facts are conceived as the triggers of un-
conditional oughts. Conditional oughts O(ϕ|ψ) are interpreted in terms of what
follows from a given default theory when adding ψ to the factual information. In
Horty’s framework, detachment is treated as a defeasible principle: one applies
it as long as the result remains consistent with the given facts; moreover, no
distinction is made between mere facts and what is considered fixed.

Input/output logic [Makinson and van der Torre, 2000, 2001] is another
well-known class of systems in which conditionals (as syntactic entities) are
primitive. Here again, one can define various input/output relations that, when
given a set of input F and a set of conditionals N , fix an output out(F,N),
corresponding to our actual obligations. The input roughly plays the role of
our fixed circumstances, with the difference that the input is not necessarily
included in the output (contrary to our axiom (BO)). In contrast to Horty’s
account, input/output logic (at least in its original form [Makinson and van der
Torre, 2000, 2001]) cannot handle specificity-cases.

In [Parent and van der Torre, 2014], Parent and van der Torre discuss exact
factual detachment (cf. supra) as a property of I/O-logics. The idea here is
that, if (ϕ,ψ) ∈ N , then ψ is in the output of N under the input ϕ. In other
words, if one has exactly the input ϕ, and if there is a conditional norm to
the effect that ψ is obligatory if ϕ is the case, then ψ is indeed obligatory. In
the original I/O-logics, and in the specific system O3 proposed by Parent and
van der Torre in [Parent and van der Torre, 2014], exact factual detachment is
a derived property; also there, specificity-cases cannot be handled in the way
HDm

< does.
Straßer [Straßer, 2011] develops a non-monotonic logic which features spe-

cific expressions of the type “the obligation to do ϕ, conditional on ψ, is over-
ridden”, denoted by •O(ϕ|ψ).147 The latter phrase receives a purely syntactic
definition, in terms of the existence of other obligations and circumstances. In
these systems, detachment is represented by a rule of the following type:

ψ,O(ϕ|ψ),¬•O(ϕ|ψ) ` Oϕ

By adding a suitable set of axioms that govern the behavior of •O(ϕ|ψ), and
by adding a defeasible mechanism that validates the inference from O(ϕ|ψ) to

147In fact, Straßer distinguishes two ways in which an obligation can be overridden, resulting
in two operators •p and •i, and two different rules of detachment.
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¬•O(ϕ|ψ), one can then ensure that specificity-cases and contrary-to-duties are
adequately handled. In this framework, no operators for “fixed circumstances”
are used; also, no semantics for the •-operator is provided.

In more recent work, Beirlaen and Straßer [Beirlaen and Straßer, 2016] have
used structured argumentation frameworks to model deontic reasoning on the
basis of conditional obligations and “fixed facts”, making use of a normal modal
operator to model the latter. Here, one looks at all possible arguments that
can be built for a given claim (e.g. Op) and defines various attack relations
between such arguments. These attack relations in turn allow one to determine
a “grounded extension” of the premises, which can be seen as a set of “safe
arguments” that in turn deliver the actual obligations. As Beirlaen and Straßer
show, specificity and other parameters can be readily built into this framework
by adopting an appropriate definition of the attack relation.

7.8 Conclusion

Some of the accounts mentioned in the previous section are arguably richer
and more fine-grained than our HDm

< . Still, one argument in favour of more
traditional approaches (such as our own), and contra norm-based or other purely
syntactic approaches such as the ones mentioned above, is that we get one unified
theory in which we can not only reason about what should hold given some F and
N . That is, using principles such as our (ATT), we can also derive conditional
obligations O(ϕ|ψ) from premises that merely state what is fixed, and what we
consider the ‘correct’ normative judgement in that situation. It should however
be admitted that from this viewpoint, HDm

< is just a preliminary ‘toy logic’. A
more elaborate, insightful semantics and formal language should be developed
in order to flesh out and solidify this argument.

Naturally, this comparison is based on the use of HDm
< to formalise condi-

tional obligations. However, in this thesis we are mainly interested in formalising
uncategorical obligations. For this specific purpose, HDm

< has the advantage
that it can easily be made term-modal. We do so in the next chapter.
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Chapter 8

Uncategorical Obligations
& Detachment

Summary In this chapter we discuss uncategorical obligations. We argue
that the logic TMHDm

< , a term-modal version of the logic HDm
< (which was

proposed in Chapter 7), better succeeds at capturing uncategorical obligations
than TMDL. We end the chapter by discussing some variants of TMHDm

< .

8.1 Introduction

In Section 3.5.8 we argued that there is a natural link between conditional
obligations and uncategorical obligations. We claimed that uncategorical obli-
gations are universally quantified personal conditional obligations. According
to this claim the uncategorical obligation ‘all doctors have an obligation to take
care of their patients’ is equivalent to ‘for all x, x has an obligation to take care
of their patients, given that x is a doctor.’

In Section 1.3.3 we discussed several known shortcomings to SDL when it
comes to explicating conditional obligations. In sections 3.5.8 and 3.5.9 we have
shown that some of these shortcomings are inherited by TMDL. On top of
that, in Chapter 7 we argued for a principle of holistic detachment. Starting
from these observations, we develop a term-modal logic of holistic detachment
TMHDm

< that gives a more satisfactory account of uncategorical obligations
than TMDL.

The present chapter is organised as follows. Section 8.2 is dedicated to stat-
ing (or restating) the problems associated with a narrow scope formalisation of
uncategorical obligations in TMDL. In Section 8.3 we discuss several alterna-
tive formalisations of uncategorical obligations that are closer to TMDL than
a term-modal version of HDm

< is. We argue that these approaches are not very
attractive either. We define the monotonic term-modal logic TMHD in Section
8.4. We add an adaptive component in Section 8.5 and discuss some variants

191
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of TMHD in Section 8.6. In the conclusion (Section 8.7) we summarise the
results of this chapter and point to some possible avenues for future research.

8.2 Problems of a narrow-scope interpretation

In this section we (re)state four problems with the narrow scope formalisation
of uncategorical obligations in TMDL. The first problem has to do with re-
stricted detachment. To derive, for example, OaQa from (∀x)(Rx→ OxQx) in
TMDL, it suffices that Ra is true. Ra does not need to be fixed. However,
if uncategorical obligations are statements quantifying over conditional obliga-
tions, then the arguments for restricted detachment in Section 7.2.2 must be
taken into account. Ra being merely true is not enough ground to derive OaQa.
Instead, Ra needs to be fixed

The second problem holds not just for uncategorical obligations, but for
all general obligations. The formalisation of general obligations as proposed
in Chapter 3, does not allow for exceptions to the rules. This was discussed
in Section 3.5.9. We used the example of a doctor in a crisis situation. We
say that doctors have to take care of all their patients, while at the same time
maintaining that in certain crisis situations (such as wars or pandemics) they are
allowed to institute a triage mechanism and only take care of a limited number
of their patients. If a is a doctor in a crisis situation, then, in TMDL, we can
derive that a both is and is not allowed to take care of only a limited number
of patients.

The analogy with conditional obligations is obvious. As with conditional
obligations, if we have two contradictory rules that are both applicable to a
given situation, then we follow the most specific rule, the exception. Suppose
that it is fixed that a is a doctor in a crisis situation. Then we derive that it is
allowed for a to treat only a limited number of their patients, and not that a
is obliged to treat all of them. Of course, if a different doctor finds herself in a
situation in which there is no crisis, then she does have the obligation to treat
all of her patients.

The third problem with the previously proposed formalisation is a semantic
oddity. Let M = 〈W,A, R,RD, I〉 be a TMDL-model. In Section 3.2.3 we
wrote that R(w, p) is the set of worlds where agent p fulfills all of the obligations
she has in world w. In a way, R(w, p) is the set of worlds that are deontically
ideal for p at world w. Take the example from Section 7.1 and suppose that
M,w |= (∀x)(Dx→ OxSx) and M,w |= Da. Then R(w, p) ⊆ JSaKM , but there
is nothing that demands that R(w, p) ⊆ JDaKM . Thus, in all worlds that are
deontically ideal for a at world w, a swears the Hippocratic oath, but might
not be a doctor. One wonders what is so ideal about a world where a is not a
doctor, but does swear the Hippocratic oath. This might not be a fatal argument
against TMDL, but it certainly is an odd fact about this way of formalising
uncategorical obligations in TMDL.

There is a fourth problem, which was identified in Section 3.5.8. The nar-
row scope formalisation does not capture various straightforward derivations of
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uncategorical obligations from other uncategorical obligations. In the present
chapter our focus is again on the derivation of situation-specific obligations (see
Section 7.2.1), so we will bracket this fourth objection for most of this Chapter
(the exceptions are sections 8.3 and 8.6.2).

8.3 TMDL with a →
2-operator

In this section we discuss three ways of formalising uncategorical obligations
in TMDL extended with the →2-operator from Chapter 7. These are natural
suggestions to solve (some of) the problems posed in Section 8.2, but we show
that each suggestion is unsatisfactory.

A possible solution to the problem of the semantic oddity (Section 8.2) is
to keep using TMDL, but to use a wide-scope formalisation of uncategorical
obligations (see Section 3.5.8). Instead of formalising ‘All doctors must swear
the Hippocratic oath’ as (∀x)(Dx→ OxSx) (narrow scope), we can formalise it
as (∀x)Ox(Dx → Sx) (wide scope). This would solve the semantic oddity and
would prevent detachment based on the mere fact that a is a doctor.

We can get restricted detachment by adding the normal modal operator →2
expressing ‘it is fixed that’ (see Chapter 7) and an axiom scheme (FO) of the
form →

2ϕ→ Oαϕ. Although it does not allow for exceptions, this proposal seems
to solve at least two other problems: the problem of the semantic oddity and
the problem of restricted detachment.

In addition, this proposal gives us a grasp on the two examples from Section
1.1. In Section 3.5.8 we noted that a wide scope formalisation allows us to derive
from ‘all doctors have an obligation to treat their patients’ and ‘it is obligatory
for everyone who treats patients, to respect the autonomy of these patients’
the conclusion ‘all doctors have an obligation to respect the autonomy of their
patients’. That is, from

(∀x)(∀y)Ox(Dxy → Txy) (8.1)

and

(∀x)(∀y)Ox(Txy → Rxy) (8.2)

we can derive:

(∀x)(∀y)Ox(Dxy → Rxy) (8.3)

From (8.3) and the fact that it is fixed that a is a patient of doctor s, which
is formalised as →2Dsa, we can derive that ‘s has an obligation to respect the
autonomy of a’, which is formalised as OsRsa (by using (FO)).

Unfortunately, this new approach trivialises contrary to duty situations.
Consider Chisholm’s paradox (Section 1.3.3):

1. It ought to be that a certain man go to the assistance of his neighbours
2. It ought to be that if he does go, he tell them he is coming
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3. If he does not go then he ought not to tell them he is coming
4. He does not go

Now suppose that, for whatever reason, it is fixed that the man does not go.
Then we would formalise these four lines as follows.

I OaGa
II Oa(Ga→ Ta)
III Oa(¬Ga→ ¬Ta)
IV →

2¬Ga
From I and II we can derive OaTa, and from III and IV Oa¬Ta (using our
new axiom scheme). Since TMDL is not conflict-tolerant, this trivialises the
premise set.

However, this set should not be trivialised, as Chisholm’s paradox does not
describe a conflict. It is merely a situation where someone has violated an
obligation, and as a result a reparational obligation comes into play. Since
representing such reparational obligations was one of the main motivations for
looking at restricted detachment, the logic should not trivialise such an example
where a reparational obligation plays a central role. Thus we have two reasons
why the present proposal is unsatisfactory: it trivialises the Chisholm set and
it fails to adequately deal with exceptions.

Now that we have introduced the →2-operator in the language, we can also
use this operator within the formalisation of conditional and uncategorical obli-
gations. We can formalise uncategorical obligations as (∀ν)Oν(→2ϕ→ ψ) (wide
scope) or as (∀ν)(→2ϕ → Oνψ) (narrow scope). The wide scope option is not
very interesting for our purposes: there is no restricted detachment (not even
factual detachment), it suffers from a form of the semantic oddity and it does
not allow for exceptions.

However, the narrow scope option is quite promising. If we consistently
formalise conditional and uncategorical obligations by placing the →2-operator
outside the scope of the obligation-operator, then this option does give us re-
stricted detachment, avoids the semantic oddity and does not suffer from the
problem with the Chisholm-paradox described above. Unfortunately, like the
other two options it cannot handle exceptions and, unlike the first wide scope
option presented in this chapter, it does not allow for the derivation of some
uncategorical obligations from others. That is, from

(∀x)(∀y)(→2Dxy → Ox(Txy)) (8.4)

and

(∀x)(∀y)(→2Txy → Ox(Rxy)) (8.5)

we cannot derive:

(∀x)(∀y)(→2Dxy → Ox(Rxy)) (8.6)
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8.4 Term-modal holistic detachment

Given the shortcomings of TMDL that were stated in Section 8.2, and the
unsatisfactory results from the proposals in Section 8.3, we will now present a
term-modal version of HD. This presentation builds on the results for dyadic
term-modal logics that were presented in Section 5.7.

We see uncategorical obligations as statements that universally quantify over
personal obligations (see sections 8.1 and 3.5.8). Thus, saying ‘all doctors have
an obligation to take care of their patients’ is equivalent to saying ‘for every x, if
x is a doctor, then x has an obligation to take care of their patients’. To express
these statements formally, we index the conditional obligation operators of HD
with terms of the language (see also Section 5.7). For example, we can formalise
the uncategorical obligation ‘all doctors have an obligation to take care of their
patients’ as (∀x)(∀y)Ox(Cxy|Dxy).

8.4.1 Fixed for whom?

If we want to detach the actual obligations of a specific person from a personal
conditional obligation, then we might not want to look at what is fixed in
general, but at what is fixed for that person. In Section 7.2.2 we described
different views on fixedness. From some of these views it follows that what is
fixed is identical for every person. For example, Greenspan’s time-bound view
implies that something is fixed due to the fact that it has already happened.
Since what has already happened is the same for everyone, what is fixed will
also be the same for every person (according to this view).

However, it can be argued that fixity is person-dependent, if one takes a
different view on fixedness. We illustrate this by means of an example. Suppose,
for the sake of argument, that the utilitarians are right and that what matters
in the normal trolley-problem is only the number of people killed, not whether
the agent killed them. Then the agent at the lever has a moral obligation to pull
the lever so only one person dies, instead of five. Now consider the following
variant of this problem: Person a is standing next to the lever, but this time the
trolley is driven by person b, who is angry at one of the five people on the track
and intends to run this person over. Person b can press the brakes, resulting in
no one being killed, but b does not want to do this and makes this clear to a
(perhaps by screaming). Person a can pull the lever, which would result in one
person dying, or a can refrain from pulling the lever, which would result in five
people being killed if b does not brake, and zero people being killed if b does
brake.148

In this situation, it is plausible to say that it is fixed for a that b will not use
the brakes, but that this is not fixed for b. b can still decide to use the brakes
and thus the relevant actual obligation for b is to use the brakes (as this results
in the least number of people killed). However, since b has firmly decided not

148We assume that by the time b realises that a has pulled the lever it will be too late for b
to use the brakes.
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to do so, it is fixed for a that b will not brake and thus a ought to pull the lever
(even though b ought to press the brakes).

To represent that fixedness can be person-dependent, in what follows we in-
dex not only the O(.|.) operator, but also the →2 and ↔2 operators. For those fol-
lowing the time-bound view (or a similar view), we present a variant of TMHD
where what is fixed is identical for each person in Section 8.6.1.149

8.4.2 Formal language

The formal language of TMHD combines elements of the languages of TMDL
and HD. Let C = {a, b, . . .} be the countably infinite set of constants denoting
persons and V = {x, y, . . .} be the set of variables. We let α, β, . . . range over
C and ν, ξ, . . . over V . Let T = C ∪ V be the set of terms and θ, κ, . . . be the
metavariables ranging over it. For each natural number n ∈ N1 we let Pn be a
set of n-ary predicate symbols and we let P be the union of all Pn. We let P
range over P. Lastly, we let ϕ,ψ, χ be metavariables for formulas and we use
Γ,∆,Θ, . . . as metavariables for sets of formulas. The language LHD is defined
with the following Backus-Naur form:

ϕ ::= Pθ1 . . . θn | θ = κ | ¬ϕ | ϕ ∨ ϕ | →2θϕ |
↔
2θϕ | Oθϕ | Oθ(ϕ|ϕ) | (∀ν)ϕ | ⊥

The other Boolean connectives are defined in the standard way. As before,
(∃ν)ϕ =df ¬(∀ν)¬ϕ, > =df ¬⊥, Pθϕ =df ¬Oθ¬ϕ and Pθ(ϕ|ψ) =df ¬Oθ(¬ϕ|ψ).
We will often write θ 6= κ instead of ¬θ = κ. The notion of free and bound
variables are as before. A wff ϕ is a sentence iff all the variables in ϕ are
bound. We define the set SHD of sentences of LHD: SHD =df {ϕ ∈ LHD |
ϕ is a sentence}.

The reading of the new symbols will be clear from previous sections: →2θϕ
expresses that ϕ is fixed for θ, and ↔2θϕ that ϕ is all that is fixed for θ. To
formalise the actual, personal obligation of θ that ϕ holds, we use Oθϕ, and for
θ’s conditional personal obligations we use the operator Oθ(.|.).

We can again define a non-vacuous monadic operator, this time for actual,
personal obligation:

ONVα ϕ =df Oαϕ ∧ ¬→2αϕ

8.4.3 Semantics

We define a TMHD-model (Definition 8.1) and the semantic clauses (Definition
8.2).

Definition 8.1. A TMHD-model is a tuple M = 〈W,A, RH , fH , I, wa〉 where

149For simplicity we only look at undirected obligations, but our results are easily generalized
to directed obligations in view of chapters 5 and 6.
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(C1.1) W 6= ∅ is the world domain of M
(C1.2) A 6= ∅ is the agent domain of M
(C2) RH ⊆W×A×W is reflexive (i.e. for all w ∈W and p ∈ A, 〈w, p, w〉 ∈

RH)
(C3) fH : W ×A× ℘(W ) → ℘(W ) is a function that satisfies the following

conditions:
(C3.1) where w ∈W , p ∈ A and ∅ 6= X ⊆W : fH(w, p,X) 6= ∅
(C3.2) where w ∈W , p ∈ A and X ⊆W : fH(w, p,X) ⊆ X

(C4) I is an interpretation function such that:
(C5.1) I : T → A
(C5.2) I : Pn ×W → ℘(An) for every natural number n ∈ N1.

(C5) wa ∈W

A TMHD-model is an HD-model with some term-modal machinery added.
There is an agent domain in addition to a world domain, and an interpretation
function instead of a valuation. RH and fH play the same role as RF and f
did for HD, and wa is again the actual world.

As before, for any ν ∈ V , M ′ = 〈W,A, RH , fH , I ′, wa〉 is a ν-alternative to
M = 〈W,A, RH , fH , I, wa〉 iff I ′ differs at most from I in the member of A that
I ′ assigns to ν.

Definition 8.2. Where M = 〈W,A, RH , fH , I, wa〉 is a TMHD-model and
w ∈W ,

(SC1) M,w |= Pθ1 . . . θn iff 〈I(θ1), . . . , I(θn)〉 ∈ I(P,w)
(SC2) M,w |= θ = κ iff I(θ) = I(κ)
(SC3) M,w 6|= ⊥
(SC4) M,w |= ¬ϕ iff M,w 6|= ϕ
(SC5) M,w |= ϕ ∨ ψ iff M,w |= ϕ or M,w |= ψ
(SC6) M,w |= [U]ϕ iff for all w′ ∈W , M,w′ |= ϕ
(SC7) M,w |= →2θϕ iff RH(w, I(θ)) ⊆ JϕKM
(SC8) M,w |= ↔2θϕ iff RH(w, I(θ)) = JϕKM
(SC9) M,w |= Oθ(ϕ|ψ) iff fH(w, I(θ), JψKM ) ⊆ JϕKM
(SC10) M,w |= Oθϕ iff fH(w, I(θ), RH(w, I(θ))) ⊆ JϕKM
(SC11) M,w |= (∀ν)ϕ iff for every ν-alternative M ′ : M ′, w |= ϕ

where, JϕKM = {w′ ∈W |M,w′ |= ϕ} and RH(w, p) = {w′ ∈W | RHwpw′}

Semantic consequence (Γ  ϕ) and validity ( ϕ) are defined in the standard
way and truth in a model (M |= ϕ) is defined as above.

8.4.4 Axiomatisation

A sound and complete axiomatisation of TMHD is obtained by a combination
of the axiomatisation of term-modal deontic logics with the axiomatisation of
HD. We close a complete axiomatisation of classical propositional logic (CL)
under the rules (MP), Necessitation for [U], (UG), and the following axiom
schemes:
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(1) all axiom schemes of HD (i.e. all those in Table 7.1), but with →2 replaced
by →2α, ↔2 by ↔2α, O by Oα and O(.|.) by Oα(.|.) (Table 8.1),

(2) the Barcan Formula for every modal operator (Table 8.2), and
(3) the schemes (UI), (REF), (SUB) and (UND) from term-modal logic (Table

8.3).

The ancestry of TMHD is clear from this axiomatisation. The axiom schemata
under (1) are all inherited from HD, whereas the other rules and axiom schemata
come from term-modal deontic logic.

S5 for [U]
KT for →2α
KD for Oα

(T-CG) [U](ϕ↔ ψ)→ (Oα(τ |ϕ)→ Oα(τ |ψ))
(T-CK) (Oα(ψ|ϕ) ∧ Oα(ψ → τ |ϕ))→ Oα(τ |ϕ)
(T-CP) ¬[U]¬ϕ→ (Oα(ψ|ϕ)→ ¬Oα(¬ψ|ϕ))
(T-CI) Oα(ϕ|ϕ)
(T-UB) [U]ϕ→ →

2αϕ
(T-UC) [U]ϕ→ Oα(ϕ|ψ)
(T-BO) →

2αϕ→ Oαϕ
(T-AO1) ↔

2αϕ→
→
2αϕ

(T-AO2) (→2αϕ ∧
↔
2αψ)→ [U](ψ → ϕ)

(T-AO3) [U](ϕ↔ ψ)→ (↔2αϕ↔
↔
2αψ)

(T-DET) (↔2αϕ ∧ Oα(ψ|ϕ))→ Oαψ
(T-ATT) (↔2αϕ ∧ Oαψ)→ Oα(ψ|ϕ)

Table 8.1: Axiom schemata inherited from HD.

(UBF) (∀ν)[U]ϕ→ [U](∀ν)ϕ
(→2α-BF) (∀ν)→2αϕ→

→
2α(∀ν)ϕ

(↔2α-BF) (∀ν)↔2αϕ→
↔
2α(∀ν)ϕ

(BF) (∀ν)Oαϕ→ Oα(∀ν)ϕ
(N-BF) (∀ν)Oα(ϕ|ψ)→ Oα((∀ν)ϕ|ψ)

where ν does not occur in ψ

Table 8.2: Barcan formulas

(UI) (∀ν)ϕ→ ϕ(α/ν)
(REF) α = α
(SUB) (α = β)→ (ϕ→ (α//β)
(UND) (α 6= β)→ [U](α 6= β)

Table 8.3: The schemas from term-modal deontic logic
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8.4.5 Completeness

The completeness proof is a combination of the proof for completeness of HD
in Section 7.4 and the proof for completeness of TMDL from Section 3.3. As

in the proof for TMDL, we define an extended language LHD+
containing an

infinite number of constants that do not occur in LHD. We use this language
to define the logic TMHD+.150 The proof for the following Lemma is again
obvious in view of the Lindenbaum construction (note the analogy with Lemma
3.1).

Lemma 8.1. For any set Γ ⊆ SHD (respectively, Γ ⊆ SHD+
), if Γ is consistent,

there is a maximal consistent Γ′ ⊆ SHD (respectively, Γ′ ⊆ SHD+
) such that Γ′

is maximal consistent and Γ ⊆ Γ′.

Assuming that all sentences of the form (∀ν)ϕ are enumerated in a fixed order
(∀ν)χ1, (∀ν)χ2, . . ., the proof of Lemma 8.2 is analogous to that of Lemma 3.2.

Lemma 8.2. For any set Γ ⊆ SHD: if Γ is consistent then there is an LHD+-
saturated set Γ′ ⊆ SHD+ such that Γ ⊆ Γ′.

We need an analogue to Lemma 3.3 for Oα, →2α and Oα(.|ψ). The proofs of
lemmas 8.3 and 8.4 are analogous to that for Lemma 3.3 . The proof of Lemma
8.5 can also serve to illustrate the proofs of these two lemmas.

Lemma 8.3. For any set Γ ⊆ SHD+
, α ∈ C+ and ϕ ∈ SHD+

: if Γ is LHD+
-

saturated and Oαϕ /∈ Γ, then there is an LHD+
-saturated set Θ such that {ψ |

Oαψ ∈ Γ} ∪ {¬ϕ} ⊆ Θ.

Lemma 8.4. For any set Γ ⊆ SHD+
, α ∈ C+ and ϕ ∈ SHD+

: if Γ is LHD+
-

saturated and →2αϕ /∈ Γ, then there is an LHD+
-saturated set Θ such that {ψ |

→
2αψ ∈ Γ} ∪ {¬ϕ} ⊆ Θ.

Lemma 8.5. For any set Γ ⊆ SHD+
, α ∈ C+ and ϕ, χ ∈ SHD+

: if Γ is

LHD+
-saturated and Oα(ϕ|χ) /∈ Γ, then there is an LHD+

-saturated set Θ such
that {ψ | Oα(ψ|χ) ∈ Γ} ∪ {¬ϕ} ⊆ Θ.

Proof. The proof is almost identical to that for Theorem 5.11 on page 131.
Simply replace (N-NEC) by (T-UC), (N-K) by (T-CK) and the reference to
Lemma 5.10 by a reference to Lemma 8.1.

The canonical model of Definition 8.3 combines the essential characteristics
of the canonical model of Definition 7.3 with those of definitions 3.7 and 5.19.
Clause (i.1) of Definition 8.3 is analogous to clause (i) of Definition 7.3 and
clause (i.2) is identical to clause (ii) of Definition 3.7.151 Clauses (ii) and (iii)
of Definition 8.3 are identical to clauses (ii) and (iii) of Definition 7.3, except

150Again, this is entirely analogous to the proof in Section 3.3.
151Note that from clause (i.1) it follows that for all ∆ ∈WΓ and τ1, τ2 ∈ C+∪V , τ1 = τ2 ∈ ∆

iff τ1 = τ2 ∈ Γ.
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for the added references to the elements of AΓ and C+. Finally, clause (iv)
of Definition 8.3 is identical to clause (v) of Definition 3.7 and clause (v) of
Definition 8.3 is identical to clause (v) of Definition 7.3. Analogously to Section

3.3, we define [[α]]Γ: where Γ ⊆ SHD+
is an LHD+

-saturated set and α ∈ C+,
[[α]]Γ =df {β ∈ C+ | α = β ∈ Γ}.

Definition 8.3. Let Γ ⊆ SHD be an LHD+
-saturated set. Let LSATΓ denote

the set of all LHD+
-saturated sets ∆ such that {ϕ | [U]ϕ ∈ ∆} = {ψ | [U]ψ ∈ Γ}.

We define the canonical model MΓ = 〈WΓ,AΓ, R
H
Γ , f

H
Γ , I, wΓ〉 as follows:

(i.1) WΓ = {(Θ, i) | Θ ∈ LSATΓ, i ∈ {1, 2}}
(i.2) AΓ = {[[α]]Γ | α ∈ C+}
(ii) For all (∆, i) ∈WΓ and [[α]]Γ ∈ AΓ:

(ii.1) if there is a ϕ s.t. ↔2αϕ ∈ ∆, RHΓ ((∆, i), [[α]]Γ) = {(Θ, j) ∈ WΓ |
ϕ ∈ Θ};

(ii.2) otherwise: RHΓ ((∆, i), [[α]]Γ) = {(Θ, i) | {ψ | →2αψ ∈ ∆} ⊆ Θ}
(iii) For all (∆, i) ∈WΓ, [[α]]Γ ∈ A and X ⊆WΓ:

(iii.1) if there is a ψ s.t. X = {(Θ, j) ∈WΓ | ψ ∈ Θ}:
(iii.1a) if X = RHΓ ((∆, i), [[α]]Γ), then fHΓ ((∆, i), [[α]]Γ, X) =

{(Λ, i) ∈WΓ | {τ | Oατ ∈ ∆} ⊆ Λ}
(iii.1b) otherwise, fHΓ ((∆, i), [[α]]Γ, X) = {(Λ, k) ∈ WΓ | {τ |

Oα(τ | ψ) ∈ ∆} ⊆ Λ}
(iii.2) if there is no ψ s.t. X = {(Θ, j) ∈WΓ | ψ ∈ Θ}:

(iii.2a) if X = RHΓ ((∆, i), [[α]]Γ), then fHΓ ((∆, i), [[α]]Γ, X) =
{(Λ, i) ∈WΓ | {τ | Oατ ∈ ∆} ⊆ Λ}

(iii.2b) otherwise, fHΓ ((∆, i), [[α]]Γ, X) = X
(iv) IΓ is defined as follows:

(iv.1) for all α ∈ C+: IΓ(α) = [[α]]Γ and
for all ν ∈ V : IΓ(ν) = [[α+

1 ]]Γ
(iv.2) for all ∆ ∈WΓ and n-ary P ∈ Pn: IΓ(P,∆) = {〈[[α1]]Γ, . . . , [[αn]]Γ〉 |

Pα1 . . . αn ∈ ∆}
(v) wΓ = (Γ, 1)

It suffices to prove the truth-lemma and that each canonical model is a
TMHD+-model. The proof of the latter (Lemma 8.6) is mostly analogous to
that of Lemma 7.2, and is thus safely left to the reader.

Lemma 8.6. For all LHD+
-saturated sets Γ, MΓ is a TMHD+-model.

The proof for the Truth Lemma proceeds by induction on formula complex-
ity. In view of the above Lemmas and the construction of the canonical model,
all cases are either analogous to those in the proofs for lemmas 7.3 and 3.8, or
they are straightforward adaptations. We illustrate this by spelling out the case
for ϕ = Oα(ψ|τ).

Lemma 8.7 (Truth Lemma). For all Γ ⊆ SHD+
, ϕ ∈ SHD+

and ∆ ∈ WΓ:
MΓ,∆ |= ϕ iff ϕ ∈ ∆.
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Proof. We only prove the case for ϕ = Oα(ψ|τ), the rest is safely left to the
reader. The right to left direction is easy in view of the right to left direction of
the case for ϕ = O(ψ|τ) in the proof of Lemma 7.3. We simply apply (T-DET)
and the cases for ϕ = ↔2αψ and ϕ = Oαψ.

For the other direction, suppose that MΓ, (∆, i) |= Oα(ψ|τ). By the semantic
clause for Oα(.|.), fHΓ ((∆, i), [[α]]Γ, JτKMΓ) ⊆ JψKMΓ . If (iii.1a) applies (i.e. if
RHΓ ((∆, i), [[α]]Γ) = {(Θ, j) ∈ WΓ | τ ∈ Θ}), then by the induction hypothesis,
JτKMΓ

= RHΓ ((∆, i), [[α]]Γ). Hence, MΓ, (∆, i) |= Oαψ. By the case for ϕ = Oαψ,
it follows that Oαψ ∈ ∆. By the case ϕ = ↔2αψ, it follows that ↔2ατ ∈ ∆. With
(T-ATT) we get Oα(ψ|τ) ∈ ∆.

If (iii.1b) applies, then by the induction hypothesis, we can infer that

fHΓ ((∆, i), [[α]]Γ, JτKMΓ) =

{(Λ, k) | k ∈ {1, 2} and {ψ′ | Oα(ψ′ | τ) ∈ ∆} ⊆ Λ}
(8.7)

Towards a contradiction, suppose that Oα(ψ|τ) /∈ ∆. According to Lemma
8.5, there is a maximally consistent set Θ such that {ψ′ | Oα(ψ′|τ) ∈ ∆} ∪
{¬ψ} ⊆ Θ.152 By the induction hypothesis, MΓ, (Θ, i) 6|= ψ. By (8.7), (Θ, i) ∈
fHΓ ((∆, i), [[α]]Γ, JτKMΓ). Hence, MΓ, (∆, i) 6|= Oα(ψ|τ), which contradicts the
main supposition.

The proof for soundness and strong completeness is now routine.

Theorem 8.1 (Soundness and Strong Completeness for TMHD). Γ ` ϕ iff
Γ  ϕ.

8.5 Adaptive component

In Section 7.6 we identified two shortcomings of HD: the inability to derive
what is all that is fixed from information about what is fixed, and the lack of
any form of strengthening of the antecedent. We solved these problems with
a non-monotonic extension of HD. TMHD has the same two shortcomings
as HD, which can be solved by extending TMHD in a way analogous to the
extension of HD. In Section 7.6.5, we proposed the sets of abnormalities Ω0

and Ω1a to allow the defeasible derivation of ‘all that is fixed’.153 We define the
term-modal variants Ω′0 and Ω′1a as follows:

Ω′0 =df Ω0

Ω′a =df {→2αϕ ∧ ¬
↔
2αϕ | ϕ ∈ L

HD and α ∈ C}

Ω′b =df {(∃ν)(→2νϕ ∧ ¬
↔
2νϕ) | ϕ ∈ LHD and ν ∈ V }

152The reference to Lemma 8.5 here is the only major difference with the proof for Lemma
7.3, where we used the Lindenbaum construction instead.
153Remember that Ω1 = Ω1a ∪ Ω1b.
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Ω′1a =df Ω′a ∪ Ω′b

Ω′0 is identical to Ω0. For Ω′1a we need the union of Ω′a and Ω′b. Ω′a is
similar to Ω1a, except that the →2 and ↔2 operators have been replaced by their
term-modal counterparts. However, using only Ω′a would not allow us to derive
(∃x)↔2xϕ from (∃x)→2xϕ (see also Section 6.4.4).

A similar ‘doubling’ of the abnormalities is necessary for the term-modal
variant of Ω1b (which we will call Ω′1b), but otherwise the definition of this variant
is analogous to that of Ω1b in Section 7.6.6: Let DNF ′ (for Disjunctive Normal
Forms) be the set of all formulas ϕ of TMHD such that ϕ is a disjunction of
conjunctions of literals. S(ϕ) is again the set of subformulas of ϕ (including ϕ
itself).

Definition 8.4. For all χ ∈ DNF ′, ∗θ(ϕ,ψ, χ) is the disjunction of all formulas
of the form ¬Oθ(ϕ|ψ∧τ), where τ is χ or a formula obtained from χ by deleting
one or more disjuncts or by deleting one or more conjuncts from a disjunct or
by doing both.

#θ(ϕ,ψ, χ) =df

∨
τ∈S(ϕ)

(Oθ(τ |ψ) ∧ ∗θ(τ, ψ, χ))

Ω′c =df {#α(ϕ,ψ, χ) | ϕ,ψ ∈ LHD, χ ∈ DNF and α ∈ C}

Ω′d =df {(∃ν)#ν(ϕ,ψ, χ) | ϕ,ψ ∈ LHD, χ ∈ DNF and ν ∈ V }

Ω′1b =df Ω′c ∪ Ω′d

The lexicographic adaptive logic TMHDm
< is defined by the LLL TMHD,

the sequence of sets of abnormalities 〈Ω′0,Ω1a∪Ω′1b〉 and the strategy <-minimal
abnormality (see Section 7.6.4). This logic has a defeasible form of (SA) and a
defeasible way of deriving statements of the form ‘all that is fixed is ϕ’.

8.6 Variants

We can construct several variants of the LLL TMHD. We made some sug-
gestions in Section 7.5 that are easily translatable to the term-modal case. We
could let fH be constant (i.e. we could demand that for all w,w′ ∈ W , p ∈ A
and X ⊆W : fH(w, p,X) = fH(w′, p,X)). Alternatively, we can give up reflex-
ivity and the related T-axiom, or we could let RH be an equivalence relation.
Given this last option, we could interpret →2αϕ as ‘α knows that ϕ’ and ↔2αϕ
as ‘ϕ is all that α knows’. In that case Oαϕ should be interpreted as ‘what is
obligatory for α given everything α knows’.

We can also be inspired by the logic CCL, presented in Section 5.7.2. This
allows us to deal with the problems around necessitation in a dyadic context.
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We can give up axiom scheme (T-UC) and add the scheme ¬Oα(>|ψ). We can
make the logic conflict-tolerant or give up inheritance to avoid the Ross paradox.
In view of Section 5.8.2 we can extend the language of TMHD with operators
for ‘α brings it about that’. Some other possible variants are discussed in more
detail in the following two sections.

8.6.1 TMHD without fixedness being person-dependent

At the end of Section 8.4.1 we promised to present a variant of the LLL TMHD
where it is identical for every person what is fixed. In this section we present this
variant, ITMHD. The language of ITMHD is the same as that of TMHD,
but with→2α and↔2α replaced by→2 and↔2 respectively. By the same replacement
in the axiom schemes of TMHD, we obtain an axiomatisation of ITMHD.

To obtain the semantics, we replace clause 2 of Definition 8.1 by clause (C2)
of Definition 7.1. In addition, we replace SC7 and SC8 of Definition 8.2 with
SC5 and SC6 of Definition 7.2. Finally, we replace RH(w, I(θ)) in SC10 of
Definition 8.2 with RH(w).

The completeness proof is much the same as that for TMHD. Lemmas 8.1,
8.2, 8.3 and 8.5 are the same as before and in Lemma 8.4 we replace →2α by →2
(the proof of this lemma is then standard).

The definition of a canonical model for ITMHD is very similar to that of
TMHD: simply replace all occurrences of ↔2α and RHΓ ((∆, i), [[α]]Γ) in Defini-
tion 8.3 by ↔2 and RHΓ ((∆, i)) respectively. Note that clause (ii) of the resulting
canonical model is identical to clause (ii) of Definition 7.3. As a result, the proof
that this canonical model is an ITMHD-model provides no surprises.

For the truth lemma we can mostly follow the proof of Lemma 8.7. However,
the cases for ϕ = →2ψ and ϕ = ↔2ψ are analogous to the same cases in the proof
of Lemma 7.3. The case for ϕ = Oαψ is again standard and the case for
ϕ = Oα(ψ|τ) is as in the analogous case in the proof of Lemma 8.7, except that
↔
2α must be replaced by ↔2, RHΓ ((∆, i), [[α]]Γ) by RHΓ ((∆, i)) and (T-DET) and
(T-ATT) by the analogous axioms of ITMHD.

8.6.2 Deontic detachment

The objection that we levelled against TMDL in Section 3.5.8 was that a wide-
scope formalisation in TMDL does not allow us to derive the conclusion of the
first natural language example from Section 1.1:

1. Premise: All doctors have a moral obligation to treat their patients.

2. Premise: It is obligatory for everyone who treats patients to respect the
autonomy of these patients.

3. Conclusion: All doctors have an obligation to respect the autonomy of
their patients.
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The same objection can be made against TMHDm
< . Consider the following

formalisation of this example:

(∀x)(∀y)Ox(Txy|Dxy)

(∀x)(∀y)Ox(Rxy|Txy)

Intuitively we would expect to be able to derive the following:

(∀x)(∀y)Ox(Rxy|Dxy)

However, this is not derivable from the two premises in TMHDm
< .

To remedy this we might want to extend TMHD with a principle akin to
the following principle, which we call (DD2):

(Oα(ϕ|ψ) ∧ Oα(χ|ϕ ∧ ψ))→ Oα(χ|ψ)

This principle seems to correspond to the condition that for all p ∈ A, w ∈
W and X,Y, Z ⊆ W : if fH(w, p,X) ⊆ Y and fH(w, p,X ∩ Y ) ⊆ Z, then
fH(w, p,X) ⊆ Z. Unfortunately, proving completeness for this extension will
require some ingenuity (if it is possible). Notoriously, a dyadic deontic logic that
validates both factual and deontic detachment trivialises the Chisholm paradox.
However, TMHD extended with (DD2) does not trivialise the Chisholm para-
dox, even though it does capture some of the intuitions behind both (FD) and
(DD).

One might instead (or in addition) want to validate restricted detachment.
To do this it suffices to add a term-modal variant of the semantic condition
for SA that was proposed in Section 7.6.2: if X ⊆ Y , then fH(w, p,X) ⊆
fH(w, p, Y ). Let us call this (sa). We prove the following theorem.

Theorem 8.2. Any TMHD-model that satisfies (sa) validates (Oα(ϕ|ψ) ∧
→
2ψ)→ Oαϕ.

Proof. Suppose M |= Oα(ϕ|ψ) ∧→2ψ. By the semantic clauses,

fH(wa, I(α), JψKM ) ⊆ JϕKM

and
RH(wa, I(α)) ⊆ JψKM .

By (sa), fH(wa, I(α), R(wa, I(α))) ⊆ JϕKM . By the semantic clauses, M |=
Oαϕ.

8.7 Conclusion

In Section 8.2 we discussed four objections against the narrow-scope formal-
isation of uncategorical obligations in TMDL: a problem around restricted
detachment, the problem of exceptions, a semantic oddity and the proper rep-
resentation of the two examples from Section 1.1. We proposed a wide-scope
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formalisation of uncategorical obligations in an extension of TMDL with a
fixedness operator and an interaction principle (FO) (Section 8.3). This ex-
tension offers a solution to the semantic oddity and the problem around fixed
detachment, and it allows for the intuitively derivable obligations from the two
examples from Section 1.1. However, this proposal cannot deal with excep-
tions and it trivialises the Chisholm paradox. Two other proposals that involve
using the →2-operator in the formalisation of conditional obligations were also
dismissed. The best of these two proposals still could not handle exceptions.

To deal with these problems we have developed the logic TMHDm
< . This

logic solves our problems around restricted detachment, exceptions and the
semantic oddity. In addition, it does not trivialise the Chisholm paradox.154

However, TMHDm
< does not give a satisfying account of the two examples

from Section 1.1. To get such an account, we proposed extending TMHDm
<

with the principle (DD2) in Section 8.6.2, but we do not have completeness
results for this extension.

This brings us to one possible avenue of further research: trying to find a
complete axiomatisation of an extension of TMHDm

< that includes the principle
(DD2). Another option for future research was hinted at in Section 7.8. The
attachment principle (T-ATT) allows us to derive conditional obligations from
unconditional obligations and information about what is all that is fixed. We
may want to go further and derive uncategorical obligations from information
about what is fixed and what is unconditionally obligatory. For example, from
‘all that is fixed is that a is a doctor and b is her patient’ and ‘it is obligatory
for a to respect the autonomy of b’, we might want to (defeasibly) derive ‘it is
obligatory for every doctor to respect the autonomy of their patients’.155

154Consider the following formalisation: {Oa(Ga|>),Oa(Ta|Ga),Oa(¬Ta|¬Ga),→2¬Ga}.
No contradicting obligations follow from this set in TMHDm

< .
155This is in line with the idea of ‘induction from a single instance’, see for example [Urbaniak

and Van De Putte, 2013].
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Chapter 9

Conclusion and Open
Horizons

9.1 Conclusion

We have set out to develop logics that explicate reasoning with quantified deontic
statemens. We have argued that existing approaches fail in this task. What
is needed is an explicit representation of bearers and counterparties, as well
as the possibility to quantify these (Chapter 2). We have found that this is
possible using the formalism of term-modal logics. In Chapter 3 we presented a
term-modal extension of SDL. We have shown that this logic, TMDL, better
succeeds at explicating reasoning with quantified deontic statements than the
available alternatives and, in Chapter 4, that TMDL is a fragment of a first-
order modal logic enriched with unary and binary deontic predicates. However,
we have also seen that TMDL has some important shortcomings, many of which
are inherited from SDL.

For this reason we have presented neighborhood semantics for term-modal
logics in Chapter 5. These semantics can be used to develop non-normal term-
modal (deontic) logics, which in turn can be used to circumvent some of the
shortcomings of TMDL. We discussed possible solutions to two of these short-
comings in some more detail. In Chapter 6 we presented a family of conflict-
tolerant logics, and in chapters 7 and 8 we presented a conditional term-modal
logic that does justice to our intuitions regarding (among other things) excep-
tions to general obligations.

9.2 Open horizons

All of this is not to say that we claim to have found the perfect logics for
explicating reasoning with quantified deontic statements. As we noted in the
introduction of this thesis, we believe that progress in logic usually takes the

207
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form of incremental steps. We believe that the logics presented in this thesis
are important steps, but we also fully recognise that there are still problems to
be solved and avenues to be explored.

One important shortcoming of our work is that the neighborhood semantics
presented in Chapter 5, and used throughout the later chapters, are not very
insightful. Relational semantics allow one to tell a story about obligations, and
to easily get an intuitive grasp on them. This is much harder with neighborhood
semantics. It would therefore be interesting to look at other possible seman-
tics for term-modal deontic logics. For our conflict-tolerant logics we could for
example look at a term-modal version of the multiplex semantics presented by
[Goble, 2000]156, and for a conditional term-modal logic (with or without holis-
tic detachment) a preference-based semantics in the tradition of [Hansson, 1969]
seems more insightful.

Throughout the text we have also commented on many other possibilities
for future research. We list some of the important ones here.

� We can look at term-modal deontic logics where variables, constants or
both are treated as non-rigid designators (see the discussion in sections
3.5.4 and 4.7).

� We can add objects that are not persons to the domain (see Section 3.5.3).

� We can construct term-modal deontic logics with variable domain seman-
tics instead of the constant domain semantics used throughout this thesis
(see sections 3.5.5 and 4.7). It remains to be seen whether such variations
are simple to construct, or come with many complications.

� One can look at the possibility of an Andersonian-Kangerian reduction
for other logics than TMDL. In Section 4.7.1 we discussed the possibility
of a reduction of TMDL+, but in propositional deontic logic there is a
whole array of logics that can be reduced to an alethic modal logic with a
deontic constant [Åqvist, 1987]. It is still an open question whether their
term-modal extensions can also be reduced to first-order modal logics that
do not have term-modal operators in their language.

� A more fleshed out account of personal ought-to-do’s in a term-modal
context is also an option. At the end of Section 5.8.2 we mentioned the
possiblity of term-modal versions of deontic stit-logic and dynamic deontic
logic.

� In sections 5.6.3 and 5.9 we identified a technical gap in the literature. This
gap concerns the first-order classical logic C extended with (BF). This
logic is sound with regards to models closed under arbitrary intersections
and also with regards to models that are closed under k intersections,
where k is the cardinality of the agent domain of the model in question.
However, to our knowledge, there is no completeness proof yet for these
systems.

156See also [Calardo, 2013].
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� In sections 8.7 and 8.6.2 it was noted that we do not yet have a complete-
ness proof for the logic TMHDm

< extended with the axiom (DD2), even
though it has a lot of intuitive appeal.

We end our discussion with two possibilities for future research that are a
bit further away from the core of our thesis. The first of these possibilities is
to look at the notion of responsibility. At least on the surface level, this no-
tion seems to have quite some similarities to that of personal obligation. We
often speak of the responsibility of one person towards another for something
[Neuhäuser, 2014, pp. 234-235]. The analogy with bearers and counterparties
is clear. Furthermore, we often quantify over these statements. We say that
everyone who did not speak out is responsible for ϕ, or that no-one is respon-
sible for the misdeeds of their forefathers. Perhaps a term-modal approach to
responsibility could shine a light on these kinds of statements.

The second possibility is to widen our scope to group obligations. Both quan-
tification over individuals and quantification over groups play a role here. We
might want to express the consequence of a group obligation for every member
of the group, or for every non-member: ‘The cooking crew has to provide meals
three times a day, so every member of the cooking crew has an obligation to
assist in the preparation of the meals, while all others are allowed not to assist.’
The quantification over groups often takes forms similar to our uncategorical
obligations: ‘Every group that is a member of the network is obliged to disclose
its internal reports to the other members of the network.’
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Arló-Costa, H. and Pacuit, E. (2006). First-order classical modal logic. Studia
Logica: An International Journal for Symbolic Logic, 84(2):171–210.

Arras, J. (2016). Theory and bioethics. In Zalta, E. N., editor, The Stanford
Encyclopedia of Philosophy. Metaphysics Research Lab, Stanford University,
winter 2016 edition.

Batens, D. (1986). Dialectical dynamics within formal logics. Logique et Analyse,
29(114):161–173.

Batens, D. (1989). Dynamic dialectical logics. Paraconsistent Logic. Essays on
the Inconsistent, pages 187–217.

Batens, D. (2007). A universal logic approach to adaptive logics. Logica Uni-
versalis, 1(1):221–242.

Batens, D. (2015). Tutorial on inconsistency-adaptive logics. In New directions
in paraconsistent logic, pages 3–38. Springer.

211



212 BIBLIOGRAPHY

Batens, D. and Meheus, J. (2000). The adaptive logic of compatibility. Studia
Logica, 66(3):327–348.

Beirlaen, M., Leuridan, B., and Van De Putte, F. (2018). A logic for the
discovery of deterministic causal regularities. Synthese, 195(1):367–399.

Beirlaen, M. and Straßer, C. (2016). A structured argumentation framework
for detaching obligations. In Roy, O., Tamminga, A., and Willer, M., editors,
Deontic Logic and Normative Systems, pages 32–48. College Publications.

Boutilier, C. (1993). A modal characterization of defeasible deontic conditionals
and conditional goals. In AAAI Spring Symposium on Reasoning about Mental
States, pages 30–39.

Boutilier, C. (1994). Toward a logic for qualitative decision theory. In Pro-
ceedings of the Fourth International Conference on Principles of Knowledge
Representation and Reasoning, pages 75–86. Morgan Kaufmann Publishers
Inc.

Brandt, R. B. (1964). The concepts of obligation and duty. Mind, 73(291):374–
393.
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Castañeda, H.-N. (1989a). Moral obligations, circumstances, and deontic foci
(a rejoinder to Fred Feldman). Philosophical Studies, 57(2):157–174.



BIBLIOGRAPHY 213
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Summary

In our ethical reasoning we do not only make specific statements such as ‘Mary
ought to care for her sick mother’, but also quantified statements, such as ‘all
doctors ought to care for their patients.’ In this thesis we investigate reasoning
with such quantified statements. We do so from the perspective of (philosophi-
cal) logic.

Logic is the domain of philosophy that is occupied with investigating the
(logical) relations between propositions and the correctness of instances of rea-
soning. The subdomain of logic that is (among other things) concerned with
ethical reasoning is called deontic logic. Deontic logicians will, for example,
wonder about the correctness of deriving that ’it is not (morally) permissible
for Ann not to help Charlie’ from the statement that ’it is (morally) obliga-
tory for Ann to help Charlie’. Since natural language is often ambiguous and
unprecise, logicians instead use a formal language which is interpreted on math-
ematical models. These mathematical structures are called logics. They can
be used to distinguish correct from incorrect forms of reasoning and to detect
mistakes in our reasoning.

In this thesis we argue that quantified statements have been mostly over-
looked by deontic logicians. On top of that we point to serious shortcomings
with the few logics that have been developed for quantified deontic statements.
To address this gap in the literature we develop a family of new deontic logics.
These new logics are based on the formalism of term-modal logic, which was
originally developed for the domain of epistemic logic (i.e. the logic of knowledge
and belief). First, we show that a term-modal extension of Standard Deontic
Logic solves the problems concerning quantification that we identified in other
deontic logics.

However, we also show that this term-modal extension inherits a number
of the known problems of Standard Deontic Logic. These ‘known problems’
are cause for disagreement among logicians. Different logicians disagree about
which of the ‘known problems’ are actual problems and which of them are only
apparent problems. This is why we present not just one, but a family of different
term-modal deontic logics. These logics all solve the problems with quantified
deontic statements, but they solve different subsets of the ‘known problems’.
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Samenvatting

In ons ethisch redeneren maken we niet enkel specifieke claims, zoals ‘Marie moet
voor haar zieke moeder zorgen’, maar ook gekwantificeerde claims, zoals ‘alle
doktoren moeten voor hun patiënten zorgen.’ In deze thesis wordt het redeneren
met dit soort gekwantificeerde claims onderzocht vanuit het perspectief van de
(filosofische) logica.

Logica is het domein van de filosofie dat zich bezig houdt met het onder-
zoeken van de (logische) verbanden tussen uitspraken en de correctheid van
redeneringen. Het subdomein van de logica dat zich (onder andere) bezig houdt
met ethisch redeneren is de deontische logica. Onderzoekers binnen dit subdo-
mein stellen zich bijvoorbeeld de vraag of we uit ‘Jan is (moreel) verplicht om
Kees te helpen’ mogen afleiden dat het niet moreel aanvaardbaar is voor Jan om
Kees niet te helpen. Aangezien de natuurlijke taal hier al snel tot verwarring
leidt, maken logici hierbij gebruik van wiskundige modellen die ze logica’s noe-
men. Deze logica’s kunnen gebruikt worden om correct van incorrect redeneren
te onderscheiden en redeneerfouten op te sporen.

In deze thesis wordt beargumenteerd dat gekwantificeerde claims door de-
ontische logici veelal over het hoofd worden gezien. Bovendien constateren we
ernstige tekortkomingen bij de enkele logica’s die wel ontwikkeld zijn voor dit
soort claims. Om deze lacune in de literatuur te verhelpen, ontwikkelen we
nieuwe deontische logica’s. Deze nieuwe logica’s zijn gebaseerd op het forma-
lisme van term-modale logica dat oorspronkelijk ontwikkeld werd voor episte-
mische logica (dat wil zeggen voor de logica van kennis). We tonen aan dat een
term-modale uitbreiding van standaard deontische logica de problemen oplost
die andere deontische logica’s hebben wanneer het aankomt op het redeneren
met gekwantificeerde claims. Anderzijds tonen we ook aan dat deze term-modale
uitbreiding een heel aantal van de bekende problemen van standaard deontische
logica overerft.

In de literatuur is er onenigheid over deze ‘bekende problemen’. Verschil-
lende logici verschillen er over van mening welke problemen echte problemen
zijn, en welke slechts schijnproblemen. Daarom presenteren we een familie van
verschillende term-modale deontische logica’s. Deze slagen er allemaal in om
een oplossing te bieden voor het probleem van gekwantificeerde claims, maar de
verschillende leden van de familie lossen elk een andere deelverzameling van de
‘bekende problemen’ op.
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