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Abstract. We give an algebraic and self-contained proof of the existence of the so-called
Noetherian operators for primary submodules over general classes of Noetherian commu-
tative rings. The existence of Noetherian operators accounts to provide an equivalent
description of primary submodules in terms of differential operators. As a consequence,
we introduce a new notion of differential powers which coincides with symbolic powers
in many interesting non-smooth settings, and so it could serve as a generalization of the
Zariski-Nagata Theorem.

1. Introduction

The Fundamental Principle of Ehrenpreis and Palamodov (see [8] and [22]) is a cele-
brated theorem which states that all the solutions of a linear system of partial differential
equations with constant coefficients can be represented as certain integrals of exponential-
polynomial solutions. Curiously enough, one of the main steps in the proof of this im-
portant theorem is to describe primary submodules of a finitely generated free module by
using certain differential operators. Following the terminology of Palamodov [22], these
operators are commonly called Noetherian operators in the literature. In the case of poly-
nomial rings over the complex numbers, one can find several proofs, that use algebraic
and analytic techniques, for the existence of Noetherian operators, see, e.g., [2, Chapter
8], [8], [22], [16, §7.7].

It seems that a general characterization of primary submodules of a finitely generated
free module over a polynomial ring with complex coefficients that used differential oper-
ators was obtained first in the form of Palamodov’s Noetherian operators. However, it
turns out that Gröbner considered this problem before. Gröbner described prime ideals
and primary ideals having zero Krull dimension with the use of differential operators (see
[11–13]). The terminology used by Palamodov (employing the term: Noetherian opera-
tors; see [22, Chapter IV, §3, page 161]) is inspired by Noether’s Fundamentalsatz (see,
e.g., [26, Chapter XIII, §96]).

Subsequent algebraic approaches to characterize primary ideals and primary submodules
with the use of differential operators were given in the following papers:

• In [5], for algebras over a field and under some assumptions, primary ideals were
described by using differential operators from the algebra to the residue field of
the corresponding prime. In [5], there is also a description of primary submodules.
• In [3], for algebras essentially of finite type over a perfect field, primary ideals to

regular prime ideals were described by using derivations.
• In [21], the existence of Noetherian operators was proven for the case of polynomial

rings over any field.
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But, in [5] and [3] there is no reference to the previously obtained results of [8] and [22].

The main purpose of this paper is to provide an algebraic and self-contained development
of the existence of Noetherian operators for general classes of Noetherian commutative
rings. In other words, for large classes of Noetherian commutative rings, we show the
existence of an equivalent notion of primary submodules that depends upon differential
operators. As a consequence, we introduce a new notion of differential powers which could
serve as a generalization of the Zariski-Nagata Theorem ([20,27]) for non-smooth settings.
Unless specified otherwise, in this paper all rings are commutative.

Next is a summary of the main results of this paper, to simplify the exposition here in
the introduction, below we state them only for the case of primary ideals. For the rest of
the introduction, let A be a Noetherian integral domain and R be a Noetherian ring such
that A ⊂ R. Denote by Quot(A) the field of fractions of A.

The first main result deals with the problem of describing primary ideals as solution
sets of certain differential operators (see Definition 2.2).

Theorem A (Theorem 3.11, Theorem 3.15). Let R be a Noetherian ring and A be a
subring, such that A is a Noetherian integral domain. Let p ∈ Spec(R) be a prime ideal
in R such that p ∩A = 0. Then, the following statements hold:

(i) Suppose that Rp/pRp⊗Quot(A)Rp is a Noetherian ring. If I ⊂ R is a p-primary ideal
in R, then there exists an (R⊗A R)-submodule E ⊆ DiffR/A (R,Rp/pRp) such that

I =
{
f ∈ R | δ(f) = 0 for all δ ∈ E

}
and E is finitely generated via its natural left structure as an Rp-module.

(ii) Suppose that R is essentially of finite type over A and N is a finitely generated
torsion-free module over R/p.
(a) If I ⊂ R is a p-primary ideal in R, then there exists an (R ⊗A R)-submodule
E ⊆ DiffR/A(R,N) such that

I =
{
f ∈ R | δ(f) = 0 for all δ ∈ E

}
and E is finitely generated via its natural left structure as an R-module.

(b) If Quot(A) ↪→ Rp/pRp is a separable field extension, which holds whenever
Quot(A) is perfect, then for any p-primary ideal I ⊂ R containing pn+1, there
exists an (R⊗A R)-submodule E ⊆ DiffnR/A(R,N) such that

I =
{
f ∈ R | δ(f) = 0 for all δ ∈ E

}
.

We now discuss the concept of Noetherian operators in the context of Theorem A. In
Theorem A(i), if {δ1, . . . , δq} is a set of generators of E as a left Rp-module, we obtain
that I =

{
f ∈ R | δi(f) = 0 for all 1 ≤ i ≤ q

}
(see Remark 3.10). Accordingly, we shall

say that {δ1, . . . , δq} is a set of Noetherian operators for the p-primary ideal I. Similarly,
in Theorem A(ii), a finite set of generators of E as a left R-module will be called a set of
Noetherian operators for the p-primary ideal I.

The above Theorem A was initially inspired by the important results of [5]. But,
we generalize the main results of [5] in two ways: we do not assume that A is a field
and we use more general types differential operators (not just differential operators in
DiffR/A(R,Rp/pRp)).

If we assume that A is a field and R is a polynomial ring over A, from [21] we know
that we can use differential operators in DiffR/A(R,R) to describe primary ideals. Since
there is much more literature and interest in the differential operators in DiffR/A(R,R)
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(for instance, when A is a field of characteristic zero and R is a polynomial ring over A,
DiffR/A(R,R) is referred to as the Weyl algebra), it is natural to ask when the results of
Theorem A can be stated by using differential operators in DiffR/A(R,R). Our second
main result shows that such a description is possible under certain smooth settings. We
point out that this statement may not hold without any assumption of smoothness (see
Example 5.2).

Corollary B (Corollary 3.13, Corollary 3.16). Let A be a Noetherian integral domain and
R be an A-algebra formally smooth and essentially of finite type over A such that A ⊂ R.
Let p ∈ Spec(R) be a prime ideal in R such that p∩A = 0. Then, the following statements
hold:

(i) If I ⊂ R is a p-primary ideal in R, then there exists an (R ⊗A R)-submodule E ⊆
DiffR/A(R,R) such that

I =
{
f ∈ R | δ(f) ∈ p for all δ ∈ E

}
and E is finitely generated via its natural left structure as an R-module.

(ii) If Quot(A) ↪→ Rp/pRp is a separable field extension, which holds whenever Quot(A)
is perfect, then for any p-primary ideal I ⊂ R containing pn+1, there exists an
(R⊗A R)-submodule E ⊆ DiffnR/A(R,R) such that

I =
{
f ∈ R | δ(f) ∈ p for all δ ∈ E

}
.

In the context of Corollary B, the Noetherian operators are given by using Palamodov’s
original terminology; if {δ1, . . . , δq} is a set of generators of E as a left R-module, we obtain
that I =

{
f ∈ R | δi(f) ∈ p for all 1 ≤ i ≤ q

}
. Here we shall also say that {δ1, . . . , δq} is

a set of Noetherian operators for the p-primary ideal I.

The symbolic powers of a prime ideal are very special primary ideals that have received
a lot of attention in the areas of Algebraic Geometry and Commutative Algebra (see [6]).
The Zariski-Nagata Theorem (see, e.g., [27], [20], [9, Theorem 3.14], [6]) is a fundamental
result that, in the case where R is a polynomial ring over a perfect field, describes the
n-th symbolic power of a given prime ideal as the polynomials that vanish to order greater
than or equal to n on the corresponding variety. To extend this study in other rings, for
any ideal I ⊂ R, one has the following ideals

I〈n〉A =
{
f ∈ R | δ(f) ∈ I for all δ ∈ Diffn−1

R/A(R,R)
}
,

dubbed as differential powers (see [6]). These differential powers have sparked attention
and renewed interest in extending the Zariski-Nagata Theorem (see, e.g., [4, 7]).

In this paper, we propose a new notion of differential powers which seems to be better
suited to describe symbolic powers, especially because it coincides with symbolic powers
in many interesting non-smooth settings. From [10], it has been long known that some
assumption of smoothness is needed to extend the original statement of the Zariski-Nagata
Theorem. Also, see Example 5.2. Recently, in [4, Theorem 10.2], it has been shown that
the conclusion of the original Zariski-Nagata Theorem characterizes smoothness.

For any ideal I ⊂ R, we introduce the following new notion of differential powers

I{n}A =
{
f ∈ R | δ(f) = 0 for all δ ∈ Diffn−1

R/A(R,R/I)
}
.

In our last main result, we relate the two above notions of differential powers with symbolic
powers.

Theorem C (Theorem 4.6). Let A be a Noetherian integral domain and R be an A-algebra
essentially of finite type over A such that A ⊂ R. Let p ∈ Spec(R) be a prime ideal in R
such that p ∩A = 0. Then, the following statements hold:
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(i) p(n) ⊆ p{n}A ⊆ p〈n〉A.
(ii) If Quot(A) ↪→ Rp/pRp is a separable field extension, which holds whenever Quot(A)

is perfect, then

p(n) = p{n}A .

(iii) If R is formally smooth over A, then

p{n}A = p〈n〉A .

The basic outline of this paper is as follows. In Section 2, we recall some basic results
on differential operators that will be needed throughout the rest of the paper. In Section
3, we prove Theorem A and Corollary B. In Section 4, we prove Theorem C. In Section
5, we provide some examples and computations.

2. Differential operators

During this short section we recall some basic notions regarding differential operators.
A general and complete reference on the topic of differential operators is [14, §16].

Throughout this paper, unless specified otherwise, a ring is always assumed to be a
commutative ring. The following setup will be used during the present section.

Setup 2.1. Let R be a ring and A be a subring.

For two R-modules M and N , we regard HomA(M,N) as an (R ⊗A R)-module, by
setting

((r ⊗A s)δ) (m) = rδ(sm) for all δ ∈ HomA(M,N), m ∈M, r, s ∈ R.

We use the bracket notation [δ, r](m) = δ(rm)−rδ(m) for all δ ∈ HomA(M,N), r ∈ R and
m ∈M . The A-linear differential operators form an (R⊗AR)-submodule of HomA(M,N)
and are defined inductively as follows.

Definition 2.2. Let R be a ring and A be a subring. Let M,N be R-modules. The
n-th order A-linear differential operators DiffnR/A(M,N) ⊆ HomA(M,N) from M to N

are defined inductively by:

(i) Diff−1
R/A(M,N) := 0.

(ii) DiffnR/A(M,N) :=
{
δ ∈ HomA(M,N) | [δ, r] ∈ Diffn−1

R/A(M,N) for all r ∈ R
}

.

The A-linear differential operators from M to N are given by

DiffR/A(M,N) :=
∞⋃
n=0

DiffnR/A(M,N).

Right from the definition we obtain that Diff0
R/A(M,N) = HomR(M,N). We endow

DiffnR/A(M,N) with a structure of R-module given by the natural map R → R ⊗A R,

r 7→ r ⊗A 1 and the (R ⊗A R)-module structure of DiffnR/A(M,N) (see Proposition 2.3

below), that is, R acts as post-composition of maps over DiffnR/A(M,N): for r ∈ R, δ ∈
DiffnR/A(M,N), rδ is the differential operator given by (rδ)(m) = rδ(m) for all m ∈M .

To describe differential operators, a fundamental idea is to study the module of principal
parts. Consider the multiplication map

µ : R⊗A R→ R, r ⊗A s 7→ rs,

and denote the kernel of this map as the ideal ∆R/A ⊂ R ⊗A R. By making a simple
induction argument, one has the following equivalent description.
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Proposition 2.3 ([15, Proposition 2.2.3]). Let M,N be R-modules. Then, DiffnR/A(M,N)

is the (R⊗A R)-submodule of HomA(M,N) annihilated by ∆n+1
R/A.

Definition 2.4. Let M be an R-module. The module of n-th principal parts is the
(R⊗A R)-module defined by

PnR/A(M) :=
R⊗AM

∆n+1
R/A (R⊗AM)

.

For simplicity of notation, PnR/A(R) is denoted as PnR/A.

Remark 2.5. We have an isomorphism of (R⊗A R)-modules

PnR/A(M) =
R⊗AM

∆n+1
R/A (R⊗AM)

∼=
R⊗A R
∆n+1
R/A

⊗RM = PnR/A ⊗RM

where the tensor product is taken via the right R-module structure of R⊗AR

∆n+1
R/A

.

Unless we specify otherwise, whenever we consider PnR/A(M) as an R-module, we do it

so by setting that R acts over the left factor of R⊗AM , that is, for r, s ∈ R and m ∈M
we have

r
(
s⊗A m

)
= rs⊗A m,

where s⊗A m represents the residue class of s⊗A m ∈ R⊗AM in PnR/A(M).

It turns out that DiffnR/A can be seen as a representable functor, as follows. If there are

R-homomorphisms f : M ′ →M and g : N → N ′, then the A-homomorphism

HomA(f, g) : HomA(M,N)→ HomA(M ′, N ′), δ 7→ g ◦ δ ◦ f
is naturally an (R⊗A R)-homomorphism which is compatible with the bracket operation,
that is, [g ◦ δ ◦ f, r] = g ◦ [δ, r] ◦ f for all r ∈ R. So, from Proposition 2.3, we have that
DiffnR/A(•, •) is a functor

(1) DiffnR/A(f, g) : DiffnR/A(M,N)→ DiffnR/A(M ′, N ′), δ 7→ g ◦ δ ◦ f.
The adjointness of Hom and tensor gives an isomorphism

HomR (R⊗AM,N) ∼= HomA(M,N)

of (R⊗AR)-modules, where the (R⊗A R)-module structure of HomR (R⊗AM,N) is given
by setting

((r ⊗A s)ψ) (t⊗A m) = ψ (rt⊗A sm) = rtψ (1⊗A sm)

for all ψ ∈ HomR (R⊗AM,N), r, s, t ∈ R, m ∈ M . Indeed, one has that for any ψ ∈
HomR (R⊗AM,N) one can define ϕ ∈ HomA(M,N) as ϕ(m) = ψ(1 ⊗A m), and, in
the other direction, for any ϕ ∈ HomA(M,N) one can define ψ ∈ HomR (R⊗AM,N) as
ψ(r ⊗A m) = rϕ(m); also, these maps are inverse to each other. Therefore, by using the
universal map

dn : M → PnR/A(M), m ∈M 7→ 1⊗A m ∈ PnR/A(M),

and Proposition 2.3, we can obtain the following description of differential operators.

Proposition 2.6 ([14, Proposition 16.8.4], [15, Theorem 2.2.6]). Let n ≥ 0 and M,N be
R-modules. Then, the map

(dn)∗ : HomR

(
PnR/A(M), N

) ∼=−→ DiffnR/A(M,N)

ϕ 7→ ϕ ◦ dn

induces an isomorphism of R-modules.
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Finally, the following lemma gathers some general properties of differential operators.
Most of these basic results have appeared elsewhere (see, e.g., [4, 24]), but one includes
them for the sake of completeness.

Lemma 2.7. Suppose that we have an inclusion of rings A ⊆ B ⊆ R, and that W ⊂ R
is a multiplicatively closed subset in R. Let M,N be R-modules. Then, for n ≥ 0, the
following statements hold:

(i) DiffnR/A(M, •) is a left exact covariant functor and DiffnR/A(•, N) is a left exact con-

travariant functor.
(ii) DiffnR/B(M,N) ⊆ DiffnR/A(M,N).

(iii) If N is a module over W−1R, then

DiffnR/A(M,N) ∼= DiffnW−1R/A

(
W−1M,N

) ∼= Diffn
W−1R/(W∩A)−1A

(
W−1M,N

)
are isomorphisms of R-modules.

(iv) If PnR/A(M) is finitely presented as an R-module, then

W−1DiffnR/A(M,N) ∼= DiffnW−1R/A

(
W−1M,W−1N

)
∼= Diffn

W−1R/(W∩A)−1A

(
W−1M,W−1N

)
are isomorphisms of R-modules.

(v) If (Mλ)λ∈Λ is a family of R-modules, then

DiffnR/A

(⊕
λ∈Λ

Mλ, N

)
∼=
∏
λ∈Λ

DiffnR/A (Mλ, N)

is an isomorphism of R-modules.
(vi) If (Nλ)λ∈Λ is a family of R-modules, then

DiffnR/A

(
M,

∏
λ∈Λ

Nλ

)
∼=
∏
λ∈Λ

DiffnR/A (M,Nλ)

is an isomorphism of R-modules.

Proof. (i) Here we only prove the statement about DiffnR/A(•, N), the proof of the other

claim about DiffnR/A(M, •) is completely similar.

Suppose we have an exact sequence M ′ → M → M ′′ → 0 of R-modules, then the
right-exactness of tensor product and Remark 2.5 yield the exact sequence

PnR/A
(
M ′
)
→ PnR/A (M)→ PnR/A

(
M ′′
)
→ 0.

The left-exactness of HomR(•, N) gives the exact sequence

0→ HomR

(
PnR/A

(
M ′′
)
, N
)
→ HomR

(
PnR/A (M) , N

)
→ HomR

(
PnR/A

(
M ′
)
, N
)
,

and so the result follows from Proposition 2.6.
(ii) Note that there is a canonical surjection

PnR/A(M) =
R⊗AM

∆n+1
R/A (R⊗AM)

� PnR/B(M) =
R⊗B M

∆n+1
R/B (R⊗B M)

.

Hence, Proposition 2.6 gives the inclusion DiffnR/B(M,N) ⊆ DiffnR/A(M,N).
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(iii) By Proposition 2.6 and the Hom-tensor adjunction, we get the isomorphisms

DiffnR/A(M,N) ∼= HomR

(
PnR/A(M), N

)
∼= HomR

(
PnR/A(M),HomW−1R

(
W−1R,N

))
∼= HomW−1R

(
W−1R⊗R PnR/A(M), N

)
.

(2)

From [4, Proposition 2.15] ([14, Proposition 16.4.14]) we have the isomorphisms

(3) W−1R⊗R PnR/A ∼= PnW−1R/A
∼= Pn

W−1R/(W∩A)−1A
.

By summing up (2), (3), Remark 2.5 and Proposition 2.6, the result is obtained.
(iv) It follows from Remark 2.5, Proposition 2.6 and (3) because Hom and localization

commute

W−1R⊗R HomR

(
PnR/A(M), N

)
∼= HomW−1R

(
W−1R⊗R PnR/A(M),W−1N

)
when PnR/A(M) is a finitely presented R-module (see, e.g., [18, Theorem 7.11]).

(v) Since tensor products commute with direct sums, from Remark 2.5 we obtain the
isomorphism

PnR/A

(⊕
λ∈Λ

Mλ

)
∼=
⊕
λ∈Λ

PnR/A (Mλ) .

Therefore, from the isomorphism

HomR

(⊕
λ∈Λ

PnR/A (Mλ) , N

)
∼=
∏
λ∈Λ

HomR

(
PnR/A (Mλ) , N

)
and Proposition 2.6, the result follows.

(vi) It follows similarly to (v). �

3. Primary submodules as the zero set of differential operators

In this section we show an algebraic and more general version of the existence of Noether-
ian operators. In a quite unrestrictive setting, we shall prove that any primary submodule
of a finitely generated module can be obtained as the solution set of certain differential
operators.

The following setup is used throughout this section.

Setup 3.1. Let R be a Noetherian ring and A be a subring, such that A is a Noetherian
integral domain.

Note that the above setup is more general than the ones of [5] and [21] because in both
of those papers it is assumed that A is a field. Also, we do not assume any finiteness
condition of R over A, which may lead to cases where R ⊗A R is not a Noetherian ring
and the modules of principal parts PnR/A are not finitely generated modules over R.

For simplicity we use the notation below.

Notation 3.2. (i) Let M,N be R-modules. For a subset E ⊆ DiffR/A(M,N), we set

Sol(E) :=
{
m ∈M | δ(m) = 0 for all δ ∈ E

}
=
⋂
δ∈E

Ker(δ).

(ii) Denote by Quot(A) the field of fractions of A.

(iii) For any p ∈ Spec(R), we denote by k(p) the residue field k(p) := Rp/pRp = Quot(R/p)
at p.
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To obtain finer results we will need to assume that R is essentially of finite type over
A, i.e., R is the localization of a finitely generated A-algebra. The remark below contains
some easy consequences of that additional assumption.

Remark 3.3. Additionally, if R is essentially of finite type over A, then the following
statements hold:

(i) k(p) is a finitely generated field over Quot(A).
(ii) R⊗A R is a Noetherian ring.
(iii) For all n ≥ 0, PnR/A is a finitely generated R-module, where, as before, the R-module

structure comes from the left factor of R⊗A R.

Proof. (i) This is quite clear.
(ii) Let T be a finitely generated A-algebra such that R is a localization of T . Then,

T ⊗A T is Noetherian, and R⊗A R, being a localization of T ⊗A T , is also Noetherian.
(iii) From part (ii), each ideal ∆n

R/A ⊂ R ⊗A R is finitely generated, and so it follows

that ∆n
R/A/∆

n+1
R/A is a finitely generated module over (R⊗A R) /∆R/A

∼=−→ R. Therefore,

the following exact sequence

0→ ∆n
R/A/∆

n+1
R/A → PnR/A → Pn−1

R/A → 0

and an induction argument imply the result. �

For R-modules M and N , the differential operators DiffR/A(M,N) have the filtration

Diff0
R/A(M,N) ⊆ · · · ⊆ Diffn−1

R/A(M,N) ⊆ DiffnR/A(M,N) ⊆ · · · ,

which is of utmost importance. In particular, we will focus on the fact that (R ⊗A R)-
submodules of DiffnR/A(M,N) are stable with respect to this filtration in the following easy
sense.

Remark 3.4. For an (R⊗A R)-submodule E of DiffnR/A(M,N) we have that

[δ, r] = (1⊗A r − r ⊗A 1) δ ∈ E ∩Diffk−1
R/A(M,N)

for all δ ∈ E ∩DiffkR/A(M,N), r ∈ R and k ≤ n.

The proposition below contains some basic properties of (R⊗AR)-submodules of DiffnR/A(M,N).

This proposition can also be found in [5, Proposition 1.3], but we include a proof for the
sake of completeness and because in the proof of [5, Proposition 1.3] there is a small gap
(in the step of showing that pn+1M ⊆ Sol(E) below).

Proposition 3.5 ([5, Proposition 1.3]). Let M,N be R-modules and E ⊆ DiffnR/A(M,N)

be an (R⊗A R)-submodule. Then, the following statements hold:

(i) If E 6= 0, then E ∩ HomR(M,N) 6= 0.
(ii) Sol(E) is an R-submodule of M . Additionally, if E 6= 0, then Sol(E) (M .

(iii) Let p ∈ Spec(R) be a prime ideal in R and suppose that N is a torsion-free module
over R/p. Then, Sol(E) is a p-primary R-submodule of M and pn+1M ⊆ Sol(E).

Proof. (i) Suppose that i is the least integer such that E ∩DiffiR/A(M,N) 6= 0 and choose

any 0 6= δ ∈ E ∩DiffiR/A(M,N). Thus, for all r ∈ R, we have that [δ, r] = 0, which implies

that δ ∈ HomR(M,N), and so i = 0.
(ii) For all r ∈ R,m ∈M, δ ∈ E , we have the equation

δ(rm) = rδ(m) + [δ, r] (m).
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Hence, m ∈ Sol(E) implies that rm ∈ Sol(E), and so Sol(E) is an R-submodule.
If E 6= 0, then there exists 0 6= δ ∈ E ⊂ HomA(M,N), which yields Ker(δ) (M and so

Sol(E) (M .
(iii) First, we show by induction on n that pn+1M ⊆ Sol(E). For any δ ∈ HomR(M,N),

since N is an R/p-module, we obtain that δ(pM) = pδ(M) = 0, and so pM ⊆ Sol(E)
whenever E ⊆ Diff0

R/A(M,N) = HomR(M,N).

Now, suppose that n > 0. For r ∈ p, s ∈ pn,m ∈ M, δ ∈ DiffnR/A(M,N), we obtain the
equation

δ(rsm) = rδ(sm) + [δ, r] (sm) = [δ, r] (sm).

Since [δ, r] ∈ Diffn−1
R/A(M,N), the induction step yields δ(rsm) = [δ, r] (sm) = 0. Therefore,

if E ⊆ DiffnR/A(M,N), then it follows that pn+1M ⊆ Sol(E).

Finally, we need to show that, if rm ∈ Sol(E) and m 6∈ Sol(E), then r ∈ p. If m 6∈ Sol(E),
let δ ∈ E ∩ DiffiR/A(M,N) be a differential operator with smallest possible order i that

satisfies δ(m) 6= 0. Thus, we have the equation 0 = δ(rm) = rδ(m) + [δ, r] (m) = rδ(m).
The fact that N is torsion-free over R/p implies that r ∈ p, and so we get that Sol(E) is
a p-primary R-submodule. �

Now, before proceeding to the proof of the main theorem, which provides a converse
for Proposition 3.5, there are some steps to reduce the problem to simpler situations.

The following proposition will be used when R is essentially of finite type over A.

Proposition 3.6. Assume Setup 3.1 with the additional condition that R is essentially of
finite type over A. Let M be a finitely generated R-module. Let p ∈ Spec(R) be a prime
ideal in R such that p ∩A = 0, and N be a torsion-free R/p-module. Then, the following
statements hold:

(i) If Quot(A) ↪→ k(p) is separable, then there exists a field K such that Quot(A) ⊆ K ⊆
Rp and K ↪→ k(p) is a separable finite field extension.

(ii) Let K be a field such that Quot(A) ⊆ K ⊆ Rp. Then, for any (Rp ⊗K Rp)-submodule
E ′ ⊆ DiffnRp/K (Mp, Np), there exists an (R⊗AR)-submodule E ⊆ DiffnR/A(M,N) such

that the equality

Sol
(
E
)

= Sol
(
E ′
)
∩M

holds.

Proof. (i) From Remark 3.3(i) we have that k(p) is a finitely generated field over Quot(A).
If ι : Quot(A) ↪→ k(p) is a separable extension, then we can choose elements v1, . . . , vd ∈
k(p) that form a separating transcendence basis over Quot(A) (see, e.g., [18, Theorem
26.2]), i.e., v1, . . . , vd are algebraically independent over Quot(A) and ι (Quot(A)) (v1, . . . , vd) ⊆
k(p) is a separable algebraic extension.

Let x1, . . . , xd ∈ Rp be elements such that vi ∈ k(p) is the residue class of xi. Consider
the Quot(A)-algebra homomorphism

Quot(A)[x1, . . . , xd] −→ k(p) = Rp/pRp

xi 7→ vi
(4)

obtained as a composition of the canonical maps Quot(A)[x1, . . . , xd] ↪→ Rp and Rp �
Rp/pRp. Since v1, . . . , vd are algebraically independent over Quot(A), the above map
(4) is injective, and so all the non-zero elements of Quot(A)[x1, . . . , xd] do not belong
to the maximal ideal pRp of the local ring Rp. Therefore, every non-zero element of
Quot(A)[x1, . . . , xd] is a unit inRp, and so the result follows by taking K = Quot(A)(x1, . . . , xd) ⊆
Rp.
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(ii) From Remark 3.3(iii) and Lemma 2.7(iv), we have a canonical map

Ψ1 : DiffnR/A(M,N)→ Rp ⊗R DiffnR/A(M,N) ∼= DiffnRp/Quot(A) (Mp, Np)

that corresponds with localizing at the multiplicatively closed subset R \ p. By using
Lemma 2.7(ii), there is a canonical inclusion

Ψ2 : DiffnRp/K (Mp, Np) ↪→ DiffnRp/Quot(A) (Mp, Np) .

Let E ′ ⊆ DiffnRp/K (Mp, Np) be an (Rp ⊗K Rp)-submodule. Then, we set

E = Ψ−1
1

(
Ψ2

(
E ′
))
.

It is clear that E is an (R⊗A R)-submodule of DiffnR/A(M,N).

Since Ψ1 is just the localization map DiffnR/A(M,N) → Rp ⊗R DiffnR/A(M,N), for any

δ′ ∈ E ′ there exists an element r ∈ R \ p such that Ψ−1
1 (Ψ2 ({rδ′})) 6= ∅. For all δ′ ∈ E ′

and δ ∈ Ψ−1
1 (Ψ2 ({δ′})) we have the following commutative diagram (in principle, of

A-homomorphisms)

M N

Mp Np

δ

δ′

and from the fact that N is R/p torsion-free, it follows that N → Np is injective and
so Ker(δ) = Ker(δ′) ∩ M . Hence, it is clear that Sol(E) ⊇ Sol(E ′) ∩ M . Conversely,
for any δ′ ∈ E ′, we can choose r ∈ R \ p and δ ∈ Ψ−1

1 (Ψ2 ({rδ′})), then we obtain
Ker(δ) = Ker(rδ′) ∩M = Ker(δ′) ∩M ; so, Sol(E) ⊆ Sol(E ′) ∩M . Therefore, we have that
Sol
(
E
)

= Sol (E ′) ∩M . �

The lemma below deals with the injectivity of certain maps from modules over an
Artinian local algebra, and it will be an important basic tool.

Lemma 3.7. Let K be a field, S be an Artinian local K-algebra and T be a K-algebra. Let
M be an S-module. Then, for any Q ∈ Spec (T ⊗K S) prime ideal in T ⊗K S the canonical
map

M → (T ⊗K M)Q, m ∈M 7→ 1⊗K m

1
∈ (T ⊗K M)Q

is injective.

Proof. Fix anyQ ∈ Spec (T ⊗K S) and suppose that m is the unique prime ideal in S. Since

(S,m) is an Artinian local ring, we have that (1⊗K m)k = 1 ⊗K mk = 0 for some k > 0,
and this implies that 1⊗K m ⊆ Q. Hence, S → (T ⊗K S)Q is a local ring homomorphism,
and being flat, it is then faithfully flat.

Therefore, M → (T ⊗K S)Q ⊗S M ∼= (T ⊗K M)Q is injective. �

Next we divide the section into two separate subsections. For simplicity and because of
the main interest in the case of ideals, we first treat primary ideals and then we concentrate
on primary submodules.



NOETHERIAN OPERATORS, PRIMARY SUBMODULES AND SYMBOLIC POWERS 11

3.1. Primary ideals. In the present subsection, we characterize primary ideals as solu-
tion sets of certain differential operators.

The following lemma contains some useful translations to be used later.

Lemma 3.8. Let p ∈ Spec(R) be a prime ideal in R and K ⊆ Rp be a field. Assume that
k(p)⊗K Rp is a Noetherian ring. Then, the following statements hold:

(i) There is an isomorphism of (Rp ⊗K Rp)-modules

DiffnRp/K(Rp, k(p)) ∼= Homk(p)

(
k(p)⊗K Rp

Mn+1
, k(p)

)
,

where M is the ideal given as the kernel of the canonical map

k(p)⊗K Rp → k(p), k ⊗K r 7→ kr,

and r denotes the residue class of r.
(ii) DiffnRp/K(Rp, k(p)) is a finite dimensional vector space over k(p).

(iii) There is a bijective correspondence between M-primary ideals N ⊂ k(p)⊗K Rp con-
taining Mn+1 and (Rp ⊗K Rp)-submodules of DiffnRp/K (Rp, k(p)) induced by the iso-

morphism in part (i) and the mapping

N ⊇Mn+1 7→ Homk(p)

(
k(p)⊗K Rp

N
, k(p)

)
⊆ Homk(p)

(
k(p)⊗K Rp

Mn+1
, k(p)

)
.

(iv) Under the correspondence of part (iii), if E ⊆ DiffnRp/K(Rp, k(p)) is determined by an

M-primary ideal N ⊇Mn+1, then we obtain the equality

Sol(E) = N ∩Rp,

where N ∩Rp denotes the contraction of N under the canonical inclusion

Rp
∼= 1⊗K Rp ↪→ k(p)⊗K Rp.

Proof. (i) Using Proposition 2.6 and the Hom-tensor adjunction, we obtain the following
isomorphisms

DiffnRp/K(Rp, k(p)) ∼= HomRp

(
PnRp/K, k(p)

)
∼= HomRp

(
PnRp/K,Homk(p) (k(p), k(p))

)
∼= Homk(p)

(
k(p)⊗Rp P

n
Rp/K, k(p)

)
.

Finally, it is clear that

k(p)⊗Rp P
n
Rp/K

∼=
k(p)⊗K Rp

Mn+1
.

(ii) Since k(p)⊗KRp is a Noetherian ring andM⊂ k(p)⊗KRp is a maximal ideal, then
k(p)⊗KRp

Mn+1 is an Artinian local k(p)-algebra with residue field k(p), and so it follows that
k(p)⊗KRp

Mn+1 is also a finite dimensional vector space over k(p). Hence, the result is obtained
from part (i).

(iii) By using part (ii), the functor Homk(p) (•, k(p)) gives a bijective correspondence
between quotients of

k(p)⊗K Rp

Mn+1

by an ideal N ⊂ k(p)⊗KRp

Mn+1 and (Rp ⊗K Rp)-submodules of

Homk(p)

(
k(p)⊗K Rp

Mn+1
, k(p)

)
.
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Therefore, the statement follows from the isomorphism of part (i).
(iv) From part (iii), let E ⊆ DiffnRp/K (Rp, k(p)) such that

E ∼= Homk(p)

(
k(p)⊗K Rp

N
, k(p)

)
.

Any δ ∈ E as an element inside DiffnRp/K(Rp, k(p)) ⊆ HomK(Rp, k(p)), via the isomorphism

of part (i), is given as δ(f) = ε
(
1⊗K f

)
for f ∈ Rp, where

ε ∈ Homk(p)

(
k(p)⊗K Rp

N
, k(p)

)
(again, this follows from the Hom-tensor adjunction). So, for any δ ∈ E we have that
Ker(δ) ⊇ N ∩ Rp. In the other direction, for any g ∈ Rp \ (N ∩Rp), we can define

a k(p)-linear map εg ∈ Homk(p)

(
k(p)⊗KRp

N , k(p)
)

such that εg
(
1⊗K g

)
= 1, and so we

obtain δg ∈ E ⊆ DiffnRp/K(Rp, k(p)), given as δg(f) = εg
(
1⊗K f

)
for f ∈ Rp, such that

δg(g) = 1 6= 0; so, Sol(E) ⊆ N ∩Rp. Therefore, it follows that Sol(E) = N ∩Rp. �

The following proposition, in a separable setting, gives an isomorphism between the
associated graded rings of pRp andM, where p ∈ Spec(R) andM is the maximal ideal in
Lemma 3.8. The result of this proposition can also be found in [5, Proposition 4.1], but
note that we provide a slightly different proof that depends upon Lemma 3.7.

Proposition 3.9 ([5, Proposition 4.1]). Let p ∈ Spec(R) be a prime ideal in R, and
K ⊆ Rp be a field such that K ↪→ k(p) is a separable algebraic field extension. LetM be the
kernel of the canonical map k(p)⊗KRp → k(p). Then, we have the following isomorphisms:

(i) grpRp
(Rp) =

∞⊕
n=0

pnRp/p
n+1Rp

∼=−→ grM (k(p)⊗K Rp) =
∞⊕
n=0

Mn/Mn+1.

(ii) Rp/p
nRp

∼=−→ (k(p)⊗K Rp) /Mn for all n ≥ 1.

Proof. (i) Note thatM is generated by elements of the form 1⊗K r− r⊗K 1, where r ∈ Rp

and r ∈ k(p) is the residue class of r. Indeed, for any
∑k

i=1 αi ⊗K ri where αi ∈ k(p),

ri ∈ Rp and
∑k

i=1 αiri = 0, we can write

k∑
i=1

αi ⊗K ri =
k∑
i=1

(αi ⊗K 1) (1⊗K ri − ri ⊗K 1) .

We denote by (1⊗K pnRp) ⊂ k(p)⊗KRp the ideal generated by the elements of 1⊗Kp
nRp,

that is, the extension of pnRp under the canonical map

Rp
∼= 1⊗K Rp ↪→ k(p)⊗K Rp.

Since (1⊗K pRp) ⊆ M, there are well-defined maps pnRp/p
n+1Rp → Mn/Mn+1. Also,

the case n = 0 is clear because the map k(p) ∼= Rp/pRp → (k(p)⊗K Rp) /M ∼= k(p) is an
isomorphism.

First, we prove that pnRp/p
n+1Rp →Mn/Mn+1 is surjective. But, actually it is enough

to show that pRp/p
2Rp →M/M2 is surjective. Let r ∈ Rp and f(x) ∈ K[x] ⊆ Rp[x] be the

minimal polynomial of r over K. From f(r) = 0 and f ′(r) 6= 0, we obtain that f(r) ∈ pRp

and f ′(r) 6∈ pRp is a unit in Rp. By taking the Taylor expansion

0 = f(r ⊗K 1) = f(1⊗K r) + f ′(1⊗K r) (r ⊗K 1− 1⊗K r)
(
modM2

)
,
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it follows

1⊗K r − r ⊗K 1 =
f(1⊗K r)

f ′(1⊗K r)

(
modM2

)
.

So, the map pRp/p
2Rp →M/M2 is surjective.

Now, we prove that Rp/p
nRp → (k(p)⊗K Rp) /Mn is injective. From Lemma 3.7 we

have that the canonical map

(5) Rp/p
nRp → (k(p)⊗K Rp/p

nRp)M
∼=
(
k(p)⊗K Rp

(1⊗K pnRp)

)
M

is injective. The surjectivity of the map pnRp →Mn/Mn+1 yields

Mn = (1⊗K pnRp) +M ·Mn,

then Nakayama’s lemma applied in the local ring (k(p)⊗K Rp)M gives us

(6) (1⊗K pnRp) (k(p)⊗K Rp)M =Mn(k(p)⊗K Rp)M.

By summing up (5) and (6) we obtain that

Rp/p
nRp → ((k(p)⊗K Rp) /Mn)M = (k(p)⊗K Rp) /Mn

is injective, as required. Therefore, the first isomorphism follows.
(ii) It is obtained inductively from the exact sequences

0→ pnRp/p
n+1Rp → Rp/p

n+1Rp → Rp/p
nRp → 0

0→Mn/Mn+1 → (k(p)⊗K Rp) /Mn+1 → (k(p)⊗K Rp) /Mn → 0

and part (i). �

Remark 3.10. (i) In the setting of Lemma 3.8 we have that DiffnRp/K(Rp, k(p)) is a finitely

generated Rp-module. If {δ1, . . . , δq} is a set of generators of E ⊆ DiffnRp/K(Rp, k(p)) as

an Rp-module, then Sol(E) = Sol ({δ1, . . . , δq}). Indeed, for any δ ∈ E , we can then write
δ = r1δ1 + · · ·+ rqδq for some ri ∈ Rp; so δi(r) = 0 implies δ(r) = 0 for every r ∈ Rp.

(ii) If R is essentially of finite type over A and N is a finitely generated R-module, Re-
mark 3.3 and Proposition 2.6 yield that DiffnR/A(M,N) is a finitely generated R-module.

If {δ1, . . . , δq} is a set of generators of E ⊆ DiffnR/A(M,N) as an R-module, then Sol(E) =

Sol ({δ1, . . . , δq}).

We are now ready for the main result about primary ideals. The following theorem and
Corollary 3.13 below generalize the main results of [5] and [21] regarding primary ideals.

Theorem 3.11. Assume Setup 3.1. Let p ∈ Spec(R) be a prime ideal in R such that
p ∩A = 0. Then, the following statements hold:

(i) Suppose that k(p)⊗Quot(A) Rp is a Noetherian ring. If I ⊂ R is a p-primary ideal in
R, then there exists an (R⊗A R)-submodule E ⊆ DiffR/A(R, k(p)) such that

I = Sol(E)

and E is finitely generated as an Rp-module.
(ii) Suppose that R is essentially of finite type over A and N is a finitely generated

torsion-free module over R/p.
(a) If I ⊂ R is a p-primary ideal in R, then there exists an (R ⊗A R)-submodule
E ⊆ DiffR/A(R,N) such that

I = Sol(E)

and E is finitely generated as an R-module.
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(b) If Quot(A) ↪→ k(p) is a separable field extension, which holds whenever Quot(A)
is perfect, then for any p-primary ideal I ⊂ R containing pn+1, there exists an
(R⊗A R)-submodule E ⊆ DiffnR/A(R,N) such that

I = Sol(E).

Proof. For notational purposes, set Q = Quot(A).
(i) Since k(p) is clearly an Rp-module, Lemma 2.7(iii) gives the following isomorphism

Ψ : DiffnR/A(R, k(p))
∼=−→ DiffnRp/Q

(Rp, k(p)),

and for any δ ∈ DiffnR/A(R, k(p)) we have that Ker(δ) = Ker (Ψ(δ)) ∩ R (once again, this

follows from the Hom-tensor adjunction; see (2)). Therefore, using the fact that I is a
p-primary ideal, it suffices to find an (Rp ⊗Q Rp)-submodule E ′ ⊆ DiffnRp/Q

(Rp, k(p)) such

that IRp = Sol (E ′). Then, we can take E = Ψ−1 (E ′) and the claim about E being finitely
generated as an Rp-module is clear from Remark 3.10.

By using the same argument of Proposition 3.6(i) we choose a field Q ⊆ K ⊆ Rp such
that K ↪→ k(p) is an algebraic extension (again, we can take a transcendence basis of
k(p) over Q and then pull it back to elements of Rp). Then, under the assumption that
K ↪→ k(p) is an algebraic extension, one has that

Rp/IRp ↪→ k(p)⊗K Rp/IRp

is an integral extension and so dim (k(p)⊗K Rp/IRp) = dim (Rp/IRp) = 0 (see, e.g.,
[23, Lemma 2.4]). Since k(p) ⊗Q Rp is Noetherian, it follows that k(p) ⊗K Rp/IRp is an
Artinian ring. The canonical inclusion

DiffnRp/K(Rp, k(p)) ↪→ DiffnRp/Q
(Rp, k(p))

(see Lemma 2.7(ii)) yields that it is enough to find an (Rp ⊗K Rp)-submodule E ′ ⊆
DiffnRp/K (Rp, k(p)) such that IRp = Sol (E ′).

LetM⊂ k(p)⊗KRp be the ideal given as the kernel of the canonical map k(p)⊗KRp →
k(p). By using Lemma 3.8, if we show the existence of anM-primary ideal N ⊂ k(p)⊗KRp

such that IRp = N ∩Rp, then the result would be obtained. Now, we proceed to find such
an ideal N .

From Lemma 3.7 the canonical map

α : Rp/IRp → (k(p)⊗K Rp/IRp)M

is injective. Denote by (1⊗K IRp) ⊂ k(p) ⊗K Rp the ideal generated by the elements of
1⊗K IRp. We set N ⊂ k(p)⊗K Rp to be the kernel of the map

k(p)⊗K Rp →
k(p)⊗K Rp

(1⊗K IRp)
∼= k(p)⊗K Rp/IRp → (k(p)⊗K Rp/IRp)M.

Since (k(p)⊗K Rp/IRp)M is an Artinian local ring, N is an M-primary ideal. From the
following commutative diagram

k(p)⊗K Rp k(p)⊗K Rp/IRp (k(p)⊗K Rp/IRp)M

Rp Rp/IRp

α

and the injectivity of α, we obtain that IRp = N ∩Rp. So, the proof of this part follows.
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(ii.a) From Proposition 3.6(ii) we have that for any (Rp ⊗Q Rp)-submodule E ′ ⊆ DiffnRp/Q
(Rp, Np),

there exists an (R⊗AR)-submodule E ⊆ DiffnR/A(R,N) that satisfies the equality Sol
(
E
)

=

Sol (E ′) ∩R.
Hence, since I is a p-primary ideal, it is enough to find an (Rp ⊗Q Rp)-submodule

E ′ ⊆ DiffnRp/Q
(Rp, Np) such that IRp = Sol (E ′). Since N is a finitely generated R/p-

module, note that Np is a finite dimensional vector space over k(p), say r = dimk(p) (Np),
thus Lemma 2.7(vi) yields the isomorphism

DiffnRp/Q
(Rp, Np) ∼=

(
DiffnRp/Q

(Rp, k(p))
)r
.

Therefore, it is enough to consider the case where Np = k(p), and so the result follows
from part (i).

(ii.b) First, if Q is perfect, then Q ↪→ k(p) is a separable extension (see, e.g., [18,
Theorem 26.3]). From Proposition 3.6(i), since Q ↪→ k(p) is assumed to be separable,
there exists a field Q ⊆ K ⊆ Rp such that K ↪→ k(p) is a separable finite extension.
By following the same steps of part (ii.a), from Proposition 3.6(ii), Lemma 2.7(vi) and
Lemma 3.8, now it is enough to find an M-primary ideal N ⊂ k(p) ⊗K Rp such that
IRp = N ∩Rp and N ⊇Mn+1.

Under the assumption that K ↪→ k(p) is a separable finite extension, Proposition 3.9(ii)
yields the canonical isomorphism

Φ : Rp/p
n+1Rp

∼=−→ (k(p)⊗K Rp) /Mn+1.

Therefore, since I ⊇ pn+1, then the result follows by takingN as the preimage in k(p)⊗KRp

of the ideal Φ
(
IRp/p

n+1Rp

)
⊂ (k(p)⊗K Rp) /Mn+1. �

A natural question after the previous theorem is whether the differential operators inside
DiffR/A(R,R) are enough to characterize primary ideals; we shall see that under certain
smooth settings it is actually possible. Before, we note the following result that will allow
us to lift differential operators.

Proposition 3.12. Assume Setup 3.1 with the additional condition that R is formally
smooth and essentially of finite type over A. Let F be a finitely generated free R-module.
Then, DiffnR/A(F, •) is a covariant exact functor.

Proof. From Proposition 2.6 it is enough to show that PnR/A(F ) ∼= PnR/A⊗RF is a projective

R-module; equivalently, we can show that PnR/A is a projective R-module. But, by using

[14, Proposition 16.10.2] and [14, Définition 16.10.1] we obtain that PnR/A is a projective

R-module. �

Under the assumption of R being formally smooth and essentially of finite type over A,
we show that the same results of Theorem 3.11(ii) also hold by using differential operators
in DiffR/A(R,R).

Corollary 3.13. Assume Setup 3.1 with the additional condition that R is formally smooth
and essentially of finite type over A. Let p ∈ Spec(R) be a prime ideal in R such that
p ∩A = 0. Then, the following statements hold:

(i) If I ⊂ R is a p-primary ideal in R, then there exists an (R ⊗A R)-submodule E ⊆
DiffR/A(R,R) such that

I =
{
f ∈ R | δ(f) ∈ p for all δ ∈ E

}
and E is finitely generated as an R-module.
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(ii) If Quot(A) ↪→ k(p) is a separable field extension, which holds whenever Quot(A)
is perfect, then for any p-primary ideal I ⊂ R containing pn+1, there exists an
(R⊗A R)-submodule E ⊆ DiffnR/A(R,R) such that

I =
{
f ∈ R | δ(f) ∈ p for all δ ∈ E

}
.

Proof. (i) From Theorem 3.11(ii.a), let E ′ ⊆ DiffnR/A(R,R/p) be an (R⊗A R)-submodule

such that I = Sol(E ′). Since R is formally smooth and essentially of finite type over A,
Proposition 3.12 yields a canonical surjection

Ψ : DiffnR/A(R,R) � DiffnR/A(R,R/p).

So, the result follows by taking E = Ψ−1 (E ′).
(ii) Follows identically to part (i). �

3.2. Primary submodules. Here we extend the results of the previous subsection to
describe primary submodules. The proofs in this subsection will be relatively easy adap-
tations.

The lemma below is a simple extension of Lemma 3.8.

Lemma 3.14. Let p ∈ Spec(R) be a prime ideal in R and K ⊆ Rp be a field. Assume
that k(p)⊗K Rp is a Noetherian ring. Let M be a finitely generated R-module. Then, the
following statements hold:

(i) There is an isomorphism of (Rp ⊗K Rp)-modules

DiffnRp/K(Mp, k(p)) ∼= Homk(p)

(
k(p)⊗K Mp

Mn+1 (k(p)⊗K Mp)
, k(p)

)
,

where, as in Lemma 3.8, M is the kernel of the canonical map k(p)⊗K Rp → k(p).
(ii) DiffnRp/K(Mp, k(p)) is a finite dimensional vector space over k(p).

(iii) There is a bijective correspondence between M-primary submodules V ⊂ k(p) ⊗K

Mp containingMn+1 (k(p)⊗K Mp) and (Rp⊗KRp)-submodules of DiffnRp/K(Mp, k(p))

induced by the isomorphism in part (i) and the mapping

V ⊇Mn+1 (k(p)⊗K Mp) 7→ Homk(p)

(
k(p)⊗K Mp

V
, k(p)

)
.

(iv) Under the correspondence of part (iii), if E ⊆ DiffnRp/K(Mp, k(p)) is determined by

an M-primary submodule V ⊇Mn+1 (k(p)⊗K Mp) then we obtain the equality

Sol(E) = V ∩Mp,

where V ∩Mp denotes the contraction of V under the canonical inclusion

Mp
∼= 1⊗K Mp ↪→ k(p)⊗K Mp.

Proof. (i) We can use the same proof of Lemma 3.8(i) by only noting the isomorphisms

k(p)⊗Rp P
n
Rp/K(Mp) ∼= k(p)⊗Rp P

n
Rp/K ⊗Rp Mp

∼=
k(p)⊗K Rp

Mn+1
⊗Rp Mp

∼=
k(p)⊗K Mp

Mn+1 (k(p)⊗K Mp)

(see Remark 2.5).

(ii) Since M is a finitely generated R-module,
k(p)⊗KMp

Mn+1(k(p)⊗KMp)
is a finite dimensional

vector space over k(p).
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(iii) As in Lemma 3.8(iii), the correspondence is given by the functor Homk(p) (•, k(p)).
(iv) It follows verbatim to Lemma 3.8(iv). �

The following theorem is an extension of Theorem 3.11 to the case of primary submod-
ules. This theorem and Corollary 3.16 below generalize the main results of [5] and [21]
regarding primary submodules.

Theorem 3.15. Assume Setup 3.1. Let p ∈ Spec(R) be a prime ideal in R such that
p ∩A = 0. Let M be a finitely generated R-module. Then, the following statements hold:

(i) Suppose that k(p) ⊗Quot(A) Rp is a Noetherian ring. If U ⊂ M is a p-primary R-
submodule, then there exists an (R⊗A R)-submodule E ⊆ DiffR/A(M,k(p)) such that

U = Sol(E)

and E is finitely generated as an Rp-module.
(ii) Suppose that R is essentially of finite type over A and N is a finitely generated

torsion-free module over R/p.
(a) If U ⊂M is a p-primary R-submodule, then there exists an (R⊗AR)-submodule
E ⊆ DiffR/A(M,N) such that

U = Sol(E)

and E is finitely generated as an R-module.
(b) If Quot(A) ↪→ k(p) is a separable field extension, which holds whenever Quot(A)

is perfect, then for any p-primary R-submodule U ⊂M containing pn+1M , there
exists an (R⊗A R)-submodule E ⊆ DiffnR/A(M,N) such that

U = Sol(E).

Proof. The proof is completely similar to the one of Theorem 3.11. Set Q = Quot(A).
(i) From Lemma 2.7(iii) we obtain the following isomorphism

Ψ : DiffnR/A(M,k(p))
∼=−→ DiffnRp/Q

(Mp, k(p)).

The claim about E being finitely generated as an Rp-module is also clear in this case (see
Remark 3.10 and Lemma 3.14).

As in Theorem 3.11(i), we can find a field Q ⊆ K ⊆ Rp such that K ↪→ k(p) is an
algebraic extension. Set b = AnnRp (Mp/Up) ⊂ Rp, since U is a p-primary submodule,
then Rp/b is an Artinian ring, and, again, the integral extension

Rp/b ↪→ k(p)⊗K Rp/b

yields that k(p)⊗K Rp/b is an Artinian ring. Hence, k(p)⊗K Mp/Up is a module of finite
length because it is finitely generated over k(p)⊗K Rp/b.

Then, by following the same steps of Theorem 3.11(i), and now using Lemma 3.14
instead of Lemma 3.8, it is enough to show the existence of an M-primary submodule
V ⊂ k(p)⊗K Mp such that Up = V ∩Mp.

From Lemma 3.7 the canonical map

α : Mp/Up → (k(p)⊗K Mp/Up)M

is injective. Denote by (1⊗K Up) ⊂ k(p)⊗K Mp the submodule generated by the elements
of 1⊗K Up. We set V to be the kernel of the map

k(p)⊗K Mp →
k(p)⊗K Mp

(1⊗K Up)
∼= k(p)⊗K Mp/Up → (k(p)⊗K Mp/Up)M.

Since (k(p)⊗K Mp/Up)M is a module of finite length, it follows that V is an M-primary
submodule. From the following commutative diagram
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k(p)⊗K Mp k(p)⊗K Mp/Up (k(p)⊗K Mp/Up)M

Mp Mp/Up

α

and the injectivity of α, we obtain that Up = V∩Mp. So, the proof of this part also follows.
(ii.a) It follows verbatim to Theorem 3.11(ii.a), but now using the above part (i) instead

of Theorem 3.11(i).
(ii.b) As in Theorem 3.11(ii.b), we choose a field Q ⊆ K ⊆ Rp such that K ↪→ k(p)

is a separable finite extension, and here it is enough to find an M-primary submodule
V ⊂ k(p)⊗K Mp such that Up = V ∩Mp and V ⊇Mn+1 (k(p)⊗K Mp).

By using Proposition 3.9(ii) and taking tensor product with Mp, we obtain the canonical
isomorphism

Φ : Mp/p
n+1Mp

∼= Rp/p
n+1Rp ⊗Rp Mp

∼=−→ (k(p)⊗K Rp) /Mn+1 ⊗Rp Mp

∼=
k(p)⊗K Mp

Mn+1 (k(p)⊗K Mp)
.

Therefore, since U ⊇ pn+1M , then the result follows by taking V as the preimage in
k(p)⊗K Mp of the submodule Φ

(
Up/p

n+1Mp

)
⊂ (k(p)⊗K Mp) /Mn+1 (k(p)⊗K Mp). �

Finally, we provide an extension of Corollary 3.13 for primary submodules of a finitely
generated free R-module.

Corollary 3.16. Assume Setup 3.1 with the additional condition that R is formally smooth
and essentially of finite type over A. Let F be a finitely generated free R-module. Let
p ∈ Spec(R) be a prime ideal in R such that p ∩ A = 0. Then, the following statements
hold:

(i) If U ⊂ F is a p-primary R-submodule, then there exists an (R ⊗A R)-submodule
E ⊆ DiffR/A(F,R) such that

U =
{
f ∈ F | δ(f) ∈ p for all δ ∈ E

}
and E is finitely generated as an R-module.

(ii) If Quot(A) ↪→ k(p) is a separable field extension, which holds whenever Quot(A) is
perfect, then for any p-primary R-submodule U ⊂ F containing pn+1F , there exists
an (R⊗A R)-submodule E ⊆ DiffnR/A(F,R) such that

U =
{
f ∈ F | δ(f) ∈ p for all δ ∈ E

}
.

Proof. (i) From Theorem 3.15(ii.a), let E ′ ⊆ DiffnR/A(F,R/p) be an (R ⊗A R)-submodule

such that U = Sol(E ′). Since R is formally smooth and essentially of finite type over A
and F is a finitely generated free R-module, Proposition 3.12 yields a canonical surjection

Ψ : DiffnR/A(F,R) � DiffnR/A(F,R/p).

So, the result follows by taking E = Ψ−1 (E ′).
(ii) Follows identically to part (i). �

4. A generalization of the Zariski-Nagata Theorem

In this section we provide a generalization of a celebrated theorem by Zariski and Nagata
(see, e.g., [27], [20], [9, Theorem 3.14], [6]). Here we relate symbolic powers to a new notion
of differential powers, similarly to how it was done in [6, §2.1]. Although the outcomes of
this section are simple consequences of Theorem 3.11(ii.b), they extend the recent results
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of [6, Proposition 2.14], [7, Theorem 3.9] and [4, Proposition 10.1]. Of particular interest
is the fact that the new differential powers coincide with symbolic powers in non-smooth
settings.

Throughout this section we use the following setup.

Setup 4.1. Let A be a Noetherian integral domain and R be an A-algebra essentially of
finite type over A such that A ⊂ R.

The n-th symbolic power of an ideal I ⊂ R is defined as the ideal

I(n) :=
⋂

p∈AssR(R/I)

InRp ∩R

where p runs through the associated primes of R/I.

Remark 4.2. It is well-known that the canonical map R→ Rp gives a bijective correspon-
dence between p-primary ideals in R and pRp-primary ideals in Rp (see, e.g., [18, Theorem

4.1]). Therefore, for any p ∈ Spec(R), since p(n) = pnRp∩R, p(n) is the smallest p-primary
ideal containing pn.

The corollary below describes symbolic powers of prime ideals as the solution sets of
certain differential operators.

Corollary 4.3. Assume Setup 4.1. Let p ∈ Spec(R) be a prime ideal in R such that
p ∩ A = 0. Suppose that Quot(A) ↪→ k(p) is a separable field extension, which holds
whenever Quot(A) is perfect. Let N be a finitely generated torsion-free R/p-module. Then,
for every n ≥ 1, we have

p(n) = Sol
(

Diffn−1
R/A(R,N)

)
.

Proof. From Proposition 3.5(iii) we obtain that Sol
(

Diffn−1
R/A(R,N)

)
is a p-primary ideal

containing pn, then Remark 4.2 implies that Sol
(

Diffn−1
R/A(R,N)

)
⊇ p(n). Conversely,

from Theorem 3.11(ii.b) we get an (R⊗A R)-submodule E ⊆ Diffn−1
R/A(R,N) such that

p(n) = Sol(E), and so it is clear that Sol
(

Diffn−1
R/A(R,N)

)
⊆ p(n). So, the result follows. �

To describe symbolic powers via differential operators, the following ideals have been
studied in [6].

Definition 4.4. For n ≥ 1 and I ⊂ R an ideal in R, we set

I〈n〉A :=
{
f ∈ R | δ(f) ∈ I for all δ ∈ Diffn−1

R/A(R,R)
}
.

Now, we define a new version of differential powers which seems to be better suited
to describe symbolic powers, especially because it can be used in many interesting non-
smooth situations.

Definition 4.5. For n ≥ 1 and I ⊂ R an ideal in R, we set

I{n}A := Sol
(

Diffn−1
R/A (R,R/I)

)
.

The next theorem contains a generalization of the Zariski-Nagata Theorem, that relates
the two above notions of differential powers with symbolic powers.

Theorem 4.6. Assume Setup 4.1. Let p ∈ Spec(R) be a prime ideal in R such that
p ∩A = 0. Then, the following statements hold:

(i) p(n) ⊆ p{n}A ⊆ p〈n〉A.
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(ii) If Quot(A) ↪→ k(p) is a separable field extension, which holds whenever Quot(A) is
perfect, then

p(n) = p{n}A .

(iii) If R is formally smooth over A, then

p{n}A = p〈n〉A .

Proof. (i) The first inclusion p(n) ⊆ p{n}A is obtained from Proposition 3.5(iii) and Re-

mark 4.2. For the second inclusion p{n}A ⊆ p〈n〉A we only need to note that the canonical
surjection R� R/p induces a map

(7) Diffn−1
R/A(R,R)→ Diffn−1

R/A(R,R/p)

by post-composing any δ ∈ Diffn−1
R/A(R,R) with the map R� R/p; see (1).

(ii) It follows directly from Corollary 4.3.
(iii) If R is formally smooth over A, then Proposition 3.12 implies that the map (7)

above is surjective. So, the result is clear. �

5. Some examples and computations

In this section we include some simple examples. In order to make them illustrative, we
shall try to make the computations self-contained and without quoting the main results
of the previous sections.

We start by describing ideals that are primary with respect to a maximal ideal that
corresponds to a point in an affine space. This classical result is due to Gröbner (for more
details, see, e.g., [17], [19], [25, §10.2]).

Example 5.1. Let k be a field and R = k[x1, . . . , xn]. Let α = (α1, . . . , αn) ∈ kn be a
point and mα = (x1 − α1, . . . , xn − αn) ⊂ R be the corresponding maximal ideal. Then,
for any mα-primary ideal I ⊂ R, there exists a finite number of differential operators
δ1, . . . , δm ∈ DiffR/k (R,R) such that

I =
{
f ∈ R | δi(f)(α1, . . . , αn) = 0 for all 1 ≤ i ≤ m

}
.

Proof. Suppose that mk+1
α ⊆ I ⊆ mα for some k ≥ 0. Since k ∼= R/mα, we consider k as

an R-module via the canonical homomorphism R� R/mα. From Proposition 2.6 and the
Hom-tensor adjunction we have the isomorphisms

DiffkR/k (R, k) ∼= HomR

(
P kR/k, k

)
∼= Homk

(
k⊗R P kR/k, k

)
.

We denote R ⊗k R = k[x1, . . . , xn, x̂1, . . . , x̂n] as a polynomial ring in 2n variables, where
xi represents xi ⊗k 1 and x̂i represents 1⊗k xi. Thus, we get

k⊗R P kR/k
∼=

k[x1, . . . , xn, x̂1 . . . , x̂n](
x1 − α1, . . . , xn − αn, (x1 − x̂1, . . . , xn − x̂n)k+1

)
∼=

k[x̂1, . . . , x̂n]

(x̂1 − α1, . . . , x̂n − αn)k+1
.

Let Î ⊂ k[x̂1, . . . , x̂n] be the ideal obtained from I by making the substitutions xi 7→ x̂i.
Hence, we have the following inclusion

Homk

(
k[x̂1, . . . , x̂n]

Î
, k

)
↪→ Homk

(
k⊗R P kR/k, k

)
∼= DiffkR/k (R, k) ,
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and one can see that its image yields an (R⊗k R)-submodule E ′ ⊆ DiffkR/k(R, k) such that

I = Sol (E ′). From [21, Example 4] or Proposition 3.12, the canonical map R � k gives
the surjection

Ψ : DiffkR/k(R,R) � DiffkR/k(R, k).

Take E = Ψ−1 (E ′) and δ1, . . . , δm a finite set of generators of E . Therefore, we have

I =
{
f ∈ R | δi(f) ∈ mα for all 1 ≤ i ≤ m

}
,

and so the result follows. �

The purpose of the next example is twofold. It shows that without any assumption of
smoothness: the symbolic powers may not be equal to the differential powers studied in
[6] but may still coincide with the new notion of differential powers (Definition 4.5), and
there may exist primary ideals which cannot be described as in Corollary 3.13.

Example 5.2. Let C be the field of complex numbers, R = C[x, y, z]/(x3 + y3 + z3) and
m = (x, y, z)R be the graded irrelevant ideal of R. Then, for all n ≥ 2, the following
statements hold:

(i) m〈n〉C = m.
(ii) mn cannot be described as in Corollary 3.13.

(iii) m{n}C = mn.

Proof. (i), (ii) Note that R is a standard graded C-algebra. From [1] we know that
DiffR/C(R,R) is not a finitely generated C-algebra and also not Noetherian, that DiffR/C(R,R)
is graded where an operator δ ∈ DiffR/C(R,R) is homogeneous of degree k if it satisfies
the condition

δ ([R]i) ⊆ [R]i+k

for all i ∈ Z, and that with this grading
[
DiffR/C(R,R)

]
k

= 0 for all k < 0.

The above remarks imply that for any δ ∈ DiffR/C(R,R), we have that δ(m) ⊆ m. So,
for any (R⊗C R)-submodule E ⊆ DiffR/C(R,R) we obtain{

f ∈ R | δ(f) ∈ m for all δ ∈ E
}
⊇ m,

and this implies the statement of part (ii) and that m〈n〉C ⊇ m. Since 1 ∈ R ∼= Diff0
R/C(R,R) ⊆

Diffn−1
R/C(R,R), it follows that m〈n〉C = m.

(iii) Here the argument is completely similar to Example 5.1. Again, we see C as an
R-module via the canonical map R � R/m ∼= C. For any n ≥ 1, Proposition 2.6 and the
Hom-tensor adjunction yield the isomorphisms

Diffn−1
R/C(R,C) ∼= HomR

(
Pn−1
R/C ,C

)
∼= HomC

(
C⊗R Pn−1

R/C ,C
)

∼= HomC

(
C[x̂, ŷ, ẑ](

x̂3 + ŷ3 + ẑ3, (x̂, ŷ, ẑ)n
) ,C) ,

where we are using the notation

R⊗C R ∼=
C[x, y, z, x̂, ŷ, ẑ]

(x3 + y3 + z3, x̂3 + ŷ3 + ẑ3)
.

Therefore, it is clear that m{n}C = Sol
(

Diffn−1
R/C(R,C)

)
= mn. �
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Finally, the last example shows that the condition of separability in Theorem 4.6(ii)
cannot be avoided (also, see [7, Example 3.8]).

Example 5.3. Let p ∈ N be a prime, k = Fp(t), R = k[x] and p = (xp − t). Then, we

have that p{2}k = p 6= p2 = p(2).

Proof. Set R/p ∼= k(u) for some u ∈ k (in an algebraic closure of k) that satisfies the
equation up − t = 0. Again, we use the notation R ⊗k R = k[x, x̂] and obtain the
isomorphisms

Diff1
R/k(R, k(u)) ∼= HomR

(
P 1
R/k, k(u)

)
∼= Homk(u)

(
k(u)⊗R P 1

R/k, k(u)
)

∼= Homk(u)

(
k(u)[x̂]

(x̂− u)2 , k(u)

)
(see Example 5.1 and Example 5.2). Since (x̂p − t) = (x̂− u)p ⊆ (x̂− u)2, it clearly follows

that p{2}k = Sol
(

Diff1
R/k(R, k(u))

)
⊇ p. Since the canonical map R � R/p belongs to

Diff0
R/C(R,R/p) ⊆ Diff1

R/C(R,R/p), we get that p{2}k = p. Finally, we have that p(2) = p2,

because p is maximal. �
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