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FACTORIZATION IN DENJOY-CARLEMAN CLASSES
ASSOCIATED TO REPRESENTATIONS OF (R? +)

ANDREAS DEBROUWERE, BOJAN PRANGOSKI, AND JASSON VINDAS

ABSTRACT. For two types of moderate growth representations of (R%, +) on sequen-
tially complete locally convex Hausdorff spaces (including F-representations [14]), we
introduce Denjoy-Carleman classes of ultradifferentiable vectors and show a strong
factorization theorem of Dixmier-Malliavin type for them. In particular, our fac-
torization theorem solves [14, Conjecture 6.4] for analytic vectors of representations
of G = (R%,+). As an application, we show that various convolution algebras and
modules of ultradifferentiable functions satisfy the strong factorization property.

1. INTRODUCTION

Let (m, ) be a continuous representation of a real Lie group G on a Fréchet space
FE and denote by E* the corresponding space of smooth vectors. The representation
(m, EY) induces an action II of the convolution algebra D(G) of compactly supported
smooth functions on £ via

(f)e = /G fo)n(g)edg,  feD(G)ee b,

which restricts to an action on E*. Hence, E* becomes a module over (D(G),*). A
celebrated result of Dixmier and Malliavin [11] states that £°° has the weak factoriza-
tion property, i.e., E* = span(Il[(D(G))E>).

In general, a module M over a non-unital algebra A is said to have the strong (weak)
factorization property it M = A- M :={a-m|a€ A;me M} (M = span(A- M)).
An algebra A is said to have the strong or weak factorization property if it has the
corresponding property when considered as a module over itself.

Gimperlein et al. [14] showed a variant of the result of Dixmier and Malliavin for
analytic vectors: Let (7, F') be an F-representation of a real Lie group G on a Fréchet
space E. The corresponding space E“ of analytic vectors naturally carries the struc-
ture of an A(G)-module, where A(G) is a suitable convolution algebra of analytic func-
tions having superexponential decay. They proved that E“ has the weak factorization
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property [14, Theorem 1.1] and conjectured that it might be possible to substantially
strengthen this result by showing that E“ has the strong factorization property for any
F-representation [I4, Conjecture 6.4]. If (7, E) is a Banach representation of (R%, +),
they showed that E“ indeed has the strong factorization property [14] p. 679]; see also
[24] for the case of bounded Banach representations of (R, +).

The main goal of this article is to prove this conjecture for G = (R, +) and further
extend it in two directions. On the one hand, we consider two types of moderate growth
representations (m, E) of (RY +) on sequentially complete locally convex Hausdorff
spaces E (including proto-Banach representations [I5] and thus F-representations).
This setting is indispensable for the applications we have in mind. On the other
hand, and more importantly, we consider general Denjoy-Carleman classes defined via
a weight sequence M = (M,,),en [22] and associated to such representations. In Section
Bl we introduce the spaces EM) and E{M} of ultradifferentiable vectors of Beurling and
Roumieu type, respectively, as the space of vectors in £ whose orbit mapping is a
(bornological) ultradifferentiable function of Beurling and Roumieu type, respectively.
These naturally carry the structure of a module over appropriately chosen convolu-
tion algebras of ultradifferentiable functions having superexponential decay. Our main
result, Theorem [3.2] asserts that EM) and E1M} satisfy the strong factorization prop-
erty. In this framework, the analytic case corresponds to the Roumieu variant of
M = (p!)pen. However, in general, the sequence M is allowed to grow much slower
than p! and we therefore go beyond analyticity, e.g., we are able to treat all Gevrey
sequences p!?, ¢ > 0. For Banach representations (, F), the spaces B} o > 1,
were considered by Goodman and Wallach [16] 17, 1§].

The proof of the factorization theorem consists of two main parts. In Section (B we
study Fourier multipliers associated to a class of symbols of entire functions on C?
satisfying certain growth conditions on tube domains with compact base (with respect
to the associated function of M). Most importantly, we show how these operators
can be properly defined on certain weighed spaces of vector-valued ultradifferentiable
functions; the latter spaces naturally arise in a characterization of bounded sets of
ultradifferentiable vectors we provide in Section 4l Next, in Section [0, we construct
elements P of this entire function symbol class that also satisfy suitable lower bounds,
which will allow us to conclude that the Fourier transform of 1/P belongs to the algebra
involved in the factorization problem. The theory developed in Section [Bl enables us
to turn the key identity (1/P)- P = 1 into a parametrix type identity of convolutor
operators that may be applied to the orbits of ultradifferentiable vectors, from which the
factorization theorem readily follows. The essential difference with the approach from
[14] (and [I1]), which allows us to prove the strong instead of the weak factorization
property, is to consider general Fourier multipliers rather than infinite order differential
operators.

Closely related to the result of Dixmier and Malliavin is the problem of factorization
of convolution algebras of smooth functions, which emerged from Ehrenpreis’ work [12]
on fundamental solutions of convolution operators. The original question of Ehrenpreis
was whether D(R?) has the strong factorization property. Rubel et al. [30] showed
that this is not the case for d > 3. On the other hand, they proved that D(RY) always
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satisfies the weak factorization property. Dixmier and Malliavin [11] gave a negative
answer to this question for d = 2. Finally, the problem was completely settled by
Yulmukhametov [34] who showed that for d = 1 the space D(R) does satisfy the strong
factorization property. Similarly, Miyazaki [26], Petzeltova and Vrbova [28] and Voigt
[33] independently showed that the Schwartz space S(R?) of rapidly decreasing smooth
functions has the strong factorization property.

As an application of our main result, we show in Section [1 that various convolu-
tion algebras and modules of ultradifferentiable functions satisfy the strong factoriza-

tion property. Most notably, we prove that the Gelfand-Shilov spaces 8(%) (R?) and

Sy (R%) [29] have the strong factorization property and that the family of translation
{A}
invariant spaces D,(EM) and D]{EM} from [9, [10] factor as D,(EM) = S(%) (RY) x D%M) and

DEM - Sf%} (RY) * D}M}. Particular instances of the latter spaces are the analogues

of the Schwartz spaces Dr», 1 < p < oo, and B [31] in the setting of ultradifferentiable
functions.

2. PRELIMINARIES

Given a lcHs (= locally convex Hausdorff space) E, we write csn(F) for the family
of continuous seminorms on F and B(FE) for the collection of non-empty absolutely
convex closed bounded subsets of E. For B € B(FE) we denote by Ep the subspace of E
spanned by B and endowed with the topology generated by the Minkowski functional
of B. Since F is Hausdorff, the space Ep is normed, while it is complete if B is
sequentially complete [25, Corollary 23.14]. In particular, if £ is sequentially complete,
Ep is a Banach space for every B € B(FE).

All vector-valued integrals in this article will be meant in the weak sense. We
will often tacitly use the following fact: Let E be a sequentially complete lcHs. Let
f € C(R% E) be such that for all p € csn(E) it holds that [, p(f(z))dz < co. Then,
the E-valued weak integral [o, f(x)dx exists.

Next, we introduce weight sequences in order to discuss ultradifferentiability. A
sequence M = (M,)yen of positive numbers is called a weight sequence if My = M; = 1,

lim,, oo M;/p = oo, and M is log-convex, i.e., Mg < My 1M, for all p € Zy. We
write M, = M, for a € Z*. Furthermore, we set m, = M,/M, ; for p € Z,. We
shall make use of the following two conditions on weight sequences M:

(M.2) M,,, < CoHP*IM,M,, p,q €N, for some Cy, H > 1;

(M.2)* 2my, < mpp, p > po, for some py, N € Z,.

Condition (M.2) is also known as ‘stability under ultradifferential operators’ and was
introduced by Komatsu [22]. Condition (M.2)* was introduced by Bonet et al. [3]
without a name; we use here the same notation as in [§]. We refer to [20] for more
information and various equivalent formulations of these conditions; in particular, one
might verify that (M.2)* is equivalent to the condition (M.5) employed in [29]. The
most important examples of weight sequences that satisfy the conditions (M.2) and
(M.2)* are the Gevrey sequences p!?, o > 0.
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The associated function of M is defined as

tP
vy (t) = suplog —, t>0.
() suplog 37
We have that v,-(t) < t/7, 0 > 0. We extend vy, to R? as the radial function
v (z) = vy(|z]), = € RY. The weight sequence M satisfies (M.2) if and only if [22,
Proposition 3.6]

2VM(T,) S I/M(Ht) + lOg Co, t Z O,

where Cy and H are the constants occurring in (M.2). If M satisfies (M.2)*, then [3]
Lemma 12]

I/M(Qt) < LI/M(t) + lOg C, t> O,

for some C, L > 0. If M satisfies (M.2), then the converse also holds true [3| Proposition
13].

The relation M C N between two weight sequences means that there are C, L > 1
such that M, < CLPN, for all p € N. By [22, Lemma 3.8|, we have that M C N if
and only if

vn(t) < vy (Lt) +log C, t>0.

for some C, L > 0.

We write R for the set of all non-decreasing sequences r = (r;) ey of positive numbers
such that 7o = = 1 and r; — oo as j — oo. It is partially ordered and directed by
the relation r =< s which means that r; < s; for all 7 € N. This set of sequences plays a
fundamental role in Komatsu’s approach to spaces of vector-valued ultradifferentiable
functions of Roumieu type [23]. The following lemma is a simple but very useful tool
and hints the way in which R often appears involved in some arguments.

Lemma 2.1 (|23, Lemma 3.4]). Let (a,)yen be a sequence of positive numbers.

(7) sup P < for some h > 0 if and only if sup paip < oo for all r € fR.
peN NP peN 1 1j—0 s
p
(#7) sup hfa, < oo for all h > 0 if and only if sup a, Hrj < 0o for some r € fR.
peN peN i=0
We now introduce two basic spaces of vector-valued ultradifferentiable functions. Let
M be a weight sequence and let E be a lcHs. Following Komatsu [23], we define the
space EM(RY; E) of E-valued ultradifferentiable functions of class (M) (of Beurling
type) as the space consisting of all ¢ € C®(R?; E) such that for all K € R? h > 0,
and p € csn(F) it holds that
hlelp(0%p(x
P, () == sup sup % < 00.
aeNd e K a
We endow £M)(R? E) with the locally convex topology generated by the system
of seminorms {ppx|h > 0,K € R%p € csn(E)}. Similarly, we define the space
EWMN R E) of E-valued ultradifferentiable functions of class {M} (of Roumieu type)
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as the space consisting of all ¢ € C®(R% E) such that for all K € R% r € R, and
p € csn(F) it holds that

aa
Pric (@) := sup sup 2O(z) So(;x ) o
aeNd zeK Ma szo T

The space EMH(RY; E) is endowed with the locally convex topology generated by the
system of seminorms {p, x|r € R, K € R% p € csn(E)}. We shall employ [M] as a
common notation for (M) and {M}. In addition, we shall often first state assertions
for the Beurling case followed in parenthesis by the corresponding statements for the
Roumieu case.

Remark 2.2. The space of complex-valued ultradifferentiable functions of Roumieu type
on R? is usually defined as
EW(RY = Jim Ly £ (K),
KeRd h—0+

where K runs over all regular compact subsets of R? and £¥7"( K') denotes the Banach
space consisting of all ¢ € C*°(K) such that

Wl p()|
sup sup ——— < Q.
aeI\II)d :(:6113 Ma

Lemma 2] implies that the spaces EM}(R?; C) and EIM}(RY) agree as sets. If M
satisfies Komatsu’s condition (M.2)" [22] (which is a weaker version of (M.2)), these
spaces also coincide topologically [0, Corollary 1].

3. ULTRADIFFERENTIABLE VECTORS AND THE FACTORIZATION THEOREM

Given a lcHs E; we denote by GL(E) its group of isomorphisms. By a representation
of (R% +) on E we mean a group homomorphism 7 : (R%, +) — GL(FE) such that the

mapping
Rix E— E, (z,e) v (e

is separately continuous. We denote by E* the space of smooth vectors in E, i.e., the
space consisting of all e € ' whose orbit mapping

Ye R = B, 7e(x) = m(@)e,
belongs to C*°(RY; ). We will employ the following short-hand notation
eq = 0%7.(0), e€ B® acN%.

Note that 0%y, = e, -
If £ is a Banach space, (7, E) is called a Banach representation. In such a case,
there are xk, C' > 0 such that

m(x)e||lg < Ce elle, S ,e € L.
< Cefill R¢ E
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Motivated by the above inequality, we now introduce two new classes of representations
on general IcHs E. A representation (m, F) is said to be a projective generalized proto-
Banach representation if

Vp € csn(E)3g, € csn(E) Ik, > 0Vz € RVe € E
pr(@)e) < e¥lg, (c)
and an inductive generalized proto-Banach representation if
VB € B(E)3Ap € B(E) Ik > 0V € RiVe € Ej :

Im(z)ell, < e llel|s,

(3.1)

(3.2)

Every Banach representation is both a projective and an inductive generalized proto-
Banach representation. Furthermore, every proto-Banach representation [15] (and thus
particularly every F-representation [14]) is a projective generalized proto-Banach rep-
resentation.

Let (7, E) be a representation. Let M be a weight sequence. A vector e € E
is called an wltradifferentiable vector of class [M] in E if the orbit mapping 7. is
bornologically ultradifferentiable of class [M] [23], i.e., if there is B € B(F) such
that 7, € EM(R?; Ep). The space consisting of all ultradifferentiable vectors of class
[M] in E is denoted by E™l. We endow E™! with a convex vector bornology in the
following way: A set B C EM is defined to be bounded if there is B € $B(E) such
that {7 |e € B} is contained and bounded in EM(R?; Ep).

Remark 3.1. If (m, E) is an F-representation, the space E“ of analytic vectors consid-
ered in [I4] coincides with B} as follows from [2, Proposition 12] and the remark
added at the end of that article.

Let us introduce the necessary concepts to state our strong factorization theorem
for ultradifferentiable vectors. Assume that F is sequentially complete. We define the
Fréchet space

Coxp(RY) = {f € C(RY) | sup |f(z)]e"*l < 0o, Vn € N}.

r€R4
Note that (Ceyp(RY), %) is a Fréchet algebra. If (7, E) is a projective or an inductive
generalized proto-Banach representation, we set

II(f)e = f(x)m(z)edr = f(@)ve(x)dz € E, f€CupR), e€E.
Rd Rd

When (7, E) is a projective generalized proto-Banach representation, the mapping
Cop(RY) x E — E: (f,e) = II(f)e

is continuous. If (7, E) is an inductive generalized proto-Banach representation, then
II(f)e € E4, for all f € Cexp(R?) and e € Ep, and the mapping

Coxp(RY) x Ep — Ea, ¢ (f,e) = T(f)e

is continuous. In particular, for each f € Cey,(R?) and each bounded subset B of E,
II(f)B is bounded in E.
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For h > 0 we define the Fréchet space

plal|ga nlal
MRS = i € O (BY) | sup sup AT AN o
a€eNd zeRd M,

Vn € N}.

We set
KO (RY) = lim £YMRY)  and  KYHRT) = lig KM"(RY).

h—00 h—0*t
We remark that KM (RY) is the space of ultradifferentiable vectors of class [M] in

Coxp(R?) under the regular representation (cf. Subsection [7.2)).
The next theorem is the main result of this article.

Theorem 3.2. Let (w, E) be either a projective or an inductive generalized proto-
Banach representation of (R, +) on a sequentially complete lcHs E. Let M be a
weight sequence satisfying (M.2) and (M.2)*. Then,

IMI(KMRYE = I(KM(RY))EM = M),

Moreover, for every bounded set B C EM there is Y € KIM(RY) and a bounded set
A C EM guch that TI()A = B.

The proof of Theorem is postponed to Section [6l In preparation for it, we need
to establish a number of results in the next two sections.

4. BOUNDED SUBSETS OF ULTRADIFFERENTIABLE VECTORS

We provide in this section a characterization of the bounded subsets of EM! for
projective and inductive generalized proto-Banach representations of (R%, +) (for which
we use the same notation as in (B and ([B2)). The following spaces of E-valued
ultradifferentiable functions are involved in such a characterization.

Let (m, EY) be a representation on the lcHs F and fix a weight sequence M. Let
K = (Kp)peesn(p) be a net of positive numbers (the set csn(E) is directed by p < g,
which means p(e) < g(e), Ve € E). For h > 0 we define QM"(R% E) as the space
consisting of all f € C*°(RY; E) such that for all p € csn(E) it holds that

hlolp(9°f (z))e "1l

Pr.n(f) = sup sup < 00.
aeNd zeR4 M,

We endow QM"(R% E) with the locally convex topology generated by the system of
seminorms {p, s |p € csn(E)}. Similarly, for r € R we define QM7 (R?; E) as the space
consisting of all f € C*(R%; E) such that for all p € csn(F) it holds that

b (f) = Sup Sup H'Ja‘or]p( (:L'))e—lip‘;p‘

a€eNd zeR4 Ma

< 00,

and we endow it with the locally convex topology generated by the system of seminorms
{Prr|p € csn(E)}.
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Proposition 4.1. Let (7, E) be either a projective or an inductive generalized proto-
Banach representation of (R% +) on a lcHs E. Let B C E>®. The following statements
are equivalent:
(i) B is a bounded subset of EM).
(ii) There are B € B(E) andr € R (h > 0) such that e, € Eg for all « € N? and
e € B and

sup sup
eeB aeNd Ma

(1ii) There isr € R (h > 0) such that for all p € csn(E) it holds that

|a
i—o T'jP\€a hm' €a
supsupM<oo supsupﬁ<oo .
eeB a€N? M., ecB aeN? M,

sup sup
eeg aeNd Ma

o rillealls _ ( Hellleallsy _ OO),

(iv) ((m, E) projective generalized proto-Banach representation) There is r € R
(h > 0) such that B = {y.|e € B} is a bounded subset of QM"(R% E)
(" (R E)).

((m, E) inductive generalized proto-Banach representation) There are B € B(FE)
and v € R (h > 0) such that B = {~v.|e € B} is a bounded subset of
Qi (R Eyy) (Qup (R Eyy)).

The ensuing lemma will be employed in the proof of Proposition E11

Lemma 4.2. Let f € C*°(R% E) and suppose that there is B € B(E) such that for
every K €@ R and N € N there is R > 0 such that

{0 (z) |z € K, |a] < N} C RB.
Then, £ € C*(R% Ep).
Proof. For ¢ € E' we write fs = (¢/,f) € C*°(R?). Let zp € R? and o € N¥ be
arbitrary. By applying the second-order Taylor theorem to 0“ f./, we obtain that

1

‘ZII—LE‘()‘

d
O for(@) = O fr(wo) = D (wj — w0,3)0"" fur (o)

j=1

< d|lv — 2] max sup |07 fu(y)|
1B1=l+2 |y—gq|<1

for all 0 < |x —x9| <1 and ¢ € E'. Choose R > 0 such that
{07y w0 —yl < 1, 18] = || +2} C RB.
Since 0% fo = (¢/,0°f), we infer that

<ef, ﬁ <8°‘f(:c) (o) — S (s — xo,j)awjf(xo)) >

j=1

S d2R|LE‘ - .CL’()|
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for all ¢’ € B°. The bipolar theorem implies that

1
|z — 20

9°f (z) — 0“F(x) — Z — 20,)0°Tf(x0)|| < d®Rlx — z0),

Ep
whence f € C°(R?; Ep). O

Proof of Proposition[{.1]. (i) = (ii) This follows from Lemma 2.1]

(71) < (4i7) Obvious.

For the remaining equivalences we distinguish two cases. Suppose first that (7, F)
is a projective generalized proto-Banach representation.

(i73) = (iv) Obvious.

(iv) = (i) We only show the Beurling case as the Roumieu case is similar. The set

B — {H|a 070 (z)e o’

i |$€Rd,a€Nd,e€§}

is bounded in E. Let B be the closed absolutely convex hull of B’. Lemma yields
that B C C°(R%; E). It is then clear from the definition of B’ that {.|e € B} is
contained and bounded in M) (RY; Ep).

Next, assume that (7, F) is an inductive generalized proto-Banach representation.

(77) = (iv) This follows from Lemma

(17v) = (i) Obvious. O

We end this section with two remarks.
Remark 4.3. Let E be a Fréchet space. In the Beurling case, the conditions from
Proposition [4.1] are also equivalent to: For all A > 0 and p € csn(FE) it holds that
hlal Co
sup sup ﬁ < 00
ecB aeN? Ma

The above condition is equivalent to condition (#i¢) from Proposition .1l because of
Lemma [2.1] and the following result.

Lemma 4.4. Let r™ € R for all n € N. There is r € R such that for every n € N
there is k € Z such that r; < 7’ for all 7 > k.

Proof. We inductively define a sequence (ji)rez, of natural numbers with j; = 1 sat-

isfying jre1 > Ji, r](-f;l) > r( ), and ming<j<p+1 r](i) = k+1, forall k € Z,. We set
rj=1for j=0,...,52 —1,and r; = m1n0<l<kr , lfjk < J < Jga for some k > 2.
Then, r belongs to R and satlsﬁes the conclusmn of the lemma. U

Remark 4.5. If (7, E) is a Banach representation, the space EM may be naturally
endowed with a locally convex topology in the following way (cf. Proposition 1] and
Remark A.3)):

EM) — lim EMh and M = lim EMh

h—o0 h—07F
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where EM" denotes the Banach space consisting of all e € E* such that

Wllleal|
— < .
e
We denote this topology by 7. By using a similar technique as in the proof of [9]
Proposition 5.1], it can be shown that the (LB)-space (BE™M} 1) is boundedly retractive,
i.e., for every bounded set B C (E{M} 1) there is h > 0 such that B is a bounded
subset of EM" and the topology induced on B by EM" coincides with the one induced
by 7. In particular, the bornology induced by 7 on EM} coincides with the original
bornology defined on EtM}. Similarly, for every bounded set B C EM) there is 1 € R
such that, for N = (M,/ H?:o T;)pen, B is a bounded subset of EN'! and the topology

induced on B by EN:! coincides with the one induced by 7. In particular, the bornology
induced by 7 on E™) coincides with the original bornology defined on EM).

5. ON A CLASS OF FOURIER MULTIPLIERS

In this section we discuss the space of Fourier multipliers associated to X)) (R?) and
show how these operators may be defined on the spaces QM"(R%; E) from the previous
section by suitably interpreting them as convolution operators.

Throughout this section, we fix a sequentially complete IcHs E, a net & = (k) pecsn()
of positive numbers and a weight sequence M satisfying (M.2). We denote by Cy, H
the constants occurring in the latter condition. In addition, we always assume in this
section that KM (R?) is non-triviall. Given L > 0, we consider the tube domain
Vi, =R4+iB(0, L).

For h > 0 we define the Fréchet space

UMMCY) = {p € O(CY | sup |p(z)]e"Fe2) < o0 ¥n e N}

We set
U (€Y = lm YY) and  UHCY) = lig UMH(CY).
h—o00 h—0t

The Fourier transform is a topological isomorphism from KM/(R?) onto UM(C?),
where we fix the constants in the Fourier transform as follows

F(o)(€) = 3(6) = / o)

We now introduce spaces of multipliers and convolutors associated to ™) (C?) and
KM)(R?), respectively. For h > 0 we define the Fréchet space

PMR(CY) = {p € O(CY) | sup |p(z)]e M "Re2) < 5o ¥n € N},

2V

'The non-triviality of (™) (R%) can be characterized in terms of the behavior of the weight sequence
in a precise fashion. Indeed [7, Proposition 2.7, Proposition 4.4, and Theorem 5.9], under condition
(M.2), we have KM (R?) # {0} if and only if lim, o, m,/logp = co. The latter certainly holds if
the sequence satisfies (M.2)* because it implies the stronger relation p” = O(m,,) for some o > 0.
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For P € PM(C?) fixed, the multiplication operator M) (C%) — UM (C) : p — P-p
is continuous. Next, for h > 0 we define the (LB)-space
O™ (R?) = lim O (RY),

neN
where O""™(R?) stands for the Banach space consisting of all ¢ € C*°(R%) such that
plal|go —nlz]
sup sup 9% (w)le < 0.
aeNd zeRd M,

We denote by OA""(R?) the strong dual of OY"(R?). For g € OF""(R?) fixed, the
convolution operator

KR = KMRY) o= gx o, (9% 9)(x) = {g(t), p(a — 1))

is continuous, where the duality on the right is in the sense of (OA""(R?), OF"(R?)).

For each h > 0, KM} (R?) can be viewed as a subspace of Oa""(R?) via the linear
injection

(5.1) KMHRY) — O M RY) 2 (w - / <p(x)¢(x)dx) :
R4
We also need spaces of E-valued ultradistributions. Set

K'M(RY: E) = L(KM(RY), E) and  U'M(CLE)=LU™M(CY, E).

We define the Fourier transform from U'™)(C¢; E) onto K'™)(R%; E) via duality. Let
h > 0. For P € PM"(CY) fixed, we define

(P-fo)=(f,P-¢), peu(C
for f € M) (C? E). Similarly, for g € O2""(R?) fixed, we define
(gxf,0) = (£ (9%9)7), peKMRY,
for f € K'M (R E).

Proposition 5.1. For each h > 0 there exists a continuous linear mapping Fn
PMA(Cd) — QMU (RA) such that

F(P-f) = Fy(P) = F(f),  PeP"MC),fecu™ () E).
Moreover, for all 0 < k < h,

can. inclusion can. inclusion

U () PMF(C) PMA(CY)
7l
IM2VdHE /7 1 d =
4 inc. (©1) Oc (RY) transpose of T
inc. (B))

JCiM} (Rd> O/M,m/EHh/w (Rd)
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is a commutative diagram of continuous maps.

The proof of Proposition 5.1l is based on the mapping properties of the short-time
Fourier transform [I9]. The translation and modulation operators are denoted by
T.f(t) = f(t—z) and M f(t) = e*™¢ 1 f(t), z,& € R The short-time Fourier transform
(STFT) of a function f € L?*(RY) with respect to a window function ¢ € L*(R?) is
defined as

(52) V1/1f(x> 6) = (f> Mfo,lvb)Lz = ., f(t)w(t - I)e_zmlg.tdta (ZIZ’, 6) S R2d‘
R
It holds that ||Vi, f||z2 = ||| 2| f]|z2. Plancherel’s theorem implies that

(5.3) Vof(z,€) = e ™SV f(¢, —a).
The adjoint of V,; is given by the weak integral

ViF = / /R . F(x, & )M Tp dedé,  F € L*(R*).
If v € L2(R?) is such that (v,1)2 # 0, then the reconstruction formula

1
V¥oV, =id2pa
(7) ’QD)LZ K v FED
holds. We define the STFT of a function f with respect to a window ¢ via the integral
at the right-hand side of (5.2]) whenever this integral makes sense.
Let h > 0. We define the Fréchet space

Crpep(R*) = {f € CR¥)| sup |f(z,&)|e” " <00, ¥n € N}

(z,6)eR

(5.4)

and the (LB)-space
gxp;M,h(R2d) = hgchp,n;M,h(R2d)?

neN

where C¢_ . Mvh(RQd) denotes the Banach space consisting of all f € C'(R?*?) such that

ex

sup | f (w, &)[e ) < oo,
(z,6)eR2d

Lemma 5.2.
(1) Let v € UM(CY). For each h > 0 the mapping

Vw : PM’h(Cd) — CM72h;eXp(R2d)

15 continuous.
(ii) Let ¢ € KM(R?). For each h > 0 the mapping

Vy: O RY) — ¢°

2d
eXp;M,ﬂ’h/\/E(R )

18 continuous.
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Proof. In the notation from [§] (see also Subsection [[.2]) we have that

PMh (Cd m BpfuM(h : Rd OMh Rd U BMr 7,1‘ (

neN neN

Hence, both statements follow from [§, Lemma 4.4]. O

Lemma 5.3. Let ¢,y € UM (C?) be such that (y,7)r2 # 0. Then,

1
[ pweta = —— [[ VPV —game.  peutie,
R4 (’)/, ID)L2 R2d
Proof. Let o € UM)(C?) be arbitrary. In the notation from [8] we have that

= (B0

neN

Hence, [8, Lemma 4.4] implies that

(5.5) sup  |[Vyp(z, &)|errmmniel < oo, Vn € N.
(z,£)€R2d

By (5.4]) we have that

1
(77 7p)L?

/RdP(t)w(t)dt: (%1>L2 / P(t) ( / /R 5 Vyap(:c,g)MngE(t)dx%) dt
v )1 //R (/R ()M T (¢ )dt) Vao(, €)dade

5 L VPt (e —edads

where the switching of the integral is permitted because of Lemma and (B.0). O

p(t) =

/ /R g Vao(z, ) MeTpop(t)dad.

Hence,

==

Proof of Proposition[51. Fix 1,y € UM (C?) such that (y,1)2 = 1. For P €
PMA(C?) we define

(Fu(P / / Vi P(2, &) Ve1(9)p (€, 7)™ dade, o € QMY Rrdy
RZd

The mapping F;, : PM(CY) — (’)gw 2VdHh/ "(R%) is continuous by Lemma The
commutativity of the upper left part of the diagram follows from (B.3]) and (54); the
rest is straightforward to verify. Consequently, (5.I]) is continuous.

We now show that F(P-f) = F,(P)*F(f) for all P € PM(C%) and f € U/ (C; E).
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Let ¢ € KM (R9) be arbitrary. The equation (5.3) and Lemma 5.3 yield that

FulP) < 2) 0= [ VeP@. Ve (L) € ) Sdade

N //[de VyP (2, V5 (F(Tep))(, —€)dadg
= /Rd P(U)f( P 27Tit~udu :f_l(P-()/p\)(t)_

Hence,

(Fu(P)  F(£), ) = (F(£), (Fa(P) % ) ") = (F(£), F (P @)) = (F(P-£), ).

Remark 5.4. Because of Proposition 5.} from now on we will not distinguish the maps
Fy, for different h and simply denote them by F.

Let h > 0. We may view QM"(R? E) as a subspace of K'™)(R?; E) by identifying
an element f € QM"(R% F) with the operator
€)= [ to)pin,  oe KO,
Rd

We now discuss the action of convolution operators on QM/(R¢; E). We need the
following structural result.

Lemma 5.5. Let h > 0. For each g € ON"(R?) there is a family {ga € Cop(R?) |a €
N4} such that

Mo |lgae™ | oo
Z (I < 00, Vn € N,
a€Nd

and

g= Z 0%ge on KM(RY).

a€eNd

Proof. Tt is enough to show that for each g € QA" (R?) there is a family {g, | @ € N9}
of measurable functions such that

Ma||gae™ 1] L1
> e <00, VneN,
a€Nd

and g = Y e 0%9a on KAM(R?). Indeed, let L € C(R?Y) N C>*(R¥\{0}) be a funda-
mental solution of A%, where A = 0? +...+ 92 is the Laplacian. Pick ¢ € D(R?) such

that ¢ = 1 on a neighborhood of 0. Then § — A%(Ly) = y € D(R?). Let {g, | € N4}
be as above and A¢ = Zﬁ cs0%; only finitely many cg are nonzero. We define

Jo = X * Ga + Zcﬁ(qu) * ga_p, €N

B
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Then, the family {g, |« € N} satisfies all requirements.
We now show the above statement. We define the (LB)-space

O () = liny ON (R,
k>h
It is straightforward to check that for hy > h; and ny > nsg, the inclusion mapping
Oz (RA) 5 O (RY) is compact; consequently, Op "t (R?) is a (DF.S)-space.
Note that KM)(R?) ¢ O " (R?) ¢ OF"(RY) with continuous inclusions. We define

X as the Fréchet space consisting of all multi-indexed sequences (g, )qene of (equivalence
classes) of measurable functions on R such that

M n|-|
3 allgac™ et v e NYE >

= klal
ac

For each (ga)aend and o € N9, the linear functional

[a((ga)aeNd) : Oé'/ﬂh—i_(Rd) - C> <Ia((ga)a6Nd)a 90> = (_1)‘(1' /Rd ga(z)ﬁagp(:p)dx
is continuous. Furthermore, the linear mapping

St X = O (RY) : (ga)aewt = Y Tal(ga)aena)

a€Nd

is well defined and continuous as well since the right hand side is absolutely summable
in O (RY). Notice that for each (ga)aena, the restriction of S((ga)aena) to KM (RY)
is Y ena 0%Ga (the latter is absolutely summable in ') (R?)). Thus, it is enough
to prove S is surjective. By [32) Theorem 37.2], this is equivalent to proving that the
transpose of S is injective and has weak-* closed range. The dual of X coincides with
the space Y consisting of all multi-indexed sequences (f,)sene Of (equivalence classes)
of measurable functions on R? such that for some n € N and k > h

k1| fae™™ V]| oo
sup
a€Nd M,

< 00,

under the dual pairing

((fa)aend; (Ja)aent) = Z /]Rd fa(®)ga(z)dz, (fa)aend €Y, (ga)aene € X.

As O} (R?) is reflexive, the transpose of S is given by

O (RY) = Y 1o = (=1)0¢)nena-

It is clear that this mapping is injective and has weak-* closed range. O
Proposition 5.6. Let h > 0 and let g € Og\/[’h/(2H2)(Rd). The mapping

Q" (R E) — QUMI(RYE) - f s g+ £
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is continuous. Moreover, if {ga € Coxp(R?) | € N} leads to a representation of g as
in Lemma 5.3 (with h/(2H?) instead of h), then

(5.6) (g *f)( Z / go(1)0f (x — t)dt, f € QMR E).
aeNd

Proof. We start by showing that the mapping

S QIR B) —» QUMI(RG E) < f Z/ 9a(D)T3(0°F)

aeNd
is continuous. Let f € QM"(R%; E) be arbitrary. For all p € csn(E) we have that
S b ( [ satomire) dt) S [ laapasumiorn)ar
aeNd aeNd
Ma||gae™! | 1:
< wn(£).

aeNd

This shows that the series Y o [ra 9a(t)T:(0*f)dt is absolutely summable in ONMH (R ).
Since Q""" (R E) is sequentially complete (as F is so), we obtain that

> / Ga()T,(0°F)dt € QMM H (R E).

a€Nd

Moreover, the above estimate implies that the mapping S is continuous. Hence, the
result follows by observing that gf = > i [ea 9a(t)T3(9°F)dt for all f € QL (RY; E)
because obviously the equality holds as elements of ') (R?; E). O

6. PROOF OF THE FACTORIZATION THEOREM

This section is devoted to the proof of Theorem We start with the construction
of elements in PM1(CY) that satisfy suitable lower bounds. We need the following
lemma.

Lemma 6.1. Let M be a weight sequence satisfying (M.2)*. There is a non-decreasing
continuous function v : [0,00) — [0, 00) such that

(1) vy X v, de., v(t) = O(vy(t)) and vy (t) = O(v(t)).
(13) There is a continuous function n : [0,00) — [0,00) with n(t) = o(v(t)) and
N € N such that
w(ty) — v(ta)] < nlt2)(1+ [t — 2™, t1,t2 > 0.

Proof. Condition (M.2)* implies that vy (2t) = O(va(t)). Hence, [20, Theorem 2.11
and Corollary 2.14] imply that there are N € Z, and C, L > 0 such that

* vy(ts)
/1 ;‘LN ds < Luy(t) +1logC, ¢ >0.
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u(t):/loomds:tN/tooyM(s>ds, t>0.

gl+N gl+N

Set

It is clear that v is continuous and non-decreasing, and that v, < v. Let us show that
v satisfies property (ii). Set

o= (S0 [ o

Jj=0

It holds that 7 is continuous and that 7n(t) = o(v(t)). Let t1,ts > 0 be arbitrary. If
tl 2 t2, then

|u(t1)—y(t2)|:t1N/oo ”Slf]fd ¢ N/t2 ”Sﬂfffv)ds

t1

< <N_1 (Ve _tz)N_%) A <o+ in -l

If to > tq, then

v *“ vuls
lv(t1) — v(t2)| = t2N/t 81+(N>d —t N/t SAer(N)dS

<N 1< ) ty — )N~ “J> /: Vsl+(N)d < ()14 Jt = D)™

j=0

O

Proposition 6.2. Let M be a weight sequence satisfying (M.2) and (M.2)*. There
exist P € O(CY) and 6 > 0 such that for every n € N there is C,, > 0 such that

C;lel/M((SRez) < |P(Z)| < Cn€VM(ReZ), = Vn
Proof. Choose v, n and N as in Lemma We extend v to R? as the radial function
v(z) = v(|z]), z € R We set
1
7
Then, 7 € O(CY). For all z € C¢ it holds that
1

/2

where A = 742 [ (1 + |2])Ve Pdz. Set P(z) = ¢"®), » € CL Then, P € O(CY.
Let n € N be arbitrary. Choose B,, > 0 such that

v(z) =

/ v(x)e FD 2y, z € C%
Rd

(6.1) |7(2)—v(Rez)| =

/Rd(”(x) —v(Rez))e” I dz| < Ael™ (| Rez)),

1
Ae™'n(t) < §V(t) + log B, t>0.
Using (6.I), we have that

|ﬁ(2’)| < 6V(Rez)+Ae”2n(\Rez\) < Bn€2V(Rez), = Vna
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and
|}3(z)| > 6V(Rez)—Aen2n(|Rez\) > Blev(Re2)/2 LeV.
Let L > 1 be such that
L7 'vy(t) —log L < v(t) < Luy(t) +logL,  t>0,
and let K > 1 be such that
2Lvy(t) < vy (Kt) +log K, t> 0.

Set P(z) = P(z/K), = € C%. Then, P € O(CY) satisfies the required bounds (with
§=1/K3). O

We now combine the theory developed in Section [l with the function constructed
in Proposition to obtain a parametrix type identity that shall be used to show
Theorem B.21

Lemma 6.3. Let E be a sequentially complete lcHs and let K = (Kp)peesn(m) be a net
of positive numbers. Let M be a weight sequence satisfying (M.2) and (M.2)*, and let
h > 0. Let B be a bounded subset of QM- R?; E)). There exist g € Og‘/‘[’h/(zH2)(Rd) and
Y € KIMYRY) such that g * B is a bounded subset of QnM’h/H(Rd; E) and

v (gxf) =1, f € B.

Proof. Let P be the function from Proposition B2 Set Py(z) = P(nhz/(4VdH?)),
z € C%. Then, P, € PMrh/(WaH?)(Cd) and 1/P, € UM (CY). We define g = F(P,) €
ng’h/(zHQ)(Rd) (Proposition 5.1 and ¢ = F(1/P,) € KM} (R9). By Proposition 5.1,
we have that for all f € K'™)(R?; E)

U (gx8) = F(1/P) x (F(P) + F(F(E))
=F(1/Pn) x F(Py - F7H(£)) = F((1/B0) - (P - F7H(£))) = £.
The result now follows from Proposition [5.6l U

Finally, we shall need the ensuing lemma that allows us to reduce the Beurling case
to the Roumieu one.

Lemma 6.4. Let M be a weight sequence satisfying (M.2) and (M.2)*. For every
r € R there is v’ € R with v' X such that N = (M,/ [[_,7})pen is a weight sequence
satisfying (M.2) and (M.2)*.

no__ N : " __ 3 " N :
Proof. Define 7§ = r{ = 1 and recursively rj = min{r;,}_;m;/m; 1} for j > 2. Since
r is non-decreasing and M is log-convex, we have that
"o " . oo .
iy = min{ry, rimy /my} > min{ry, i} =rf, jEZLy,
which means that r” is non-decreasing. Next, assume that there is C' > 1 such that
" . : : N no__ N
r? < C for all j € Z,. Since r; — oo, there is jo > 2 such that 7 =77 m;/m;_, for
all j > jo. But then
"o m; no My mji—1 "o _omy "
rj — —.frj_l_—.—.'rj_z_..._ .'rjo_
mj—1 mj—1 Mj—2 Mjo—1

| —> 00, as j — 00,
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a contradiction. Hence, " € QR. Moreover, it is clear that v < r and that m/r”
is non-decreasing. Define r; = \/7’7 , j € N. We now show that the sequence 7’
satisfies all requirements. Note first that " € R and ' < " < r. As m/r” and
r” are non-decreasing, m/r’ is also non-decreasing. This means that the sequence
N = (M,/ [T 7})pen is log-convex. It is obvious that N satisfies (M.2). Let us verify
that IV also satisfies (M.2)*. Choose py, N € Z, such that 4m, < my, for all p > p.
Since m/r" is non-decreasing, we have that

my
NNp = —; £ = MNp — > 2/m @/ = 2ny, P = Po-

TNp

As N is log-convex, (M.2) and (M.2)* imply that lim,_, NP = co. O

Proof of Theorem[3.2. A standard argument together with Proposition [£.1] shows that
I(KM(RY))E C EMI (in the Beurling case, one also needs a two dimensional variant
of Lemma 2.} see for example [4, Lemma 2.2.1, p. 18]).

For the proof of EM C TI(KMI(R?))EM] and the rest of the theorem it suffices
to consider the Roumieu case as, by Lemma [6.4] and Proposition 1] the Beurling
case follows from it. Suppose that (7, F) is a projective (inductive) generalized proto-
Banach representation. Let B be an arbitrary bounded subset of E{M} and set B =

{~e|e € B}. By Proposition E1 there is h > 0 (h > 0 and B € B(E)) such that B
is a bounded subset of Q)"(R%: E) (QM"(R? E4,)). Lemma 6.3 yields the existence

of g € O'Mh/ (241 )(Rd) and ¢ € KM} (RY) such that g * B is a bounded subset of
QU™ (R B) (U4 (R, Ey,)) and

U (9%7) =%, €€ B
Let {ga € Cexp(RY) | @ € N} be as in Lemma 5.5 (with h/2H? instead of h). Set

g*e—Z/ga Veo (—t)dt, ec B.
aeNd

Then, gxe € E (g*e € Ea, , where Ay, € B(E) is the set that corresponds to
Ap € B(F) in (3.2)). By using (5.6), we find that g * 7.(z) = Y4e(2), € € B. Hence,
Proposition A1l yields that A = {g* e |e € B} is a bounded subset of E{M} and

76(3:) = (’QD * ’}/g*e)(x) = o 'Jf(t)’}/g*e(l' + t)dt, ee€B.

Evaluating at = 0, we obtain that e = I1(¢)(g * e) for all e € B. O

Remark 6.5. Let (m, E) be a Banach representation. Let M be a weight sequence
satisfying (M.2) and (M.2)*. In view of Remark LI a similar argument as in the
proof of Theorem [3.2 -ylelds that for every compact set B C EM there is Y € KIMI(RY)
and a compact set A C EM such that II(y)A = B.
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7. THE STRONG FACTORIZATION PROPERTY FOR CONVOLUTION ALGEBRAS AND
MODULES OF ULTRADIFFERENTIABLE FUNCTIONS

In this section we employ Theorem to establish factorization theorems for con-
crete instances of convolution algebras and modules of ultradifferentiable functions. We
use the symbol < to denote a dense and continuous inclusion. We start by introducing
Gelfand-Shilov spaces; we refer to [29] for more information on these spaces. Let M
and A be two weight sequences. For h, k > 0 we write S%,;h(Rd) for the Banach space
consisting of all ¢ € C*(R?) such that

h\a||8a ( )|€VA (kx)

|l M i= SUD SUp < 0.
Sa a€eNd zcRd Ma
We define
M . M .
S (RY) = Jim SYM®RY)  and SO ®RY) = lim SY(RY).
h— o0 h—0+

We denote by S M] (RY) the strong dual of S[M (RY). The spaces Sfp,,}}(Rd), o, 7> 0,
were introduced by Gelfand and Shilov [13], whlle the spaces S{p }(Rd) and S ( )
are the test function spaces for the Fourier hyperfunctions [21] and the Fourler ultra—
hyperfunctions [27], respectively. Note that KU (R?) = S(%) (RY) and KMH(RY) =
U N Shr®?).

h>0 k>0

7.1. Translation-invariant Banach spaces. Fix a weight sequence M satisfying
(M.2) and (M.2)*, and a weight sequence A satisfying (M.2) and p! C A. Consequently,

KPI(RY) € SE(RY).
Following [9, [10], we call a Banach space E a translation-invariant Banach space
(TIB) of class [M] — [A] if the following three properties are satisfied:
(i) S (RY) = E — S/ (RY);
(it) T,(E) C E for all x € RY;
(17i) There are k,C' > 0 (for every £ > 0 there is C' > 0) such thatf

w(@) = || Tol| gy(p,m) < Ce?At), r € R
Example 7.1. Let w be a positive measurable function on R? such that
w(z +y) < Cw(z)e ™), z,y € RY,

for some x,C > 0 (for every x > 0 and some C' = C,, > 0). For p € [1, 00|, we denote
by LP (RY) the space of (equivalence classes) of measurable functions f on R¢ such
that || f|lzr := ||fw||r» < co. Furthermore, C,, o(R?) stands for the Banach space of
continuous functions f on R? such that lim, f(2)w(z) = 0 endowed with the norm
| lzee. The spaces LE (R?), 1 < p < oo, and C,,o(R?) are TIB of class [M] — [A].

2The continuity of the mappings T}, : E — E, z € R%, follows from the closed graph theorem.
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Fix a TIB F of class [M] — [A]. We have that
T:RIxE—E: (z,e) — Ty(e)
is continuous. This means that (7', E) is a Banach representation. One shows [10],
Proposition 3.10] that the convolution mapping * : 8[%] (RY) x 8[%] (RY) — S[%] (R9)

uniquely extends to a continuous bilinear mapping * : LL(RY) x E — E. By [10,
Lemma 3.7] and the fact that CM/(R?) is dense in both Cey,(R?) and E, we have that

I(f)e = f xe, f€Cup(RY, e € E.

For h > 0 we write Dg’h for the Banach space consisting of all ¢ € E such thatf]
0% € E for all o € N? and

hled)| o
aup MOl
aeNd Ma

We then define
Dy = lim D" and DR = lim DI

h—s00 h—0t
It holds that
M M M
Sh(RY) = DRt B SR

]

Moreover, one can show that the elements ¢ of DEEM are in fact smooth functions and

that they satisfy
oy sup 111076(a)
aeNd zerd  Maw(—2)
for all h > 0 (for some h > 0) [10, Proposition 4.7].

We write Dg for the space consisting of all those ¢ € F such that 0%p € E for all
a € N4, Reasoning as in [5, Lemma 5.7], it can be shown that E* = Dg and ¢, = 0%

for all @ € N? and ¢ € E*. Hence, EM = D%M] as locally convex spaces.
Theorem and Remark [6.5] yield the following result.

Theorem 7.2. We have that
M M
KM(RY) « E = KM(RY) « DT = DM

Furthermore, for every bounded (compact) set B C D%Vﬂ there are v € KIM(RY) and a
bounded (compact) set A C DEEM] such that ¢y * A = B.

Corollary 7.3. We have that
M M M M
Sh (RY x E = Sj (RY) « DR = DY)
Moreover, for every bounded (compact) set B C D%M} there are ¢ € S[%} (RY) and a
bounded (compact) set A C DEEM] such that ¥ * A = B.

M

39>y stands here for the a-th S[/L‘] ](Rd)—derivative of .
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We shall now apply Corollary to improve a useful convolution average character-
ization of the dual of D%W] obtained in [9, [10]. We start with a brief discussion of the

strong dual £’ of E. The convolution on F’ is defined via transposition:
(fxe e):= (e, fxe), eeFl,

for f € LL(RY) and ¢ € E'. We set E. := LL(R?) % E'. Since the Beurling algebra
(LL(RY), %) admits bounded approximation units, the Cohen-Hewitt factorization the-
orem implies that E’ is a closed linear subspace of E’. Moreover, we have the following
explicit description of E [10, Proposition 3.18],

E.={€¢ € E'| lim ||T.¢ — €| g = 0}.
z—0

In general, £’ is not a TIB of class [M] — [A]: The embedding S[%} (RY) — E' needs
not be dense and the mappings R — E' z +— Tye', ¢ € E' fixed, may fail to be

continuous; consider, e.g., F = L'(R%). This causes various difficulties and is one of
the reason why the space Efk was introduced in [10]. If E is reflexive, E' is a TIB of

class [M] — [A] and E’ E! [10, Theorem 3. 17]
We denote by D [ I the strong dual of D M We have the following continuous
inclusions

S (RY) = B — 73234 — SHRY).
Moreover, the following characterization of DM B Vin terms of convolution averages holds
[10, Theorem 4.9]
M] M
= {f € SR [ f* ¢ € B for all p € iR},
The above equality suggests to embed the space D/[M] into the space of FE!-valued

ultradistributions 8[%4} (R% EL) = Ly(S % (RY), E') by regarding the elements of D/[M
as kernels of convolution operators:

DR = SETRGED, (i(f),9) = f o, @€ S (R,

The mapping ¢ is a well-defined continuous inclusion with closed range [10, p. 168-169].
We now show that ¢ is actually a topological embedding.

Proposition 7.4. The mapping ¢ is a topological embedding.

Proof. By the above remarks, We only need to show that ¢ is open, i.e., that for every
neighborhood U of zero in DE, M) there is a neighborhood V' of zero in S M] (R4 EY)

such that V' N L(D[ ]) C +(U). We may assume that U is the polar set of a bounded
set B of DE ], that is,

U={feDy"|suwl|(fo) <1}
peB

By Corollary [73] there exist ¢ € S[%} (R%) and a bounded set A C D%M} such that
Y *x A= B. Let R > 0 be such that ||¢||g < R for all ¢ € A. Consider the following
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neighborhood of zero in S[/E]/[] (R4 EYL)
V= {feSHIREE) || )le < 1/R).

For f € DE/H with ¢(f) € V we have that

sup | {f, ) = sup [(f,4 * x)| = sup [(f * ¢, x)| = sup [(()) (), )| < 1,

peB XEA XEA XEA
which means that f € U. O
Remark 7.5. The proof of Proposition [.4] in fact shows that

D = L, (S (RY), )

is a topological embedding.

7.2. Weighted spaces of ultradifferentiable functions. Fix a weight sequence M
satisfying (M.2) and (M.2)*.

A pointwise increasing sequence W = (wy,)nen of positive continuous functions on
R? is called an increasing weight system if the following two properties are satisfied:

(7.1) VneNIm>n: lim Lol

=0

and
(7.2) Vn € N3m >n3k >03C > 0Vr,y € R? : wy(z 4 ) < Cwp,(z)eV.

Similarly, a pointwise decreasing sequence V = (v, )nen of positive continuous functions
on R? is called a decreasing weight system if the following two properties are satisfied:

(7.3) YneNIm>n: lim Um(2) =0,
|z|—o0 ’Un(l’)
(7.4) Vn € NIm >n3k > 03C > 0Va,y € R? : v, (v +y) < Cup(x)e.

We remark that (Z.3]) is condition (S) from [I].

Example 7.6. Let A be a weight sequence satisfying p! C A. Then, W) = (e/4"")),,
is an increasing weight systems. Likewise, Vi4y = (e"4(/"), 7 is a decreasing weight
system. Indeed, for all h > k > 0 it holds that v4(ht) — va(kt) — oo as t — oo; this
follows from [22, Equation (3.11)]. Hence, the conditions (7I]) and (7.3]) are satisfied.
The conditions (2] and (Z4)) follow from the assumption p! C A.

Let w be a positive continuous function on R%. For h > 0 we write BM"(R?) for the
Banach space consisting of all ¢ € C*(R?) such that
W0 () lw(z)

| o] gar.n == sup sup < 00.
B a€Nd zecRd M,

Given an increasing weight system W = (w,,)nen, we define

By (RY) = fm Byn(RY)  and  BRY(RY) = lig fm B (RY).

neN h—0t neN
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Similarly, given a decreasing weight system V = (v, )nen, we define
BV (RY) =1lim lim BY"(RY)  and  BY(RY) = lim B (RY).
neN h—oo neN
Furthermore, we set
By"(RY) = lmBY"(RY)  and  BIM(RY) = lim B (RY).
neN h—o0

We refer to [§] for more information on these spaces.

Example 7.7. Let A be a weight sequence satisfying p! C A. Then,

M M M M
S((A))(Rd) - B‘(/‘%i) (RY) and S%{A}} RY) = B\{f{A]; (RY).

Notice that we have KM} (RY) = B%‘é}!) (R9).

We fix an increasing weight system W = (w,)neny and a decreasing weight system
V = (Vp)nen. Given a positive continuous function w on R we denote by C,,(R?) the
Banach space consisting of all f € C(R?) such that || f|| 1 < co. We define the Fréchet
space

WO(RY) = lim Cy,, (RY)
neN
and the (LB)-space
VC(RY) = lim C,,, (RY).
neN
Since V satisfies (7.3)), the space VC(R?) is boundedly retractive and thus complete [I]
p. 100]. Then, (T, WC(R?)) is a projective generalized proto-Banach representation
and (T, VC(RY)) is an inductive generalized proto-Banach representation. Moreover,
we have that
I(f)g=f*g, [€Cxp(RY), g€E,
where E denotes either WC(R?) or VC(R?).

Lemma 7.8.

(i) WCRHM = BIMI(RY) as sets. Moreover, B C WC(RY)™M) (B ¢ WC(R?){M})
is bounded if and only if B is bounded in B%/I) (RY) (B is bounded in Biy," (R%)
for some h > 0).

(i) VO(RHYM = BUY(RD) as sets. Moreover, B C VC(RY)M (B c VO (R)M})
is bounded if and only if B is bounded in Bq(,],y)(Rd) for some n € N (B is
bounded in BiVM} (RY)).

Proof. Let E denote either WC(R?) or VC(R?). We write Dg for the space consisting
of all o € C®(R?) such that 9%y € E for all a € N¢. Then, E* = Dg and ¢, =

(=192 for all & € N? and ¢ € E*°. Hence, the result follows from Proposition A1l
(and Remark [A.3)). O

Theorem and Lemma [7.§ imply the ensuing factorization result.
Theorem 7.9.
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(i) Let W = (wn)nen be an increasing weight system. We have that
M M
KPI(RY) + By (RY) = B (RY).

Moreover, in the Beurling case, for every bounded set B C B%) (RY) there are
W e KM(RY) and a bounded set A € BU(RY) such that ¢ x A = B. In the
Roumieu case, for every h > 0 and every bounded set B C B%’h(Rd) there are

¢ € KIMHRY) and a bounded set A C Bh*(RY), for some k > 0, such that
VvxA=DB.
(17) Let V = (vn)nen be a decreasing weight system. We have that

KM(R?) « BYI(RY) = BY (R,

Moreover, in the Beurling case, for every n € N and every bounded set B C
Bq(,],y)(Rd) there are v € KM(RY) and a bounded set A C Bq(,],:[)(Rd), for some
m € N, such that 1) x A = B. In the Roumieu case, for every every bounded set
B C Bl{,M} (R9) there are ¢ € KMH(R?) and a bounded set A C Bl{,M} (RY) such
that v x A = B.

Corollary 7.10. Let A be a weight sequence satisfying p! C A. We have that
M M M M
RIRY + SERY = S (RY) + S (RY) = S (RY).

Moreover, for every bounded set B C S[%} (R9) there are ¢ € KIM(RY) and a bounded
set A C S[%] (R?) such that ¢ * A = B.

Remark 7.11. Theorem [Z.9implies that we can factorize bounded sets in BiVM} (RY) and

B)(;M) (RY) provided that these (LF)-spaces are regular. The space B%M}(Rd) is regular
if W satisfies

(7.5) In € NVm >n3k>m3C >0z € R : w? (2) < Cwy(2)wi(x).

If M additionally satisfies Komatsu’s condition (M.3) (strong non-quasianalyticity)
[22], condition (Z.H) is also necessary for B\(,M) (RY) to be regular [8, Theorem 3.6].
Likewise, the space B\(,M) (RY) is regular if V satisfies

(7.6) Yn € N3Im>nVk>m30 € (0,1)3C > 0Vz € R? : v, (2) < Col ?(2)vl(z).

If in addition M satisfies (M.3), condition (7.6]) is also necessary for B)(;M) (RY) to be
regular [8, Theorem 3.7]. The conditions (7.H) and (7.6) are closely connected and
inspired by the linear topological invariants (DN) and (2) for Fréchet spaces [25].

Theorem and Remark [Z.T1] then yield the following result.

Corollary 7.12. We have that KM (RY) « KIMI(RY) = KIMI(RY). Moreover, for every
bounded set B C KIM(RY) there are ¢ € KIM(RY) and a bounded set A C KIM(R?)
such that ¢ * A = B.
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