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Nederlandse samenvatting
–Summary in Dutch–

Getijdenbekkens en estuaria zijn twee veelvoorkomende landschapselementen in
kustgebieden over de hele wereld. Getijdenbekkens zijn kenmerkend voor barrière-
kusten en bestaan uit een achterliggend bekken en een zeegat, dat het bekken
verbindt met de open zee. Estuaria daarentegen vormen de overgangszone tussen
een rivier en de maritieme omgeving en zijn terug te vinden in gebieden waar een
rivier uitmondt in de kustwateren.

Vanuit morfologisch oogpunt zijn getijdenbekkens en estuaria zeer dynamische
systemen. Grote hoeveelheden sediment worden geërodeerd, wanneer de eb- en
vloedstromingen sterk genoeg zijn. Vervolgens wordt het sediment getranspor-
teerd door middel van diffusieve processen (aangedreven door verschillen in de
sedimentconcentratie) en/of advectieve processen (aangedreven door de stromin-
gen). Door de zwaartekracht kan het sediment terug bezinken, wat resulteert in
een verandering van de bodem, die zelf opnieuw de waterbeweging beïnvloedt.
Deze interactie tussen de bodemtopografie en de waterbeweging resulteert vaak in
mooie en complexe bodempatronen, die gevormd worden op verschillende tijd- en
ruimteschalen. In veel getijdenbekkens wordt een vertakte fractaalstructuur waar-
genomen van geulen en platen, terwijl estuaria vaker gekenmerkt worden door een
gevlochten patroon van meanderende geulen, die gescheiden worden door platen en
drempels. Deze bodemvormen zijn in staat te migreren en vertonen vaak cyclisch
gedrag.

Deze afwisseling van diepe en ondiepe gebieden, samenmet de getij-afhankelijke
waterhoogtes en de overgang van zout naar zoet water zijn kenmerken die getij-
denbekkens en estuaria definiëren als unieke ecologische omgevingen, die vaak
van internationaal belang zijn, bv. als broed- en foerageergebied voor (trek)vogels.
Lokale visserij, aquacultuur en toerisme zijn belangrijke sectoren, die baat hebben
bij de ecologische rijkdommen van deze systemen. Bovendien zijn verschillende
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havens gesitueerd langs estuaria, die een cruciale, logistieke schakel vormen tussen
het oceaantransport en het achterland. Om de verschillende functionaliteiten van
getijdenbekkens en estuaria blijvend met elkaar te verzoenen is het nodig om de
processen te begrijpen, die de ontwikkeling van deze gebieden bepalen, zodat de
impact van natuurlijke veranderingen en menselijke ingrepen (bv. zeespiegelstij-
ging, inpoldering, baggerwerken) kan worden ingeschat, geëvalueerd en eventueel
kan worden beperkt.

Daarom is het hoofddoel van deze thesis de ontwikkeling van een dieptege-
middeld, geïdealiseerd, procesgebaseerd model om een beter inzicht te verkrijgen
in de voornaamste processen die het hydro- en morfodynamisch gedrag in getij-
denbekkens en estuaria aansturen. Een procesgebaseerd model is gebaseerd op
fysische basisprincipes (bv. behoud van massa en impuls) en beschrijft de fysische
processen met behulp van wiskundige vergelijkingen. Een geïdealiseerd model
behoudt enkel de fysische processen die essentieel worden geacht voor het repro-
duceren van de onderzochte fenomenen. Een dieptegemiddeld model, tot slot,
beschrijft deze fenomenen in een tweedimensionale, horizontale context, door de
driedimensionale vergelijkingen uit te middelen over de vertikale dimensie.

De waterbeweging in ons model wordt beschreven door de dieptegemiddelde
ondiepwatervergelijkingen en wordt aangedreven aan de zeewaartse rand van het
domein door een voorgeschreven getijbeweging, die bestaat uit een dubbeldaagse
maangetijcomponent (M2) en eventueel de eerste nevengetijcomponent (i.e. een
secundaire getijcomponent met een hogere frequentie dan de primaire getijcom-
ponent): de vierdubbeldaagse getijcomponent (M4). Deze nevengetijcomponenten
kunnen ook binnen het domein worden gegenereerd door niet-lineaire interacties
van de getijcomponenten met de bathymetrie of met elkaar. Nevengetijcompo-
nenten kunnen een asymmetrie veroorzaken in de waterbeweging, die het netto
sedimenttransport beïnvloedt. Het sedimenttransport wordt bepaald door een
dieptegeïntegreerde advectie-diffusievergelijking die het transport van sediment
in suspensie beschrijft. De bodem, tot slot, evolueert door de divergenties en
convergenties van het getijgemiddelde bodem- en suspensietransport.

In Hoofdstuk 2 wordt de hydrodynamica onderzocht in een getijgebonden bek-
ken met een geschematiseerde geometrie (rechthoekig of exponentieel converge-
rend) en bathymetrie (een diep kanaal, geflankeerd door ondiepe gebieden, die
echter altijd geïnundeerd zijn), waarin de waterbeweging aangedreven wordt aan
de open rand door zowel een M2- als een M4-getijcomponent. Er wordt veronder-
steld dat het daaruit volgende sedimenttransport uitsluitend wordt bepaald door de
getij-assymetrie en dat de bodem vast is, i.e. er wordt geen morfologische evolutie
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in rekening gebracht. De invloed van de geometrie (bv. lengte van het bekken,
oppervlakte van het ondiepe gebied, convergentielengte) en de externe forcering
(bv. de amplitude en fase van de extern voorgeschreven nevengetijcomponent)
op de getijgebonden hydrodynamica en op het getijgemiddelde sedimenttransport
wordt op een systematische manier onderzocht.

Er wordt aangetoond dat het gedrag van de voortbewegende getijgolf groten-
deels afhangt van de lengte van het bekken. Meer bepaald verandert de getijgolf van
een staande golf in een kort bekken naar een lopende golf in een langer bekken, door
de toegenomen invloed van de bodemwrijving. Dit heeft tot gevolg dat de lengte
van het bekken ook bepaalt in welke mate de hoeveelheid ondiepe gebieden en de
externe forcering een invloed hebben op de waterbeweging en het sedimenttrans-
port. In langere bekkens wordt het sedimenttransport voornamelijk bepaald door
de residuele stroming en is het minder gevoelig aan variaties in de productie van
nevengetijcomponenten door veranderingen in de hoeveelheid ondiepe gebieden of
de externe forcering.

De historische ontwikkeling van het getijgemiddelde sedimenttransport in het
Schelde-estuarium gedurende de laatste decennia (1950-2013) wordt onderzocht
in Hoofdstuk 3. Naast getij-asymmetrie, wordt het sedimenttransport nu ook be-
paald door andere processen, zoals ruimtelijke bezinkingsvertraging, (topografisch
geïnduceerde) diffusieve processen, etc. De modelgeometrie heeft een gesche-
matiseerde vorm die gebaseerd is op bathymetrische en topografische data van
de Schelde. Het gedrag van het getijgemiddelde sedimenttransport volgt uit een
subtiele balans tussen de verschillende bijdragen. De advectieve bijdragen, die
voortkomen uit de intern gegenereerde nevengetijcomponenten resulteren in een
landwaarts gericht sedimenttransport, terwijl de andere bijdragen resulteren in zee-
waarts gericht sedimenttransport.

Ons model toont aan dat er een competitie is wat betreft de grootte en de
richting van het getijgemiddelde sedimenttransport en tussen de effecten van de
historische bathymetrische wijzigingen, veranderingen in het getijsignaal en de
(geprojecteerde) zeespiegelstijging, aangezien deze alle de verschillende bijdragen
aan het sedimenttransport op een andere manier beïnvloeden. Zelfs kleine veran-
deringen in het getijsignaal aan de zeewaartse rand kunnen een aanzienlijke impact
hebben op de grootte en de richting van het getijgemiddelde sedimenttransport.

In Hoofdstuk 4 wordt de focus verlegd van estuaria naar getijdenbekkens en in
tegenstelling tot de vorige hoofdstukken kan de bodemligging nu wel veranderen
onder invloed van erosie en sedimentatie. Bovendien wordt het sedimenttransport
gedomineerd door diffusieve en topografisch geïnduceerde processen. Het bestaan
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van morfodynamische evenwichten en hun gevoeligheid aan geometrische variaties
en het Corioliseffect worden geanalyseerd.

Er wordt aangetoond dat voor relatief smalle bekkens de breedtegemiddelde
resultaten goed overeenkomen met voorgaande modelstudies. Morfodynamische
evenwichten in bekkens met een divergerende breedte vertonen echter significante
laterale structuren, die in het meest eenvoudige geval bestaan uit een centrale rug,
geflankeerd door twee geulen. De geometrie in planzicht zorgt voor de aanmaak
van laterale snelheden en bijgevolg een versnelde erosie langs de zijwanden. De
daaruitvolgende hogere sedimentconcentratie wordt dan diffusief verspreid naar
het centrum van het bekken, totdat dit proces gebalanceerd wordt door het topo-
grafisch geïnduceerd transport. Dit toont aan dat de vorming van grootschalige
geulpatronen een kenmerk is dat door de geometrie van het bekken wordt gestuurd.
Het Corioliseffect geeft aanleiding tot meer asymmetrische bodemvormen, maar
het effect is veel kleiner dan dat van de geometrie.

Ten slotte wordt in Hoofdstuk 5 de initiële vorming van platen en geulen
onderzocht, door de initiële groei te bestuderen van kleine, tweedimensionale ver-
storingen die worden opgelegd aan de morfodynamische evenwichten, besproken
in Hoofdstuk 4. Het effect van de geometrie in planzicht op de lineaire stabiliteit
van het onderliggende morfodynamische evenwicht wordt onderzocht, evenals de
invloed van het Corioliseffect en de bodemwrijving.

De eerste, voorlopige resultaten geven aan dat deze morfodynamische even-
wichten lineair instabiel zijn, als een kritische waarde voor de bodemwrijving of
het Corioliseffect wordt overschreden, wat resulteert in de initiële vorming van
platen en geulen. De geometrie van het bekken beïnvloedt de grootte van deze
kritische waarde en bijgevolg de algemene stabiliteit van het onderliggende mor-
fodynamische evenwicht. Bovendien bepaalt de geometrie van het bekken ook de
locatie van de initieel groeiende perturbaties. Ten slotte kan in de buurt van de
kritische waarde voor de bodemwrijving, nog steeds een continuëringsmethode uit-
gevoerd worden, waarbij nieuwe morfodynamische evenwichten kunnen verkregen
worden, die een typisch patroon van geulen en platen vertonen, die in de natuur
worden geobserveerd.
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Tidal inlet systems and estuaries are two very common features in coastal areas all
over the world. Tidal inlet systems are typically observed at barrier coasts and they
consist of a backbarrier basin and a strait, connecting the basin to the open sea.
Estuaries on the other hand form a transition zone between riverine and maritime
environments and they can be found at areas where rivers debouch into the coastal
waters.

From a morphological point of view, tidal inlet systems and estuaries are
highly dynamic. Large amounts of sediment are eroded when the ebb and flood
currents are strong enough. Subsequently, the sediment is transported by means
of diffusive processes (driven by the sediment concentration differences) and/or
advective processes (driven by the currents). Due to gravitational forces, the
sediment can settle again, resulting in an alteration of the bed, which in turn
influences the water motion. This interaction between the bed topography and the
water motion often results in beautiful and complex bed patterns, forming in a
range of different time and space scales. In many tidal inlet systems a branching,
fractal-like structure of channels and shoals is observed, while estuaries are more
often characterised by a braided pattern of meandering channels, separated by
shoals and bars. These bottom patterns are able to migrate and often exhibit cyclic
behaviour.

This variety in deeper and shallower areas, together with the tidally varying
water levels and the salt-fresh water interface are characteristics that define tidal
inlet systems and estuaries as unique ecological environments, which are often
of international importance, e.g. as breeding and feeding location of (migratory)
birds. Local fishery, aquaculture and tourism are important sectors that profit from
the ecological richness of these systems. Additionally, several ports are situated
along estuaries, forming a crucial, logistical link between ocean transport and the
hinterland. In order to reconcile the various functionalities of tidal inlet systems
and estuaries in a sustainable way, it is necessary to understand the processes that
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drive the development of these areas, such that the impact of human interference
(e.g. land reclamation, dredging) and long-term changes (e.g. sea level rise) can
be estimated, evaluated and possibly mitigated.

Therefore, the main objective of this thesis is to develop a depth-averaged, ide-
alised, process-based model to gain a better understanding of the main processes,
driving the hydro- and morphodynamic behaviour in tidal inlet systems and estuar-
ies. A process-based model is based on first physical principles (e.g. conservation
of mass and momentum) and describes the physical processes by mathematical
equations. An idealised model only retains the physical processes believed to be
essential to reproduce the phenomena of interest. Finally a depth-averaged model,
describes these phenomena in a two-dimensional, horizontal way, by averaging the
three-dimensional equations over the vertical dimension.

Thewatermotion in ourmodel is described by the depth-averaged shallowwater
equations and is being forced at the seaward side of the domain by a prescribed tidal
motion, which consists of the semidiurnal lunar tidal constituent (M2) and possibly
its first overtide (i.e. a secondary tide of higher frequency than the principal tide):
the quarter diurnal lunar constituent (M4). These overtides are also generated
inside the basin, due to nonlinear interactions of the tidal constituents with the
bathymetry or amongst themselves. Overtides may cause asymmetry in the water
motion, affecting the net sediment transport. The sediment transport is governed
by a depth-integrated advection-diffusion equation that describes the transport of
suspended sediment. Finally, the bed evolves due to divergences and convergences
of tidally averaged bedload and suspended load transports.

In Chapter 2 the hydrodynamics is investigated in a tidal basin with a schema-
tised geometry (rectangular or exponentially converging) and bathymetry (a deep
channel, flanked by tidal flats, which are, however, always inundated), in which the
water motion is forced at the open boundary by both an M2 and an M4 tidal con-
stituent. The resulting sediment transport is assumed to be driven exclusively by
the tidal asymmetry and the bottom remains fixed, i.e. no morphological evolution
is taken into account. The influence of the basin geometry (length, tidal flat area,
convergence length) and the external forcing (amplitude and phase of the externally
prescribed overtide) on the tidal hydrodynamics and the tidally averaged sediment
transport is examined in a systematic way.

It is demonstrated that the behaviour of the propagating tidal wave largely de-
pends on the length of the tidal basin. More precisely, the tidal wave characteristics
change from a standing wave for short basins to a travelling wave for longer basins,
due to the increased influence of bottom friction. As a consequence, the length
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of the basin determines to what extent the tidal flat area and the external forcing
influence the water motion and the sediment transport. In longer basins, the sedi-
ment transport is determined mainly by the residual flow and it is less susceptible
to variations in the generation of overtides, due to changes in the tidal flat area or
the external forcing.

The historical development of the tidally averaged sediment transport in the
Scheldt estuary over the last decades (1950-2013) is investigated in Chapter 3.
Apart from tidal asymmetry, sediment transport now depends on other processes
as well, such as spatial settling lag, (topographically induced) diffusive processes,
etc. The model geometry has a schematised shape which is based on bathymetric
and topographic data of the Scheldt estuary. The behaviour of the total tidally
averaged sediment transport follows from a subtle balance between its different
contributions. The advective contributions that result from the internally generated
overtides result in landward sediment transport, while the other contributions favour
seaward sediment transport.

Our model shows that there is a competition, in terms of determining the
magnitude and the direction of the tidally averaged sediment transport, between
the effects of historical bathymetric changes, changes in tidal forcing and (projected)
sea level rise, since they all influence the various sediment transport contributions
in different ways. Even small changes in the tidal forcing at the seaward boundary
can have a large impact on the magnitude and the direction of the tidally averaged
sediment transport.

In Chapter 4 the focus shifts from estuaries to tidal inlet systems and contrary
to the previous chapters, the bed is now assumed to be movable under the influence
of erosion and deposition. Furthermore, the sediment transport is dominated by
diffusive and topographically induced processes. The existence of morphodynamic
equilibria and their sensitivity to geometrical variations and the Coriolis effect are
analysed.

It is shown that for relatively narrow tidal basins, the width-averaged results
compare very well with previous model studies. However, the morphodynamic
equilibria of tidal basins with a divergingwidth exhibit significant lateral structures,
consisting in the simplest case of a central ridge, flanked by two channels. The
planform geometry leads to the generation of lateral velocities and consequently
increased erosion along the sidewalls. The resultant higher sediment concentration
is then diffused towards the centre of the basin, until this process is balanced by the
topographically induced transport. This shows that the formation of large channel
patterns is a feature that is forced by the geometry of the basin. The Coriolis force
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leads to more asymmetric bottom patterns, but the effect is much smaller than that
of the planform geometry.

Finally, in Chapter 5 the initial formation of channels and shoals is investigated,
by studying the initial growth of small, two-dimensional perturbations, which are
imposed on the morphodynamic equilibrium, discussed in Chapter 4. The effect
of the planform geometry on the linear stability of the underlying morphodynamic
equilibrium is investigated, as well as the influence of the Coriolis force and the
bottom friction.

The first, preliminary results indicate that these equilibria are linearly unstable
if a critical value for the bottom friction or the Coriolis force is exceeded, resulting
in the initial formation of channels and shoals. The basin geometry affects the
magnitude of this critical value and, therefore, the overall stability of the underlying
morphodynamic equilibrium. Moreover, the basin geometry also determines the
location of the initially growing perturbations. Finally, around the critical value
for the bottom friction, a continuation method can still be performed, by means
of which new morphodynamic equilibria can be obtained, exhibiting a typical
channel-shoal pattern observed in nature.
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2 Introduction

Mankind has always been drawn to coastal areas because of their seemingly
limitless supply of subsistence resources, their strategic location for marine trade
and transport, their potential for recreational or cultural activities, or simply because
of their special sense of place at the interface between land and sea (Neumann et al,
2015). Nowadays, more than one-third of the world’s human population lives in
coastal areas (Small and Nicholls, 2003), which together make up just four percent
of Earth’s total land area. Coastal population densities are nearly three times that
of inland areas and they are increasing exponentially, leading to an accelerated
development of the coastal areas (Barbier et al, 2008).

In this thesis, the focus will be on two ubiquitous features observed in coastal
areas: tidal inlet systems and estuaries. Tidal inlet systems are usually observed at
barrier coasts, a type of coast that covers a significant part of the worlds coastlines,
while estuaries are found at locations where rivers debouch in the coastal seas (see
§1.1.1 and §1.1.2 for a more in-depth discussion). Both inlet systems and estuaries
play an important role in the sediment budget of the coastal zone and thus influence
the long-term coastal evolution (De Vriend et al, 2002).

Besides their importance for the coastal stability, tidal inlet systems and es-
tuaries are very valuable ecological environments (e.g. birds and other animals
feeding and breeding at shoals). The ecological value is, however, often weighed
against economic concerns (e.g. port accessibility, fisheries) and anthropological
needs (e.g. safety against flooding, recreational purposes), which have driven many
human activities in and around these tidal environments, such as land reclamation,
sand mining and maintenance dredging and disposal.

These many different and often conflicting functions strongly impact the tidal
inlet systems and estuaries. These coastal ecosystems are often stressed and de-
graded, due to anthropogenic pressures (Murthy et al, 2008). Apart from anthro-
pogenic pressures, climate change (e.g. sea level rise, more frequent and powerful
storms) can also strongly influence the tidal dynamics, and consequently the sedi-
ment balance, which influences the overall morphodynamic stability properties of
these systems (McBride et al, 1995). The effects of climate change have an impact
on the coastal communities as well. Moreover, accelerated sea-level rise may entail
elevated tidal inundation, increased flood frequency, accelerated erosion, increased
saltwater intrusion and many ecological changes (Dolan and Walker, 2006).

To manage these conflicting functionalities of tidal inlet systems and estuaries,
it is essential to understand the underlying physics that governs the formation and
development of these landscapes and their evolution against the background of
climatic changes and anthropogenic disturbances (Coco et al, 2013). Therefore,
the overarching aim of this thesis is to gain fundamental knowledge of the hydro-
and morphodynamic behaviour of tidal inlet systems and estuaries.

In this introduction, I will first briefly discuss the coastal features that will
be considered in this thesis (§1.1). Next, an outline of the different types and
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Figure 1.1: Satellite image of Belgian, Dutch, German and Danish coastline, taken from ©
ESA, CCBY-SA3.0IGO

components ofmathematicalmorphodynamicmodels is given in §1.2. An overview
of previous work, clarifying how this thesis contributes to the scientific literature,
is depicted in §1.3. Finally, in §1.4, the main objectives and research questions of
this thesis are presented, together with the adopted research methodology.

1.1 Tidal inlet systems and estuaries

The two coastal features I will study in detail in this thesis are tidal inlet systems
and estuarine systems, which will be discussed in the subsequent paragraphs. In the
Fig. 1.1, a satellite image of the Belgian, Dutch, German and Danish coastline is
shown, exhibiting many examples of tidal inlet systems (Wadden Sea) and estuaries
(Scheldt, Ems, Weser and Elbe).

1.1.1 Tidal inlet systems

A tidal inlet system consists of a backbarrier lagoon or basin, connected to the open
sea through a narrow strait (de Swart and Zimmerman, 2009). The backbarrier
basin is bordered by land and/or tidal watersheds. The latter are wet boundaries
between adjacent basins, where the normal water velocity amplitude reaches a
minimum, resulting in a minimal exchange between the basins. Examples of tidal
inlet systems are the Venice lagoon in Italy (Amos et al, 2010), the inlets at the
east coast of the USA (Deaton et al, 2017), the coast of New Zealand (Hicks and
Hume, 1996) and the Wadden Sea in Northwestern Europe (Hofstede et al, 2018).

CC BY-SA 3.0 IGO
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(a) (b)

Figure 1.2: (a) Map of the Wadden Islands and the Wadden Sea. (b) Satellite image of the
part in the black rectangle in (a), taken from © CNES, Spot Image. The Eierlandse gat,
contained within the red circle, is located between the islands of Texel and Vlieland.

A general tidal inlet system consists of several morphologically distinguishable
elements. Seaward of the inlet, a shallow ebb-tidal delta occurs, which is formed by
the transport of sediment induced by ebb-tidal currents from the basin. On this delta,
smaller-scale bars are observed that feature migration behaviour, indicating sand
exchange between barrier islands (de Swart and Zimmerman, 2009). Depending
on the tidal climate, a flood delta can be found, just landward of the inlet. Further
inside, the basin is often characterised by a fractal pattern of channels, separated by
shoals, with depths generally decreasing from the sea towards the land (Cleveringa
and Oost, 1999). Near the coastlines of the mainland and the barrier islands, salt
marshes commonly occur.

A typical example of a tidal inlet system is the Eierlandse Gat, situated in the
western part of the Dutch Wadden Sea, between the islands of Texel and Vlieland,
as can be seen in Fig. 1.2. TheWadden Sea is an intertidal zone, which is relatively
young on a geological time scale. It stretches along the Dutch, German and Danish
coast (see Fig. 1.1) and covers an area of approximately 8000 km2.

With a basin surface area ranging between 106 and 153 km2 at low and high
water, respectively, the Eierlandse Gat is a relatively small system compared to the
adjacent Texel and Vlie inlet systems. The Eierlandse Gat system is completely
surrounded by tidal watersheds, separating it from the latter inlets. The inlet has a
negative sediment budget, with a strong erosion of 2.9mm per year averaged over
the basin between 1935 and 1990 (Elias et al, 2012). This erosion is likely related
to the hydraulic changes caused by the closure of the Zuiderzee.

The morphology of the Eierlandse Gat is characterised by a complex channel-
shoal system (see Fig. 1.2b), consisting of a deep inlet, which divides into two
main channels. Further into the basin, a branching, fractal-like pattern of channels
is observed. This fractal pattern is a dynamic equilibrium state of the system;
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deviations from the ideal branching network will result in the re-establishment of
such a stable configuration, either by silting-up of superfluous channels, or by the
development of new channels (Cleveringa and Oost, 1999)

1.1.2 Estuaries

An estuary is often defined as a semi-enclosed coastal body of water, which has a
free connection to the open sea and within which the ocean water is measurably
diluted with fresh water, derived from land drainage (Pritchard, 1967). The word
“estuary” is derived from the Latin word “aestus”, which means “tide”, indicating
the importance of the propagating tide in estuaries. The term “estuary” is therefore
often extended to include the tidal river, which is the part of the river that is
influenced by the tides, but only contains fresh water (Fairbridge, 1980). The latter
definition will be adopted in this thesis as well.

Estuaries are often characterised by a funnel shape (Blondeaux et al, 2018).
Furthermore, they can be classified in a number of ways (Valle-Levinson, 2010),
based on water balance (river discharge vs. evaporation), geomorphology (coastal,
fjord, etc.), hydrodynamics (circulation vs. stratification, see Hansen and Rattray Jr
(1966)) or the vertical structure of salinity. Using the latter classification method,
estuaries can be divided in four classes: salt-wedge, strongly stratified, weakly
stratified or partially-mixed, and well-mixed (Valle-Levinson, 2010). The salinity
structure in an estuary depends on the ratio of the tidal forcing and the river
discharge. Salt-wedge estuaries have a small tidal forcing and a strong river
discharge, which pushes the fresh water over the denser saline seawater, creating a
strong pycnocline between the saline water at the bottom and the fresh water at the
top. Well-mixed estuaries on the other hand have a strong tidal forcing and a weak
river discharge, creating such a strong vertical mixing that the salinity is uniformly
distributed in the vertical direction. The estuaries, considered in this thesis, are
assumed to be tidally dominated and well-mixed.

A typical example of such an estuary is the Scheldt estuary (see Fig. 1.3), formed
by the river Scheldt debouching in the Southern North Sea. The river Scheldt is
350 km long, originating in France and flowing through Belgium, towards the
Netherlands, where it connects to the southern North Sea, through the Vlakte van
de Raan. The Scheldt River Estuary stretches from the mouth at Vlissingen to
Ghent, approximately 160 km upstream, where sluices impair the further upstream
propagation of the tidal wave. The Dutch part of the Scheldt estuary, called the
Western Scheldt (< km 55), is a wide, multi-channel estuary. The Belgian part of
the estuary on the other hand, which consists of the so-called Sea Scheldt (> km
55) and its tidally dependent tributaries (e.g. the Rupel), is a much narrower single
channel system. Salt water typically intrudes up to Temse (km 95).

This system has been influenced by humans since at least the 11th century in
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(a) (b)

Figure 1.3: (a) Sketched map of the Scheldt estuary. (b) Satellite image of the Scheldt
Estuary, taken from © Wikipedia.

the form of land reclamation, building of dikes, straightening and stabilisation of
river stretches and construction of ports and canals. In more recent periods, there
were major interventions in the Scheldt estuary: since 1950, the area of theWestern
Scheldt has been reduced by about 141 km2 (i.e. 8%) due to land reclamation at
Sloe/Kaloot (next to Vlissingen), Braakman (next to Terneuzen) and Ossendrecht
(van der Spek, 1994; Vroon et al, 1997). Furthermore, there have been three periods
of deepening and widening of the fairway (1970−1975, 1997−2001, 2008−2010)
(Meire and Van Dyck, 2014). Since the 1950s, an annual amount of 2Mm3 of
sand was extracted out of the Western Scheldt for commercial purposes (Van der
Werf and Briere, 2013). Apart from the sand extraction, maintenance dredging
for the fairway to the maritime ports, situated along the estuary, has been taking
place continuously since 1981; all of the dredged material is deposited back into
the estuary. Both natural evolution and the aforementioned human interferences
(land reclamations, sand mining and fairway deepening) have considerably altered
the morphology of the Scheldt estuary (Nnafie et al, 2018).

Contrary to the morphology of tidal inlet systems, which exhibit a branching
channel-pattern, the Western Scheldt displays a braided pattern of meandering ebb
and flood channels, separated by shoals and bars, as can be seen in the satellite
image in Fig. 1.3b. Further upstream, in the Sea Scheldt, this braided pattern
disappears and is replaced by a single deep channel, flanked by shallow tidal flats.

1.2 Morphodynamic modelling

As discussed above, the seabed of both tidal inlet systems and estuaries is continu-
ously changing. In order to gain understanding of the physical mechanisms behind
this evolution and to be able to predict its future behaviour, mathematical models



Introduction 7

Figure 1.4: Morphodynamic features (white) and their main forcings (black) as a function
of time and space, after De Vriend (1991)

are employed. However, incorporating all known (morpho-)dynamic processes in a
single model is very hard, due to the wide range of length and time scales involved.
Small turbulent eddies occur on the timescale of seconds, while the propagation of
a tidal wave occurs on a timescale of hours. Bed ripples are formed and washed
away within the time of one tidal cycle, but local channel and shoal formation
occurs on the time scale of months to many years. The spectrum of the different
time and length scales is illustrated in Fig. 1.4.

Furthermore, all these phenomena are generally coupled in a complex, non-
linear way. Some processes even need to be parameterised, due to the lack of
knowledge of the underlying mechanisms or their inherent complexity. An ex-
ample of such a parameterisation is the formulation of sediment transport. It is
impossible to formulate the movement of many individual particles, since the un-
derlying dynamics, including turbulent processes and intergranular collisions, are
very complex and still poorly understood.

To cope with these many different scales and complexities of the physical
processes in tidal basins, a wide variety of different models is employed. These can
be divided into different categories, ranging from (i) empirical models, which are
strongly linked to field data, but provide little insight into the physical mechanisms,
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(ii) conceptual models, which try to describe certain mechanisms without using
equations, based on fundamental physical laws, to (iii) process-basedmodels, which
are based on first physical principles (e.g. conservation of mass and momentum)
and describe the water motion, sediment transport and bed evolution by using
mathematical equations. It should be noted, however, that this classification is not
strict. Instead, there is a continuum ofmodelling approaches, in whichmany hybrid
models exist, using combinations of various modelling approaches. Moreover,
process-based models generally contain many empirical elements, such as the
parameterisation of the sediment transport.

In the remainder, I will explore process-based models that consist of mathemat-
ical equations to describe water motion, sediment transport and bottom changes.
The focus here will be on the large-scale features, evolving on the long time scale
(upper right quadrant of Fig. 1.4). Although there is a large variety of process-
based models, I will elaborate here on two important types: simulation models, on
the one hand, and exploratory models, on the other hand (see Murray (2003) for a
further discussion).

• Simulation models or complex process-based models, which are most famil-
iar, are designed to reproduce the behaviour of a natural system as accurately
as possible. Therefore, all processes, affecting the behaviour of the system,
are represented in a detailed way. Next to theory and observations/experi-
ments, they form the tird main pillar of modern day research. However, they
are not flawless. As the structure of these models is often quite complex,
it can be complicated both to properly set up simulations and to analyse
their output. This makes it hard to yield insight into the dominant physical
mechanisms. Moreover, the computation time of these models can be quite
high, making it hard to perform sensitivity studies.

• Exploratory or idealised models, on the other hand, are developed as a
complementary tool to the simulation models, which helps to identify the
key processes and to establish causal relationships between them. They are
specifically designed to explain poorly understood phenomena and, as such,
focus on the most important physical mechanisms for the phenomena under
consideration, without including all known processes or the most complex
parameterisations. This results in a system of equations that can often be
solved by combinations of analytical and numerical techniques. Therefore,
exploratory models generally have short computation times, making them
very well suited for sensitivity studies. It is important to note that exploratory
models are not intended to reproduce specific cases, but to investigate general
behaviour. Moreover, the mechanisms resulting in the observed behaviour
can be studied in detail. The knowledge thus gained can be used to interpret
the results obtained with simulation models.
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The main components of most process-based morphodynamic models are a
mathematical description of the water motion, the sediment transport and the bed
evolution. The morphodynamic evolution of tidal inlet systems and estuaries is
then characterised by complex feedback mechanisms between these components.
Most morphodynamic models first calculate the water motion and the sediment
transport. An erosion and deposition pattern can then be determined from the
spatial convergence and divergence of the net sediment transport (i.e. the transport
averaged over a tidal cycle), after which the bed level can be adjusted according
to this erosion and deposition pattern. The feedback loop is completed by again
calculating the water motion and sediment transport using the updated bathymetry.
Often, the bed level is assumed to be fixed during the calculation of the hydro- and
sediment dynamics, since the timescale for the bed evolutions (months or longer)
is usually much larger than the timescale for the water motion (hours).

This feedback loop is depicted in Fig. 1.5. The various components of the
morphodynamic models, will be discussed in the subsequent paragraphs, as well
as various ways to treat the morphodynamic feedback loop.

1.2.1 Hydrodynamic module

The water motion, indicated by the blue boxes in Fig. 1.5, can in general be
driven by various physical mechanisms, including tidal waves, wind waves, den-
sity differences, river discharge and rotational (Coriolis) accelerations. The tidal
embayments and estuaries, which will be considered in this thesis, are shallow (i.e.
the horizontal length scales are much larger than the vertical length scales), hence,
the hydrodynamics can be described by the depth-averaged shallow water equa-
tions. These equations can be derived by depth-integrating the three-dimensional
Navier-Stokes and continuity equations (Hadi et al, 2012). This derivation can be
found in Appendix 1.A

1.2.2 Sediment transport and bed evolution module

The initiation of movement of non-cohesive sediment particles, resting on the bed,
is determined by the competition between the gravitational force acting on the
particle and the lift and drag forces exerted on the particle by the surrounding flow.
Only when the bed shear stress, τbed, which is a measure of the force of the moving
water against the bed, and the associated flow velocity exceed a certain threshold
value, the gravitational force can be overcome and the particle can start to move,
resulting in sediment transport (see yellow boxes in Fig. 1.5).

The transport of sediment is often divided in two main categories, namely
bed load and suspended load transport (Dyer, 1986; Van Rijn et al, 1993). These
phenomena depend on the friction and settling velocity. The friction or shear
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velocity u∗ is defined by τbed = ρu2
∗ , where ρ is the water density. The settling

velocity, ws , is the velocity by which a sediment particle sinks to the bottom in
stagnant water. When the local friction velocity exceeds the critical friction velocity
u∗c , but remains smaller than the settling velocity (u∗c < u∗ < ws), the sediment
transport is called bed load transport, since the particles remain in contact with
the bed (i.e. transport by rolling, gliding and jumping within a thin layer close to
the bed). On the other hand, when the local flow velocity exceeds both the critical
friction velocity and the settling velocity (u∗c < ws < u∗), the sediment particles
lose contact with the bed and are suspended in the water column, where they are
advected by the flow velocity or transported by diffusive processes; this type of
transport is called suspended load transport. The combined bedload and suspended
load transport is referred to as total load transport. A derivation of the suspended
sediment concentration that is used in thesis, can be found in Appendix 1.B.

Multiple physical mechanisms can induce sediment transport in tidally domi-
nated areas (see de Swart and Zimmerman (2009) for an overview). An important
mechanism in tidal inlet systems and estuaries is related to tidal asymmetry. As-
suming the flow is forced by a single semidiurnal lunar constituent (M2), both
higher harmonics of this primary constituent and a residual current are generated,
due to nonlinear terms in the hydrodynamic equations (Speer and Aubrey, 1985;
Van de Kreeke and Robaczewska, 1993). Higher harmonics of the primary tide
can also result from externally imposed overtides at the open boundary of a tidal
inlet system or estuary. The residual (time independent) current enhances the flow
during flood (ebb), while weakening it during ebb (flood). Furthermore, the gener-
ation of higher harmonics can result in a flood period that is shorter (longer) than
the ebb period and consequently a peak flood current, which is larger (smaller)
than the peak ebb current. In addition, the time from maximum flood to maximum
ebb can be longer (shorter) than the time from maximum ebb to maximum flood,
which is called duration asymmetry.

Another mechanism that induces net sediment transport is known as spatial
settling lag, i.e. the effect due to the time needed for suspended sediment particles
in the water column to settle at slack water, causing transport in the direction of
decreasing tidal current and/or decreasing water depth. Furthermore, temporal
settling lag is induced by tidal asymmetry and the effects of local inertia and results
in sediment transport that is controlled by the difference in time from maximum
ebb (flood) to maximum flood (ebb).

There are many more mechanisms inducing sediment transport. One more
example is related to topographic variations, which cause differences in suspended
sediment concentrations and therefore sediment transport by diffusion.

Finally, sediment transport results in an erosion and deposition pattern. The
morphological evolution of tidal inlet systems and estuaries is determined by the
effect of erosion and deposition on the bed level over time.
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(a) Time-integration method (b) Root-finding method

Figure 1.5: Diagrams of the different solution methods, used in morphodynamic modelling

1.2.3 Time integration versus root finding methods

The majority of process-based models studies the morphodynamic evolution of
tidal environments by means of a time-integration method. As can be seen in
Fig. 1.5a, this method starts with a set of initial conditions, including an initial
bathymetry. Next, the water motion and the subsequent sediment transport are
calculated, assuming the initial bed does not change. The erosion and deposition
pattern, derived from the calculated sediment transport, is then used to update
the bathymetry. The morphodynamic loop is then closed by again calculating
the water motion and sediment transport, given the new bathymetric shape. This
time-stepping procedure can be applied for a specific timespan or until a situation
with very little sediment transport is found. In the latter case the bathymetry will
hardly change in time and the system can be deemed to be in morphodynamic
equilibrium. This is a dynamic equilibrium, in which the large in- and outgoing
sediment fluxes during the flood and ebb phases balance each other. However,
finding a morphodynamic equilibrium by means of a time-integration method
applied to the governing equations, can be excessively time consuming. Therefore
most morphodynamic simulation models apply a so-called morphological scaling
factor, which means that the update of the bed after a hydrodynamic timestep is
multiplied with a specific factor (Van der Wegen and Roelvink, 2008).

Since complex numerical models are not very suitable to calculate morpho-
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dynamic equilibria and certainly not to find multiple equilibrium states, idealised
models have been developed, employing a root-finding method, which results
directly in the equilibrium states of the system. These equilibrium states are inter-
esting to study, since they are natural attractors of the dynamical system, indicating
the evolution of the system on the long time scale. As can be seen in Fig. 1.5b, the
root-finding method, which directly identifies the asymptotic state of the system,
starts from an initial guess for the morphodynamic equilibrium. In an iterative way,
this initial guess is then adapted, until the requirement for a morphodynamic equi-
librium is fulfilled, i.e. the bed does not change on the tidally averaged time scale.
It is important to note that the equations for water motion, sediment transport and
bed evolution are solved simultaneously, immediately incorporating the different
feedback mechanisms. Moreover, a tidal averaging procedure is used, (Schutte-
laars and de Swart, 1996; Sanders et al, 2007), in which it is again assumed that
the bottom does not change during one tidal cycle.

1.3 Idealised model studies
The aim of this thesis is to gain a better understanding of the physical mechanisms
which drive the hydro- and morphodynamics in tidal inlet systems and estuaries.
To this end, an exploratory or idealised process-based model is developed in this
thesis. In this section, results from previous idealised modelling studies are briefly
discussed and the corresponding open problems are identified.

1.3.1 Cross-sectionally averaged morphodynamic equilibria
Although the study of tidally dominated systems dates back to Green et al (1838),
this literature overview focuses on the process-based morphodynamic models that
have been developed. One of the first idealised models was developed by Schut-
telaars and de Swart (1996), who studied an analytical, cross-sectionally averaged
(1D), morphodynamic model for a semi-enclosed, rectangular tidal basin, with a
length, much smaller than the tidal wavelength. The water motion was forced by
prescribed sea surface elevations at the open boundary and was assumed to be
spatially uniform throughout the basin. Fine sand with a uniform grain size was
transported as suspended load by both advective and diffusive processes. They
assumed that the diffusive sediment flux induced by topographic variations was
balanced by transport due to wind effects, so both effects could be ignored. A con-
stantly sloping equilibrium bed profile was found, which was shown to be stable
with respect to one-dimensional perturbations.

This model was extended in Schuttelaars and de Swart (2000) to simulate
the morphology of longer embayments with both a rectangular and an exponen-
tially converging shape in planform. Again, cross-sectionally averaged morpho-
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Figure 1.6: Comparison between the equilibrium bottom profile, calculated with the model
from Schuttelaars and de Swart (2000) for a rectangular (s = 0.0) and an exponentially
converging (s = 4.0) geometry, and field data of the Scheldt estuary. Figure taken from
de Swart and Zimmerman (2009).

dynamic equilibria were found, which corresponded well with field observations
(see Fig. 1.6). Furthermore, when the external M4 component of the tidal forcing
at the seaward entrance was sufficiently large, their model allowed for multiple
morphodynamic equilibria. Another extension of the model of Schuttelaars and
de Swart (1996), was presented in Van Leeuwen et al (2000), who assumed a
depth-dependent deposition term, resulting in a more concave equilibrium bed
profile. The results from these idealised models were compared to the results of
a more complex simulation model in Hibma et al (2003), who found a qualitative
agreement, as long as the same morphological boundary condition is applied at the
open sea end.

In Ter Brake and Schuttelaars (2010), the model from Schuttelaars and de Swart
(1996) was further extended by the introduction of a topographically induced trans-
port term in the bed evolution equation, which leads to a more convex equilibrium
bed profile. Finally, Meerman et al (2019) modified the latter model by including
inertial and frictional effects in the momentum equation and allowing for geometri-
cal variations in the embayment. To do so, the original analytical methods were no
longer sufficient and the equations were spatially discretised, using the Finite Ele-
ment Method, while the time-dependency was handled, using a truncated Fourier
series.

Similar research was carried out by Lanzoni and Seminara (2002). However,
contrary to Schuttelaars and de Swart (1996), they did not consider settling lag
effects and assumed that the net transport of sediment was only driven by internally
generated tidal asymmetry. Furthermore, they found morphodynamic equilibria,
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by time-integration, in tidal basins with both a rectangular and an exponentially
converging shape in planform. Finally, they created an inner boundary condition
at the landward side to allow for wetting and drying. Using this approach, the
authors defined the length of an embayment as the maximum length for which
a morphodynamic equilibrium still exists (Seminara et al, 2010). These results
were later confirmed by Todeschini et al (2008), who concluded that the maximum
length of the embayment was mainly governed by the convergence length (i.e.
the distance over which the embayment width decreases with a factor e ≈ 2.72),
although frictional effects also influenced the maximum length for weakly con-
vergent embayments. The model predictions compare well with the observed bed
levels in various channels in the Venice Lagoon. This model was later extended
to include the effect of freshwater discharge on the morphodynamic equilibria in
Bolla Pittaluga et al (2015).

1.3.2 The initial formation of bottom patterns
A full extension of the large-scale, cross-sectionally averaged morphodynamic
equilibria to a two-dimensional context will be described in this thesis. However,
two- and three-dimensional models have been used in previous research to study
the initial formation of complex patterns of channels and shoals, which can develop
due to the interaction of the tidal currents with the erodible bed (de Swart and Zim-
merman, 2009). These patterns are observed in laboratory experiments (Tambroni
et al, 2005; Kleinhans et al, 2017) and using simulation models (Marciano et al,
2005; Van der Wegen and Roelvink, 2008).

A linear stability theory is used to analyse the initial growth of bed forms with
an idealised model. The cross-sectionally averaged morphodynamic equilibria,
described above, can become unstable with respect to small two-dimensional per-
turbations. Perturbations with a positive growth rate will grow in time, and the bed
perturbation with the largest growth rate will initially get the largest amplitude.

Schuttelaars and deSwart (1999) studied the initial formation of two-dimensional
global bottom patterns (i.e. scaling with the basin length) in a semi-enclosed rect-
angular short tidal basin. They assumed that the suspended sediment transport was
dominated by diffusive processes and found that the cross-sectionally averaged,
linearly sloping bed profile became unstable, when the bottom friction exceeded a
critical value.

Continuing on this work, a first attempt to obtain nontrivial morphodynamic
equilibria in a rectangular embayment, using a 2DH (2D Horizontal, i.e. depth-
averaged) morphodynamic model was outlined in Dijkstra et al (2014), using
continuation techniques and bifurcation methods.
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(a) (b)
.

Figure 1.7: (a) Local and (b) global bedforms, simulated with the model of Van Leeuwen
and de Swart (2004). Local bedforms occurwhen advective transport processes are dominant
and indicate the initial formation of tidal sand bars, scaling with the basin width. Global
bedforms occur when diffusive transport processes play a more important role and indicate
the initial formation of a channel-shoal pattern, scaling with the basin length. Figures taken
from Van Leeuwen and de Swart (2004)

Contrasting the study of global bottom pattern formation, Seminara and Tubino
(2001) developed a different type ofmodel to study the emergence of local bedforms
(i.e. scaling with the embayment width) in an open, narrow and frictionally
dominated tidal channel, within a three-dimensional setting. Sediment transport
was assumed to be dominated by advective processes. They showed an initial
formation of tidal sand bars with wave lengths scaling with the channel width.

These results were also obtained, using a depth-averaged (2DH) model, devel-
oped in Schramkowski et al (2002). Thismodel was extended in Schramkowski et al
(2004) to a simplified non-linear model that describes the long-term behaviour of
bed forms in a tidal channel. Recently, Hepkema et al (2019) further extended this
model by including the topographically induced sediment transport to show that
the local width of the channel is dominant in determining the tidal bar wavelength.

The model of Schuttelaars and de Swart (1999) was extended in Van Leeuwen
and de Swart (2004) to include advective processes. Varying the relative strength
of the diffusive and advective processes, they found both global and local bed
forms. Local bottom patterns, resembling those obtained by Seminara and Tubino
(2001), were found at the entrance of the basin, when advective processes were
dominant (see Fig. 1.7a). On the other hand, global bottom patterns, similar to
those obtained by Schuttelaars and de Swart (1999), were found when the advective
and diffusive processes were either of the same order or when diffusive processes
were dominant (see Fig. 1.7b). Ter Brake and Schuttelaars (2011) further extended
the model by again introducing a topographically induced transport term. In this
case, local bedforms were initially formed at the landward side of the basin, which
is in agreement with results obtained using the complex process-based model of
Van der Wegen and Roelvink (2008).
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1.4 About this thesis
As shown by the foregoing, the study of morphodynamic equilibria using idealised
models has been limited to cross-sectionally averaged models and/or tidal basins
with a strongly schematised planform geometry. This strongly limits the insight
gained with these models. Therefore, the main aim of this thesis is to extend
this type of models to tidal inlet systems and estuaries with an arbitrary planform
geometry, in order to systematically analyse the physical processes resulting in the
morphological patterns, observed in tidal environments worldwide, as well as the
sensitivity of these processes to various parameters.

1.4.1 Research objectives and questions

The main objectives of this thesis are

O1 to gain a better understanding of the physical processes behind the non-
cohesive sediment transport patterns, driving the morphodynamic evolution
of tidal basins with an arbitrary planform geometry,

O2 to develop a depth-averaged (2DH) idealised model and analyse the model
results with a specific focus on the existence of morphodynamic equilibria
in these basins and their sensitivity to parametric variations.

In pursue of the aforementioned goals, this thesis will attempt to provide an
answer to the following questions:

Q1 What is the influence of basin geometry and external forcing on the tidal
hydrodynamics?

Q2 What is the influence of basin geometry and changing external conditions
on the sediment transport and can the sediment transport be decomposed in
contributions resulting from different forcing mechanisms?

Q3 Can we establish the existence of morphodynamic equilibria, similar to those
observed in nature, and their sensitivity to geometric variations and external
forcing?

Q4 How can we determine the susceptibility of morphodynamic equilibria to
growing free instabilities, potentially leading to channel and shoal patterns?

1.4.2 Research methodology

To cope with these objectives and research questions, a depth-averaged (2DH) ex-
ploratory model is developed for tidal basins with an arbitrary planform geometry.
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This model consists of two main branches. On the one hand, the tidal hydrody-
namics and sediment transport can be simulated over a fixed bottom. On the other
hand, the equations for water motion and the suspended sediment concentration can
be coupled with a bed evolution equation, to analyse morphodynamic equilibria.
Furthermore, the idealised modelling approach can be used to perform quick and
extensive parameter sensitivity analyses. Moreover, it allows for a decomposition
of the water motion and sediment transport into contributions from different forcing
mechanisms.

It is assumed that the tidal wave is the main forcing mechanism of the system.
Therefore I do not consider wind waves in this thesis, nor freshwater discharge.
Moreover, no density (salinity) gradients are taken into account and I assume that
the bed is always inundated, i.e. no wetting and drying occurs. Finally, it should be
noted that I only consider the transport of non-cohesive sediment in this thesis. All
these processes can possibly, step by step, be implemented in the model in future
research.

The water motion in our model is governed by the depth-averaged shallow
water equations, while the suspended sediment concentration follows from a depth-
integrated advection-diffusion equation. The latter equation is depth-integrated,
rather than depth-averaged, such that the sediment concentration vanishes, when
the water depth goes to zero. The bed evolves due to convergences and divergences
of the sediment transport.

Using typical scales of the physical quantities, the governing equations are
made dimensionless. This gives rise to a small parameter, which is the ratio of the
semidiurnal tidal amplitude and the mean water depth at the entrance of the tidal
basin. All dimensionless numbers appearing in the dimensionless equations are
related to this small parameter. In this way, the importance of different terms is
revealed. From this analysis it is clear that bed morphology typically changes on
a much longer time scale than the hydrodynamics. Therefore, the bed evolution
equation can be averaged over a tidal cycle.

Next, an asymptotic expansion of the unknown physical variables in this small
parameter is made. Furthermore, the physical variables are expanded in truncated
Fourier series in time. The resulting system of equations, which no longer have a
time dependency, is spatially discretised using the Finite Element Method.

The resulting nonlinear system of equations has to be solved numerically, which
is done using a combination of a continuation technique and the Newton-Raphson
method. As is explained in Fig. 1.8, this procedure works as follows. Starting from
an initial guess or a previously found solution, a new solution is searched for in a
different parameter setting (e.g. an altered planform geometry, friction coefficient,
etc.). In order for this method to converge, the final solution should not differ too
much from the initial guess. An analytical solution of a simplified model for a short
rectangular basin, as presented in Schuttelaars and de Swart (1996), is used as a first
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Figure 1.8: Outline of the continuation method

guess. By slowly introducing additional physical processes or changing parameter
values, the previous solution can be used as a good estimate of the equilibrium
state for the new model formulations or parameter settings.

1.4.3 Outline of the thesis
This thesis consists of two main parts after this introduction, divided into four
chapters. The first part, containing the first two chapters, deals withO1 and focuses
on the hydrodynamics and the sediment transport, while the second part, containing
the next two chapters, deals with O2 and handles the identification and stability
of morphodynamic equilibria. The main conclusions in relation to the research
questions, posed in Section 1.4.1, and some recommendations for further research
are presented in Chapter 6.
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Hydrodynamics and sediment transport

Ch. 2 Net sediment transport induced by tidal asymmetry
Water level and current velocities are determined for tidal
basins with various geometric properties, driven at the open
boundary by a varying asymmetric forcing. A proxy for the
sediment transport, based on the tidal asymmetry, is analysed.
This chapter will handle Q1.

Ch. 3 Development of sand transport in the Scheldt over time
Using a more advanced formulation of the sediment transport,
which can be decomposed in various contributions, resulting
from various forcing mechanisms, the influence of historical
and projected changes in the estuarine conditions on the sedi-
ment transport is investigated.
Q2 will be answered in this chapter.

Morphodynamic equilibria

Ch. 4 Morphodynamic equilibria in a depth-averaged context
The existence of morphodynamic equilibria and their sensitiv-
ity to geometrical variations and Coriolis effect are analysed for
short tidal basins, in which the sediment transport is dominated
by diffusive processes.
This chapter will provide an answer to Q3.

Ch. 5 Linear stability analysis
The procedure to assess the stability of the previously identified
morphodynamic equilibria against small perturbations is pre-
sented, along with several examples, indicating which bottom
patterns will initially start to grow.
An answer to Q4 will be given in this chapter.
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Appendix 1.A Deriving the depth-averaged Shallow
Water Equations

In this thesis, we will use the depth-averaged (2DH) shallow water equations,
which can be derived from the Navier-Stokes equations, describing the motion of
fluids. The Navier-Stokes equations are based on the conservation of mass and
momentum.

1.A.1 Navier-Stokes equations

1.A.1.1 Conservation of mass

Considering a control volume, Ω, with boundary ∂Ω, we can denote the mass
balance as

d
dt

∫
Ω

ρ dV︸        ︷︷        ︸
Change of the total
mass in Ω over time

= −

∫
∂Ω
(ρ®v) · ®n dA︸               ︷︷               ︸

Net mass flux
across ∂Ω

, (1.A.1)

with ρ the fluid density, ®v = (u, v,w) the 3-dimensional fluid velocity and ®n is
the outward pointing normal unit vector at the boundary ∂Ω. Applying the Gauss
theorem and, assuming the fluid density is a smooth function in time, the Leibniz
rule, this can be rewritten as∫

Ω

∂ρ

∂t
dV = −

∫
Ω

®∇ · (ρ®v) dV . (1.A.2)

Given that Ω is arbitrary, this reduces to

∂ρ

∂t
+ ®∇ · (ρ®v) = 0 (1.A.3)

1.A.1.2 Conservation of momentum

The momentum balance of the control volume Ω can be denoted as follows

d
dt

∫
Ω

ρ®v dV︸          ︷︷          ︸
Change of the total

momentum in Ω over time

= −

∫
∂Ω
(ρ®v)®v · ®n dA︸                 ︷︷                 ︸

Net momentum
flux across ∂Ω

+

∫
Ω

ρ®b dV︸     ︷︷     ︸
Body forces
acting on Ω

+

∫
∂Ω

T · ®n dA︸         ︷︷         ︸
External forces
acting on ∂Ω

, (1.A.4)

with ®b the body force density per unit mass acting on the fluid (N/kg) and T the so
called Cauchy stress tensor (N/m2). Note that ®v®v is a tensor of rang two, just like
T. The divergence of such a tensor is again a vector. As for the conservation of
mass, we can again apply the Gauss theorem and, assuming the fluid density is a
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smooth function in time, the Leibniz rule∫
Ω

[
∂

∂t
(ρ®v) = −

∫
Ω

®∇ · (ρ®v®v) − ρ®b − ®∇ · T
]

dV = 0. (1.A.5)

Bringing all terms to the left hand side and given that Ω arbitrary, we get

∂

∂t
(ρ®v) + ®∇ · (ρ®v®v) − ρ®b − ®∇ · T = 0 (1.A.6)

1.A.1.3 Assumptions

The above equations can be simplified by making several assumptions regarding
the fluid.

• Assuming the fluid density is constant, the equations reduce to

®∇ · ®v = 0

ρ
∂

∂t
®v + ρ®∇ · (®v®v) = ρ®b + ®∇ · T. (1.A.7)

• We know that gravity is one body force, so

®b = ®g + ®bothers, (1.A.8)

where ®g is the acceleration due to gravity and ®bothers are other body forces,
such as the Coriolis force in a rotating reference frame, which we will neglect
in the remainder of this derivation.

• For a Newtonian fluid
T = −pI + T̄, (1.A.9)

with p the pressure (Pa) and T̄ a matrix of stress terms.

The Navier-Stokes finally reduce to

®∇ · ®v = 0

ρ
∂

∂t
®v + ρ®∇ · (®v®v) = −®∇p + ρ®g + ®∇ · T̄. (1.A.10)
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or written out

∂u
∂x
+
∂v

∂y
+
∂w

∂z
= 0

ρ

(
∂u
∂t
+
∂u2

∂x
+
∂uv
∂y
+
∂uw
∂z

)
=
∂(Txx − p)

∂x
+
∂Txy

∂y
+
∂Txz

∂z

ρ

(
∂v

∂t
+
∂uv
∂x
+
∂v2

∂y
+
∂vw

∂z

)
=
∂Txy

∂x
+
∂(Tyy − p)

∂y
+
∂Tyz

∂z

ρ

(
∂w

∂t
+
∂uw
∂x
+
∂vw

∂y
+
∂w2

∂z

)
=
∂Txz

∂x
+
∂Tyz

∂y
+
∂(Tzz − p)

∂z
+ ρg. (1.A.11)

1.A.2 Shallow water equations

1.A.2.1 Boundary conditions

We define the normal vectors at the water surface (z = ζ+H) and at the bed (z = h),
pointing out of the fluid domain, as follows

®nζ+H =
(
−
∂

∂x
(ζ + H) ,−

∂

∂y
(ζ + H) , 1

)
and ®nh =

(
∂h
∂x
,
∂h
∂y
,−1

)
.

(1.A.12)
The following boundary condition are applied

• At the bed (z = h)

– No horizontal velocities (no slip condition):

u = v = 0 (1.A.13)

– No normal flow:

®v · ®nh = u
∂h
∂x
+ v

∂h
∂y
− w = 0 (1.A.14)

– Bottom shear stress (Th,y is defined analogously):

Th,x = Txx
∂h
∂x
+ Txy

∂h
∂y
− Txz (1.A.15)

• At the water surface

– No pressure:
p = 0 (1.A.16)

– No relative normal flow:

∂ζ

∂t
= ®v · ®nζ+H ⇒

∂ζ

∂t
+ u

∂ζ

∂x
+ v

∂ζ

∂y
− w = 0 (1.A.17)
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– Surface shear stress, e.g. by wind (Tζ+H,y is defined analogously):

Tζ+H,x = −Txx
∂ζ

∂x
− Txy

∂ζ

∂y
+ Txz = 0 (1.A.18)

1.A.2.2 Continuity equation

Integrating the continuity equation ®∇ · ®v = 0 from z = h to z = ζ +H, we can apply
the Leibniz integral rule, since h and ζ both depend on t, x and y. This gives

0 =
∫ ζ+H

h

®∇ · ®v dz =
∫ ζ+H

h

(
∂u
∂x
+
∂v

∂y

)
dz + w |z=ζ+H − w |z=h

=
∂

∂x

∫ ζ+H

h

u dz +
∂

∂y

∫ ζ+H

h

v dz − u|z=ζ+H
∂ζ

∂x
+ u|z=h

∂h
∂x

− v |z=ζ+H
∂ζ

∂y
+ v |z=h

∂h
∂y
+ w |z=ζ+H − w |z=h . (1.A.19)

Defining the depth-averaged velocities as

U =
1

ζ + H − h

∫ ζ+H

h

u dz en V =
1

ζ + H − h

∫ ζ+H

h

v dz, (1.A.20)

and considering the boundary conditions, the above equation reduces to

∂ζ

∂t
+
∂ ((ζ + H − h)U)

∂x
+
∂ ((ζ + H − h)V)

∂y
= 0 (1.A.21)

1.A.2.3 Hydrostatic pressure

Regarding the order of magnitude of the various terms in the momentum equation
in the z-direction, it can be noted that all terms are small, except the derivative of
the pressure and the gravity. The equation can thus be reduced to

∂p
∂z
= ρg. (1.A.22)

It follows that
p = ρg(ζ + H − z), (1.A.23)

which is called hydrostatic pressure. THe partial derivations to x and y then read
as

∂p
∂x
= ρg

∂ζ

∂x
en

∂p
∂y
= ρg

∂ζ

∂y
(1.A.24)
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1.A.2.4 Momentum equations

Integrating the momentum equation in the x-direction from z = h to z = ζ + H,
we can again apply the Leibniz integral rule for the left hand side of the equation,
such that∫ ζ+H

h

ρ

(
∂u
∂t
+
∂u2

∂x
+
∂uv
∂y
+
∂uw
∂z

)
dz = ρ

[
∂

∂t

∫ ζ+H

h

u dz +
∂

∂x

∫ ζ+H

h

u2 dz

+
∂

∂y

∫ ζ+H

h

uv dz − u|z=ζ+H
∂ζ

∂t
− u2��

z=ζ+H

∂ζ

∂x
− (uv)|z=ζ+H

∂ζ

∂y
+ u|z=h

∂h
∂t

+ u2��
z=h

∂h
∂x
+ (uv)|z=h

∂h
∂y
+ (uw)|z=ζ+H − (uw)|z=h

]
= ρ

[
∂

∂t

∫ ζ+H

h

u dz +
∂

∂x

∫ ζ+H

h

u2 dz +
∂

∂y

∫ ζ+H

h

uv dz

+ u|z=h

(
∂h
∂t
+ u|z=h

∂h
∂x
+ v |z=h

∂h
∂y
− w |z=h

)
− u|z=ζ+H

(
∂ζ

∂t
+ u|z=ζ+H

∂ζ

∂x
+ v |z=ζ+H

∂ζ

∂y
− w |z=ζ+H

)]
. (1.A.25)

Applying the boundary conditions and assuming ∂h
∂t = 0 at the tidal time scale, this

equations reduces to∫ ζ+H

h

ρ

(
∂u
∂t
+
∂u2

∂x
+
∂uv
∂y
+
∂uw
∂z

)
dz

= ρ

[
∂

∂t

∫ ζ+H

h

u dz +
∂

∂x

∫ ζ+H

h

u2 dz +
∂

∂y

∫ ζ+H

h

uv dz
]
. (1.A.26)

We now split the velocities in a depth-averaged and a depth-dependent compo-
nent. For the longitudinal velocity component, we then get u(z) = U + ũ(z), with∫ ζ+H
h

ũ dz = 0. This implies∫ ζ+H

h

u2 dz =
∫ ζ+H

h

(U+ũ)(U+ũ) dz =
∫ ζ+H

h

U2 dz+
∫ ζ+H

h

ũ2 dz. (1.A.27)

The left hand side of the momentum equation in the x-direction then reduces to∫ ζ+H

h

ρ

(
∂u
∂t
+
∂u2

∂x
+
∂uv
∂y
+
∂uw
∂z

)
dz = ρ

[
∂((ζ + H − h)U)

∂t

+
∂((ζ + H − h)U2)

∂x
+
∂((ζ + H − h)UV)

∂y
+

∂

∂x

∫ ζ+H

h

ũ2 dz +
∂

∂y

∫ ζ+H

h

ũṽ dz
]
.

(1.A.28)
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The right hand side of the momentum equation can be written as∫ ζ+H

h

(
∂(Txx − p)

∂x
+
∂Txy

∂y
+
∂Txz

∂z

)
= −

∫ ζ+H

h

∂p
∂x

dz +
∂

∂x

∫ ζ+H

h

Txx dz

+
∂

∂y

∫ ζ+H

h

Txy dz − Txx |z=ζ+H
∂ζ

∂x
− Txy

��
z=ζ+H

∂ζ

∂y
+ Txz |z=ζ+H

+ Txx |z=h
∂h
∂x
+ Txy

��
z=h

∂h
∂y
− Txz |z=h . (1.A.29)

It follows from equation (1.A.24) that∫ ζ+H

h

∂p
∂x

dz =
∫ ζ+H

h

ρg
∂ζ

∂x
dz = ρg(ζ + H − h)

∂ζ

∂x
, (1.A.30)

which, after applying the boundary conditions, reduces the equation to∫ ζ+H

h

(
∂(Txx − p)

∂x
+
∂Txy

∂y
+
∂Txz

∂z

)
= −ρg(ζ + H − h)

∂ζ

∂x

+
∂

∂x

∫ ζ+H

h

Txx dz +
∂

∂y

∫ ζ+H

h

Txy dz + Th,x . (1.A.31)

Combining the left and right hand side of the equation, two terms remain, consisting
of an integral ∂

∂x

∫ ζ+H
h

(
Txx − ũ2) dz and ∂

∂y

∫ ζ+H
h

(
Txy − ũṽ

)
dz. These terms

are related to the fluid viscosity and will be neglected. Applying the chain rule
for differentiation and the continuity equation (1.A.21) on the left hand side, the
momentum equation further reduces to

(ζ + H − h)
(
∂U
∂t
+U

∂U
∂x
+ V

∂U
∂y

)
= −g(ζ + H − h)

∂ζ

∂x
+

1
ρ

Th,x . (1.A.32)

The term Th,x = ρcd | ®V |U represents the bottom friction in the x-direction, with
®V = (U,V) the depth-averaged velocity vector and cd =

g

C2 , with C de Chezy
coefficient. Using the so called Lorentz linearisation, the bottom fricion term can
be written as Th = −ρr ®V , with r a friction coefficient. This finally gives the
depth-averaged momentum equation in the x-direction

∂U
∂t
+U

∂U
∂x
+ V

∂U
∂y
+

rU
ζ + H − h

= −g
∂ζ

∂x
(1.A.33)

and analogously for the momentum equation in the y-direction

∂V
∂t
+U

∂V
∂x
+ V

∂V
∂y
+

rV
ζ + H − h

= −g
∂ζ

∂y
(1.A.34)



26 Introduction

Appendix 1.B Deriving thedepth-integrated sediment
concentration equation

1.B.1 Three dimensional sediment concentration

The 3-dimensional conservation law for the suspended sediment concentration is
derived from conservation of mass and can be written as

∂C3
∂t
+ ®∇ · ®F = 0, (1.B.1)

with C3 the suspended sediment concentration and ®F = ®Fa + ®Fs + ®Fd the sediment
transport, consisting of

®Fa = C3®v + C3w ®ez (Advective transport) (1.B.2a)
®Fs = −C3ws ®ez (Settling transport) (1.B.2b)

®Fd = −κh ®∇hC3 − κv
∂C3
∂z
®ez (Diffusive transport), (1.B.2c)

with ws the settling velocity, ®ez a unit vector in the vertical direction, κh and κv
the horizontal and vertical diffusion coefficients and ®∇h =

(
∂
∂x ,

∂
∂y

)
the horizontal

gradient. Equation (1.B.1) can then be rewritten as

∂C3
∂t
+ ®∇h

(
C3®v − κh ®∇hC3

)
+
∂

∂z

(
C3 (w − ws) − κv

∂C3
∂z

)
= 0. (1.B.3)

Integrating this expression over the water depth, using the Leibniz integral rule,
applying the boundary conditions (1.A.14) and (1.A.17) and assuming ∂h

∂t = 0 at
the tidal time scale, we get

0 =
∂

∂t

∫ ζ+H

h

C3 dz + ®∇h ·
∫ ζ+H

h

C3®v dz − κh ®∇h ·
∫ ζ+H

h

®∇hC3

+

[
−
∂

∂t
(ζ + H)C3 − ®∇h (ζ + H) · ®vC3 + κh ®∇h (ζ + H) · ®∇hC3

]
z=ζ+H

+

[
∂h
∂t

C3 + ®∇hh · ®vC3 − κh ®∇hh · ®∇hC3

]
z=h

+

[
C3 (w − ws) − κv

∂C3
∂z

]z=ζ+H
z=h

=
∂

∂t

∫ ζ+H

h

C3 dz + ®∇h ·
∫ ζ+H

h

C3®v dz − κh ®∇h ·
∫ ζ+H

h

®∇hC3

+ κh ®∇h (ζ + H) · ®∇hC3

���
z=ζ+H

− κh ®∇hh · ®∇hC3

���
z=h
+

[
−C3ws − κv

∂C3
∂z

]z=ζ+H
z=h

(1.B.4)
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1.B.2 Boundary conditions
Imposing boundary conditions to the advectieve sediment transport (1.B.2a), gives
the already known boundary conditions (1.A.14) and (1.A.17). Furthermore, the
normal components of the combined diffusive and settling transport equal a speci-
fied erosion-deposition flux S (kg/m3),

−

(
®Fs + ®Fd

)
· ®n = S, (1.B.5)

with ®n = ®nζ+H or ®n = ®nh , as in equation (1.A.12). At the free surface the erosion-
deposition flux S = 0; at the bed S = E − D, with E = wsca the erosion flux (ca is
the reference concentration) and D = wscb the deposition flux (cb = C3 |z=h is the
sediment concentration at the bed). This implies the following boundary condition

−

(
−C3ws ®ez − κh ®∇hC3 − κv

∂C3
∂z
®ez

)
· ®n = S. (1.B.6)

Applying boundary condition (1.A.12), this reduces to

wsC3 + κv
∂C3
∂z
− κh ®∇h (ζ + H) · ®∇hC3 = 0 (1.B.7a)

−wsC3 − κv
∂C3
∂z
+ κh ®∇hh · ®∇hC3 = E − D. (1.B.7b)

1.B.3 Depth-integrated sediment concentration
Applying the boundary conditions (1.B.7a) to equation (1.B.4) and defining the
depth-integrated sediment concentration as C2 =

∫ ζ+H
h

C3 dz (kg/m2), we get

∂C2
∂t
+ ®∇h ·

∫ ζ+H

h

C3®v dz − κh ®∇h ·
∫ ζ+H

h

®∇hC3 = E − D (1.B.8)

Next, the velocities and the sediment concentration are decomposed in a depth-
averaged and a depth-dependent part, as described in Section 1.A.2.4. For the
sediment concentration, this turns into C3 = C̄3 + C̃3. It should be noted that
C2 = (ζ + H − h) C̄3. Substituting this decomposition into the the integral in the
second term of equation (1.B.8), leads to∫ ζ+H

h

C3®v dz =
∫ ζ+H

h

C3

(
®V + ®̃v

)
dz = ®VC2 + C̄3

∫ ζ+H

h

®̃v dz +
∫ ζ+H

h

C̃3 ®̃v dz

= ®VC2 +

∫ ζ+H

h

C̃3 ®̃v dz, (1.B.9)

with ®V = (U,V), the depth-averaged velocity vector. Furthermore, we assume that
C̃3 ®̃v = −κd ®∇hC3, with κd a dispersion coefficient. Equation (1.B.8) can then be
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rewritten as
∂C2
∂t
+ ®∇h · C2 ®V − µ®∇h ·

∫ ζ+H

h

®∇hC3 = E − D, (1.B.10)

with µ = κd+κh . The integral in the last term of the left hand side can be developed
as ∫ ζ+H

h

®∇hC3 = ®∇h

∫ ζ+H

h

C3 dz − ®∇h (ζ + H) C3 |z=ζ+H + ®∇hh C3 |z=h

= ®∇hC2 − ®∇h (ζ + H) C3 |z=ζ+H + cb ®∇hh, (1.B.11)

which eventually leads to

∂C2
∂t
+ ®∇h · (C2 ®V) − µ®∇h ·

[
®∇hC2 − ®∇h (ζ + H) C3 |z=ζ+H + cb ®∇hh

]
= E − D.

(1.B.12)

1.B.4 Erosion-deposition flux

As was discussed earlier the erosion flux E = wsca, with ca the reference concen-
tration, which can be parameterised in terms of the flow conditions in the following
way

ca = ρs(1 − p)Γ
|Th |

Tc
, (1.B.13)

with ρs the sediment density, p the bed porosity, Γ an empirical constant (Dyer,
1986), cd the drag coefficient. The bed shear stress is defines as above Th =

ρcd | ®V | ®V and the critical bed shear stress as Tc = ρ| ®V∗ |2, with ®V∗ the critical friction
velocity. The erosion flux can then be rewritten as

E = α
(
U2 + V2

)
, (1.B.14)

with α = wsρs (1−p)Γcd
| ®V∗ |2

an erosion coefficent, depending on the sediment properties.
Finally, the deposition flux D = wscb will be expressed in terms of the depth-

averaged sediment concentration C2. Assuming the two dominant terms from
the 3-dimensional suspended sediment concentration equation (1.B.1), the vertical
turbulent mixing and downward settling, are approximately balanced, we get

wsC3 = −κv
∂C3
∂z

, (1.B.15)

in which the vertical diffusion coefficient κv is assumed to be independent from z.
Since we defined C3 |z=h = cb , the solution to the above equation reads

C3 = cbe−
ws
κv
(z−h). (1.B.16)
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Integrating over the water depth, we get∫ ζ+H

h

C3 dz = C2 = −
κv
ws

cb
[
e−

ws
κv
(z−h)

]z=ζ+H
z=h

= −
κv
ws

cb
(
e−

ws
κv
(ζ+H−h)

− 1
)
. (1.B.17)

It finally follows that

cb =
ws

κv
βC2, with β =

1
1 − e−

ws
κv
(ζ+H−h)

(1.B.18)

and the deposition flux can be expressed as

D =
w2
s

κv
βC2. (1.B.19)

Assuming the concentration at the free surface to be much lower than the
concentration at the bottom, allowing us to neglect the term containing C3 |z=ζ+H ,
the depth-integrated sediment concentration equation reads as

∂C2
∂t
+ ®∇h · (C2 ®V) − µ®∇h ·

[
®∇hC2 + ®∇hh

(
ws

κv
βC2

)]
= α

(
U2 + V2

)
−
w2
s

κv
βC2.

(1.B.20)
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The moon makes love to the ocean
and in this holy conception
it gives birth to a little tide.

A. P. Sweet
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Abstract

The depth-averaged exploratory model has been employed to investigate the hy-
drodynamics and the tidally averaged sediment transport in a semi-enclosed tidal
basin. This model comprises the two-dimensional (2DH) dynamics in a tidal basin
that consists of a channel of arbitrary length, flanked by shallow zones, which is
being driven by an asymmetric tidal forcing at the seaward side. The equations
are discretised in space by means of the Finite Element Method and solved in the
frequency domain. In this study, the lateral variations of the tidal asymmetry and
the tidally averaged sediment transport are analysed, as well as their sensitivity
to changes in basin geometry and external overtides. The Coriolis force is taken
into account. It is found that the length of the tidal basin, and to a lesser extent
the shallow zone area and the convergence length, determine the behaviour of the
tidally averaged velocity and the overtides, and consequently control the strength
and the direction of the tidally averaged sediment transport. Furthermore, the
externally prescribed overtides can have a major influence on tidal asymmetry in
the basin, depending on their amplitude and phase. Finally, for sufficiently wide
tidal basins, the Coriolis force generates significant lateral dynamics. This chap-
ter aims at increasing the understanding of the 2D processes, driving the tidal
dynamics and the resulting sediment transport in, primarily long, tidal systems.
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2.1 Introduction

Estuaries and tidal basins are found inmany coastal regions (Friedrichs andAubrey,
1988). These regions are among the most densely populated areas worldwide
(Vitousek et al, 1997) and are important for both economic (e.g. navigation
to ports located along an estuary) and ecological reasons (e.g. birds and other
animals feeding at shoals). Human interventions and climate change (e.g. sea
level rise, land reclamation, sand mining) contribute to the vulnerability of tidal
systems. After all, the tidal dynamics, and consequently the sediment balance,
which influences the overall morphodynamic stability properties of the system, are
very sensitive to external factors (McBride et al, 1995; de Swart and Zimmerman,
2009). Because such a change in the environment can have severe consequences,
it is necessary to understand the underlying physics that govern the formation and
development of these landscapes, their functionality, and their evolution against
the background of climatic changes and anthropogenic disturbances (Coco et al,
2013).

The spatially aggregated sediment balance of the tidal inlet systems follows from
the tidally averaged sediment exchange between the tidal system and the adjacent
sea, controlling the morphodynamic evolution and stability of these systems. Net
import of sediment leads to siltation of basins, e.g. the Zwin, near the Belgian coast
(Charlier, 2010) or the Dutch Wadden Sea, after the closure of the Zuiderzee (Elias
et al, 2012). Net sediment import can even bring a tidal channel in a hyper-turbid
state, such as in the Ems estuary in Germany (Winterwerp, 2011). Conversely, net
export of sediment can lead to the deepening of tidal channels and the loss of salt
marches, e.g. the Venice Lagoon (Tambroni and Seminara, 2006).

Whether sediment is imported in or exported out of the tidal basin is of course
determined by the overall tidal dynamics. But the tidal propagation itself also
plays an important role in semi-enclosed basins, since coastal safety, navigation
and ecology are all affected directly by the tide through fluctuating water levels and
oscillatory currents. To study the propagation of a tidal wave from a process-based
modelling perspective, different approaches can be used.

The first approach employs so-called complex process-based models, that allow
for an accurate simulation of the dynamics in tidal systems, such as the Scheldt
estuary (de Brye et al, 2010; Bolle et al, 2010). All known physical mechanisms are
taken into account and the simulations are carried out on a detailed computational
domain. The second type of process-based models, that are referred to as idealised
or exploratorymodels, only retain the processes that are believed to be important for
the overall dynamics. However, the simplicity of idealisedmodels (which facilitates
both the solution and the analysis) is due to schematisation of not only the physical
processes, but also of the geometry. Due to this relative simplicity, idealisedmodels
can provide fundamental insight in the underlying physical mechanisms driving the
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tidal dynamics. Moreover, idealised models are fast and flexible, and thus allow
for extensive sensitivity analyses.

In the literature concerning idealised models, different types can be discerned,
ranging from cross-sectionally averaged (1D) models over width-averaged (2DV)
and depth-averaged (2DH) models to even 3D-models. Examples of 3D-models
are Winant (2007); Kumar et al (2016); Wei et al (2018, in press); for 2DV-models
examples are Ianniello (1977); Chernetsky et al (2010); Dijkstra et al (2017); the
1D and 2DH-models will be discussed in detail below. Indeed, the tidal systems
considered in the present contribution have horizontal length scales much larger
than the typical water depth and are vertically well-mixed. Therefore 3D effects are
assumed to be unimportant. Cross-sectionally averaged models have been used to
study the tidal dynamics in a straight channel (Speer and Aubrey, 1985; Friedrichs
and Madsen, 1992) or an exponentially converging tidal channel (Friedrichs and
Aubrey, 1994; Lanzoni and Seminara, 1998; Savenije et al, 2008). These studies
demonstrated the importance of friction, width convergence and reflection for the
tidal behaviour, as well as the importance of the basin morphology, e.g. the
presence of tidal flats.

Speer and Aubrey (1985) investigated the influence of tidal flats on tidal wave
propagation in a semi-enclosed basin. The velocities over the tidal flats were
assumed to be negligible, resulting in a cross-sectionally averaged model in which
the effect of tidal flats was parametrically taken into account. This concept has
been recently extended by Hepkema et al (2018), who uses the tidal flats as sinks
of momentum. Speer and Aubrey (1985) concluded that nonlinear hydrodynamic
processes in tidal basins without tidal flats cause the currents to be stronger during
flood than during ebb (flood-dominant). The presence of tidal flats can cause a
channel to become ebb-dominant. Because of their focus on tidal inlet systems at
the U.S. East Coast, Speer and Aubrey (1985) considered only tidal basins that are
short compared to the tidal wavelength.

To account for lateral effects as well, Li and Valle-Levinson (1999) used a
single frequency, linearised 2DH model. This allows an investigation into the
dependence of longitudinal and transverse tidal velocity components to various
lateral depth profiles. Subsequently, Li and O’Donnell (2005) added the nonlinear,
tidally averaged dynamics to this model. They found that the lateral variation
of the magnitude and the direction of the tidally averaged velocity depends on
the cross-sectional shape of the channel, but neither the sensitivity of the system
to internally generated or externally prescribed overtides, nor their influence on
sediment transport, was investigated.

Transport mechanisms related to overtides and asymmetric tidal velocities do,
however, contribute to tidally averaged sediment transport in tidal estuaries (Pingree
and Griffiths, 1979; Van de Kreeke and Robaczewska, 1993; Brown and Davies,
2010). Velocity asymmetries take the form of unequal duration and/or unequal
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magnitude of ebb and flood, and are often the result of natural processes (Speer and
Aubrey, 1985; Friedrichs and Aubrey, 1994). In addition to velocity asymmetry,
there is also asymmetry in the vertical tide, which is important for e.g. flood
protection and ecology (Maris et al, 2007; Stark et al, 2015). In this chapter,
however, the focus is on the asymmetry in the amplitude of horizontal ebb and
flood, as a driving mechanism for sediment transport.

Ridderinkhof et al (2014) extended the model of Speer and Aubrey (1985) to
account for longer tidal basins and sediment transport. The effects of tidal flat area
and basin length on tidal asymmetry and tidally averaged sediment transport were
investigated systematically. They found that both the length of the basin and the
tidal flat area control the effect of nonlinear hydrodynamic processes on the tidal
asymmetry, and consequently, whether the net sediment transport is directed inward
or outward of the tidal basin. However, only results at the mouth of the tidal basin
were presented, so no information was given about the overtide generation inside
the tidal basin. Moreover, lateral effects were neglected, such as the influence of
the Coriolis force, topographic vorticity generation and the exchange of water from
the deeper parts to the shoals, despite the fact that a considerable tidal flat area was
taken into account.

Considering the review in the previous paragraphs, the aim of the present
study is twofold. Firstly, we want to systematically assess the sensitivity of local
tidal asymmetry to changes in basin length, width of shallow zones and external
overtides in a rectangular channel, using a quasi-linear 2DH model. This approach
extends the work of Li and O’Donnell (2005) by systematically looking into tidal
asymmetry, by including the first overtide, and the effect of the Coriolis force
on tidal propagation. Secondly, the influence of these parameters on the 2D net
sediment transport is investigated, applying the transport formulation, used in
Ridderinkhof et al (2014).

The structure of the chapter is as follows. The geometry and the governing
equations are given in Section 2.2 as well as the explanation of the solution method.
In Section 2.3, the model is used to analyse the effect of the basin length, the
shallow zone area and the convergence length on the horizontal tide and the tidally
averaged sediment transport in the tidal basin. Furthermore, the influence of
external overtides on tidal propagation and tidally averaged sediment transport is
studied, as well as the effect of the Coriolis force. A further discussion of the model
results is given in Section 2.4 and finally, the conclusions are presented in Section
2.5.



40 The effect of geometry on hydrodynamics and net sediment transport

Figure 2.1: Top view and cross-channel view of a semi-enclosed tidal basin, flanked by
shallow zones. For an explanation of the symbols, see the text.

2.2 Model formulation

2.2.1 Geometry

The geometry considered is that of a straight semi-enclosed basin with length
L∗ (see Fig.2.1), where the ∗-notation denotes a dimensional (unscaled) quantity.
Further in this chapter, exponentially converging basins will be considered as well,
but the main focus is on rectangular basins, in order to compare the results to
previous studies, such as Li and O’Donnell (2005) and Ridderinkhof et al (2014).
The schematised geometry of the basin and a coordinate system are introduced in
Fig. 2.1. The x∗-axis is oriented along the longitudinal axis of the basin, pointing
in the landward direction and with the origin at the seaward side of the basin.
The y∗-axis is oriented along the lateral axis with the origin in the middle of
the main channel with width b∗. The total width, including the shallow zones,
is B∗ = b∗ + ∆b∗. In case of a converging channel the width will decrease as
b∗(x) + ∆b∗(x) = (b∗0 + ∆b∗0) exp(−x∗/L∗c), with L∗c the convergence length and b∗0
and ∆b∗0 the width of the main channel and the shallow zones at the mouth.

The local water depth is given by H∗ − h∗ + ζ∗, where H∗ is the tidally and
width-averaged water depth at the open boundary. Note that H∗ is width-averaged
over b∗, not over B∗, such that H∗ is independent of ∆b∗. The sea surface elevation
is denoted by ζ∗ and is measured with respect to z∗ = H∗ (positively upwards).
h∗ accounts for the lateral variation of the bathymetry, which does not vary in the
along-channel direction. The cross-sectional shape of the bottom is taken from Li
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and O’Donnell (2005) and reads

h∗(y∗) = H∗ − d∗1 − d∗2e−(y
∗/α∗

h)
2
, (2.2.1)

where α∗
h
defines the shape of the deep channel (smaller α∗

h
implies a narrower

channel with steeper slopes). Using this expression, H∗ can be derived as

H∗ =
1
b∗

∫ b∗/2

−b∗/2

[
d∗1 + d∗2e−(y

∗/α∗
h
)2
]

dy∗ (2.2.2)

The model bathymetry is symmetric about the along channel axis and the width of
the deep channel b∗ and of the shallow zones ∆b∗ is defined such that H∗ − h∗(y∗)
is at least 1% deeper than d∗1 in the deep channel and thus H∗ − h∗(y∗) < 1.01d∗1
on the shallow zones. Finally, it should be noted that flooding/drying is not taken
into account in this thesis (i.e. d∗1 is always larger than |ζ∗ |).

The values for the geometrical parameters in Fig. 2.1 are given in Table 2.1.
These parameter values define the reference case and are used in all simulations,
unless stated otherwise. This reference case is based on a schematisation of the
Sea Scheldt, which is the part of the Scheldt estuary on Belgian territory, see Wang
et al (1999); Vandenbruwaene et al (2013).

The boundary of themodel domain consists of two parts. Γc is a solid boundary,
consisting of vertical, non-erodible walls. Γs is an open boundarywith a connection
to an open sea, or in case of the Sea Scheldt, a connection to the Western Scheldt.

2.2.2 Model equations

2.2.2.1 Hydrodynamics

Since the horizontal length scales are much larger than the typical water depth,
the water motion can be described by the depth-averaged (2DH) shallow water
equations, consisting of the continuity equation

ζ∗t∗ +
®∇∗ ·

[
(H∗ − h∗ + ζ∗)®u∗)

]
= 0, (2.2.3a)

and the momentum equation

®u∗t∗ + (®u
∗ · ®∇∗)®u∗ + g∗ ®∇∗ζ∗ + f ∗ ®ez∗ × ®u∗ +

r∗ ®u∗

H∗ − h∗ + ζ∗
= 0, (2.2.3b)

where ®u∗ = (u∗, v∗) with u∗ and v∗ the depth-averaged velocity components in the
longitudinal and lateral direction, respectively. Time is denoted as t∗ and g∗ is the
acceleration due to gravity. The Coriolis coefficient is f ∗ = 2Ω∗ sin ϕ, with Ω∗
the angular rotation rate of the earth and ϕ the latitude. ®ez∗ is the unit vector in
the z-direction and ®∇∗ = (∂/∂x∗, ∂/∂y∗) is the horizontal gradient. The Reynolds
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stresses, related to turbulent mixing of momentum in the horizontal direction, are
neglected and no wind effects are taken into account. The last contribution to the
left-hand side of equation (2.2.3b) is the bed shear stress, divided by the product
of the water density ρ∗ and the local water depth. Here, a linearised formulation
of the bed shear stress, the so called Lorentz linearisation (Zimmerman, 1982), is
adopted, where r∗ is a friction coefficient with physical units m s−1.

The water motion is forced at the seaward entrance of the tidal basin by a
prescribed sea surface elevation, consisting of M2 and M4 tidal constituents. At the
landward side and at the sidewalls, the water transport is required to vanish. The
boundary conditions can then be written as

ζ∗ = A∗M2
cos(σ∗t∗ − θM2 ) + A∗M4

cos(2σ∗t∗ − θM4 ) for (x∗, y∗) ∈ Γs, (2.2.4a)

®u∗ · ®n = 0 for (x∗, y∗) ∈ Γc, (2.2.4b)

with A∗M2
the amplitude, θM2 the phase and σ∗ the angular frequency of the

semidiurnal tidal component of the water level. The quantity A∗M4
is the amplitude

and θM4 the phase of the quarter diurnal constituent of the water level. It should be
noted that A∗M2

, θM2 , A∗M4
and θM4 all depend on the x∗ and y∗ coordinates of the

points along the seaward boundary Γs . Finally, ®n is the outward pointing normal
unit vector at the solid boundary Γc .

2.2.2.2 Sediment transport

To evaluate how the basin geometry and the tidal forcing affect the net transport
of sediments (consisting of non-cohesive material with a single grain size of ∼
2× 10−4 m), a simple sediment transport formula is derived. The sandy material is
predominantly in suspension. Following the supplementary material of de Swart
and Zimmerman (2009) and Burchard et al (2018), a general formulation for the
depth-integrated sediment concentration reads

C∗t + ®∇
∗ ·

(
®u∗C∗ − µ∗ ®∇∗C∗

)
= α∗ | ®u∗ |2 −

(w∗s)
2

κ∗v
C∗ (2.2.5)

where µ∗ is a horizontal diffusion coefficient, α∗ a constant erosion parameter, w∗s
the settling velocity and κ∗v the vertical diffusion coefficient. Since the focus in this
chapter is on the hydrodynamics, we will apply a simplified version of the sediment
transport by ignoring horizontal diffusivity and advection, and considering the
settling time of the sediment to be much shorter than the tidal time scale, which
allows us to neglect local inertia. The sediment concentration formula then reduces
to

0 = α∗ | ®u∗ |2 −
(w∗s)

2

κ∗v
C∗. (2.2.6)
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The concentrations can be expressed explicitly, using the given velocity field.
Since the depth-integrated residual transport is proportional to 〈®u∗C∗〉, the resulting
residual sediment transport reads

®q∗s =
α∗κ∗v
(w∗s)

2

〈
| ®u∗ |2 ®u∗

〉
=
α∗κ∗v
(w∗s)

2

( 〈
u∗3 + u∗v∗2

〉〈
u∗2v∗ + v∗3

〉 )
= Ω∗s

(
q∗s,u
q∗s,v

)
, (2.2.7)

where 〈.〉 denotes the tidal average, defined as 1
T

∫
T
· dt, with T the tidal period,

and Ω∗s = (α∗κ∗v)/(w∗s)2. This expression for the total load transport implies there
is only transport due to local tidal asymmetry and there are no temporal or spatial
lag effects. The boundary conditions imposed on the velocity (2.2.4b) imply that
there is no sediment transport through the solid boundaries along Γc .

2.2.3 Dimensionless equations

The governing equations are made dimensionless by introducing characteristic
scales for the physical variables. Dimensionless variables are denoted without an
asterisk:

(x∗, y∗) = L∗(x, y); (u∗, v∗) = U∗(u, v); ζ∗ = A∗M2
ζ ; (z∗, h∗) = H∗(z, h);

t∗ = σ∗−1t; r∗ = (σ∗H)r; f ∗ = σ∗ f ; (q∗s,u, q
∗
s,v) = Ω

∗
sU
∗3(qs,u, qs,v).

(2.2.8)

The characteristic scales include the length L∗ of the basin and the reference depth
H∗. The overbar notation (in e.g. A∗M2

) stands for the average over the total
width B∗0 at the open boundary Γs . The velocity scale follows from the continuity
equation (2.2.3a) and reads U∗ = σ∗A∗M2

L∗/H∗. The tidally averaged sediment
transport, defined in equation (2.2.7), is scaled by Ω∗sU∗3. In the remainder of the
chapter dimensional (dimensionless) parameters will be indicated with (without)
an asterisk. The dimensionless equations for the water motion read

ζt + ®∇ · [(1 − h + εζ)®u] = 0, (2.2.9a)

(1 − h + εζ)
[
ut + ε

(
®u · ®∇

)
®u + η−2 ®∇ζ + f ®ez × ®u

]
+ r ®u = 0, (2.2.9b)

where the momentum equation has been multiplied with the local water depth (i.e.

1 − h + εζ). The parameter η = (σ∗L∗) /
√
g∗H∗ in (2.2.9b) is, apart from a factor

2π, the ratio of the embayment length, L∗, and the frictionless tidal wavelength

L∗g = 2π
√
g∗H∗/σ∗. It should be noted that the expression L∗g does not take

the influence of shallow zones into account. Following Savenije et al (2008), the
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frictionless tidal wavelength can be more accurately described as

L∗g,∆b =
2π
σ∗

√√
g∗H∗

1 + ∆b∗b∗

. (2.2.10)

However, due to reasons of uniformity, L∗g will be used in the remainder of this
chapter, in stead of L∗

g,∆b
. Furthermore, the parameter ε = A∗M2

/H∗ = U∗/(σ∗L∗)
is the ratio of the tidal excursion (the distance travelled by a fluid particle in a
tidal period) and the embayment length and is usually a small parameter. The
dimensionless boundary conditions read

ζ = AM2 cos(t − θM2 ) + εγ cos(2t − θM4 ) for (x, y) ∈ Γs, (2.2.11a)

®u · ®n = 0 for (x, y) ∈ Γc, (2.2.11b)

where AM2 = A∗M2
/A∗M2

and γ = A∗M4
/

(
εA∗M2

)
. Note that AM2 , θM2 , AM4 and θM4

depend on the x and y coordinates at the seaward boundary Γs .
The result of this scaling procedure is that the magnitudes of all terms in the

shallowwater equations aremeasured by dimensionless numbers. Reference values
can be found in Table 2.1. Relating these dimensionless numbers to ε , it follows
that all nonlinear terms are of order ε or smaller. The parameter γ can vary over
the domain and is usually of O(ε), except near the resonance of the M4 tide, where
it can become O(1). The parameter ` = L∗/L∗g is a dimensionless scale for the
basin length, which will be useful further in this chapter, when the basin length is
varied.

2.2.4 Solution method

2.2.4.1 Perturbation approach

Equations (2.2.9a) and (2.2.9b) with boundary conditions (2.2.11) are solved by
making an expansion of the physical variable χ, where χ is any of the variables ζ ,
u or v, with respect to the small parameter ε , up to first order:

χ = χ0 + ε χ1 + O(ε2). (2.2.12)

Inserting these expressions in the equations (2.2.9a) and (2.2.9b) and collecting
terms independent of ε , results in the following leading order system of equations:

O(ε0) ζ0
t +
®∇ ·

[
(1 − h)®u0] = 0, (2.2.13a)

(1 − h)
(
®u0
t + η

−2 ®∇ζ0 + f ®ez × ®u0
)
+ r ®u0 = 0. (2.2.13b)
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Table 2.1: Dimensional and dimensionless values for the reference case (based on a schema-
tisation of the Sea Scheldt). Overbarred parameters are averaged over the total width at the
seaward boundary. For more information we refer to the main text.

Channel parameters

L∗ = 110 km channel length b∗ = 1.25 km main channel
width

H∗ = 8m averaged main
channel depth

∆b∗ = 0.5 km shallow zone
width

d∗1 = 4m see Fig. 2.1 B∗ = 1.75 km total width

d∗2 = 11m see Fig. 2.1 α∗
h
= 260m cross-sectional

shape function

ϕ = 51° latitude f ∗ = 1.13 · 10−4 s−1 Coriolis
frequency

Tidal parameters

A∗
M2
= 2.1m M2 water level

amplitude
σ∗ = 1.4 · 10−4 s−1 M2 angular

frequency

A∗
M4
= 0.105m M4 water level

amplitude
U∗ = 4.04ms−1 velocity scale

θM2 = 25° M2 water level
phase

r∗ = 1.76 · 10−3 ms−1 friction
parameter

θM4 = 0° M4 water level
phase

L∗g = 397.6 km M2 tidal
wavelength

Dimensionless parameters - order

ε =
A∗M2
H∗
= 0.26 O(ε) γ =

A∗M4
εA∗M2

= 0.19 O(ε)

η = σ∗L∗√
g∗H∗

= 2.06 O(1) r = r∗

σ∗H∗
= 1.57 O(1)

f = 2Ω∗ sinϕ
σ∗ = 0.81 O(1) ` = L∗

L∗g
O(ε)

b = b∗

L∗ = 0.011 O(ε3) B = b∗+∆b∗

L∗ = 0.016 O(ε3)

Numerical parameters

x∗ext = −6 km domain
extension

xext =
x∗ext
L∗ = −0.054

h̃∗ = 70m maximum grid
cell edge

h̃ = h̃∗

b∗ = 0.056

The boundary conditions read

ζ0 = AM2 cos(t − θM2 ) for (x, y) ∈ Γs, (2.2.14a)

®u0 · ®n = 0 for (x, y) ∈ Γc, (2.2.14b)
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with AM2 and θM2 depending on the x and y coordinates of the points along Γs .
At first order, the water motion is described by

O(ε1) ζ1
t +
®∇ ·

[
(1 − h)®u1] + ®∇ · (ζ0 ®u0

)
= 0, (2.2.15a)

(1 − h)
[
®u1
t + η

−2 ®∇ζ1 + f ®ez × ®u1 +
(
®u0 · ®∇

)
®u0

]
+ζ0

[
®u0
t + η

−2 ®∇ζ0 + f ®ez × ®u0
]
+ r ®u1 = 0, (2.2.15b)

with boundary conditions

ζ1 = γ cos(2t − θM4 ) for (x, y) ∈ Γs, (2.2.16a)

®u1 · ®n = 0 for (x, y) ∈ Γc (2.2.16b)

and γ and θM4 depending on the x and y coordinates of the points along the open
boundary Γs . It should be noted that AM4 and θM4 both consist of an externally
prescribed and an internally generated part. The externally prescribed part is
only driven by the boundary condition (2.2.16a) and the geometry of the basin
and is independent of the semidiurnal component. The internally generated part
originates from the nonlinear interactions of the semidiurnal component, i.e. the
nonlinear terms in equation (2.2.15). The externally prescribed and internally
generated parts are independent of each other and are calculated separately, as
described in Ter Brake and Schuttelaars (2011).

The aim is to find the amplitudes and the phases of the different tidal constituents
of the velocity and the sea surface elevation, from which the temporal variation of
the variables ζ , u or v can be reconstructed. Inspecting the leading order system
and its forcings, it can be deduced that at leading order the physical variables only
consist of semidiurnal tidal components. At first order, the non-linearities generate
tidally averaged components and overtides with a double frequency. Hence, the
physical variables, shown in equation (2.2.12), are written as

χ0 = χ0
s1 sin t + χ0

c1 cos t, (2.2.17a)

χ1 =
〈
χ1〉 + χ1

s2 sin(2t) + χ1
c2 cos(2t). (2.2.17b)

Here, χ0
s1 and χ

0
c1 denote the sine and cosine components of the main tidal compo-

nent (M2), respectively. The tidally averaged contributions generated by nonlinear
interactions are denoted by

〈
χ1〉, whereas χ1

s2 and χ1
c2 are the coefficients of the

sine and cosine components of the M4 overtide, respectively. This formulation
is rewritten in terms of phases and amplitudes. For example, at any point, the
dimensionless water level is expressed as

ζ = AM2 cos(t − θM2 ) + ε
(
AM0 + AM4 cos(2t − θM4 )

)
+ h.o.t. , (2.2.18)
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with AM2 =

√
(ζ0

c1)
2 + (ζ0

s1)
2, the amplitude and θM2 = arctan(ζ0

s1/ζ
0
c1) the phase

of the semidiurnal tidal constituent (which is taken in the correct quadrant). The
amplitude AM4 = A∗M4

/A∗M2
and phase θM4 of the quarter-diurnal tidal component

are defined analogously and AM0 = A∗M0
/A∗M2

=
〈
ζ1〉 is the amplitude of the tidally

averaged contributions. It should again be noted that the overtide amplitude and
phase consist of an externally prescribed (Aext

M4
,θextM4

) and an internally generated
(Aint

M4
,θintM4

) part. Moreover, the total M4 amplitude and phase are not equal to the
sums of the externally prescribed and internally generated parts, since these two
parts interfere with each other.

Using similar expressions for the dimensionless tidal velocity,

u = UM2 cos(t − φM2 ) + ε
(
UM0 +UM4 cos(2t − φM4 )

)
+ h.o.t. , (2.2.19)

v = VM2 cos(t − ψM2 ) + ε
(
VM0 + VM4 cos(2t − ψM4 )

)
+ h.o.t. , (2.2.20)

the dimensionless tidally averaged sediment transport is expanded as

qs,u =
〈
u3 + uv2〉 = 〈

u3〉 + 〈
uv2〉

=ε

(
3
2

UM0U2
M2
+

3
4

UM4U2
M2

cos(2φM2 − φM4 )

)
︸                                                     ︷︷                                                     ︸

dominant terms

+ ε

(
1
2

UM0V
2
M2
+

1
4

UM4V
2
M2

cos(2ψM2 − φM4 ) + VM0VM2UM2 cos(2ψM2 − φM2 )

+
1
2

VM4VM2UM2 cos(ψM2 + φM2 − ψM4 )

)
+ h.o.t. . (2.2.21)

The lateral component qs,v is described in a similar way. Since the longitudinal
velocities are much larger than the lateral velocities, the two first contributions in
the righthand-side of equation (2.2.21) (that do not contain any lateral components)
will be dominant. These are contributions due to the tidally averaged velocity and
the contribution due to overtides, which will be denoted as

qM0
s,u =

3
2
εUM0U2

M2
(2.2.22a)

qM4
s,u =

3
4
εUM4U2

M2
cos(φrel) =

3
4
ε

UM4

UM2

U3
M2

cos(φrel), (2.2.22b)

with φrel = 2φM2 − φM4 the relative phase between the semidiurnal and quarter
diurnal tidal velocity constituents. The quarter diurnal velocity amplitude, and
consequently its contribution to the tidally averaged sediment transport, consist of
an externally prescribed (Uext

M4
and qM4,ext

s,u ) and an internally generated part (Uint
M4

and qM4,int
s,u ).



48 The effect of geometry on hydrodynamics and net sediment transport

2.2.4.2 Numerical solution method

It should be noted that the leading order system of equations (2.2.13) and the O(ε)-
system of equations (2.2.15) are not coupled, meaning that the leading order system
of equations can be solved first and its solutions can be used as forcing terms in the
O(ε)-system of equations. The equations are solved, using the root finding method,
which was discussed in Section 1.2.3 of the introductory chapter. Furthermore, the
equations are spatially discretised using the Finite Element Method (FEM). More
precisely, the Galerkin method will be applied on a grid of triangular elements.
Piecewise quadratic interpolation functions (P2 elements) are used for the leading
order system of equations (2.2.13) - (2.2.14) and linear interpolation functions
(P1 elements) for the first order system (2.2.15) - (2.2.16). The degree of the
interpolation functions for the leading order system of equations should be of one
degree higher than for the first order system of equations, because the derivatives
of the leading order variables are used as forcing terms in the first order system
of equations. For the implementation of the FEM, the FEniCS software was used
(Alnæs et al, 2015).

The computational grid was produced using the Gmsh module (Geuzaine and
Remacle, 2009) and consists of two parts: the part covering the physical domain
and an extension for numerical reasons, that will be clarified in this section (see blue
and red parts in Fig. 2.2, respectively). The Dirichlet boundary conditions, given
in equation (2.2.14a) and equation (2.2.16a), depend on the lateral coordinate. At
the boundary of the physical domain (x = 0), the sea surface elevation amplitudes
and phases need to acquire the imposed width-averaged values, i.e. at x = 0 is

1
B

∫ B/2

−B/2
AM2 dy = 1,

1
B

∫ B/2

−B/2
AM4 dy = εγ,

1
B

∫ B/2

−B/2
AM0 dy = 0,

(2.2.23)
and similarly for θM2 and θM4 . Due to the Coriolis effect and the cross-sectional
bottom profile, which both generate lateral velocities, it is unnatural to impose a
laterally uniform boundary condition. Therefore, the physical domain is extended
(the red part in Fig. 2.2) and a uniform boundary condition, imposed at x = xext , is
obtained in an iterative way, such that equation (2.2.23) is satisfied up to a certain
accuracy. Since the reference case is based on a schematisation of the Sea Scheldt,
which is the part of the Scheldt estuary that is not directly connected to the open
sea, the domain extension is chosen to have the same width as the physical domain.

To determine the optimal values for the domain extension xext and themaximum
edge length of the elements h̃, the accuracy of the numerical solutions has to be
determined. This is done in Appendix 2.A by performing error and convergence
analyses, as described in Kumar et al (2016).

In the remainder of this chapter, structured triangular grids are used with
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Figure 2.2: Part of a (coarse) computational grid around x = 0

domain extension xext and maximum edge length of the elements h̃ as given in
Table 2.1 (the determination of these values will be elaborated in Appendix 2.A).
This corresponds to about 25 cells in the lateral direction of the main channel. For
the channel in the reference case, this gives approximately 81000 nodes (including
the domain extension).

2.3 Results
In Section 2.3.1, the model results will be shown for the reference case (see Table
2.1), i.e. a straight channel with L∗ = 110 km and ∆b/b = 0.4, that is forced at
the open boundary by a sea surface elevation, consisting of an M2 and an M4 tidal
constituent (γ = 0.19 and θM4 = 0°). The effects of the Coriolis force are taken
into account as well.

To evaluate the influence of the external forcing and the geometry of the tidal
basin on the horizontal tide and the tidally averaged sediment transport, several
parameters (`, ∆b, γ and θM4 ) will be systematically varied. These results are
presented in Section 2.3.2.

Throughout this section, results showing dimensionless velocities are scaled

by ε
√
g∗H∗, rather than by εσ∗L∗, to avoid unclarities, when the length of the

basin is varied. As discussed in the previous section, this means that we will
work with ®̃u = η®u. Similarly, the dimensionless sediment transport is scaled by

Ω∗s

(
ε

√
g∗H∗

)3
and is denoted as ®̃q = η3 ®q.

2.3.1 Reference case

The amplitudes and phases of the semidiurnal and quarter diurnal velocity com-
ponents are displayed in Fig. 2.3, as well as the corresponding asymmetry param-
eters. Only the longitudinal velocity amplitudes (ŨM2 , ŨM4 ) and phases (φM2 ,
φM4 ) will be discussed. The lateral velocity amplitudes (ṼM2 , ṼM4 ) are generally
much smaller and have little effect on the sediment transport. The amplitude ratio
ŨM4/ŨM2 determines the strength of the tidal asymmetry, while the relative phase
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(a)
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Figure 2.3: Amplitudes and phases of the velocity components for the reference case, as
defined in Table 2.1. The phases are in degrees and φrel = 2φM2 − φM4 . The black dashed
lines indicate the transition between the deep channel and the shallow zones. The white
contour line indicates φrel = 90°. The basin is flood dominant when −90° < φrel < 90° and
ebb dominant when φrel < −90° or φrel > 90°.

φrel = 2φM2 − φM4 defines the sense of the tidal distortion (flood dominant if
−90° < φrel < 90° and ebb-dominant if φrel < −90° or φrel > 90°).

The amplitude of the semidiurnal velocity component (Fig. 2.3a) is larger
in the deeper parts of the channel and gradually diminishes toward the landward
boundary, i.e. for increasing x, due to the effect of bottom friction and the landward
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boundary condition, requiring the along channel velocity to be zero at the landward
boundary. The phase of the semidiurnal component (Fig. 2.3b) increases with
increasing x, indicating the travelling character of the tidal wave. There is a small
phase difference between the deep channel and the shallow zones, illustrating that
the tidal current will turn a bit later on the shallow zones than in the channel.

The quarter diurnal velocity amplitude (Fig. 2.3c) increases to a first local
maximum with increasing x, then decreases to a local minimum for x ≈ 0.3 and
increases again to amaximum around x ≈ 0.65. Fig. 2.3e and Fig. 2.3g demonstrate
that the overtide is mainly generated internally. The contribution of the externally
generated overtides is rather limited, because γ is of O(ε) for the reference case
(Table 2.1). Further in this chapter, the parameter γ will be varied up to O(1)
and its effect will become much clearer. Eventually, the constraint on the velocity
imposed at the landward boundary reduce the M4 velocity amplitude again.

The phase of the quarter diurnal velocity component (Fig. 2.3d) increases grad-
ually along the tidal basin. At the seaward boundary, the phase of the internally
generated overtides (Fig. 2.3f) is more negative than the phase of the externally
prescribed overtides (Fig. 2.3h), but further into the basin, there are only slight dif-
ferences between the phases of the internally generated and the externally prescribed
overtides. This implies there are no strong interference effects and consequently the
total M4 velocity amplitude is almost equal to the sum of the internally generated
and the externally prescribed M4 velocity amplitudes.

The amplitude ratio ŨM4/ŨM2 (Fig. 2.3i) increases with increasing x, due to the
combination of a decrease in M2-amplitude and the local increase in M4-amplitude.
The amplitude ratio is strongest where the semidiurnal velocity amplitude is lowest.
This implies that the strength of the overtide contribution to the tidally averaged
sediment transport will be rather small, since the contribution of the amplitude
ratio to the adopted formula for the tidally averaged sediment transport depends on
the third power of the semidiurnal velocity (see equation (2.2.22b)).

Finally, Fig. 2.3j demonstrates that the channel is flood-dominant almost
throughout the entire domain. The white dashed line indicates the 90° contour
line, which separates the flood (−90° < φrel < 90°) and ebb (φrel < −90° or
φrel > 90°) dominant parts of the basin. The flood dominance is strongest when
φrel = 0. In this case, there are short, strong floods and long, weak ebbs. The ebb
dominance at the open boundary is induced by the negative phase of the internally
generated overtides (Fig. 2.3f).

Fig. 2.4a shows the tidally averaged velocity, which has a different structure
in the seaward and the landward part of the basin, indicating the presence of two
double residual circulation cells. At the seaward side, ŨM0 is directed towards the
sea and is stronger in the deep channel compared to the shallow zones, where it
is approximately zero. The strength of the tidally averaged velocity in the deep
channel decreases when moving in the landward direction, due to the influence of
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Figure 2.4: The tidally averaged velocity and the different contributions to the longitudinal
component of the total tidally averaged sediment transport, as given in equation 2.2.21 and
equation 2.2.22. The parameter values for the reference case are defined in Table 2.1. The
black dashed lines indicate the transition between the deep channel and the shallow zones.
The black contour lines indicate zero velocity or zero transport; negative (positive) values
indicate transport toward the sea (land).

bottom friction. Around x ≈ 0.6 the flow direction in the deep channel reverses. In
the landward part of the basin, the tidally averaged velocity is directed toward the
land in the deep channel, while at the shallow zones it is directed toward the sea.

The various contributions to the tidally averaged sediment transport are dis-
played in Figs. 2.4b to 2.4e and the total tidally averaged sediment transport is
shown in Fig. 2.4f. The overtide contribution q̃M4

s,u (Fig. 2.4e) to the tidally averaged
sediment transport is dominated by the internally generated overtide contribution
(Fig. 2.4c), while the influence of the externally prescribed overtide contribu-
tion (Fig. 2.4d) is limited. At the seaward boundary, both dominant terms q̃M0

s,u

(Fig. 2.4b) and q̃M4
s,u (Fig. 2.4e) are directed toward the sea in the deep channel,

leading to a tidally averaged sediment transport out of the system. Between x ≈ 0.2
and x ≈ 0.6 the twomain contributions q̃M0

s,u and q̃M4
s,u counteract each other. At first,

the influence of the tidally averaged velocity remains dominant and sediment is still
transported out of the system. Around x = 0.4, however, the overtide contribution
becomes dominant, leading to a net sediment transport in the landward direction.
In the landward part, there is a weak sediment transport in the landward direction.
In case of an erodible bed, this behaviour of the net sediment transport would lead
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to a concave-up longitudinal bottom profile, which is in agreement to the morpho-
dynamic equilibria for long embayments, which were found in Schuttelaars and
de Swart (2000) and Hibma et al (2003).

2.3.2 Sensitivity analysis
In this section the geometry of the tidal basin and the external forcing are varied,
with the aim to assess the sensitivity of the tidal system to a changing environment.
To illustrate this sensitivity, the variables at the seaward boundary (x = 0) are
shown for different parameter values. The reference case, as defined in Table 2.1,
is always indicated by a black (vertical) line in the corresponding figures. We are
especially interested in the behaviour at the open boundary, since this provides
information about the overall stability of the tidal basin. If sediment is being
imported or exported, it is certain that the bathymetry is not (yet) inmorphodynamic
equilibrium. In Section 2.3.2.1, the length of the tidal basin will be varied and in
Section 2.3.2.2 the shallow zone area. Next, the effect of a converging channel
will be studied in Section 2.3.2.3. The influence of the amplitude and phase of the
external overtide (again in a straight channel) will be systematically investigated
in Section 2.3.2.4 and in Section 2.3.2.5, respectively. Finally, in Section 2.3.2.6
the extent of shallow zones will again be varied, but for a much wider channel, to
demonstrate the influence of the Coriolis force more clearly.

2.3.2.1 Channel length

The channel length is varied between 5 km and 150 km (corresponding to ` =
0.0126 and ` = 0.377). Figs. 2.5a, 2.5c, 2.5e and 2.5g demonstrate that, due to
tidal resonance, both the semidiurnal and the (internally generated and externally
prescribed) quarter diurnal velocity components obtain a maximum for intermedi-
ate basin lengths, respectively at ` ≈ 0.16, ` ≈ 0.12, ` ≈ 0.12 and ` ≈ 0.09. In a
frictionless channel, the resonance peak would be at ` = 0.25 for the M2 tide and at
` = 0.125 for the externally prescribed overtides, but friction shifts the resonance
peak to shorter basin lengths. Furthermore, the presence of shallow zones causes
a decrease in the tidal wavelength, as can be seen from equation (2.2.10). This
decrease in tidal wavelength shifts the resonance peak to even shorter basin lengths.
The different behaviour between short and long channels is due to a change in tidal
wave characteristics from a standing to a travelling wave (Li and O’Donnell, 2005).

The tidally averaged velocity is depicted in Fig. 2.5b. For short channels
(` . 0.12), tidally averaged inward flow occurs in the deep channel and tidally
averaged outward flow occurs in the shallow water parts, suggesting a double
circulation cell, that is generated by the topography of the basin. For longer
channels, the tide is closer to a travelling wave and the nonlinear wave propagation
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Figure 2.5: Results showing the semidiurnal and quarter diurnal velocity components, the
tidally averaged velocity and the relative phases φintrel = 2φM2 −φ

int
M4

and φextrel = 2φM2 −φ
ext
M4

for various basin lengths. On the vertical axis the location in the cross-section at the open
boundary x = 0 is shown, while the horizontal axis gives the length of the tidal basin,
relative to the frictionless wavelength. In panel (b), the black contour lines indicate zero
velocity. In panels (d) and (f), the white (- -) contour lines indicate 90° and the (··) contour
lines indicate −90°.

can develop more strongly. The circulation cells, observed for short channels, still
exist, but they are located in the landward part of the basin, where the velocities are
small (see Fig. 2.4a). At the open boundary of longer basins the tidally averaged
flow in the shallow water parts is close to zero, but there is a (stronger) tidally
averaged seaward flow in the deep channel, caused by the tidally averaged water
level gradient (see Appendix 2.B, Fig. 2.B.1). This behaviour can also be observed
in Appendix 2.A, Fig. 2.A.2 and is in accordance with Li and O’Donnell (2005).

Figs. 2.5f and 2.5h demonstrate there is a large difference between the relative
phases as a result of the internally generated and the externally prescribed over-
tides, resulting in interference effects between the two. However, for intermediate
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Figure 2.6: Results showing the tidally averaged sediment transport and its different contri-
butions for various basin lengths. On the vertical axis the location in the cross-section at the
open boundary x = 0 is shown, while the horizontal axis gives the length of the tidal basin,
relative to the frictionless wavelength. The black contour lines indicate zero transport.

channel lengths, the externally prescribed overtides are smaller than the internally
generated overtides and the total M4 amplitude (Fig. 2.5c) and the relative phase
(Fig. 2.5d) will be predominantly determined by the internally generated overtides.
Furthermore, the relative phase suggests that the tidal basin is flood-dominant
at the open boundary when it is short (` . 0.15) or very long (` & 0.28) and
ebb-dominant if it is of intermediate length.

Figs. 2.6a to 2.6c indicate that the overtide contribution to the tidally averaged
sediment transport qM4

s,u (Fig. 2.6c) is predominantly determined by the internally
generated overtide contribution (Fig. 2.6a). Only the peak in the seaward directed
sediment transport between ` ≈ 0.15 and ` ≈ 0.2 is weakened due to the local,
landward directed maximum in the externally prescribed overtide contribution
(Fig. 2.6b). Note that the peak in qM4,ext

s,u , does not correspond to the peak of Ũext
M4

(Fig. 2.5g), because the relative phase φextrel is close to −90° at the local maximum of
Ũext

M4
, which locally decreases the tidally averaged sediment transport (see equation

(2.2.22b)).
The different behaviour of the velocity components with varying basin length

has a strong impact on the tidally averaged sediment transport, as can be seen in
Fig. 2.6e. The tidally averaged flow contribution (Fig. 2.6d), which is directed
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Ũext
M4

(c)
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Figure 2.7: Results showing the amplitude of the internally generated and externally pre-
scribed quarter diurnal velocity components, the tidally averaged velocity and the relative
phase at the basin entrance, for various widths of the shallow zones. On the vertical axis the
location in the cross-section at the open boundary x = 0 is shown, while the horizontal axis
gives the extent of shallow zones, relative to the width of the main channel. In panel (c),
the black contour lines indicate zero velocity. In panel (d), the white contour line indicates
a relative phase of 90°.

landward in the deep channel for short basins, leads to sediment import in the
deep channel. This sediment import increases around the M4 resonance peak,
because the basin is flood-dominant and both dominant terms qM0

s,u and qM4
s,u result

in sediment import. At the shallow zones, however, there is a small sediment
export. For intermediate channels, qM0

s,u is directed seaward in the deep channel
and because the basin becomes ebb-dominant as well, sediment is exported out of
the basin. Finally, for long channels, the basin becomes flood-dominant again, but
the overtide contribution is much weaker for longer channels (Fig. 2.6c), making
qM0
s,u (Fig. 2.6d) the dominant contributor. This results again in sediment export in

the deep channel. At the shallow zones, the tidally averaged sediment transport is
close to zero.

2.3.2.2 Width of the shallow zones

The width of the shallow zones ∆b is varied between 0 and 1.4 times the width of
the main channel b. Figs. 2.7a and 2.7b show that, for tidal basins with narrow
shallow zones, overtides are mainly internally generated, while for tidal basins with
wider shallow zones, the amplitude of the internally generated overtides is of the
same order as the amplitude of the externally prescribed overtides.

An increasing extent of shallow zones increases the tidally averaged velocity
(see Fig. 2.7c), both in the deep channel and on the shallow zones. The relative
phase at the open boundary, depicted in Fig. 2.7d, implies that tidal basins with a
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Figure 2.8: Results showing the tidally averaged sediment transport and its different con-
tributions for various widths of the shallow zones. On the vertical axis the location in the
cross-section at the open boundary x = 0 is shown, while the horizontal axis gives the extent
of shallow zones, relative to the width of the main channel. The black contour lines indicate
zero transport.

small shallow zone area are ebb-dominant, but they become flood-dominant when
a larger area of shallow zones is present.

Fig. 2.8e displays the tidally averaged sediment transport. Regardless the
extent of shallow zones, there is sediment export in the deep channel and almost no
sediment transport on the shallow zones. However, the sediment export in the deep
channel first decreases when the shallow zone area increases. If ∆b/b & 0.8 the
export increases again. For tidal basins with a small shallow zone area, both the
contribution due to the tidally averaged velocity (Fig. 2.8d) and the contribution due
to internally generated overtides (Fig. 2.8a) are directed towards the sea, resulting
in a relatively strong sediment export. Increasing the extent of shallow zones
increases the strength of qM0

s,u , while the strength of qM4
s,u (Fig. 2.8c) first decreases

and then increases again, due to the growing influence of the externally prescribed
overtide contribution, shown in Fig. 2.8b. Since the basin becomes flood-dominant
for an increasing extent of shallow zones, both contributions to the tidally averaged
sediment transport counteract each other, leading to an attenuation of the sediment
export. Finally, for tidal basins with very wide shallow zones, the influence of
the stronger externally prescribed overtide contribution can no longer balance the
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increase of the tidally averaged velocity, resulting again in a stronger sediment
export.

2.3.2.3 Convergence length

Up till now, only tidal basins with a rectangular planview have been considered.
However, most real life estuaries have a more or less converging planview. In this
section, the dimensionless convergence length (Lc = L∗c/L

∗) of the tidal channel
is varied from Lc � 1 (straight channel) to Lc = 0.255 (convergence length of the
Sea Scheldt), as can be seen in Fig. 2.9.

Figure 2.9: Estuary planforms investigated in the present numerical tests. The convergence
length varies between Lc = 0.255 (strongly converging) and Lc � 1 (straight).

Fig. 2.10a shows that the amplitude ratio ŨM4/ŨM2 is maximal at the shallow
zones, when the channel is strongly convergent. In the deep channel, however,
the amplitude ratio reaches a maximum at Lc ≈ 8. Because the semidiurnal
velocity component at the seaward boundary is not strongly influenced by the
convergence length of the channel, the maxima are mostly due to an increase in
overtide generation. The relative phase of the velocity components is displayed
in Fig. 2.10b. The tidal basin is ebb-dominant at along the entire cross-section
of the seaward boundary when Lc . 20. For (nearly) straight channels, there is
ebb-dominance in the main channel and flood-dominance at the shallow zones.

The overtide contribution to the tidally averaged sediment transport is shown
in Fig. 2.10c and favours sediment export in the deep channel, when the tidal basin
is ebb-dominant. This sediment export reaches a maximum around Lc ≈ 8. For
(almost) straight channels, that are partly flood-dominant at the open boundary, the
q̃M4
s,u -component favours net sediment import on the shallow zones.
The total tidally averaged sediment transport is depicted in Fig. 2.10d. The

tidally averaged velocity decreases for more converging channels (not shown here),
but remains directed in the seaward direction in the deep channel at the seaward
boundary and close to zero at the shallow zones. This implies that for Lc-values
where the tidal basin is ebb-dominant at the open boundary, both dominant contri-
butions to the tidally averaged sediment transport reinforce each other, leading to a
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Figure 2.10: Results showing the amplitude of the internally generated and externally
prescribed quarter diurnal velocity components, the relative phase and the longitudinal
component of the total tidally averaged sediment transport. On the vertical axis the location
in the cross-section at the open boundary x = 0 is shown, while the horizontal axis gives
the convergence length of the exponentially converging channel. In panel (b), the white (-
-) contour lines indicate 90°. In panels (c) and (d), the black contour lines indicate zero
transport.

stronger sediment export. At the shallow zones, however, there is a weak sediment
export, in case of a converging channel, and a weak sediment import for (nearly)
straight channels, due to the relatively strong overtide contribution at the shallow
zones.

2.3.2.4 External M4-amplitude

Unless stated otherwise, we will again consider rectangular channels in the remain-
der of this chapter. The sea surface level amplitude of the external M4 constituent
(A∗M4

) at the open boundary x = 0 is varied between 0% and 30% of the sea surface
level amplitude of the semidiurnal tide (A∗M2

), i.e. γ is increased up till O(1).
The quarter diurnal velocity component, depicted in Fig. 2.11a, increases with an
increasing external M4 sea surface level amplitude. This is of course due to an
increase in the externally prescribed overtides, since the amplitude of the M2 and
consequently of the internally generated M4 velocity components are unaffected by
a change in external M4 sea surface level amplitude. Fig. 2.11b demonstrates, that
for low values of γ, there is interference between the internally generated and the
externally prescribed overtides. For larger values of γ, the externally prescribed
overtides become more and more dominant and the phase of the quarter diurnal
velocity component no longer changes significantly, when γ is further increased.

Fig. 2.11c demonstrates that the amplitude ratio ŨM4/ŨM2 increases as well,
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Figure 2.11: Results showing the amplitude and phase of the quarter diurnal velocity
component, as well as the amplitude ratio and phase difference between the semidiurnal and
quarter diurnal velocity components. On the vertical axis the location in the cross-section
at the open boundary x = 0 is shown, while the horizontal axis gives the amplitude ratio of
the external M4 and M2 sea surface level components at the seaward boundary. The white
contour line indicates 90°.

with increasing external M4 sea surface level amplitude, which is only due to
the increasing amplitude of the externally prescribed M4 velocity component.
Furthermore, Fig. 2.11d shows that the tidal basin is ebb-dominant in case the
external M4 sea surface level amplitude is very small. A larger external M4
sea level amplitude results in flood-dominance on the shallow zones and ebb-
dominance in the deep channel. The tidal basin becomes flood-dominant across
the entire seaward boundary, when γ & 0.32.

The overtide contribution to the tidally averaged sediment transport, q̃M4
s,u , is

shown in Fig. 2.12a and favours sediment export in the deep channel, when the
external M4 sea surface level amplitude is small, because of the ebb-dominance
of the tidal basin. For higher amplitudes of the external overtide, the tidal basin
becomes flood-dominant and moreover, the amplitude ratio increases, due to the
increase of the externally prescribed overtide. This leads to a landward directed
sediment transport contribution (see equation (2.2.22b)).

Fig. 2.12b depicts the tidally averaged sediment transport and shows sediment
export in the deep channel. This is due to the dominant contribution of the tidally
averaged velocity, which does not vary when varying γ. However, the strength of
the tidally averaged sediment export decreases for larger external M4 sea surface
level amplitudes. For low values of γ, the contribution due to the tidally averaged
velocity and the overtide contribution (Fig. 2.12a) reinforce each other, leading to
a stronger sediment export. For higher values of γ, both dominant contributions
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(a)

q̃M4
s,u

(b)

q̃s,u

Figure 2.12: Results showing the overtide contribution and the total tidally averaged sedi-
ment transport. On the vertical axis the location in the cross-section at the open boundary
x = 0 is shown, while the horizontal axis gives the amplitude ratio of the external M4 and
M2 sea surface level components at the seaward boundary. The black contour lines indicate
zero transport.

counteract each other, leading to a steadily weaker net sediment export in the deep
channel and a steadily stronger net sediment import at the shallow zones.

2.3.2.5 External M4-phase

The phase of the sea surface level of the external M4 constituent (θM4 ) at the open
boundary x = 0 is varied between 0° (reference case) and 360°. From Fig. 2.13, it
follows that a change in the phase of the external M4 component of the water level
strongly influences the tidal dynamics. Since varying θM4 has no influence on the
M2 velocity component and thus no influence on the tidally averaged velocity or the
internal generation of overtides, this influence is only due to interference between
internally generated and externally prescribed overtides. Depending on the phase
of the external quarter diurnal tide, the time between low tide and the following
high tide at the basin entrance alters, leading to a change in velocity and tidally
averaged sediment transport at the entrance.

The amplitude of the quarter diurnal velocity component, depicted in Fig. 2.13a,
has a local minimum for θM4 ≈ 120° and a local maximum for θM4 ≈ 300°,
due to the externally prescribed and internally generated overtides reinforcing
or counteracting each other. This interference of the externally prescribed and
internally generated M4 tide also causes large variations in the phase of the quarter
diurnal velocity component, as can be seen in Fig. 2.13b.

Fig. 2.13c shows that the amplitude ratio ŨM4/ŨM2 reaches a maximum at the
shallow zones, when θM4 ≈ 200°, and in the deep channel when θM4 ≈ 300°. The
relative phase of the velocity components is displayed in Fig. 2.13d. The tidal basin
at the seaward boundary is ebb-dominant in the deep channel when θM4 . 50° or
θM4 & 350° and ebb-dominant across the entire basin for θM4 -values between 100°
and 350°.

The overtide contribution to the tidally averaged sediment transport is shown
in Fig. 2.14a and favours sediment export in the deep channel, when the tidal basin
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(a)

ŨM4

(b)

φM4

(c)

ŨM4
ŨM2

(d)
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Figure 2.13: Results showing the amplitude and phase of the quarter diurnal velocity
component, as well as the amplitude ratio and phase difference between the semidiurnal and
quarter diurnal velocity components. On the vertical axis the location in the cross-section at
the open boundary x = 0 is shown, while the horizontal axis gives the phase of the external
M4 sea surface level component at the seaward boundary. the white dashed contour lines
indicate a relative phase of 90° and the white dotted contour lines indicate a relative phase
−90°.

is ebb-dominant. This sediment export reaches a maximum around θM4 ≈ 220°.
Note, that this maximum does not correspond with the maximum amplitude of the
ŨM4 overtide, because of the influence of the relative phase (see equation 2.2.22b).
For values of θM4 where the tidal basin is flood-dominant at the open boundary,
the q̃M4

s,u -component favours net sediment import.
The total tidally averaged sediment transport is depicted in Fig. 2.14b. As in

the previous section, the tidally averaged velocity does not change when θM4 is
varied. This implies that for θM4 -values where the tidal basin is ebb-dominant at
the open boundary, both dominant contributions to the tidally averaged sediment
transport reinforce each other, leading to a stronger sediment export. For the other
θM4 -values, the contribution due to the tidally averaged velocity and the overtide
contribution counteract each other, leading to a weaker net sediment export in the
deep channel.

2.3.2.6 Influence of the Coriolis force

A tidal wave entering a semi-enclosed tidal basin is deflected to the right (in the
Northern hemisphere) by the Coriolis force due to the rotation of the earth. Next it
is reflected by the landward boundary and the reflected wave is in turn deflected to
the right by the Coriolis force. In a frictionless case, this leads to an anti-clockwise
rotation around a so-called amphidromic point, that lies on the centreline of the
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(a)

q̃M4
s,u

(b)

q̃s,u

Figure 2.14: Results showing the overtide contribution and the total tidally averaged sedi-
ment transport. On the vertical axis the location in the cross-section at the open boundary
x = 0 is shown, while the horizontal axis gives the phase of the external M4 sea surface
level component at the seaward boundary. The black contour lines indicate zero transport.

basin, with an increasing elevation amplitude away from that point (Pugh, 1987).
However, when bottom friction is present, the incoming and the reflected tidal wave
no longer perfectly balance each other and the amphidromic point is shifted away
from the centreline. Depending on the width of the basin and the strength of the
bottom friction, the amphidromic point can be shifted outside of the basin (Roos
and Schuttelaars, 2011). It is then called a virtual amphidromic point and in this
case, the tidal wave only gets deflected. Moreover, the presence of shallow zones,
also affects the balance between the incoming and the reflected tidal wave, and
hence the position of the amphidromic point.

The importance of the Coriolis force in a system depends on the so-called
Rossby radius of deformation R∗, which is defined as

R∗ =

√
g∗H∗

f ∗
. (2.3.1)

Note, that the Coriolis effect will also be more significant in shallower water,
resulting in a smaller value for R∗.

In the results, discussed in the previous sections, the total width (B∗) of the
channel is only 1.75 km, which is approximately 45 times smaller than the Rossby
radius. Those results show indeed that the different components are almost perfectly
symmetric around the longitudinal axis of the channel, indicating that Coriolis
effects are negligible. For wider channels, such as those considered in Ridderinkhof
et al (2014), the Coriolis force has a significant effect. In Fig. 2.15 the water level
is given across the open boundary of a tidal basin that is ten times wider than the
reference case, given in Table 2.1. The same cross-sectional bottom profile is used
(i.e. α∗

h
is ten times bigger as well). Here, the Rossby radius of deformation is

R∗ ≈ 5B∗ and the Coriolis effect can no longer be neglected.
This can be seen in Fig. 2.16 as well, where the same analysis was performed

as in Section 2.3.2.2, but now the width of the deep channel is 10 times wider
(b∗ = 12.5 km). In Fig. 2.16a the amplitude of the M4 velocity component at
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Figure 2.15: Tidal range (relative to A∗
M2

) across a tidal basin with length L∗ = 110km and
total width B∗ = 17.5km. The cross-section is located at the seaward boundary and results
are shown including (solid line) and without (dashed line) Coriolis force.

the open boundary is shown. As a result of the Coriolis effect, the overtides are
stronger on the left side of the basin (i.e. the part of the basin for which y > 0) than
on the right side (y < 0), when almost no shallow zones are present. Increasing the
amount of shallow zones shifts the peak overtide amplitude to the right side of the
basin (y < 0). The relative phase, shown in Fig. 2.16b, still exhibits ebb-dominant
behaviour when the shallow zone area is very small and flood-dominant behaviour
when a larger area of shallow zones is available. However, due to the Coriolis
effect, there is now a strong asymmetry relative to the along channel axis. For
∆b/b between 0.1 and 0.4 the tidal basin is even ebb-dominant at the left side of
the basin and flood-dominant on the right side.

Fig. 2.16c and Fig. 2.16d display the longitudinal and the lateral component of
the tidally averaged sediment transport at the open boundary, respectively. In the
previous simulations (for narrow channels) the along channel sediment transport
was symmetric relative to the along channel axis and the lateral sediment transport
was negligible. For wider channels, however, the along channel sediment transport
becomes slightly asymmetric relative to the along channel axis. Moreover, the lat-
eral component of the tidally averaged sediment transport, although it is still much
smaller than the longitudinal component, can no longer be neglected, especially
on the shallow zones, where the longitudinal component of the sediment transport
is also small. This lateral sediment transport becomes stronger when the shallow
zone area becomes larger. In case of an erodible bed, this behaviour could lead
to a shift of the deep channel towards the right side of the basin (y < 0). These
results are in accordance with Schramkowski and de Swart (2002), who stated that
a lateral sediment flux exists, if external overtides and Coriolis force are simulta-
neously present, and a cross-channel variation of the bottom is required in order to
maintain morphodynamic equilibrium.
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(a)

ŨM4

(b)

φrel

(c)

q̃s,u

(d)

q̃s,v

Figure 2.16: Results showing the amplitude of the quarter diurnal velocity component,
the relative phase and the longitudinal and lateral component of the total tidally averaged
sediment transport, for a tidal basin with b∗ = 12.5 km. On the vertical axis the location in
the cross-section at the open boundary x = 0 is shown, while the horizontal axis gives the
extent of shallow zones, relative to the width of the main channel. In panel (b), the white
contour line indicates a relative phase of 90°. In panel (c), the black contour lines indicate
zero transport.

2.4 Discussion

2.4.1 Model validation

In Sections 2.A and 2.B the model is verified, by comparing the results to analytical
solutions and to a complex process-based model. Using a schematisation of the Sea
Scheldt, we have compared our model results, both in the case of a rectangular and a
converging channel, with field data gathered in the Scheldt Estuary. The data were
taken from Schuttelaars and de Swart (2000) and consist of sea surface elevations at
various locations along the entire Scheldt estuary, including the Western Scheldt.
The model results on the other hand comprise only the Sea Scheldt part of the
estuary. In Figs. 2.17a and 2.17c the amplitudes of the semidiurnal and quarter
diurnal tidal constituents of the sea level variation are depicted as functions of the
distance to the seaward boundary of the Scheldt estuary (Vlissingen-Breskens).
The phases of the M2 and M4 tidal constituents are shown similarly in Figs. 2.17b
and 2.17d. The data are indicated by the circles, the solid lines represent the model
results for the converging channel and the dashed lines the model results for a
straight channel (reference case, see Table 2.1). Qualitatively, the behaviour of the
phases is captured reasonably well by the model, considering the many simplifying
assumptions underlying the present model. The converging channel gives a decent
approximation especially for the semidiurnal phase and the straight channel for the
quarter diurnal phase. In a converging channel, a part of the incoming wave is
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(a) (b)

(c) (d)

Figure 2.17: Comparison of field observations and model results for the water motion in
the Scheldt estuary. Shown are the width averaged amplitudes (m) and phases (rad) of the
M2 and M4 tidal constituents in the water level versus the distance to the seaward boundary.
The reference case (straight channel) is denoted by the dashed curves. The solid curves
have been obtained with a converging channel with L∗c = 28 km. The data are taken from
Schuttelaars and de Swart (2000) and represent the entire Scheldt estuary (including the
Western Scheldt). The model results represent only the Sea Scheldt.

already reflected before the landward boundary, due to the converging geometry.
Therefore the reflected wave has travelled less distance and is influenced less by
friction. Hence, the tidal wave behaves less as a travelling wave and the semidiurnal
phase increases less along the channel than in the rectangular case. The M2 and M4
amplitudes compare reasonably well in the seaward part of the Sea Scheldt, in case
of a converging channel. In the landward part, the comparison is less good. This
is partly due to the assumption of a constant mean water depth along the channel.
In reality the water depth decreases and thus the friction increases. This leads to
a reduction of the amplitude of the tidal wave. Also the influence of a freshwater
inflow in the landward part of the Sea Scheldt can play an important role, but is
not taken into account in this thesis.

2.4.2 Overview of the results and comparison with previous
studies

In this section, wewill focus on the behaviour in the along channel direction is being
to get a better physical interpretation of the results and a more clear comparison
with previous (cross-sectionally averaged) models.
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Figure 2.18: A typical cross-section of the tidal basin, showing certain locations in the
main channel (solid line), at the slopes (dotted line) and at the shallow zones (dashed line).

In Figs. 2.19 to 2.21 different variables are shown as a function of the location
along the estuary for three different locations in the lateral direction: in the deep
channel, along the slopes and on the shallow zones (see Fig. 2.18). The respectively,
solid, dotted and dashed lines in Figs. 2.19 to 2.21 indicate the values of the physical
variables along these lines. The reference case (see Table 2.1) is always represented
by a black colour code in those figures.

In section 2.3.2.1, it was shown that the tidally induced flow, and consequently
the tidally averaged sediment transport, are strongly dependent on the basin length.
The ratio of the amplitudes of the semidiurnal and quarter diurnal velocity compo-
nents is shown in Fig. 2.19a for three channel lengths: ` = 0.025 (blue), ` = 0.15
(red) and ` = 0.277 (black). For ` = 0.15, the resonance peak is stronger for the
quarter-diurnal tidal constituent (not shown here), leading to a stronger distortion
in the tidal current for intermediate channel lengths. This effect is even more
pronounced at the shallow zones (see also Fig. 2.5).

Fig. 2.19b shows that the short channel (` = 0.025) is flood-dominant. Friedrichs
and Aubrey (1988) argue that tidal asymmetry is a compromise between the effects
of friction in the main channels and the shallow zone area. The propagation of low
water through the main channel is slowed more by friction than the propagation of
high water, shortening the flood. Contrary, an extensive shallow zone area slows
the propagation of high water, shortening the ebb. For longer channels, however,
this relatively simple argument, stating that high tide propagates landward more
quickly than the low tide, only holds in the landward part of the basin. In the sea-
ward part of the basin, the asymmetries in the tidal velocity depend in a complex
way on both the asymmetries in the sea surface elevation and on the topographic
profile (Friedrichs, 2011). Indeed, for intermediate channel lengths (` = 0.15),
the basin is flood-dominant in the main channel and ebb-dominant at the shallow
zones in the seaward part. For long channels (` = 0.277) the opposite is true. In
the landward part, the basin is always flood dominant.

Fig. 2.19c demonstrates that the tidally averaged flow is landward in the deep
channel and seaward on the shallow zones for short channels. This suggests a
double circulation cell, due to frictional torques. For longer channels, this double
circulation cell is pushed to the landward part of the basin. The tidally averaged
velocity in the seaward part of the basin becomes uniformly seaward directed,
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Figure 2.19: The amplitude ratio of and phase difference between the semidiurnal and
quarter diurnal velocity components, the tidally averaged velocity and the longitudinal
component of the tidally averaged sediment transport for different channel lengths, shown
along the tidal basin at the locations in the cross-section, indicated by the vertical lines in
Fig. 2.18. The blue colours refer to a channel length of ` = 0.025, red to ` = 0.15 and black
to ` = 0.277.

under the influence of a seaward directed pressure gradient. This pressure gradient
is caused by the tidally averaged sea surface elevation, which rises monotonically
along the channel (see Appendix 2.B, Fig. 2.B.1). These results are in accordance
with Li and O’Donnell (2005).

There is a clear resonance peak in the tidally averaged sediment transport
as well. For intermediate and long channel lengths, the tidally averaged sediment
transport in the deep channel is directed seaward close to the seaward boundary and
changes direction further inland. The magnitude of the landward directed sediment
transport, however, is much larger in case of ` = 0.15. Moreover, the present 2DH
model shows that for an intermediate channel length, there is a significant seaward
directed sediment transport at the shallow zones. This is caused by the combined
effect of the tidally averaged velocity and the local ebb-dominance at the shallow
zones, close to the seaward boundary.
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Figure 2.20: The amplitude ratio and phase difference between the semidiurnal and quarter
diurnal velocity components, the tidally averaged velocity and the longitudinal component
of the tidally averaged sediment transport for different shallow zone areas, shown along the
tidal basin at the locations in the cross-section, indicated by the vertical lines in Fig. 2.18.

For short and shallow tidal basins, increasing the shallow zone area makes the
system more ebb-dominant (Friedrichs and Aubrey, 1988) and can even reverse
the direction of the tidally averaged sediment transport (Ridderinkhof et al, 2014).
Long tidal channels seem to be less sensitive to the presence of shallow zones. In
Fig. 2.20a the amplitude ratio of the quarter diurnal and semidiurnal tidal velocity
constituents is shown for no (blue) intermediate (black) and large (red) shallow
zone area. There is a slight increase of this ratio with increasing shallow zone
area. Furthermore, a significant shallow zone area causes a local maximum in the
amplitude ratio around x = 0.2. Moreover, Fig. 2.20b suggests that increasing the
shallow zone area makes the tidal basin more flood-dominant in the seaward part,
contrary to observations made for short channels, but in accordance with the results
of Ridderinkhof et al (2014).

The shallow zone area also determines the behaviour of the tidally averaged
velocity over the shallow zones. In case of very small shallow zone area, the tidally
averaged flow in the shallow parts of the channel is landward directed near the
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seaward boundary. Furthermore, there is a relatively strong seaward directed tidally
averaged velocity around x = 0.6. With significant shallow zone area, however,
the tidally averaged flow over the shallow zones around x = 0.6 is weakened, but
the flow in the shallow parts at the seaward boundary is now stronger and seaward
directed. Direction and strength of the tidally averaged velocity depend on the
relative importance of the different contributions of bottom friction, along-channel
pressure gradients (see Appendix 2.B, Fig. 2.B.1) and advection.

Fig. 2.20d shows that the complex interplay of the different contributions even-
tually leads to a limited effect of shallow zone area on tidally averaged sediment
transport in long tidal basins.

In Fig. 2.21a the influence of the convergence length is shown for a rectangular
(black), moderately converging (red) and strongly converging (blue) channel. shows
an overall increase of the amplitude ratio of the quarter diurnal and semidiurnal
tidal velocity constituents for more converging tidal basins. It stands out that the
amplitude ratio is much higher at the shallow zones than in the deep channel.
This is because the semidiurnal tidal constituent is more sensitive to the stronger
friction in the shallow parts than the quarter diurnal tidal constituent. Furthermore,
Lanzoni and Seminara (1998) state that weakly dissipative, convergent estuaries
are ebb-dominant, because both the peak ebb velocity and the duration of the
ebb phase exceed the corresponding values for the flood phase. On the contrary,
strongly dissipative estuaries are always found to be flood-dominant. The latter
feature also arose in the work of Friedrichs and Aubrey (1994). The Sea Scheldt
is neither strongly nor weakly dissipative and the present model suggests that the
convergence length has little influence on the relative phase in the deep channel,
which is invariably flood-dominant (or very weakly ebb-dominant). However, on
the shallow zones in the seaward part of the basin, there is ebb-dominance when
the channel is converging and flood-dominance when the channel is straight.

As stated earlier, in a converging channel, the reflected tidal wave is less in-
fluenced by friction. According to Li and O’Donnell (2005), this leads to a less
pronounced tidally averaged water level gradient throughout the channel. Con-
sequently, there is a weaker tidally averaged velocity in the deep channel, as can
be seen in Fig. 2.21c. The double circulation cell in the landward part of the
tidal basin, which is caused by frictional torques, created by the cross-sectional
bathymetry, becomes even more apparent in the case of a converging channel.

Finally, Fig. 2.21d shows that the seaward directed tidally averaged sediment
transport at the seaward boundary is weaker in a converging tidal basin, due to a
weaker tidally averaged velocity. The landward directed tidally averaged sediment
transport in the landward part of the basin, however, is stronger in a converging
channel, due to the combined influence of a stronger tidally averaged velocity and
a stronger flood-dominant tidal asymmetry.

Aside from the basin geometry, the effect of the external forcingwas investigated
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Figure 2.21: The amplitude ratio and phase difference between the semidiurnal and quarter
diurnal velocity components, the tidally averaged velocity and the longitudinal component of
the tidally averaged sediment transport for converging channels with different convergence
lengths, shown along the tidal basin at the locations in the cross-section, indicated by the
vertical lines in Fig. 2.18.

as well. The introduction of an external overtide has a large influence on the
amplitude ratio of the semidiurnal and quarter diurnal velocity components as well
as on their relative phase. This leads to large variations in the overtide contribution
to the tidally averaged sediment transport, when the external overtide component
is varied. However, due to the dominant contribution of the tidally averaged
velocity, the changes in the total tidally averaged sediment transport are modest.
Ridderinkhof et al (2014) suggest that the effect of an asymmetric tidal forcing on
the tidally averaged sediment transport is indeed limited for long channels, but can
be stronger for short tidal basins.

The effect of the Coriolis force was added in this study and it was found that
for sufficiently wide tidal basins, its influence can not be neglected. Ridderinkhof
et al (2014) studied tidal basins with a main channel width of 15 km and a mean
water depth of 4.7m. The results from this chapter suggest that the cross-sectionally
averaged results should be interpreted with caution, because there can be significant
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lateral variations in the results. For such wide systems, the Coriolis effect can for
example cause the basin to be flood dominant at one side and ebb dominant on
the other. Moreover, the lateral component of the velocity and the tidally averaged
sediment transport becomes increasingly important. To study the influence of
shallow zones on the hydrodynamics and the tidally averaged sediment transport,
not only the ratio ∆b/b should be considered, but also the physical value b∗ of the
channel width.

2.4.3 Applications and limitations of the modelling approach

To compare with similar models in literature, the geometry of the tidal basin was
limited to a rectangular shape in planview with a Gaussian lateral bathymetry.
The model can easily be extended to include width and depth variations and
realistic geometries and bathymetries. Such geometries are most easily simulated
on unstructured grids with local refinements, for which the Finite Element Method
is especially recommended.

The solutions presented here have only been derived for a dominant semidiurnal
tidal frequency. In many coastal waters, the semidiurnal tide is indeed the main
constituent. In other coastal waters, however, diurnal tides are dominant or the
tide is a mixture of different constituents of comparable magnitudes. For these
situations, the present results do not apply. The same approach can, however,
be applied for diurnal tides. When different frequencies may have comparable
magnitudes in the energy spectrum, this is less straightforward. The interactions
between these different constituents can, however, provide a significant contribution
to the tidally averaged sediment transport (Guo et al, 2016).

Some other processes that have been neglected in this study are the flooding
and drying of the tidal flats and the inflow of freshwater discharge. In some tidal
systems, such as the Scheldt estuary, the river outflow is small compared to the tidal
motion (Wang et al, 1999), but in other systems, this is not necessarily the case
(Charlton et al, 1975). A constant freshwater discharge can be readily taken into
account in the model. As demonstrated in Bolla Pittaluga et al (2015), the river
inflow can have a large influence on the sediment transport and the morphodynamic
stability of the tidal system.

Results for the tidally averaged sediment transport, using the bed-load formula,
given in equation (2.2.7), can only be interpreted as first order responses of the
system. The changes in velocity asymmetry can be used to yield a first estimate of
changes in sediment transport, but eventually, it will be important to solve the full
advection-diffusion equation (2.2.5) governing the sediment concentration.
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2.5 Conclusions
An idealised depth-averaged model has been developed to investigate the hydrody-
namics and the tidally averaged sediment transport in a semi-enclosed tidal basin
with shallow zones. This model extends both the cross-sectionally averaged model
of Ridderinkhof et al (2014), by adding lateral dynamics, and the depth-averaged
model of Li and O’Donnell (2005), by adding overtides and the Coriolis effect.
The model uses the Finite Element Method to spatially discretise the equations,
which are then solved in the frequency domain. The model has been validated by
comparing the output with field data from the Sea Scheldt and with several other
models results found in the literature, ranging from simple analytical models to
complex process-based 2DH models.

A reference case was studied, based on a schematisation of the Sea Scheldt
tidal river as a straight channel. Next, the influence of the basin geometry (length,
shallow zone area, convergence length) and the external forcing (amplitude and
phase of the externally prescribed overtide) on the tidal dynamics and the tidally
averaged sediment transport was examined systematically.

Results from previous studies, such as Li and O’Donnell (2005); Friedrichs
(2010); Ridderinkhof et al (2014) have been confirmed, but now the different
response to changes in geometry or tidal forcing, in both the deep and shallow
parts of the tidal basin, has been investigated. In a 2DH model the flow over the
shallow zones is incorporated in the domain and dynamically, this has much in
common with a wide and shallow tidal channel (Friedrichs, 2011). In this way, a
full two-dimensional image of the tidal propagation throughout the basin could be
created and interpreted for hundreds of different simulations, allowing us to chart
the sensitivities of the tidal system.

The present chapter has been focused on the production of overtides, with a clear
distinction between internally generated and externally prescribed overtides and
their mutual influence on the tidally averaged sediment transport. The behaviour
of the tidal wave largely depends on the length of the tidal basin. In case of a
large tidal basin, both the convergence length and the tidal forcing at the seaward
boundary can have a large influence on the overtide generation and hence on the
tidally averaged sediment transport. The effect of the shallow zone area depends
on both the width and the length of the channel. For very wide tidal channels, the
shallow zone area significantly affects the tidal asymmetry and the tidally averaged
sediment transport, due to the increasing importance of the Coriolis effect.

For the narrow channels, described in this chapter, the results of the present
2DH-model compare well to the results of 1D-models. In both cases the tidally av-
eraged sediment transport along the channel suggests that the system tends to evolve
from a flat bottom in the longitudinal direction towards the convex morphodynamic
equilibrium profile, described in Schuttelaars and de Swart (2000).
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(a)

(b)

Figure 2.A.1: (a) Relative error with respect to the analytical solution (2.A.1) and (b) order
of convergence for the amplitude of the surface elevation. The blue line shows the results
for linear basis functions (P1 elements) and the red line for quadratic basis functions (P2
elements).

Appendix 2.A Model Verification - Error analysis

The model will be verified in two steps. Firstly, the water motion will be simulated
in a tidal basin with a flat bottom, ignoring Coriolis force. The numerical results
of the leading order system of equations (2.2.13) and boundary conditions (2.2.14)
will be compared with an exact analytical solution (see e.g. Dronkers (1986)).
Secondly, the influence of the domain extension is investigated when a cross-
sectional profile, as described in equation (2.2.1) is used and the Coriolis force is
included.

Regarding the first verification step, a straight channel of length L∗ = 110 km
and width B∗ = 1.75 km is considered, with a flat bottom profile (H∗ = 8m). The
exact solution for the leading order water surface elevation can be expressed as

ζ∗ = A∗M2

cos (ω∗(x∗ − L∗))
cos(ω∗L∗)

, with ω∗ =
√

iσ∗B∗

F∗
and F∗ =

g∗H∗B∗

iσ∗ + r∗

H∗

, (2.A.1)

following (Li and O’Donnell, 2005). Denoting the exact solution as χ and the
numerical solution as χh̃ , where h̃ is the maximum cell diameter of the triangular
grid, the error function Eh̃ is defined as Eh̃ = χ − χh̃ . The numerical solution χh̃
converges to the exact solution χ if ‖Eh̃ ‖L2 → 0 as h̃ → 0, with ‖ · ‖L2 the L2
norm. To make the error measure independent of the size of the domain and the
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(a) ` = 0.063 (b) ` = 0.277

(c) (d)

Figure 2.A.2: Error analysis for a short ((a) and (c)) and a long ((b) and (d)) channel,
consisting of a cross-sectional profile as given in equation (2.2.1). (a) and (b) The L2 error
norm of the difference between the numerical and the analytical results, derived in Li and
O’Donnell (2005), i.e. ‖ 〈u〉Li−〈u〉 ‖L2

‖ 〈u〉 ‖L2
. (c) and (d) 〈®u〉 along the open boundary of the

physical domain, x = 0.

range of the solution, the relative error is defined as

Erel(h̃) =
‖Eh̃ ‖L2

‖ χ‖L2

. (2.A.2)

The order of convergence p is the rate at which the numerical solution χh̃ converges
to the exact solution χ and is given by

p =
log

(
‖Eh̃1
‖L2/‖Eh̃2

‖L2

)
log

(
h̃1/h̃2

) . (2.A.3)

For linear (quadratic) basis functions, we expect second (third) order convergence
of the numerical solution, provided numerical integrals are computed sufficiently
accurately (Kumar et al, 2016).

To investigate the convergence properties of the numerical solution, the number
of nodes is systematically increased, with both linear and quadratic basis functions.
Fig. 2.A.1a illustrates that the relative error defined in equation (2.A.2) decreases for
an increasing number of nodes. Note that for the same number of nodes, the relative
error using quadratic basis functions is at least 100 times smaller than the relative
error found with linear basis functions. Fig. 2.A.1b demonstrates that the order
of convergence for linear basis functions converges to 2 and for quadratic basis
functions, the order of convergence approaches 3. To conclude, the numerical
solution for the amplitude of the surface elevation converges with the expected
order of convergence for both linear and quadratic basis functions. Similar results
are obtained for the velocity amplitudes. As mentioned earlier, quadratic basis
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functions will be used for the leading order system of equations (2.2.13), since
the solutions (and their derivatives) are used in the first order system (2.2.15) and
therefore, the errors should be as small as possible.

As a second verification step, the influence of the length of the domain extension
on the water motion is considered. For both a short (L∗ = 25 km, ` = 0.063) and
a long (L∗ = 110 km, ` = 0.277) channel, the domain has been extended with
different fractions (0.001, 0.002, 0.005, 0.01, 0.015, 0.02, 0.025) of the frictionless
tidal wavelength L∗g. The top row of Fig. 2.A.2 shows the relative error for the
tidally averaged longitudinal velocity 〈u〉 between the solution calculated on the
extended grid and the solution calculated on the grid with the largest extension
(0.025L∗g). It can be seen that both for a short and long channel, the solution starts
to converge for a channel extension of approximately 0.005L∗g. The bottom row of
Fig. 2.A.2 depicts the tidally averaged velocity vectors 〈®u〉 at the open boundary
x = 0. If the extension of the domain is too small, the tidally averaged velocity
vectors point in all directions and the solution is obviously not realistic. For grid
extensions with a length exceeding about 0.005L∗g-0.01L∗g the vectors align well at
the open boundary and do not change appreciably compared to larger extensions.
Therefore, an extension of 0.015L∗g will be used (Table 2.1).

Appendix 2.B Model Verification - Comparison to
different model results

In the previous appendix, the model was verified in leading order against analytical
solutions. In this appendix, full model results will be compared to different models,
found in the literature: an analytical model, describing the tidally averaged dynam-
ics in a rectangular channel (Li and O’Donnell, 2005) and a complex process-based
Delft2DH model, considering a converging channel (van Rijn, 2011).

To verify the robustness of the present idealised model, tidally averaged results
are compared to the analytical solutions from Li and O’Donnell (2005). Fig. 2.B.1a
shows the numerical solution of the tidally averaged water level along the channel
and Fig. 2.B.1b presents the L2 error norm, compared to the analytical solutions,
for different channel lengths, ranging from 5 km to 150 km. The other parameters
are chosen as in Table 2.1, but no Coriolis force is taken into account. The results
show a relative error between the numerical solution and the analytical solution
from Li and O’Donnell (2005), that is about 0.4% for the shortest channel and less
than 0.1% for the other channel lengths. The relative error is higher for the shortest
channels, because ‖ 〈ζ〉 ‖L2 is also very small for the shortest channels.

As a final test, the model results are compared to a complex process-based
model. Fig. 2.B.2 depicts the tidal range along a long converging channel without
shallow zones. The present model is able to reproduce the results of the Delft2DH
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(a)

(b)

Figure 2.B.1: The mean sea level 〈ζ〉 (=
〈
ζ1〉) along the channel for different channel

lengths. (a) The numerical results from the present idealised model. (b) The relative L2
error norm of the difference between the numerical and the analytical results, derived in Li
and O’Donnell (2005), i.e. ‖ 〈ζ 〉Li−〈ζ 〉 ‖L2

‖ 〈ζ 〉 ‖L2
.

model from van Rijn (2011) quite accurately, contrary to the analytical solution
that was proposed in van Rijn (2011), which is also shown.

Figure 2.B.2: Tidal range along a converging channel with L∗ = 180 km, B∗0 = 25 km,
L∗c = 25 km, H∗ = 10m and r∗ = 0.0025ms−1. The full line corresponds to results
generated with the present model; the dashed and dotted lines correspond respectively to a
Delft2DH and an analytical model, presented in van Rijn (2011).
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3
Historical and future development of

the tidally averaged transport of sandy
sediments in the Scheldt estuary

The contents of this chapter have been published as: Boelens T, Schuttelaars H,
Plancke Y, De Mulder T (2020) Historical and future development of the tidally
averaged transport of sandy sediments in the Scheldt estuary. Ocean Dynamics
1–24 (published online).



Abstract

To investigate the historical development of the tidally averaged transport of sandy
sediments in the main branch of the Scheldt estuary over the last decades (1950-
2013), the depth-averaged exploratory model has been employed. This model com-
prises the depth-averaged (2DH) shallow water equations, driven by an asymmetric
tidal forcing at the seaward side, as well as an advection-diffusion equation to de-
scribe the depth-integrated dynamics of the suspended sediment concentration. The
tidally averaged sand transport results from a subtle balance between the various
contributions; advective contributions due to internally generated and externally
prescribed overtides and the diffusive and topographically induced contributions.
A seaward tidally averaged sand transport is found near the open boundary, whose
magnitude has increased since ca. 1950. Moving upstream, the magnitude of the
seaward transport decreases and changes into a smaller landward transport with a
local maximum near the landward boundary. This maximum has increased over the
years. Varying parameters that capture changes in the environment, e.g. historical
changes in the bathymetry, future mean sea-level rise or changes in tidal forcing,
results in changes in the tidally averaged sand transport, that are systematically
analysed and related to changes in the various contributions. Our model shows that
there is a competition, in terms of determining the magnitude and the direction of
the tidally averaged sand transport, between the effects of historical bathymetric
changes, changes in tidal forcing and (projected) sea-level rise. Even small changes
in the tidal forcing at the seaward boundary can have a large impact on themagnitude
and the direction of the tidally averaged sand transport. This hampers accurate pre-
dictions of sediment transport and morphodynamic changes in tidal systems, due to
the uncertainty in the response of the tidal dynamics to the projected sea-level rise.
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3.1 Introduction

Estuaries and tidal rivers are highly dynamic systems, where the natural morpho-
logical development is the result of a complex interplay between water motion,
sediment transport and bed topography. In most estuarine environments tides are
the most important forcing factor and the morphological development is a result of
the divergences in the residual or tidally averaged sediment transport. Therefore,
mechanisms and processes influencing residual sediment transport play a key role
in the development and understanding of how an estuary responds to changing
natural forces and human interference (Chu et al, 2015).

In an estuary with a large tidal prism, the net sediment transport is the differ-
ence between two large numbers (import during flood and export during ebb). To
accurately obtain this small difference from field measurements is very difficult,
as sediment fluxes are hard to measure, requiring simultaneous flow and sediment
concentration measurements across different cross-sections of the river (Bi and
Toorman, 2015). However, a good knowledge of the sediment transport is essen-
tial for planning of maintenance dredging activities and predicting the ecosystem
services on the longer term (Temmerman et al, 2004; Kirwan et al, 2016).

The aim of this chapter is to assess the influence of changing estuarine con-
ditions, both historical and projected, on the residual transport of sandy materials
and to gain a better understanding of the underlying physical transport mecha-
nisms, by using a process-based numerical modelling approach. There are two
different flavours of process-based modelling: simulation models on the one hand
and exploratory or idealised models on the other (Murray, 2003). In this chapter,
the exploratory model, developed in Boelens et al (2018) (see Chapter 2), will be
extended and applied to the Scheldt Estuary.

Exploratory models aim at qualitatively reproducing the main trends and ob-
servations of the system by retaining only those processes that are believed to be
important for the overall dynamics in an (often) schematised geometry. The key
advantages of these models are their excellent ability to quickly investigate the
sensitivity of the model outcomes to parameter variations and the possibility to
systematically study physical processes in isolation (Murray, 2003; Brouwer et al,
2018). However, only qualitative comparison to natural systems is possible, due
to the idealised nature of these models and the interpretation of the results has
to be conducted in the light of the underlying assumptions. Exploratory models
have been used to study sediment dynamics in estuaries in e.g. Dronkers (1986);
Friedrichs et al (1998) (analytical), Ridderinkhof et al (2014) (1D), Chernetsky
et al (2010); Dijkstra et al (2017) (2DV), Boelens et al (2018) (2DH) and Kumar
et al (2016); Wei et al (2018); Donatelli et al (2018) (3D).

Simulationmodels try to reproduce a natural system as accurately as possible by
implementing all known physical processes and state-of-the-art parameterisations.
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Figure 3.1: The Scheldt estuary

However, these models are in need of quantitative measurements for calibration
and verification (Bi and Toorman, 2015). Furthermore, simulation models are
computationally expensive, which hampers the performing of sensitivity studies.
Moreover, simulation models have a limited suitability for long-term (decades to
centuries) predictions (Wang et al, 2012) and the results can be difficult to interpret.
Nevertheless, simulation models should be applied when a high level of accuracy
is required. Simulation models have been used to study sediment dynamics in
estuaries and salt marshes in e.g. Bolle et al (2010); Fagherazzi et al (2012); van
Maren et al (2015).

To assess the (isolated) effects of changes in bathymetry, mean sea-level and
tidal forcing on the residual transport of sandy sediments, wewill focus on historical
and projected changes in the Scheldt estuary (see Fig. 3.1). The Scheldt estuary has
undergone several modifications since the mid-20th century. Since 1950, the area
of the Western Scheldt has been reduced with about 141 km2 (i.e. 8%) due to land
reclamation at Sloe/Kaloot (next to Vlissingen), Braakman (next to Terneuzen) and
Ossendrecht (van der Spek, 1994; Vroon et al, 1997). Furthermore, there have
been three periods of deepening and widening of the fairway (1970− 1975, 1997−
2001, 2008 − 2010), as well as a systematic maintenance dredging works (Meire
and Van Dyck, 2014). Since the 1950’s, an annual amount of 2Mm3 of sand was
extracted out the Western Scheldt for commercial purposes (Van der Werf and
Briere, 2013). Both natural evolution and the aforementioned human interferences
(land reclamations, sand mining and fairway deepening) have considerably altered
the bathymetry of the Scheldt estuary (Nnafie et al, 2018).

The mean sea level at the mouth of the estuary has increased with an average
of 2.1mm/year over the past century and with an average of 4.1 ± 1.5mm/year
between 1993 and 2011 (Wahl et al, 2013). Since mean high water has risen more
than mean low water, the tidal range at the mouth of the estuary has increased as
well. More upstream in the estuary, the tidal range has increased up to 10% in the
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last century (Barneveld et al, 2018).
Next to changes in bathymetry and mean sea level, also the tidal forcing at the

mouth of the estuary has altered over the past century (Wang et al, 2002). This can
have a large influence on the residual sediment transport, see Gräwe et al (2014);
Müller et al (2014),

Global mean sea level rise (SLR) will continue during the 21st century, very
likely at a faster rate than observed from 1971 to 2010 (IPCC, 2013). According to
Pickering et al (2012) there can be substantial changes in the tidal characteristics
on the shelf seas, such as the North Sea. Large scale models are used to predict the
changes in the tidal dynamics under the influence of SLR, e.g. in Apecechea et al
(2017).

This chapter is organised as follows. In Section 3.2 the adopted model and
solution method will be outlined. This includes a detailed description and a
schematisation of the Scheldt estuary and an extension of the model of Boelens
et al (2018) (see Chapter 2) with a more accurate sediment concentration equation.
Section 3.3 will present the model results, based on a historical and a recent
situation in the Scheldt estuary. Subsequently, the sensitivity of the results to
(future) changes in bathymetry, mean sea level and tidal forcing is discussed in
Section 3.5. Finally, the main model results are summarised in Section 3.6.

3.2 Model formulation

3.2.1 Geometry

The geometry considered is that of a semi-enclosed basin with length L∗ (see
Fig.3.2), where the ∗-notation denotes a dimensional (unscaled) quantity. The
schematised geometry of the basin and coordinate system are introduced in Fig. 3.2.
The x∗-axis is oriented along the longitudinal axis of the basin, pointing in the
landward direction, with the origin at the seaward side of the basin. The y∗-axis is
oriented along the lateral axis, with the origin in the middle of the main channel.
The total width, including the shallow zones, is denoted by B∗(x∗) and varies along
the channel. Based on data of yearly averaged values of the width at the water
surface, the total width B∗(x∗) will be defined as the average of the width at high
and low water. This will be further elaborated in Section 3.3.1.

The local water depth is given by H∗ − h∗ + ζ∗, where H∗ is the tidally and
width-averaged water depth at the open boundary (the overbar notation denotes the
average over the total width B∗ at the open boundary). The sea surface elevation is
denoted by ζ∗ and is measured with respect to z∗ = H∗ (positively upwards). The
bottom profile is denoted as h∗(x∗, y∗). The shape of the bottom profile is taken
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Figure 3.2: Top view, cross-channel view and side view of a semi-enclosed tidal basin,
flanked by shallow zones. For an explanation of the symbols, see the text.

from Li and O’Donnell (2005) and reads

h∗(x∗, y∗) = H∗ − d∗1(x
∗) − d∗2(x

∗)e−(y
∗/α∗

h
(x∗))

2
, (3.2.1)

where a smaller α∗
h
implies a narrower channel with steeper slopes. The bathymetry

is symmetric with respect to the central axis of the estuary.
The boundary of the model domain consists of two parts. Solid boundaries are

denoted by Γc and consist of vertical, non-erodible walls. Open boundaries are
indicated by Γs and have a connection to the open sea.

3.2.2 Study area

The parameters introduced in the previous paragraph are derived from detailed
bathymetric data of the Scheldt. The river Scheldt is 350 km long; it originates in
France, and flows through Belgium, towards the Netherlands, where it connects to
the southern North Sea, through the Vlakte van de Raan. The part of the river,
influenced by tides, extends 160 km from the mouth at Vlissingen to Ghent, where
sluices impair the further propagation of the tidal wave (see Fig. 3.1). The estuary
has a funnel-shaped geometry and its width reduces from about 6 km near the
mouth to a couple of tens of meter near the head in Ghent. The width-averaged
depth decreases non-linearly from 15mat Vlissingen to only 3mnear Ghent (Wang
et al, 2002). The saltwater influence typically reaches up to Temse (see Fig. 3.1)
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and the salinity can be regarded as vertically well mixed. The seaward (Dutch)
part is referred to as the Western Scheldt while the Belgian part is called the Sea
Scheldt and is mainly a single channel. Upstream of Dendermonde (see Fig. 3.1),
the estuary is almost completely channelised (Hoffmann and Meire, 1997). The
Western Scheldt on the other hand has a complex and dynamic morphology. The
flood and ebb channels are interconnected, bordered by large intertidal flats and
salt marshes.

The tides in the Western Scheldt are dominantly semi-diurnal. The mean tidal
prism is 2.2 × 109 m3 at Vlissingen, 0.2 × 109 m3 at the Belgian-Dutch border
and 0.1 × 109 m3 at Antwerp (Verlaan, 1998). The mean tidal range increases
between Vlissingen and about Temse from 3.8 to 5.5m and decreases again to
1.9m near Ghent (Hertoghs et al, 2018). The combined mean river outflow from
the head and from the tributaries is about 120m3 s−1, which accounts for a volume
of 5×106 m3of water per semi-diurnal tide. This is less than 1% of the tidal prism at
the down-estuarine boundary. The maximum depth-averaged current velocities in
the channels are in the order of 1−1.5ms−1 (Wang et al, 2002). Typical parameter
values for a historical and a recent situation in the Scheldt estuary are given in
Table 3.1.

3.2.3 Model equations

3.2.3.1 Hydrodynamics

Since the horizontal length scales are much larger than the typical water depth,
the water motion can be described by the depth-averaged (2DH) shallow water
equations, consisting of the continuity equation

ζ∗t∗ +
®∇∗ ·

[
(H∗ − h∗ + ζ∗)®u∗

]
= 0, (3.2.2a)

and the momentum equation

®u∗t∗ + (®u
∗ · ®∇∗)®u∗ + g∗ ®∇∗ζ∗ + f ∗ ®ez∗ × ®u∗ +

r∗ ®u∗

H∗ − h∗ + ζ∗
= 0, (3.2.2b)

where ®u∗ = (u∗, v∗)with u∗ and v∗ the depth-averaged velocity components in the x∗

and y∗ direction, respectively. Time is denoted as t∗ and g∗ is the acceleration due
to gravity. The Coriolis coefficient is f ∗ = 2Ω∗ sin ϕ, with Ω∗ the rotation rate of
the earth and ϕ the latitude. The unit vector in the z-direction is denoted by ®ez∗ and
®∇∗ = (∂/∂x∗, ∂/∂y∗) is the horizontal gradient. The Reynolds stresses, related to
turbulent exchange of momentum in the horizontal direction, are neglected and no
density gradients or wind effects are taken into account. The last contribution on the
left-hand side of equation (3.2.2b) is the bed shear stress, divided by the product of
the water density ρ∗ and the local water depth. Here, a linearised formulation of the
bed shear stress, the so called Lorentz linearisation (Lorentz, 1922; Zimmerman,
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1982), is adopted, where r∗ is a friction coefficient with physical units m s−1, that
is assumed constant across the entire domain.

Thewatermotion is forced at the seaward entrance of the estuary by a prescribed
sea surface elevation, consisting of M2 and M4 tidal constituents. At the landward
side and at the sidewalls, the water transport is required to vanish. Note that this
implies that river flow is not accounted for. The boundary conditions can then be
written as

ζ∗ = A∗M2
cos(σ∗t∗ − θM2 ) + A∗M4

cos(2σ∗t∗ − θM4 ) for (x∗, y∗) ∈ Γs, (3.2.3a)

®u∗ · ®n = 0 for (x∗, y∗) ∈ Γc, (3.2.3b)

with A∗M2
the amplitude, θM2 the phase and σ∗ the angular frequency of the

semidiurnal tidal component of the water level. The quantity A∗M4
is the amplitude

and θM4 the phase of the quarter diurnal constituent of the water level. It should be
noted that A∗M2

, θM2 , A∗M4
and θM4 all depend on the x∗ and y∗ coordinates of the

points along the seaward boundary Γs . Finally, ®n is the outward pointing normal
unit vector at the solid boundary Γc .

3.2.3.2 Sand transport

To evaluate how the basin geometry and the tidal forcing affect the net transport
of sandy material (here consisting of non-cohesive material with a single grain
size of ∼ 2 × 10−4 m), a simple sediment transport formula is used. The fine
sandy material is assumed to be transported predominantly as suspension load.
Following Ter Brake and Schuttelaars (2010) and the supplementary material of
de Swart and Zimmerman (2009) and Burchard et al (2018), the temporal evolution
of the suspended sediment concentration can be modelled using a depth-integrated
advection-diffusion equation:

C∗t∗ + ®∇
∗ ·

(
®u∗C∗ − µ∗∇∗C∗ − µ∗

w∗s
κ∗v
βC∗ ®∇∗h∗

)
︸                                         ︷︷                                         ︸

®q∗

= α∗ | ®u∗ |2 −
(w∗s)

2

κ∗v
βC∗, (3.2.4)

where C∗ is the depth-integrated sediment concentration, µ∗ the horizontal diffu-
sion coefficient, κ∗v the vertical diffusion coefficient, w∗s the settling velocity and
α∗ a constant erosion parameter. Typical values of these parameters can be found
in Table 3.1. Furthermore, ®q∗ = (q∗u, q∗v) denotes the depth-integrated, tidally av-
eraged suspended sediment transport. Finally, the dimensionless, depth dependent
deposition parameter β is defined as

β =

[
1 − e

−
w∗s
κ∗v
(H∗−h∗+ζ∗)

]−1
. (3.2.5)
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The depth-integrated sediment concentrationC∗with dimension (kgm−2) refers
to the total amount of sediment stored in a water column with unit horizontal
area. The first contribution on the right-hand side of equation (3.2.4) models the
whirling up of sediment from the bed, due to shear stresses exerted on the bed.
As we only consider transport of fine sand in this thesis, the critical velocity of
motion is small compared to the tidal velocity during the largest part of a tidal
cycle. Therefore, as a first approximation, we set the critical velocity for erosion
to zero. The second contribution on the right-hand side of equation (3.2.4) models
the deposition of sediment. The first contribution on the left-hand side of equation
(3.2.4) is the local inertia of the concentration. The second term is the divergence
of the advective sediment transport, while the third and fourth term model the
diffusive contributions. More precisely, the fourth term on the left-hand side
represents the convergence and divergence of the horizontal diffusive sediment
flux induced by topographic variations. The occurrence of this sediment flux can
be easily understood if one considers the vertical distribution of sediment in the
water. The concentration is highest near the bed and reduces with decreasing depth.
Therefore, at a fixed depth, the sediment concentration is higher in the shallower
areas than in the deeper areas. Hence, there is a horizontal concentration gradient
between these regions, resulting in a diffusive sediment transport directed towards
the deeper water area (for more information and a derivation, see Ter Brake and
Schuttelaars (2010)).

At the landward side and at the sidewalls, the suspended load transport is re-
quired to vanish. At the seaward entrance, a balance between erosion and deposition
is imposed as a boundary condition for the tidally averaged sediment concentra-
tion. Concerning the time-dependent components of the concentration, we require
that no diffusive boundary layer develops at the seaward side (see Schuttelaars and
de Swart (2000)). This leads to the following boundary conditions〈

α∗ | ®u∗ |2 −
(w∗s)

2

κ∗v
βC∗

〉
= 0 for (x∗, y∗) ∈ Γs, (3.2.6a)

C̃∗(x∗, y∗, t∗, µ∗) = C̃∗(x∗, y∗, t∗, µ∗ = 0) for (x∗, y∗) ∈ Γs, (3.2.6b)

(®u∗C∗ − µ∗ ®∇∗C∗ − µ∗
w∗s
κ∗v
βC∗ ®∇∗h∗) · ®n = 0 for (x∗, y∗) ∈ Γc, (3.2.6c)

where 〈.〉 denotes the tidal average, defined as 1
T

∫
T
· dt, withT the tidal period, and

C̃∗ = C∗− 〈C∗〉. Note, that the boundary conditions for the sediment concentration
(3.2.6c) and velocities (3.2.3b) imply that no sand transport ®q∗ takes place through
the closed boundaries Γc . The tidally and depth-averaged suspended sediment
concentration (SSC) [kg/m3], is then defined as

SSC =
〈

C∗

H∗ − h∗ + ζ∗

〉
. (3.2.7)
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In this contribution, we do not consider the feedback of the divergence and
convergence of the sand transport on the bed evolution, i.e. we focus on the initial
transport only: for a given bathymetry, this approach gives insight in how the
bottom tends to adapt initially. For changes on the long term, adaptations to the
model are required, such that the morphodynamics is taken into account explicitly,
e.g. by calculation of equilibrium bathymetries (Schuttelaars and de Swart, 2000;
Ter Brake and Schuttelaars, 2011).

3.2.4 Dimensionless equations

The governing equations are made dimensionless by introducing characteristic
scales for the physical variables (dimensionless variables are denoted without an
asterisk):

(x∗, y∗) = L∗(x, y); (u∗, v∗) = U∗(u, v); (z∗, h∗) = H∗(z, h);

ζ∗ = A∗M2
ζ ; t∗ = σ∗−1t; r∗ =

(
σ∗H∗

)
r; f ∗ = σ∗ f ;

µ∗ = σ∗(L∗)2µ; C∗ =
α∗(U∗)2κ∗v
(w∗s)

2 C. (3.2.8)

The characteristic scales include the length L∗ of the basin, the tidally and width-
averaged water depth at the open boundary H∗, the width-averaged water level
amplitude at the open boundary A∗M2

and angular frequency σ of the semidiurnal
tide. The velocity scale follows from the continuity equation (3.2.2a) and reads
U∗ = σ∗A∗M2

L∗/H∗, while the friction scale and Coriolis scale follow from the
momentum equation. Finally, the sediment concentration equation determines
the scaling for the horizontal diffusion coefficient and for the depth-integrated sus-
pended sediment concentration. The latter is scaled with the ratio of the coefficients
of the erosion term α(U∗)2 and the deposition term (w∗s)2/κ∗v , which implies that
erosion and deposition are approximately balancing each other. The dimensionless
equations for the water motion read

ζt + ®∇ · [(1 − h + εζ)®u] = 0, (3.2.9a)

(1 − h + εζ)
[
ut + ε

(
®u · ®∇

)
®u + η−2 ®∇ζ + f ®ez × ®u

]
+ r ®u = 0, (3.2.9b)

where the momentum equation has been multiplied with the local water depth

(i.e. 1 − h + εζ). The parameter η = (σ∗L∗) /
√
g∗H∗ in (3.2.9b) is, apart from a

factor 2π, the ratio of the estuary length, L∗, and the frictionless tidal wavelength

in a straight channel without tidal flats L∗g = 2π
√
g∗H∗/σ∗. Furthermore, the

parameter ε = A∗M2
/H∗ = U∗/(σ∗L∗) is the ratio of the semidiurnal water level

amplitude and the tidally and width-averaged water depth at the open boundary, as
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well as the ratio of the tidal excursion (the distance travelled by a fluid particle in a
tidal period) and the estuary length. The parameter ε is usually small.

The dimensionless concentration equation becomes

a
[
Ct + ®∇ ·

(
ε ®uC − µ®∇C − µΛβC ®∇h

)]
= | ®u|2 − βC. (3.2.10)

Here a = σ∗κ∗v
(w∗s )

2 is the ratio of the deposition time scale over the tidal time scale and

Λ =
w∗sH

∗

κ∗v
is the sediment Peclet number, which is the ratio of the typical time it

takes a particle to settle in the water column and the typical time needed to mix
particles through the water column. The dimensionless deposition parameter β can
be written in terms of dimensionless variables as

β =
[
1 − e−Λ(1−h+ε ζ )

]−1
. (3.2.11)

The dimensionless boundary conditions read

ζ = AM2 cos(t − θM2 ) + γ cos(2t − θM4 ) for (x, y) ∈ Γs, (3.2.12a)〈
| ®u|2 − βC

〉
= 0 for (x, y) ∈ Γs, (3.2.12b)

C̃(x, y, t, µ) = C̃(x, y, t, µ = 0) for (x, y) ∈ Γs, (3.2.12c)

®u · ®n = 0 for (x, y) ∈ Γc, (3.2.12d)

(ε ®uC − µ®∇C − µΛβC ®∇h) · ®n = 0 for (x, y) ∈ Γc, (3.2.12e)

where AM2 = A∗M2
/A∗M2

and γ = A∗M4
/A∗M2

. Note that AM2 , θM2 , γ and θM4

depend on the x and y coordinates at the seaward boundary Γs .

3.2.5 Solution method

The result of the scaling procedure, described above, is that the magnitudes of
all terms in the governing equations are measured by dimensionless numbers.
Reference values can be found in Table 3.1. Relating these dimensionless numbers
to ε , the relative importance of each term can be assessed.

3.2.5.1 Perturbation approach

This allows for solving equations (3.2.9), togetherwith boundary conditions (3.2.12),
by making an expansion of the physical variable χ in the small parameters ε and
γ, where χ is any of the hydrodynamic variables ζ , u or v. Here, γ is the ratio of
the width-averaged M4 and M2 amplitudes of the water level at the open boundary.
According to Table 3.1, ε and γ are of the same order of magnitude, but we consider
them separately. This allows for making a distinction between internally generated
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Table 3.1: Dimensional values for the model parameters, based on a historical and a recent
situation in the Scheldt estuary. The values for the historical situation are given between
brackets, in case they differ from the recent situation. For further information we refer to
the main text.

General parameters

L∗ = 160 km length g∗ = 9.81ms−2 gravitational
acceleration

H∗ = 14.73m (13.71m) averaged
water depth

f ∗ = 1.13 · 10−4 s−1 Coriolis
frequency

Tidal parameters

A∗
M2
= 1.77m (1.68m) M2 water level

amplitude
θM2 = 0° M2 water level

phase

A∗
M4
= 0.14m (0.11m) M4 water level

phase
θM4 = −1.3° (−5.4°) M4 water level

amplitude

σ∗ = 1.4 × 10−4 s−1 angular fre-
quency

r∗ = 1.7 · 10−3ms−1 friction
parameter

Sediment parameters

µ∗ = 100m2 s−1 horizontal
diffusion
coefficient

κ∗v = 0.1m2 s−1 vertical
diffusion
coefficient

w∗s = 0.02ms−1 settling
velocity

α∗ = 0.01 kg sm−4 erosion
parameter

Dimensionless
parameters

order

ε =
A∗M2
H∗
= 0.12 (0.12) O(ε) γ =

A∗M4
A∗M2

= 0.08 (0.07) O(ε)

η = σ∗L∗√
g∗H∗

= 1.86 (1.93) O(1) r = r∗

σ∗H∗
= 0.82 (0.89) O(1)

f = f ∗
σ∗ = 0.81 O(1) a = σ∗κ∗v

(w∗s )
2 = 0.035 O(ε2)

µ =
µ∗

σ∗(L∗)2
= 2.8 · 10−5 O(ε5) Λ =

w∗sH
∗

κ∗v
= 2.95

(2.74)
O(1)

and externally prescribed overtides. Up to first order, the asymptotic expansion
reads

χ = χ00 + ε χ10 + γ χ01 + . . . (3.2.13)

The first superscript gives the order in ε and the second one the order in γ. Inserting
these expressions in the equations and collecting terms of similar order in ε and γ,
results in systems of equations at different order.
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Similarly, the sediment concentration equation can be solved using an asymp-
totic approach, with

C = C00 + εC10 + γC01 + . . . (3.2.14)

To this end, the deposition parameter β (which does not contain γ) has to be
expanded in the small parameter ε only. The leading and first order contributions
read

β00 =
1

1 − e−Λ(1−h)
, β10 = −

Λζ00e−Λ(1−h)(
1 − e−Λ(1−h)

)2 . (3.2.15)

Collecting terms independent of the small parameters ε and γ results in the
leading order system of equations:

O(1) ζ00
t +

®∇ ·
[
(1 − h)®u00] = 0, (3.2.16a)

(1 − h)
(
®u00
t + η

−2 ®∇ζ00 + f ®ez × ®u00
)
+ r ®u00 = 0, (3.2.16b)

a
[
C00
t +
®∇ ·

(
−µ∇C00 − µΛβ00C00 ®∇h

)]
= | ®u00 |2 − β00C00,

(3.2.16c)

with boundary conditions

ζ00 = AM2 cos(t − θM2 ) for (x, y) ∈ Γs, (3.2.17a)

®u00 · ®n = 0 for (x, y) ∈ Γc, (3.2.17b)〈
| ®u00 |2 − β00C00〉 = 0 for (x, y) ∈ Γs, (3.2.17c)

C̃00(x, y, t, µ) = C̃00(x, y, t, µ = 0) for (x, y) ∈ Γs, (3.2.17d)(
−µ®∇C00 − µΛβ00C00 ®∇h

)
· ®n = 0 for (x, y) ∈ Γc, (3.2.17e)

with AM2 and θM2 depending on the x and y coordinates along Γs .

At order ε , the water motion and sediment concentration are described by

O(ε) ζ10
t +

®∇ ·
[
(1 − h)®u10] + ®∇ · (ζ00 ®u00

)
= 0, (3.2.18a)

(1 − h)
[
®u10
t + η

−2 ®∇ζ10 + f ®ez × ®u10 +
(
®u00 · ®∇

)
®u00

]
+ ζ00

[
®u00
t + η

−2 ®∇ζ00 + f ®ez × ®u00
]
+ r ®u10 = 0, (3.2.18b)

a
{
C10
t +
®∇ ·

[
®u00C00 − µ∇C10 − µΛ

(
β10C00 ®∇h + β00C10 ®∇h

)]}
= 2®u00 · ®u10 − β00C10 − β10C00, (3.2.18c)
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with boundary conditions

ζ10 = 0 for (x, y) ∈ Γs, (3.2.19a)

®u10 · ®n = 0 for (x, y) ∈ Γc . (3.2.19b)

C̃10(x, y, t, µ) = C̃10(x, y, t, µ = 0) for (x, y) ∈ Γs, (3.2.19c)[
ε ®u00C00 − µ®∇C10

−µΛ(β10C00 ®∇h + β00C10 ®∇h)
]
· ®n = 0 for (x, y) ∈ Γc . (3.2.19d)

At order γ, the system of equations reduces to

O(γ) ζ01
t +

®∇ ·
[
(1 − h)®u01] = 0, (3.2.20a)

(1 − h)
(
®u01
t + η

−2 ®∇ζ01 + f ®ez × ®u01
)
+ r ®u01 = 0, (3.2.20b)

a
[
C01
t +
®∇ ·

(
−µ∇C01 − µΛβ00 ®∇hC01

)]
= 2®u00 · ®u01 − β00C01,

(3.2.20c)

with boundary conditions

ζ01 =
γ

γ
cos(2t − θM4 ) for (x, y) ∈ Γs, (3.2.21a)

®u01 · ®n = 0 for (x, y) ∈ Γc (3.2.21b)

C̃01(x, y, t, µ) = C̃01(x, y, t, µ = 0) for (x, y) ∈ Γs, (3.2.21c)(
−µ®∇C01 − µΛβ00 ®∇hC01

)
· ®n = 0 for (x, y) ∈ Γc, (3.2.21d)

and γ and θM4 depending on the x and y coordinates along the open boundary Γs .
This approach clearly shows that the overtides consist of an externally prescribed
(χ01) and an internally generated part (χ10). The externally prescribed part is only
driven by the sea surface elevation at the open boundary (3.2.21a) and is indepen-
dent of the semidiurnal components. The internally generated part originates from
the nonlinear interactions of the semidiurnal components, i.e. the nonlinear terms
in equation (3.2.18).

Inspecting the leading order system and its forcings, it can be deduced that
at leading order the water motion only consists of semidiurnal tidal components.
At first order in ε , the non-linearities generate tidally averaged components and
overtides with double frequency, while at first order in γ only overtides with double
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frequency are present. Hence, the hydrodynamic variables can be written as

χ00(x, y, t) = χ00
s1 (x, y) sin t + χ00

c1(x, y) cos t, (3.2.22a)

χ10(x, y, t) =
〈
χ10(x, y)

〉
+ χ10

s2 (x, y) sin(2t) + χ10
c2(x, y) cos(2t), (3.2.22b)

χ01(x, y, t) = χ01
s2 (x, y) sin(2t) + χ01

c2(x, y) cos(2t). (3.2.22c)

Here χ00
s1 and χ00

c1 denote the spatially varying amplitudes of the sine and cosine
components of the main tidal component (M2), respectively. The tidally averaged
contributions generated by nonlinear interactions are denoted by

〈
χ10〉, whereas

χ10
s2 and χ10

c2 are the amplitudes of the sine and cosine components of the internally
generated M4 overtide. The coefficients χ01

s2 and χ01
c2 are the amplitudes of the sine

and cosine components of the externally prescribed M4 overtide, respectively. The
equation (3.2.22) can be rewritten in terms of phases and amplitudes as

χ = χ
amp
M2

cos(t − χphaM2
) + ε

(
χ
amp
M0
+ χ

amp,int
M4

cos(2t − χpha,intM4
)

)
+

γ χ
amp,ext
M4

cos(2t − χpha,extM4
) + h.o.t. , (3.2.23)

with χ
amp
M2
=

√
(χ00

c1)
2 + (χ00

s1 )
2, the amplitude and χ

pha
M2
= arctan(χ00

s1/χ
00
c1) the

phase of the semidiurnal tidal constituent (which has to be taken in the correct
quadrant) and χamp

M0
=

〈
χ10〉 is the amplitude of the tidally averaged contribution.

The amplitude and phase of the overtide, which consists of an externally prescribed
(χamp,ext

M4
,χpha,extM4

) and an internally generated (χamp,int
M4

,χpha,intM4
) part, are defined

analogously. The total M4 amplitude or phase are not equal to the sums of the
externally prescribed and internally generated parts, since these two parts interfere
with each other.

Regarding the sediment concentration, the leading order concentration terms
are forced by nonlinear interactions of the leading order M2 velocity through the
erosion term (see equation (3.2.16c)). Using equation (3.2.23), it follows that in
leading order the sediment concentration consists of a tidally averaged component
and a component with a double frequency. Furthermore, the O(ε) concentrations
are generated by the interaction of the M2 water motion and the internally generated
overtides through the erosion term and through the advection of the leading order
suspended sediment concentration by the leading order tidal velocity. Finally, the
order-γ concentrations are generated by the interaction of the M2 tidal signal and the
externally prescribed M4 tidal forcing through the erosion term. Careful inspection
of equations (3.2.18c) and (3.2.20c), together with equation (3.2.23), shows that
at first order in ε and γ the sediment concentration consists of components with
a single frequency and with a triple frequency. The latter will not be taken into
account, since the focus of this chapter is on the tidally averaged transport, where the
triple frequency is unnecessary, when no higher order velocity terms are considered.
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Taking all these contributions together, finally gives the following expression
for the sediment concentration

C = CM0 + CM4 cos(2t − ξM4 ) + εC
int
M2

cos(t − ξ intM2
) + γCext

M2
cos(t − ξextM2

) + h.o.t. ,
(3.2.24)

where CM0 , Cint
M2

, Cext
M2

and CM4 are the amplitudes of the tidally averaged, the
semidiurnal (due to internally generated and externally prescribed overtides, re-
spectively) and the quarter diurnal constituents of the sediment concentration re-
spectively, while ξ intM2

, ξextM2
and ξM4 are the phases of the respective constituents. To

simplify notations in the remainder of this chapter, the following notations are used
for the semidiurnal tidal constituent of the water level (AM2 , θM2 ), the longitudinal
velocity (UM2 , φM2 ) and the lateral velocity (VM2 , ϕM2 ). Similar notations are
adopted for the M0 and M4 components. From this, the depth-integrated sediment
transport can be expressed in terms of amplitudes and phases of the velocities and
the sediment concentration,

qu =a
〈
εuC − µ

∂C
∂x
− µΛβC

∂h
∂x

〉
= aε2UM0CM0︸         ︷︷         ︸

q
M0
u,adv

+
aε2

2
UM2Cint

M2
cos

(
φM2 − ξ

int
M2

)
︸                                 ︷︷                                 ︸

q
M2, int
u,adv

+
aε2

2
Uint

M4
CM4 cos

(
φintM4
− ξM4

)
︸                                 ︷︷                                 ︸

q
M4, int
u,adv

+
aεγ

2
UM2Cext

M2
cos

(
φM2 − ξ

ext
M2

)
︸                                  ︷︷                                  ︸

q
M2,ext
u,adv

+
aεγ

2
Uext

M4
CM4 cos

(
φextM4
− ξM4

)
︸                                  ︷︷                                  ︸

q
M4,ext
u,adv

− aµ
∂CM0

∂x︸    ︷︷    ︸
q
M0
u,diff

− aµΛ
∂h
∂x

βM0CM0︸               ︷︷               ︸
q
M0
u, topo

−
aµΛε2

2
βM2Cint

M2
cos(θM2 − ξ

int
M2
)
∂h
∂x︸                                        ︷︷                                        ︸

q
M2, int
u, topo

−
aµΛεγ

2
βM2Cext

M2
cos(θM2 − ξ

ext
M2
)
∂h
∂x︸                                         ︷︷                                         ︸

q
M2,ext
u, topo

(3.2.25)

and analogously for qv , with βM0 = β00 (see equation (3.2.15)) and βM2 =
−ΛAM2e

−Λ(1−h)

(1−e−Λ(1−h)
2 . In Appendix 3.4, the connection is clarified between the sediment

transport used here and that when only tidal asymmetry, related to the velocity
amplitudes, is considered.
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3.2.5.2 Numerical solution method

It should be noted that the leading order system of equations (3.2.16) and the O(ε)-
and O(γ)- systems of equations, (3.2.18) and (3.2.20) respectively, are not cou-
pled, meaning that the leading order system of equations can be solved first and
its solutions can be used as forcing terms in the O(ε)- and O(γ)-systems of equa-
tions. Moreover, the flow variables are not coupled to the sediment concentration,
meaning that we can first calculate the water level and velocities and use those
to calculate the sediment concentration. The equations are solved, using the root
finding method, which was discussed in Section 1.2.3 of the introductory chap-
ter. Furthermore, the equations are spatially discretised using the Finite Element
Method (FEM). More precisely, the Galerkin method will be applied on a grid
of triangular elements. Piecewise quadratic interpolation functions (P2 elements)
are used for the leading order system of equations (3.2.16) - (3.2.17) and linear
interpolation functions (P1 elements) for the first order systems (3.2.18) - (3.2.19)
and (3.2.20) - (3.2.21). The degree of the interpolation functions for the leading
order system of equations should be at least one degree higher than for the first
order system of equations, because the derivatives of the leading order variables are
used as forcing terms in the first order system of equations. For the implementation
of the FEM, the FEniCS software is used (Alnæs et al, 2015).

The computational grid was produced using the Gmsh module (Geuzaine and
Remacle, 2009) and consists of two parts: a part covering the physical domain
and an extension to avoid oscillatory behaviour at the open boundary, due to the
combination of a laterally uniform boundary condition and a laterally varying
bottom profile (see Chapter 2 for a more thorough discussion).

In the remainder of this chapter, structured triangular grids are used with 60
vertices in the lateral direction and 1497 in the longitudinal direction (∆x and ∆y
range from ca. 100m to ca. 1m), resulting in 89820 nodes (including the domain
extension).

3.3 Results

3.3.1 Model geometry

The model is applied to the main branch of the Scheldt estuary from Vlissingen
to Gentbrugge, which has a length of 160 km. Based on historical (ca. 1950) and
recent (2013) bathymetric data (Coen et al, 2015) a tidally averaged width profile,
as well as a tidally and width-averaged depth is determined. The data comprise
yearly averaged values of the width and the wetted cross-section at high and at low
water along the estuary. Taking the average of the width at high and low water, we
get the tidally averaged width variation B∗(x∗). Similarly, the average of the wetted



100 Chapter 3

(a)

(b)

Figure 3.3: Top panel: Fitted curves to the tidally averaged width variation. Bottom panel:
Fitted curves to the tidally and width-averaged depth (below tidally averaged water level).
Data (dash-dotted lines) and fits (full lines) for the Scheldt estuary in 1950 are given in
orange and for 2013 in blue.

cross-section at high and low water is denoted as A∗c(x
∗). The tidally and width-

averaged depth is then defined as H∗ − h∗ave = A∗c/B
∗, where H∗ is the tidally and

width-averaged water depth at the open boundary and h∗ave(x
∗) the width-averaged

bed level, which is zero at the open boundary. The tidally averaged width and depth
profiles are presented as the dash-dotted lines in Figs. 3.3a and 3.3b, respectively.
In the idealised modelling approach, we apply the Savitzky-Golay filter on the data
to spatially smooth the varying geometry and bathymetry (Savitzky and Golay,
1964). The smoothed data are then fitted using smooth splines, presented as the
full lines in Fig. 3.3.

The bottom profile defined by equation (3.2.1), depends on three parameters:
d∗1 , d∗2 and α∗

h
. To assure that no drying occurs, the values of d∗1(x

∗) are chosen
equal to half the tidal range. The values of d∗2 and α∗

h
are determined by two

additional conditions. As the first condition, the tidally averaged cross-sectional
area is fitted to the data:

B∗
(
H∗ − h∗ave

)
=

∫ B∗/2

−B∗/2

[
d∗1 + d∗2e−(y

∗/α∗
h)

2 ]
dy∗ ⇒ d∗2 =

B∗
(
H∗ − h∗ave − d∗1

)
α∗
h

√
π erf

(
B∗

2α∗
h

) ,

(3.3.1)
where erf(.) denotes the error function and the variables B∗, h∗ave, d∗1 , d∗2 and α∗

h

all depend on x∗.
TheWestern Scheldt (the part of the estuary between Vlissingen and the Dutch-

Belgian border, see Fig. 3.1) can be subdivided into a series of macro-cells, each
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Figure 3.4: Hypsometric curves of the surface area and the total volume under a certain
vertical level with respect to the tidally averaged water level H.

consisting of meandering ebb channels, straight flood channels and intertidal sand-
bars between the channels. Generally, the main ebb channels are deepest and form
the navigation route to the Port of Antwerp, while the main flood channels are
shallower (Van Rijn, 2013). Since the velocity field is highly correlated with the
depth variations (Li and Valle-Levinson, 1999) and the planform of the channels,
this complex topo-bathymetry leads to a large spatial variation in flow velocities
and therefore also sediment transport patterns.

The schematisation of our model is not able to reproduce this complexity, but it
is aimed to find an optimal agreement with reality. Therefore, as a second condition
we fit the model to reproduce the hypsometric curves of the total volume as a
function of the vertical water level. Based on data from Beullens et al (2017), the
estuary is divided in fivemain sections and for each section we have fitted a constant
α∗
h
to the corresponding hypsometric curve, using condition (3.3.1). Afterwards, we

approximated these piecewise constant values for α∗
h
with a continuous function

(hyperbolic tangent), using a least squares analysis. The values for α∗
h
(x∗) and

d∗2(x
∗), obtained in this way, are validated, using the hypsometric curves for the

entire Western Scheldt, from Kuijper and Lescinski (2013). These curves are
compared with the hypsometric curves, composed with the present geometry, both
for the surface area and for the total volume in function of the vertical level, resulting
in a good qualitative agreement (see Fig. 3.4).

The variation of d∗1 , d∗2 and α∗
h
along the estuary is shown in Fig. 3.5. Some

examples of the cross-sectional shape along the estuary, together with the variation
of the cross-sectional area at low water (orange lines), high water (blue lines) and
tidally averaged water level (green lines) are given in Fig. 3.6, showing a good
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Figure 3.5: Variation of the geometric parameters d∗1 , d∗2 and α∗
h
, determining the shape of

the bathymetry.

agreement with observations, both at high and low water. The colour of the small
vertical lines at the top of the bottom figures in Fig. 3.6 indicates the location of
the cross-section with the same colour in the top figures.

Figure 3.6: Top panels: Cross-sectional shape of the bed at various locations along the
estuary, given by the coloured vertical lines on top of the bottom figures. Bottom panels:
Variation of the cross-sectional area at lowwater (LW), highwater (HW) and tidally averaged
(MW) along the estuary.

3.3.2 Model validation
When using an exploratory model, no quantitatively accurate model results may
be expected, when compared to observations. Exploratory models do not aim at
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(a) (b)

(c)

Figure 3.7: Measurement data (dots) and model results for the recent (full lines) and
historical (dashed lines) situation in the Scheldt estuary for the M2 (blue) and M4 (orange)
amplitudes and phases and the tidally averaged components (green) of the water level
amplitudes (panel a) and phases (panel b) and the cross-sectionally averaged velocities
(panel c).

such an accurate quantitative comparison, but instead at qualitatively capturing
and explaining trends in tidal amplitudes, sediment transport, etc, related to e.g.
changes in forcing conditions in the system under investigation.

In view of this, it is not our aim to represent the sediment transport throughout
the estuary as accurately as possible, but to investigate the changes in the sediment
transport due to past and future changes in the environmental factors. Since we
apply our exploratory model to the Scheldt estuary as a test case, we calibrate
our model such that it qualitatively captures the main tidal properties (propagation
speed, amplitudes, ...), presumably resulting in an adequate representation of the
present-day sediment transport. This allows us to qualitatively assess the sensitivity
in the sediment transport due historic changes in the Scheldt, and study trends due
to future changes.

The model is calibrated by choosing the friction parameter r , such that the dif-
ference between the calculated and observed M2 and M4 amplitudes and phases of
the water level and the cross-sectionally averaged velocity is minimised. This fric-
tion parameter is then used unalteredly for the simulations regarding the historical
situation (ca. 1950) as well.

The observed values (dots in Fig. 3.7) are taken from Brouwer et al (2017) and
are based upon processing by Nnafie et al (2016) of recent measurements in the
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Scheldt Estuary, i.e. water level data from the tidal gauge network and velocities
measured throughout a tidal cycle along eleven different transects.

Fig. 3.7b shows that the water level M2 and M4 phases of the recent situation
compare quite well to the data (full lines compared to dots). This means that the
propagation of the tidal wave is captured accurately by the model. In Fig. 3.7a, it
is shown that the M2 amplitude overestimates the observed amplitudes upstream
of km 100, while the M4 amplitude is overestimated throughout the entire estuary.
The velocity measurements are harder to perform and exhibit much more variation
along the cross-section, especially in the Western Scheldt (Fig. 3.7c). Moreover,
the measured time series for the velocities are short (ca. 13 hrs), which means that
the harmonic components M2 and M4 may have a large relative error (Brouwer
et al, 2017). Consequently, the measured velocities show more variance. There is
a large discrepancy between the measured data and the model results for the M2
velocity amplitude in the most seaward part. This can (partly) be explained by the
schematisation of the local bathymetry, as discussed in the previous section. How-
ever, the qualitative behaviour of the M2 and especially the M4 velocity amplitudes
is captured by the model.

As stated earlier, the historical simulations are not calibrated explicitly to data.
However, Fig. 3.7 shows that the M2 amplitude of the water level is lower in
the historical case and the peak amplitude is situated more seaward. This is in
accordance with measurements of the tidal range as shown in e.g. Taverniers et al
(2013). Furthermore, the phase of the semi- and quarter diurnal constituents of the
water level has decreased over the past century, indicating a faster propagation of
the tidal wave. These results are consistent with results obtained, using a simulation
model (Van der Werf and Briere, 2013).

3.3.3 Comparison of sandy sediment concentration and trans-
port in the recent and the historical situation

In this section, we will compare two cases based on a historical (ca. 1950) and a
more recent (2013) situation in the Scheldt estuary (Barneveld et al, 2018). This
will provide insight in the response of the tidally averaged transport of fine sand
to changing conditions in the estuary over the years. The smoothed planform
geometries (see Fig. 3.3) are very similar for both cases. The bathymetry, however,
differs significantly. Furthermore, the mean sea level has increased in the recent
situation, compared to the historical one. We should remark that the difference in
mean sea level H∗ as given in Table 3.1 is the sum of the deepening of the cross-
section and the actual sea level rise at the mouth of the estuary; the latter has only
increased ca. 0.22m over the past century (Van Braeckel et al, 2007). Finally, the
tidal forcing at the seaward side has changed significantly as well: the semidiurnal
amplitude A∗M2

has increased from 1.68m to 1.77m, the quarter diurnal amplitude
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A∗M4
has increased from 0.11m to 0.14m and the relative phase between the semi-

and quarter diurnal tidal constituents θrel = 2θM2 − θM4 has changed from −5.4°
to −1.3° (see Table 3.1). In all simulations, the same friction parameter has been
applied. Consequently, the differences between the simulations are due to changes
in the bathymetry, mean sea level or tidal forcing. In the next section, the influence
of each of these individual parameters on the tidally averaged sediment transport
will be studied in more depth.

The suspended sediment concentration (SSC), defined in equation (3.2.7),
and the width-integrated, tidally averaged sand transport are shown in Figs. 3.8a
and 3.8b respectively. Here the width-integrated, tidally averaged sand transport is
defined as

q̂u =
∫
B∗

q∗u dy∗ (3.3.2)

In the remainder of this chapter, we will refer to q̂u as the total tidally averaged sand
transport, where, in this case, "total" means integrated over the entire cross-section.

For both years, the SSC has a peak value around km 130 (see Fig. 3.8a). The
location of the peak has not shifted much between the historical (dashed line) and
the recent (full line) situation, but the magnitude of the peak concentration has
doubled. Measurement data, presented in Maris and Meire (2016), show a peak
value around km 110 of 0.16 kgm−3 of depth-averaged SSC in summer conditions
(low river discharge), averaged over the period 2009-2015. It should be noted
that these data pertain to the total SSC, not only sand, and that there is a large
annual variability. Nevertheless, the gross longitudinal variation and the order of
magnitude of the depth-averaged SSC, presented in Fig. 3.8a, agree with the data.
The more downstream location of the peak concentration in the data, compared
to the present simulation results, can (partially) be explained by the absence of a
freshwater discharge in the current model. Also in Chen et al (2005) the sediment
concentration is stated to be higher in the landward part of the estuary than in the
seaward part and their measured concentrations are of the same order of magnitude
as our results. Moreover, according to Chen et al (2005), measured time series have
shown an increase in the sand fraction of the sediment concentration over the period
1991-2000, especially around the peak concentration, which is in accordance with
the results, shown in Fig. 3.8a.

The total tidally averaged sand transport is shown in Fig. 3.8b. Negative
values indicate that sediment is transported seaward (export) and positive values
indicate sediment is transported landward (import). This means that sediment is
transported seaward in the first 20 km of the estuary, while upstream of km 20 the
sediment is transported landward. Consequently, there is a divergence point around
x = 20 km, i.e. a point where sediment at either side is being transported away
from that point and the estuary tends to deepen. This effect is more pronounced
in the recent situation (2013), since both the maximum seaward and maximum
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(a) SSC[kgm−3] (b) q̂u[kg s−1]

(c) q∗u[kgm−1 s−1] (1950)

(d) q∗u[kgm−1 s−1] (2013)

Figure 3.8: (a) Depth-averaged suspended sediment concentration, as defined in equation
(3.2.7), and (b) the width-integrated, tidally averaged sediment transport for the historical
(dashed lines) and the recent (full lines) situation. (c) and (d) show the spatial variation of
the tidally averaged sediment transport in the historical and the recent situation, respectively.

landward transport are closer to the divergence point, leading to a steeper gradient
in the sand transport. Section 3.4 clarifies the importance of using the full equation
(3.2.25), since tidal velocity amplitude asymmetry suggests that sediment would
be transported landward along the entire channel (see Fig. 3.10).
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Furthermore, the maximum seaward sand transport has increased compared to
the historical situation. This is also observed in Figs. 3.8c and 3.8d, that show the
two dimensional pattern of the tidally averaged sand transport for the historical and
the recent situation, respectively. Moreover, Figs. 3.8c and 3.8d show a landward
shift and an increase in the maximum landward sediment transport. The increase
of this local maximum is due to the higher amplitudes of the velocity constituents
in the landward part of the estuary (see Fig. 3.7c).

The total tidally averaged sand transported in the (Western) Scheldt has been
calculated, using a (Delft3D) simulation model by Van derWerf and Briere (2013).
They also find a seaward transport close to the open boundary, which decreases
along the estuary and eventually changes into a small landward transport. Fur-
thermore, they find an increase over the years in the net sand export at the open
boundary. These findings are qualitatively in accordance with Fig. 3.8b. Finally,
in Cleveringa (2013) the total tidally averaged sand transport is estimated, based
on differential maps of the bathymetry. They find a seaward sand transport near
the seaward boundary and landward sand transport more upstream, which is again
in accordance with Fig. 3.8b. Moreover, their results show an estimated net sand
export through the seaward boundary of 0.52×106 m3/year. Our model result gives
a net sand export of ca. 6 kg/s. To convert from kilograms of matter in suspension
to cubic metres of bed material, we calculate the net sand export over one year and
divide it by (1 − p)ρs , where p = 0.4 is the bed porosity and ρs = 2650 kg/m3 is
the density of sand. This gives a sand export of 0.12× 106 m3/year, which is of the
same order of magnitude as the result from Cleveringa (2013).

We must note here, however, that there is quite some uncertainty in our model
results concerning the net sand transport at the seaward boundary, due to the
schematisation of the bathymetry and the discrepancy in the M2-velocity amplitude
in the seaward part of the estuary. Moreover, there is also some uncertainty in (the
sign and magnitude of) the net sand transport at the seaward boundary as derived
from differential bathymetry maps. Other authors than Cleveringa (2013), such as
Barneveld et al (2018), found a net import of sand.

In Fig. 3.9 the different contributions to the tidally averaged sediment transport,
given in equation (3.2.25), are depicted. The advective contributions are displayed
in Fig. 3.9a. The advective contributions due to internally generated overtides
(q̂M2,int

u,adv and q̂M4,int
u,adv ) are positive and the dominant contributions to the total tidally

averaged sand transport upstream of km 20. Close to the seaward boundary,
the advective contributions due to externally prescribed overtides (q̂M2,ext

u,adv and
q̂M4,ext
u,adv ) result in a seaward sand transport, together with the advective contribution

due to residual components (q̂M0
u,adv) and the topographically induced contribution

(q̂M0
u,topo). The other topographically induced contributions (q̂

M2,int
u,topo and q̂M2,ext

u,topo ) are
much smaller and are therefore not shown here. Around the divergence point, the
total tidally averaged sand transport (Fig. 3.8b) is zero, even though all advective
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(a) (b)

Figure 3.9: Different contributions to the total tidally averaged sand transport [kg s−1] for
the historical (dashed lines) and the recent (full lines) situation.

contributions attain their extreme value. Due to a decrease in the absolute value of
the tidally averaged velocity in the seaward part of the estuary, q̂M0

u,adv has decreased
aswell (in absolute value). In contrast, all other contributions to the tidally averaged
sand transport and especially their extreme values, have grown stronger in the
recent situation (2013) compared to the historical situation (1950). This is mainly
due to an increase in the tidally varying constituents of the suspended sediment
concentration, as the velocity constituents show no clear increase in the seaward
part of the estuary (see Fig. 3.7c). The changes in the different contributions to q̂u
will be explained in further detail in the discussion section.

3.4 Intermezzo: tidal asymmetry
As stated earlier, it is necessary to use the full equation (3.2.25), to describe the
tidally averaged sand transport. In this intermezzo, we will analyse what would
happen to the sediment transport, if only tidal asymmetry would be taken into
account, neglecting the effects of temporal and spatial settling lag (de Swart and
Zimmerman, 2009), diffusion and topgraphically induced transport. This gives a
widely used approximation to the sediment transport, which was first described
in e.g. Friedrichs and Aubrey (1988), but is actually not very suitable for longer
tidal basins, as will be shown here. It should be noted that we have used this
approximation to the tidally averaged sediment transport in the previous chapter,
altough we included internally generated residual flows, as well. Moreover, the
focus of the previous chapter was on the hydrodynamics and we used a simplified
formulation of the tidally averaged sediment transport to get a feeling of how it was
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(a) UM4
UM2

[-] (b) 2φM2 − φM4 [°]

Figure 3.10: Amplitude ratio and phase difference of the M2 and M4 tidal constituent
of the longitudinal velocity. The parameters are shown for the internally generated (int,
orange line) and the externally prescribed (ext, green line) M4 component, as well as for the
combined (full, blue lines) M4 component

being affected by the flow conditions.
The tidal asymmetry affects the sediment transport by means of the advective

terms. So, if we consider only the advective contributions to the sediment transport,
we get

qu ∼ 〈uC〉 (3.4.1)

Looking at the dimensionless equation for the sediment concentration (3.2.10) and
considering an approximate balance between erosion and deposition (i.e. a � 1),
assuming β ∼ 1, we find that

C ≈ |®u|2. (3.4.2)

In this case the four contributions to the sediment transport qM2,int
u,adv , qM4,int

u,adv , qM2,ext
u,adv

and qM4,ext
u,adv are simplified to the following two terms, as was explained in the

previous chapter in §2.2.4,

qint
u,adv ∼ U2

M2
Uint

M4
cos(2φM2 − φ

int
M4
) = U3

M2

Uint
M4

UM2

cos(2φM2 − φ
int
M4
) (3.4.3)

qext
u,adv ∼ U2

M2
Uext

M4
cos(2φM2 − φ

ext
M4
) = U3

M2

Uext
M4

UM2

cos(2φM2 − φ
ext
M4
). (3.4.4)

Depicting the amplitude ratio and relative phase of the velocity (see Figs. 3.10a
and 3.10b) illustrates that only taking amplitude asymmetry into account, would
imply that the system is flood dominant, according to the definition of Friedrichs
and Aubrey (1988). This would imply that the sediment would be transported in
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the landward direction throughout the channel.
However, our model, which includes other effects, such as temporal and spatial

settling lag, shows sediment transport in the seaward direction in the seaward
part of the channel. Therefore, we can conclude that other transport mechanisms,
included in equation (3.2.10), are essential to consider. Furthermore, this indicates
that the widely used approximation to the tidally averaged sediment transport from
Friedrichs and Aubrey (1988), who only considered short channels (L < 15 km),
is not valid for longer systems, such as the Scheldt estuary.

3.5 Discussion

3.5.1 Historical evolution of the tidally averaged sand transport

In the previous sections, the tidally averaged sand transport was described for a
historical (ca. 1950) and a recent (2013) situation in the main branch of the Scheldt
estuary.

In this section, the specific influence on the total tidally averaged sand transport
of the deepening of the estuary on the one hand and the changing tidal forcing
(semidiurnal amplitude, quarter diurnal amplitude and relative phase) on the other
hand, will be discussed. To this end, several simulations have been performed, that
are summarised in Table 3.2. The results are shown in Fig. 3.11.

The recent situation (2013) is depicted with full blue lines, while the historical
situation (ca. 1950) is depicted with dashed blue lines. In the other simulations,
one or more parameter values of the recent situation have been altered to parameter
values of the historical situation (see Table 3.2). Thus, the influence of each of
these separate changes on the total tidally averaged sand transport and its various
contributions can be studied in isolation. Note that the diffusive and the topo-
graphically induced contributions are not depicted here, since the corresponding
differences between the historical and the recent situation are small.

Changing the quarter diurnal water level amplitude that is prescribed at the en-
trance (orange dotted lines) or the relative phase (orange dashed lines), only affects
the advective contributions to the total tidally averaged sand transport due to exter-
nally prescribed overtides q̂M2,ext

u,adv (Fig. 3.11a) and q̂M4,ext
u,adv (Fig. 3.11b). Changes in

the M4-velocity (see Fig. 3.7c) and thus in q̂M4,ext
u,adv are moderate, but the concen-

tration constituent due to the external M4 tide decreases significantly (not shown
here). Consequently, for q̂M2,ext

u,adv the seaward transport strongly decreases, com-
pared to the recent situation (blue full lines), when the quarter-diurnal amplitude
or phase decreases. This implies that the landward directed contributions q̂M2,int

u,adv
(Fig. 3.11c) and q̂M4,int

u,adv (Fig. 3.11d) to q̂u (Fig. 3.11f) become more important in a
relative way, leading to a seaward shift of the divergence point, a weaker seaward
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Table 3.2: Summary of the different situations, depicted in Fig. 3.11, where one or more
parameters have been changed (indicated in red), compared to the standard recent situation,
shown in Fig. 3.9.

Fig. 3.11 Parameters
Colour Linestyle Bathymetry A∗M2

A∗M4
θrel

blue full 2013 1.77m 0.14m −1.3°
blue dashed 1950 1.68m 0.11m −5.4°
orange dotted 2013 1.77m 0.11m −1.3°
orange dashed 2013 1.77m 0.14m −5.4°
orange dash-dotted 2013 1.68m 0.14m −1.3°
orange full 2013 1.68m 0.11,m −5.4°
red full 1950 1.77m 0.14m −1.3°

transport and a higher maximum landward transport.
Decreasing the semidiurnal water level amplitude (orange dash-dotted lines)

leads to a moderate decrease in absolute value of all velocity and concentration
constituents, as well as all contributions to the tidally averaged sand transport.
This leads to both a weaker seaward and landward transport. Note that orange
dash-dotted lines and the orange full lines coincide in Figs. 3.11c to 3.11e, because
these contributions do not depend on the quarter diurnal forcing at the entrance,
which means they are completely determined by the changes in M2.

Changing the complete tidal forcing (orange full lines) to the value of 1950,
decreases all velocity and concentration constituents. Hence, all contributions to the
transport are weakened, compared to the recent situation (blue full lines). However,
not all tidal constituents and thus, not all contributions to the tidally averaged sand
transport are weakened equally. Indeed, q̂M2,ext

u,adv is much more sensitive to changes
in the tidal forcing than the other components. This leads again to an increased
relative importance of q̂M2,int

u,adv and q̂M4,int
u,adv and consequently to a seaward shift of

the divergence point, a weaker seaward transport and a higher maximum in the
landward transport (Fig. 3.11f).

A completely different picture arises, when we change the bathymetry (red
full lines), compared to the recent situation (blue full lines). The phases of all
the velocity and concentration constituents (not shown here) increase, meaning the
horizontal tide will propagate slower through the estuary with the 1950 bathymetry.
The velocity amplitudes show a clear decrease in the most landward part of the
estuary (see Fig. 3.7c), leading to the vanishing of the second smaller maximum
in landward transport, close to the landward boundary. The amplitudes of the
concentration constituents (not shown here) have decreased throughout the estuary,
so the maxima (in absolute value) of the advective contributions have decreased
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(a) q̂M2,ext
u,adv (b) q̂M4,ext

u,adv

(c) q̂M2,int
u,adv (d) q̂M4,int

u,adv

(e) q̂M0
u,adv

(f) q̂u

(g) SSC

Figure 3.11: (a-e) A selection of the contributions to (f) the total tidally averaged sand
transport [kg s−1], and (g) the SSC [kgm−3] for different simulations, as described in Table
3.2.
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and shifted landward, as can be seen in Figs. 3.11a to 3.11d. Finally, the advec-
tive contribution due to interactions of residual velocities and concentrations has
increased between km 20 and km 80 (Fig. 3.11e), due to an increasing tidally
averaged velocity constituent (in absolute value). The combined effect on the total
tidally averaged sand transport (Fig. 3.11f) is a landward shift of the divergence
point, a decrease and a landward shift of the maximum in the landward transport
and the vanishing of the second smaller maximum in landward transport.

The changes in SSC (Fig. 3.11g) are mainly due to the changes in bathymetry.
In leading order, SSC depends mainly on the tidally averaged constituent of the
sediment concentration, which is forced by the semidiurnal velocity constituents.
The tidal forcing only affects the magnitude of the semidiurnal velocity and thus
of the (maximum) concentration, but does not strongly influence its along channel
behaviour, contrary to the shape of the bed.

In summary, we can state that both the change in bathymetry and the change
in tidal forcing strongly impact the total tidally averaged sand transport. However,
these changes affect the tidal velocity and concentration constituents, and thus the
contributions to the total tidally averaged sand transport, in different ways. Changes
in tidal forcing mainly influence the export at the seaward boundary. An increase
of the tidal amplitudes (orange full lines vs. blue full lines or blue dashed lines
vs. full red lines) leads to stronger export at the seaward boundary, to a landward
shift of the divergence point and to a decreased maximum landward transport.
Bathymetric changes, on the other hand, have a negligible influence on the export.
Deepening of the estuary (red full lines vs. blue full lines or blue dashed lines vs.
orange full lines) leads to a seaward shift of the divergence point, an increase of
the maximum landward transport and the manifestation of the local maximum in
the landward transport near the landward boundary. So changes in tidal forcing
and bathymetry can result in opposite changes in the total tidally averaged sand
transport, which results from a subtle balance between its various contributions.

3.5.2 Future evolution of the tidally averaged sand transport

In this section we will present sensitivity studies by means of the calibrated model
for the 2013-situation, performed against the background of future sea-level rise
(SLR). We will consider a SLR of up to +1m. A flood mitigation measure that
receives quite some attention in light of projected SLR is the so-called managed
retreat, where human made flood defences are being removed to give back land to
the river. In Townend and Pethick (2002) a conceptual model is presented for both
a scenario with managed retreat and with SLR in an unaltered estuary. Although
several managed retreat projects have been established (or will be in the future) in
the Scheldt estuary, we will assume in the following that the geometry does not
change. It should be noted that the velocity asymmetry is used as a proxy for the
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sediment transport in Townend and Pethick (2002), which is not recommended in
longer estuaries, as was shown in Section 3.4. However, their heuristic line of
reasoning is outlined here for argument’s sake.

An increase in the mean water level will increase the hydraulic depth of the
channel and therefore the tendency for flood dominance. The enhanced import of
sediment will then deposit in the shallow zones, which will increase in elevation,
thereby reducing the storage volume of the estuary, which again favours ebb domi-
nance (Friedrichs and Aubrey, 1988). We will assume that characteristic response
time of the estuary is of the same order as the rate of SLR, i.e. we assume that
the shallow zones can keep up with the estimated SLR (Kirwan and Megonigal,
2013). This means that to determine the bathymetry in light of SLR, we keep
d∗1(x

∗) and α∗
h
(x∗) identical to the 2013-situation; d∗2(x

∗) is then determined such
that the cross-sectional area equals B∗(H∗ − h∗ave), where H∗ is now the value of
the 2013-situation augmented with the SLR.

Sea-level rise does not only modify the mean water levels, but also the tidal
dynamics (Pickering et al, 2017). Notable increases in high tide levels occur in
the southern part of the North Sea and these changes are generally proportional
to SLR, as long as SLR remains smaller than 2 m (Idier et al, 2017). Since there
is still quite some uncertainty on the response of the tidal components to SLR,
depending o.a. on the coastal defence systems that may or may not be employed,
we will assume a moderate and a more extreme scenario. Based on model results
from Pickering et al (2012); Ward et al (2012); Verlaan et al (2015) and Idier et al
(2017), in the moderate scenario AM2∗ will increase with 3% or ca. 5 cm, AM4∗

will decrease with 15% or ca. 2 cm and θrel will increase with 10° for a SLR of
+1m. For more extreme scenarios, we have doubled these increases and decreases
compared to the moderate scenario.

Fig. 3.12 shows the total tidally averaged sand transport along the estuary
(horizontal axis), for different values of SLR (vertical axis). The locations of the
maximum seaward transport (dotted lines), the divergence point (dash-dotted lines)
and the maximum landward transport (dashed lines) are indicated as well. Since
the observed effects are similar in the moderate and the more extreme scenarios,
only the results for the more extreme scenarios are shown in Fig. 3.12.

Increasing the mean sea-level (Fig. 3.12a) and keeping the tidal forcing the
same as in the 2013-situation, leads to less friction and consequently to higher
velocity amplitudes and higher suspended sediment concentrations. However, the
positive and the negative contributions to the total tidally averaged sand transport
get even more balanced, such that the total tidally averaged sand transport slightly
decreases. Both the maximum seaward transport (around km 5) and the maximum
landward transport (around km 40) slightly decrease in absolute value with rising
sea-level. The smaller maximum in landward transport, close to the landward
boundary, on the other hand, increases with increased sea-level, such that around a
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SLR of 0.85m, the local maximum in the landward transport, close to the landward
boundary, becomes larger than the local maximum around km 40. This is because
the higher velocities in the landward part of the estuary are mainly due to the M2
and the internally generated M4 constituents. Therefore, the increased positive
contributions are not balanced by the negative contributions due to externally
prescribed overtides.

In Fig. 3.12b sea-level has been changed together with M2-amplitude (which
varies linearly with SLR, up to 6% for SLR=+1m). Where the increase in SLR
resulted in a decrease in the landward transport maximum around 40 km (see
Fig. 3.12a), this effect is not present when the M2-amplitude is increased as well.
From this we conclude that the increased semidiurnal forcing slightly changes the
balance between the different contributions in favour of the positive contributions.
This implies that the landward transport maximum around 40 km remains larger
than the secondary landward transport maximum, close to the landward boundary,
for all scenarios depicted in this figure.

The M4-amplitude has been varied linearlywith SLR, up to−30% for SLR=+1m,
as depicted in Fig. 3.12c. This obviously leads to a decrease in the seaward di-
rected transport terms, associated with the externally prescribed overtides (q̂M2,ext

u,adv
and q̂M4,ext

u,adv ). Since the other contributions remain unaffected, the total tidally av-
eraged sand transport exhibits a decrease in the (maximum) seaward transport and
an increase in the (maximum) landward transport. The latter implies again that
the landward transport maximum around 40 km remains larger than the secondary
landward transport maximum, close to the landward boundary. Furthermore, the
divergence point and the maximum landward transport are shifted seaward.

Subsequently, the relative phase, ranging from −1° to +19°, has been altered
linearly along with SLR in Fig. 3.12d. An increase in the relative phase of the water
level constituents at the open boundary results in modified phases of the externally
prescribed overtides of the tidal currents (φextM4

) and the suspended concentration
(ξextM2

). Subsequently, the associated changes in the phase difference between the
velocity and the suspended concentration (see equation (3.2.25)) result in stronger
(negative) tidal contributions due to externally prescribed overtides (q̂M2,ext

u,adv and
q̂M4,ext
u,adv ). This leads to a strong increase in the maximum seaward transport, while

the maximum landward transport around 40 km completely disappears for SLR
& 0.3m, such that the only maximum in landward transport is situated near the
landward boundary. Since the balance between the increased negative contributions
and the unaffected positive contributions has completely altered, the divergence
point is shifted landward and the landward transport is very small up till ±110 km
for a SLR between 0.3m and 0.7m. Further increasing SLR and the relative
phase enhances these effects and the total tidally averaged sediment transport even
remains slightly negative up till the divergence point at ±110 km, for θrel & 15°.

Finally, in Fig. 3.12e sea-level has been changed, together with the complete
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(a) +0m ≤ SLR ≤ +1m (b) SLR ∈ {0m ..1m}
AM2 + {0m..0.11m}

(c) SLR ∈ {0m ..1m}
AM4 − {0m..0.04m}

(d) +0m ≤ SLR ≤ +1m
θrel + {0°..20°}

(e) +0m ≤ SLR ≤ +1m
AM2 + {0m..0.11m}
AM4 − {0m..0.04m}
θrel + {0°..20°}

Figure 3.12: The total tidally averaged sand transport q̂u along the estuary (x-axis), for
different values of SLR (y-axis). The tidal forcing is varied in different ways, as explained
in the subcaptions. The locations of the maximum seaward transport (dotted lines), the
divergence point (dash-dotted lines) and the maximum landward transport (dashed lines)
are indicated as well.

tidal forcing. Interestingly, the effect of the tidal forcing seems rather limited. In
comparison to Fig. 3.12a, there is an increase in the maximum seaward transport
with SLR and a faster decrease of the maximum landward transport around 40 km,
such that the secondary maximum in landward transport, close to the landward
boundary, becomes larger already at a smaller SLR. It appears that the decrease
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of the M4-amplitude and the increase of the relative phase, largely cancel each
other out, since they both mainly affect the contributions q̂M2,ext

u,adv and q̂M4,ext
u,adv , but

in opposite ways. A hypothetical increase of the M4-amplitude, together with an
increase in the relative phase, would therefore lead to a strongly different behaviour
of the total tidally averaged sand transport (not shown here).

These sensitivity studies give an overview of how the total tidally averaged sand
transport will change under SLR, with various possibilities for the corresponding
changes in tidal forcing. For the scenarios that were discussed in this section,
changes in amplitudes or phases of the tidal constituents, due to SLR, can each
have a big effect on the total tidally averaged sand transport. However, the changes
in the different tidal constituents largely cancel each other out, such that the changes
inmean sea-level become dominant. Generally, slight changes in the environmental
conditions can have a large impact on the total tidally averaged sand transport, so it
is crucial to have a good estimate of the response of the tidal signal to global SLR,
in order to make accurate predictions about the transport of sandy sediments.

3.6 Conclusions
The exploratory depth-averaged model, developed in Boelens et al (2018) (see
Chapter 2), has been extended by replacing the simple analytical approximation
for the sediment transport with a more sophisticated approach, based on solving
an advection-diffusion equation for the depth-integrated suspended sediment con-
centration. The model has been utilised to study a test case, namely the historical
development (ca. 1950-2013) of the tidally averaged transport of sandy sediments
in the main branch of the (schematised) Scheldt estuary, as well as a future pre-
diction, considering +1m of SLR. The model uses the finite element method to
spatially discretise the equations, which are then solved in the frequency domain.
This modelling approach allows us to systematically investigate the influence of
various parameters on the hydro- and sediment dynamics, since it enables the
decomposition of all variables in the different tidal constituents, thus providing
insight in the underlying physical mechanisms. The simplified model geometry
has been based on bathymetric and hypsometric data of the Scheldt estuary and the
model results for water levels, velocities, SSC and tidally averaged sand transport
have been validated with recent field measurements to the extent possible.

The total tidally averaged sand transport is directed seaward close to the open
boundary and then decreases along the estuary to eventually switch to a smaller
landward transport, with a local peak in the vicinity of the landward boundary.
There has been an increase over the years in the net sand export at the open boundary
as well as in the landward sand transport close to the landward boundary. The
behaviour of the total tidally averaged sand transport follows from a subtle balance
between its different contributions. The advective contributions that result from
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the internally generated overtides result in landward sand transport, while the other
contributions favour seaward sand transport. Historical changes in bathymetry
and tidal forcing have influenced the various contributions to the total tidally
averaged sand transport in different ways. More specifically, the model describes
a competition between (the morphodynamic response to) bathymetric changes,
which mainly influence the landward directed contributions, and the changes in
tidal forcing, which strongly affect the seaward directed contributions. Close to the
seaward boundary, the effect of the tidal forcing is dominant, such that an increase
in tidal amplitude turns the balance between the contributions in favour of more
seaward transport. More landward, both effects are more or less balanced, but close
to the landward boundary, the bathymetric changes become the dominant effect,
such that a deepening of the estuary, leads to a stronger landward transport.

Furthermore, several sensitivity studies have been performed, regarding the
response of the tidally averaged sand transport to future SLR. An increase of the
mean sea-level leads to a change in the amplitudes of the different tidal constituents
at the open boundary, as well as a change in their phases, due to a shift of the
amphidromic points in the North Sea. Since the total tidally averaged sand trans-
port is quite sensitive to changes in the tidal forcing and there is still quite some
uncertainty in the predictions of the response of the tidal signal to SLR, it remains
difficult to perform accurate long term simulations of the sediment transport and
the morphodynamics in estuaries, such as the Scheldt. Therefore, exploratory
models, as the one presented in this thesis, can be a valuable complementary tool
to more complex simulation models in the search for better predictions considering
the effect of global warming. The model has shown that there is a competition
between the effects of a higher mean sea-level and the associated changes in the
different tidal constituents, which, in turn, compete with one another as well.
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Morphodynamic equilibria in short

tidal basins

The contents of this chapter have been submitted as: Boelens T, Qi T, Schuttelaars
H, De Mulder T (submitted to Journal of Geophysical Research: Earth surface)
Morphodynamic equilibria in short tidal basins using a 2D exploratory model.



Abstract

The depth-averaged exploratory model is employed to analyse morphodynamic
equilibria in short tidal basins with an arbitrary planform geometry. The exis-
tence of morphodynamic equilibria and their sensitivity to geometrical variations
and the Coriolis effect are analysed in a systematic way. The tidally dominated
basins are forced by an M2 tidal constituent at the seaward entrance. The water
motion is described by the depth-averaged shallow water equations and the sed-
iment concentration follows from a diffusion equation, taking into account local
inertia, horizontal eddy diffusion and topographically induced diffusive effects,
erosion and deposition. The bed evolves due to convergences and divergences of
the diffusive sediment transport. It is demonstrated that for diverging tidal basins,
the equilibrium bed level exhibits significant lateral structures, characterised by
shallow zones and deeper channels, indicating that the formation of large chan-
nel patterns is forced by the geometry of the basin. Furthermore, two symmetry
breaking mechanisms are studied: the Coriolis force and an asymmetric basin
geometry. Both mechanisms result in asymmetric morphodynamic equilibria, but
the effect of basin asymmetry is significantly larger than that of Coriolis force. 1

1We wish to emphasise that in Chapter 4 and Chapter 5, the *-notation is no longer used to indicate
dimensional variables. Since dimensionless variables are no longer used in these chapters, except
shortly in the appendices and we do not want to aggravate the notation unnecessarily, we will, contrary
to the previous two chapters, use the *-notation now for dimensionless variables and denote dimensional
variables without *.
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4.1 Introduction

Most of the worlds coastline consist of sandy sediments (Schlacher et al, 2007).
Approximately 10 % of these sandy coasts can be characterised as a barrier coast
(Glaeser, 1978; Stutz and Pilkey, 2011), consisting of (multiple) tidal inlet systems.
A tidal inlet system consists of a (wide) basin, connected to the open sea through
a (narrow) inlet and surrounded by land and (or) tidal watersheds (de Swart and
Zimmerman, 2009). Examples of tidal inlet systems are the Venice lagoon in
Italy (Amos et al, 2010), the inlets at the east coast of the USA, (Deaton et al,
2017), the coast of New Zealand (Hicks and Hume, 1996) and the Wadden Sea in
North-Western Europe (Hofstede et al, 2018).

Tidal inlet systems are important areas for a wide spectrum of functions. On the
one hand tidal inlets systems are highly valuable ecological systems, functioning
as breeding areas for fish and as feeding areas for many other different species.
Moreover, they strongly influence the sediment budget of the coast, affecting the
stability of nearby beaches or barrier island shorelines (Mulhern et al, 2017). The
latter can have a dramatic impact on the safety against flooding. Furthermore, tidal
inlet systems offer a variety of recreational purposes and economical activities, such
as fishing, oil- and gas-mining, dredging and dumping, and land reclamation. Field
measurements and observations show that these systems are sensitive to changes
in exogenous conditions, such as human interventions and sea level rise (Duong
et al, 2016). To properly manage these different functions of tidal inlet systems,
there is a strong need to improve the current understanding of these systems and
their response to natural and anthropogenic changes.

The morphology of tidal inlet systems is characterised by a complex pattern
of channels and sandy shoals, both in space and time (Marciano et al, 2005).
These patterns result from the complex and dynamic interplay between the water
motion, sediment transport and bed level changes. An example of such a tidal inlet
system is the Eierlandse Gat, situated in the western part of the Dutch Wadden
Sea between the islands of Texel and Vlieland (see Fig. 4.1). It is a relatively
small tidal basin, which is completely surrounded by tidal watersheds, separating
it from the Marsdiep and Vlie inlets. The dominant tide in the system is the
semidiurnal (M2) tide with a mean tidal range of about 2m. The width and depth
of the inlet at the seaward side are approximately 2 km and 10m, respectively,
while its length is 15 km and the total basin area is around 100 km2 (Elias, 2006;
Groeneweg et al, 2011). The basin, consisting of sandy sediments, has a tidal prism
of approximately 200.106 m3 (Ridderinkhof et al, 1990). Fig. 4.1b clearly shows
the complex channel-shoal system, consisting of a deep inlet, which splits into two
main channels. Further into the basin, a fractal-like pattern is formed with many
smaller channels (Cleveringa and Oost, 1999). The Eierlandse Gat will serve as
the reference case for this chapter.
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(a) (b)

Figure 4.1: (a) Map of the Wadden Islands and the Wadden Sea. (b) Satellite image of the
part in the black rectangle in (a), taken from © CNES, Spot Image. The Eierlandse Gat,
contained within the red circle, is located between the islands of Texel and Vlieland.

Many studies have already investigated these complex patterns, using awide va-
riety of different models and solution methods, see Murray (2003) for a discussion
of the types of models. In this chapter, a depth-averaged exploratory process-based
model is used to study the existence of morphodynamic equilibria and analyse their
properties. This type of models is based on first physical principles and has been
extensively used to study cross-sectionally averaged morphodynamic equilibria,
either by time-integration (Lanzoni and Seminara, 2002; Todeschini et al, 2008;
Van Leeuwen et al, 2000), or by directly identifying asymptotic states (equilibrium
solutions), see Schuttelaars and de Swart (1996, 2000); Ter Brake and Schuttelaars
(2010); Meerman et al (2019). These papers investigate the influence of various
parameters (e.g. geometric variations of the embayment, external forcing of the
sea surface elevation, bottom friction) on the cross-sectionally averagedmorphody-
namic equilibria. Schuttelaars and de Swart (1999) and Ter Brake and Schuttelaars
(2011) demonstrated that, in short rectangular channels, neglecting the Coriolis
effect, the cross-sectionally averaged solution for the morphodynamic equilibrium
is also a solution of the depth-averaged (2DH) system of equations. This allows for
a linear stability analysis in a 2DH context, resulting in two-dimensional perturba-
tions, which describe the initial formation of channels and shoals. To obtain finite
amplitude morphodynamic equilibria for a rectangular channel, continuation tech-
niques and bifurcation methods were employed in Dijkstra et al (2014), resulting
in nontrivial morphodynamic equilibria in a 2DH context.

However, the cross-sectionally averaged morphodynamic equilibrium is only
a solution of the associated 2DH problem, if the geometry is rectangular and
Coriolis effects are neglected. Since the explicit expression of a morphodynamic
equilibrium (i.e. expressing the variables in function of x, y and t) is essential for
a linear stability analysis, the systematic study of the formation of channel-shoal
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structures in an arbitrary planform geometry, using the equilibrium approach, is not
directly possible with the knowledge of cross-sectionally averagedmorphodynamic
equilibria in an arbitrary geometry.

To extend the equilibrium approach to an arbitrary planform geometry, we de-
veloped a new model that allows to systematically obtain 2DH morphodynamic
equilibria. Furthermore, the model allows for a detailed analysis of the physical
balances that result in these equilibria. The newly developed exploratory model
employs the fixed point method to obtain morphodynamic equilibria after spatially
discretising the model equations, using the Finite Element Method (FEM). This
allows to cope with a wide variety of basin geometries, by employing unstructured
numerical grids. Using the newly developed method, depth-averaged morpho-
dynamic equilibria will be identified in a systematic way, in tidal basins with
converging and diverging geometries (i.e. the basin width decreases or increases
when moving landward), including the symmetry distorting effect of the Coriolis
force.

The outline of this chapter is as follows. In Section 4.2, the geometry and
the governing equations are introduced and the solution method is explained. The
spatial structure of morphodynamic equilibria for various basin shapes is presented
and discussed in Section 4.3. Moreover, the influence of symmetry breaking effects,
such as the Coriolis force and the introduction of an asymmetric inlet geometry, is
analysed. The applicability and limitations of the model are elaborated in Section
4.4 and the conclusions are finally presented in Section 4.5.

4.2 Model formulation

4.2.1 Geometry

The geometry considered is that of a semi-enclosed basin; see Fig.4.2 for an
example of a symmetric tidal basin with length L and the employed coordinate
system. The x-axis is oriented along the longitudinal axis of the basin, pointing
in the landward direction, with the origin at the seaward side of the basin. The
y-axis is oriented along the lateral axis, with the origin in the middle of the seaward
boundary; and the z-axis is oriented along the vertical axis, with the origin at the
bed level at the open boundary. The width is denoted as B(x) and may vary in the
longitudinal direction.

The local water depth is given by H − h + ζ , where H is the tidally and
width-averaged water depth at the open boundary (the overbar notation denotes the
average over the width at the open boundary B0 = B(0)). The sea surface elevation
is denoted by ζ(x, y, t), with t denoting time, and is measured with respect to z = H.
The bed profile is denoted by h(x, y, t). The bed is considered to be erodible, but
the geometrical boundaries are not. The boundary of the model domain consists
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Figure 4.2: Top view (left panel) and vertical section (right panel) of a semi-enclosed tidal
basin. For an explanation of the symbols, see the text.

of two parts, with Γs the open boundary, connecting the basin to the open sea, and
Γc the closed boundary, consisting of vertical, non-erodible walls. It should be
noted that the water depth is allowed to vanish at (parts of) these closed boundaries,
making them move with the tide.

4.2.2 Model equations

The horizontal length scales are much larger than the typical water depth, which
allows to describe the water motion by the depth-averaged (2DH) shallow wa-
ter equations, consisting of the continuity and momentum equations (see Section
4.2.2.1). In Section 4.2.2.2, the modelling of both the suspended sediment dynam-
ics and the bed evolution will be discussed. The suspended sediment concentration
is described by an advection-diffusion equation with sources and sinks. The bed
evolution is governed by convergences and divergences of suspended load trans-
port, resulting from erosion of the bed and deposition of suspended material and
bed load transport.

These equations can be written in dimensionless form by introducing typical
scales (Schuttelaars and de Swart, 2000). The scaled equations then allow to
assess the relative importance of the different terms in the equations. An important
parameter in that sense is the ratio of the width-averaged M2 tidal amplitude and
the tidally and width-averaged water depth at the open boundary, which is denoted
as ε = AM2

H
. As is explained in e.g. Boelens et al (2018); Meerman et al (2019)

(see Chapters 2 and 3), the physical variables can be expanded with respect to ε ,
which is usually a small parameter (ε ≈ 0.1 for the Eierlandse Gat), allowing to
order the equations.
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Generally, sediment is transported by both advective and diffusive processes.
However, as a first step in the development of a 2DH morphodynamic equilibrium
code, the focus in this chapter will be on diffusive sediment transport.

4.2.2.1 Hydrodynamics

Since we assume diffusive transport to be the dominant transport mechanism, only
the leading order contributions to thewatermotion are needed (see e.g. Schuttelaars
and de Swart (2000); Meerman et al (2019)), i.e. we assume ε = 0, allowing to
neglect the nonlinear terms in the shallow water equations (Boelens et al, 2018)
(see Chapter 2). The continuity equation at leading order reads

ζt + ®∇ ·
[
(H − h)®u

]
= 0, (4.2.1a)

and the momentum equation is given by

®ut + g ®∇ζ + f ®ez × ®u +
r ®u

H − h + h0
= 0, (4.2.1b)

where ®u = (u, v) with u and v the depth-averaged velocity components in the x
and y direction, respectively. Time is denoted by t and g is the acceleration due
to gravity. The Coriolis coefficient is f = 2Ωs sin ϕ, with Ωs the rotation rate
of the earth and ϕ the latitude. The horizontal gradient operator is denoted by
®∇ = (∂/∂x, ∂/∂y) and ®ez is the unit vector in the z-direction. The Reynolds
stresses, related to turbulent exchange of momentum in the horizontal direction,
are neglected and no density gradients or wind effects are taken into account. The
last contribution to the left-hand side of equation (4.2.1b) is the bed shear stress,
divided by the product of the water density ρ and the local water depth, where the
latter is slightly increased by introducing a constant offset, denoted by h0, to keep
the bottom friction term finite, even if the water depth goes to zero. Furthermore,
a linearised formulation of the bed shear stress, the so called Lorentz linearisation
(Lorentz, 1922; Zimmerman, 1982), is adopted, where r is a friction coefficient,
with physical units m s−1, taken constant across the entire domain. The parameter
r = 8Ucd

3π , with U a characteristic velocity scale and cd the drag coefficient, is
chosen such that the net dissipation of energy, averaged over a tidal cycle, due
to the linearised stress equals that of the bed shear stress based on the quadratic
friction law. It is shown by Schramkowski et al (2002) that this linearisation of the
bottom stress only marginally affects the morphodynamics of tidal embayments.

The water motion is forced at the seaward entrance of the tidal basin by a
prescribed sea surface elevation, consisting of only an M2 tidal constituent. At
the closed boundaries, the water transport is required to vanish. The boundary
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conditions can then be written as

ζ = AM2 cos(σt − θM2 ) for (x, y) ∈ Γs, (4.2.2a)

(H − h) ®u · ®n = 0 for (x, y) ∈ Γc, (4.2.2b)

with AM2 the amplitude and θM2 the phase of the M2 tidal water elevation. The
angular frequency of the semidiurnal tidal component is denoted by σ. It should be
noted that AM2 and θM2 may depend on the x and y coordinates along the seaward
boundary Γs . Finally, ®n is the outward pointing normal unit vector at the closed
boundary Γc . Note that the latter boundary condition implies that ®u · ®n = 0 when
the water depth is not zero, but in case of a vanishing water depth it suffices that
®u · ®n is finite.

4.2.2.2 Suspended sediment transport and bed evolution

In the model it is assumed that the bottom of the embayment consists of uniform
fine sand with a characteristic grain size of 130 µm. This sediment can be eroded
by shear stresses acting on the bed and subsequently be transported as suspended
load or bedload. Following Ter Brake and Schuttelaars (2010) and the supple-
mentary material of de Swart and Zimmerman (2009) and Burchard et al (2018),
the temporal evolution of the suspended sediment concentration can be modelled
using a depth-integrated advection-diffusion equation. However, since we focus
only on the diffusive transport by restricting our analysis to the leading order con-
tributions, the nonlinear advective transport contributions are neglected, leading to
the following concentration equation:

Ct − ®∇ ·

(
µ®∇C + µ

ws

κv
βC ®∇h

)
= α | ®u|2 −

ws
2

κv
βC, (4.2.3)

where C is the depth-integrated sediment concentration with dimension kgm−2,
which refers to the total amount of sediment stored in a water column with unit
horizontal area. Furthermore, µ is the horizontal eddy diffusivity coefficient, κv
the vertical eddy diffusivity coefficient, ws the settling velocity and α a constant
erosion parameter, which depends on the sediment characteristics. Typical values
of these parameters can be found in Table 4.1. Finally, the dimensionless, local,
depth-dependent deposition parameter β is defined as (Ter Brake and Schuttelaars,
2010)

β =
[
1 − e−

ws
κv
(H−h+h0)

]−1
. (4.2.4)

The depth dependency of this parameter results in an enhanced deposition in
shallower areas. The strength of this effect depends on the grain size through the
sediment Peclet number wsH

κv
, which is the ratio of the typical time needed to mix
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particles through the water column and the typical time it takes for a particle to
settle in the water column.

The first contribution on the right-hand side of equation (4.2.3) models the
whirling up of sediment from the bed, due to shear stresses exerted on the bed.
As we only consider transport of fine sand in this thesis, the critical velocity of
motion is small compared to the tidal velocity during the largest part of a tidal
cycle. Therefore, as a first approximation, we set the critical velocity for erosion
to zero. The second contribution on the right-hand side of equation (4.2.3) models
the deposition of sediment. The first contribution on the left-hand side of equation
(4.2.3) is the local inertia of the concentration. The second and third term model
the diffusive contributions. More precisely, the third term on the left-hand side
represents the convergence and divergence of the horizontal diffusive sediment
transport induced by topographic variations. The occurrence of this sediment
transport, can be easily understood if one considers the vertical distribution of
sediment in the water column. The concentration is highest near the bed and
reduces with increasing elevation above the bed. Therefore, at a fixed vertical
position z, the sediment concentration is higher in the shallower areas than in the
deeper areas. Hence, there is a horizontal concentration gradient between these
regions, resulting in a diffusive sediment flux directed towards the deeper water
area (for more information and a derivation, see Ter Brake and Schuttelaars (2010)).

The bed evolution equation is derived from continuity of mass in the sediment
layer. The bed evolution takes place on a much longer time scale than the water mo-
tion and the sediment transport. This implies that we can consider the bathymetry
to be constant on the fast hydrodynamic timescale, i.e. the bed only changes due to
tidally averaged erosion and deposition of sediment. Furthermore, the bed evolves
due to divergences of bedload fluxes. Since the bedload fluxes of the fine sand are
much smaller than the sediment fluxes related to suspended load transport, only
the bedload transport related to slope effects is retained (Schuttelaars and de Swart,
1999). The bed evolution equation then reads

ρs(1 − p)
[
ht − λ∇2h

]
= −

〈
α

(
u2 + v2

)
−
ws

2

κv
βC

〉
(4.2.5a)

= −®∇ ·

〈
−µ®∇C − µ

ws

κv
βC ®∇h

〉
, (4.2.5b)

where 〈.〉 denotes tidal averaging, defined as 1
T

∫
T
· dt, with T the tidal period.

The parameter ρs ≈ 2650 kgm−3 is the sediment density, p ≈ 0.4 the bed porosity
and λ (∼ 10−4−10−6 m2s−1) determines the magnitude of the bedload contribution
proportional to the local bedslope. The slope effects due to the bedload are usu-
ally much smaller than the slope effects due to topographically induced diffusion
(Hepkema et al, 2019). However, leaving out the slope contribution of the bedload
transport is not allowed as this would make it impossible to impose boundary con-
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ditions for the bed evolution equation at the seaward and landward side (Meerman
et al, 2019). Since it is essential to impose these boundary conditions, at least the
slope term of the bedload component has to be retained.

At the closed boundaries, both the bedload and the suspended load transport
are required to vanish. In case the water depth at the boundary vanishes, there
is no more distinction between the two and we require the total load sediment
transport (i.e. the sum of the suspended load and the bedload) to vanish. At
the seaward entrance, we require a balance between erosion and deposition and a
width-averaged fixed bottom. The latter condition implies that the bottom at the
entrance is not affected by the sediment exchange between the embayment and the
adjacent sea (Schuttelaars and de Swart, 1999). The bottom at the entrance is,
however, allowed to change in the lateral direction, due to the influence of e.g. the
Coriolis effect and possible lateral velocities. This leads to the following boundary
conditions〈

α | ®u|2 −
ws

2

κv
βC

〉
= 0 for (x, y) ∈ Γs, (4.2.6a)

h =
1
B0

∫
B0

h(x, y) dy = 0 for (x, y) ∈ Γs, (4.2.6b)

if the water depth at the closed boundary goes to zero, the total load transport
should vanish(

ρs(1 − p)λ ®∇h + µ®∇C + µ
ws

κv
βC ®∇h

)
· ®n = 0 for (x, y) ∈ Γc; h = H, (4.2.6c)

but if the water depth at the closed boundary is strictly positive, we require both
the suspended load and the bedload transport to vanish(
®∇C +

ws

κv
βC ®∇h

)
· ®n = 0 for (x, y) ∈ Γc; h < H, (4.2.6d)

®∇h · ®n = 0 for (x, y) ∈ Γc; h < H. (4.2.6e)

It should be noted that no boundary conditions are needed for the oscillating
part of the suspended sediment concentration, since we only consider diffusively
dominated cases and therefore, only the tidally averaged part of equation (4.2.3) is
considered for the bed evolution.

4.2.3 Solution method

4.2.3.1 Frequency domain

Inspecting the system of equations (4.2.1), together with boundary conditions
(4.2.2), it can be deduced that the water motion only consists of semidiurnal tidal
components, since on the short tidal timescale, the bed is assumed to be fixed and
the equations, describing the water motion, can be considered linear. Hence, the
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Table 4.1: Characteristic values for the Eierlandse Gat, see Dyer (1986); Van Rijn et al
(1993). For further information we refer to the main text.

Geometry Tide Sediment

L = 15 km AM2 = 1m ρs = 2650 kgm−3

B0 = 2 km θM2 = 0° d = 130 µm

H = 10m σ = 1.4 · 10−4s−1 ws = 0.015ms−1

General κv = 0.1m2 s−1

g = 9.81ms−2 h0 = 4m α = 0.01 kg sm−4

f = 1.13 · 10−4 s−1 cd = 0.0025 µ = 100m2 s−1

r =
8cd AM2σL

3πH
= 4.5 · 10−4 ms−1 p = 0.4 λ = 6.8 · 10−6 m2 s−1

hydrodynamic variables (ζ, u, v) can be written as

χ(x, y, t) = χs1(x, y) sin t + χc1(x, y) cos t . (4.2.7)

Here, χs1 and χc1 denote the spatially varying amplitudes of the sine and cosine
components of the main tidal component (M2), respectively.

Regarding the sediment concentration, the leading order concentration terms
are forced by nonlinear interactions of the leading order M2 velocity through the
erosion term (see equation (4.2.3)). Using equation (4.2.7), it follows that in leading
order the sediment concentration consists of a tidally averaged component and a
component with a double frequency. Using these observations, the suspended
sediment concentration can be written as

C(x, y, t) = 〈C(x, y)〉 + Cs2(x, y) sin(2t) + Cc2(x, y) cos(2t), (4.2.8)

where 〈C(x, y)〉 is the tidally averaged contribution to the sediment concentration
and Cs2 and Cc2 denote the spatially varying amplitudes of the sine and cosine
components of the internally generated M4-constituent, respectively. Note again
that only 〈C〉 is considered in the diffusively dominated case.

4.2.3.2 Morphodynamic equilibria

We aim at identifying morphodynamic equilibria, given the shape in planform of
the inlet system and the depth at the entrance, using an equilibrium approach, i.e.
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without resorting to time-integration methods. A morphodynamic equilibrium is
defined by the condition that the bed profile does not change on the long time-scale.
Using equation (4.2.5), this condition can be rewritten as

− ®∇ ·

〈
−ρs(1 − p)λ ®∇h − µ®∇C − µ

ws

κv
βC ®∇h

〉
= −®∇ · 〈®q〉 = 0, (4.2.9)

with ®q the sediment transport, given below by equation (4.2.10). This means that
the sum of the divergences of the tidally averaged diffusive suspended sediment
transports and the bed slope effects of the bedload transport have to balance at each
location in the embayment.

From equation (4.2.9), it follows that only the divergence of the tidally averaged
sediment transport has to be considered. Since all terms with a periodic behaviour
average to zero after tidal averaging, only the time-independent sediment transport
terms result in a contribution. Hence, in leading order, the total tidally averaged
sediment transport consists of three components:

〈®q〉 = 〈®qbl〉 + 〈®qdiff〉 +
〈
®qtopo

〉
, (4.2.10)

which are given by the following expressions

〈®qbl〉 = −ρs(1 − p)λ ®∇h (4.2.11a)

〈®qdiff〉 = −µ®∇ 〈C〉 (4.2.11b)〈
®qtopo

〉
= −µ

ws

κv
β 〈C〉 ®∇h. (4.2.11c)

4.2.3.3 Numerical approach

It should be noted that, contrary to the previous chapters, the system of equations
(4.2.1), (4.2.3) and (4.2.9), together with the corresponding boundary conditions,
is now fully coupled, meaning that all equations have to be solved simultaneously.
The equations are solved, using the root finding method, which was discussed in
Section 1.2.3 of the introductory chapter.

Since the geometry in planform of the tidal inlet is arbitrary, the Finite Element
Method is used to spatially discretise the equations. More precisely, the Galerkin
method will be applied on a grid of triangular elements. Piecewise third degree
interpolation functions (P3 elements) are used for thewater levels and the velocities,
while quadratic interpolation functions (P2 elements) are used for the sediment
concentration and the bed level.

Furthermore, the nonlinear system of equations is solved numerically using a
Newton-Raphsonmethod. Newtonsmethod in Partial Differential Equations (PDE)
problems is normally formulated at the linear algebra level, the equations are first
discretised and the Newton method is then applied to the system of nonlinear
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algebraic equations. In our approach, we formulate the method at the PDE level,
resulting in a linearisation of the system of PDEs before they are discretised (Alnæs
et al, 2015). For each of the physical variables χ ∈ {ζ, ®u, 〈C〉 , h}, given an initial
guess for the solution χ0, we seek a perturbation δχ, such that χ = χ0 + δχ

satisfies the nonlinear system of PDEs. Assuming that δχ is sufficiently small, we
can linearise the problemwith respect to δχ. In this way, there is seemingly no need
for differentiations to derive a Jacobian matrix, but a mathematically equivalent
derivation is done when nonlinear terms are linearised using the first two Taylor
series terms and when products in the perturbation δχ are neglected. The new
solution χ0+δχ will be a better approximation to the true solution. This procedure
is then iteratively repeated, until δχ is smaller than a certain threshold.

The equations are solved in dimensionless form. The derivation of the dimen-
sionless equations, as well as the linearised system of equations and its variational
form, can be found in Appendices 4.A and 4.B, respectively.

For this method to converge, a good initial guess is needed. We use the one-
dimensional analytical solution for a short rectangular basin (which is a constantly
sloping bed profile), obtained by Schuttelaars and de Swart (1996), as an initial
guess in the Newton-Raphson procedure. Subsequently, a so-called continuation
method is applied, where new equilibria are found by slowly varying either one
parameters or the inlet geometry, each time using the previous solution as an initial
guess.

4.2.4 Computational grid and boundary conditions

The computational grid was produced using the Gmsh module (Geuzaine and
Remacle, 2009) and consists of two parts: the part covering the physical domain
and an extension for numerical reasons, as was used in Boelens et al (2018) as
well (see Chapter 2). The Dirichlet type boundary conditions, given in equations
(4.2.2a) and (4.2.6b), are described at the physical boundary, located at x = 0, and
in general depend on the lateral coordinates (see Fig. 4.2). At the boundary of the
physical domain (x = 0), the sea surface elevation amplitudes and phases need to
satisfy the imposed width-averaged values, i.e. at Γs

1
B0

∫
B0

AM2 (x, y) dy = 1,
1
B0

∫
B0

θM2 (x, y) dy = 0. (4.2.12)

Due to the Coriolis effect or the geometry in planform of the tidal basin, which
can both generate lateral velocities, it is unnatural to impose a laterally uniform
boundary condition. Therefore, the physical domain is extended and a uniform
boundary condition, imposed at x = xext = −3 km, is obtained in an iterative way,
such that equation (4.2.12) is satisfied with a relative accuracy of 10−5.



138 Chapter 4

4.3 Results and discussion

The influence of geometry and Coriolis force on the morphodynamic equilibria
is systematically analysed, using exponentially converging and diverging basins,
with a rectangular basin as a limit case between the two, as well as a more realistic
schematisation of a tidal inlet, based on the geometry discussed in Van Straaten
and Kuenen (1957) and Van Prooijen and Wang (2013). The parameter values
in Table 4.1 are based on the conditions in the Eierlandse Gat, which functions
as our touchstone to reality. Therefore, the most strongly widening case for the
exponentially diverging basin and the realistic schematisation of the tidal inlet, has
a basin area, which equals that of the Eierlandse Gat at low water, i.e. 110 km2.
To assess the importance of lateral dynamics, the width averaged morphodynamic
equilibria, obtained by width averaging the 2DH morphodynamic solution, is pre-
sented and compared to both an analytical approximation and a numerical solution
of a cross-sectionally averaged (1D) model. Moreover, the lateral structure of the
morphodynamic equilibria is discussed. Furthermore, symmetry breaking effects,
such as the Coriolis force and an asymmetric geometry in planform, is studied.

4.3.1 Width averaged morphodynamic equilibria

We start by studying the effect of the basin geometry on the width averaged mor-
phodynamic equilibria. We first consider exponentially converging and diverging
channels. These results will then be discussed and compared to the results of a
1D-model. Next, similar results will be shown for the more realistic schematisation
of a tidal inlet.

4.3.1.1 2D-model results for exponentially converging and diverging tidal
basins

We start by analysing tidal basins with a length of L = 15 km, a depth of H =
10m at the seaward entrance and a planform geometry consisting of exponentially
converging and diverging width profiles B(x), defined by

B(x) = B0e−
x
Lc . (4.3.1)

Here, the width at the seaward side is fixed and chosen as B0 = 2 km. The expo-
nential convergence length is denoted by Lc , with Lc > 0 for a converging basin,
Lc < 0 for a diverging basin and Lc

−1 = 0 for a rectangular basin. Fig. 4.3a shows
the influence of the geometrical variations on the width-averaged morphodynamic
equilibrium bed profiles, which are shown as a function of the location in the inlet
(horizontal axis) and the inverse convergence length L−1

c (vertical axis), going from
strongly diverging (L−1

c = −0.154 km−1), to rectangular (L−1
c = 0) and further to
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(a) (b)

Figure 4.3: (a) Width-averaged equilibrium bed profiles, predicted with a 2D-model, as
a function of the location in the tidal basin (horizontal axis) for inlets with a varying
convergence length (vertical axis), ranging from strongly converging (L−1

c = 0.153 km−1)
to rectangular (L−1

c = 0 km−1; dashed line) to strongly diverging (L−1
c = −0.153 km−1),

which, given the width at the seaward side B0 = 2 km, corresponds to a landward width of
0.2 km and 20 km, respectively. The bed level is given by the colour code, where lighter
colours represent higher bed levels and thus lower water levels. At the landward boundary
the water depth vanishes. (b) Equilibrium bed profiles for a converging, a rectangular and a
diverging tidal basin.

strongly converging (L−1
c = 0.154 km−1). Darker colours indicate larger water

depths and brighter colours smaller water depths. By way of clarification, three
examples of width averaged equilibrium bed profiles for a converging, a rectangular
and a diverging inlet are given explicitly in Fig. 4.3b.

It follows from Fig. 4.3 that converging tidal basins have a strongly convex
width averaged equilibrium bed profile. Increasing the convergence length to a
rectangular channel (i.e. decreasing 1/Lc to zero) results in a less pronounced
convex equilibrium bed profile. For exponentially diverging tidal basins, the width
averaged morphodynamic equilibrium further deforms to a linearly sloping bed
profile and then to a concave bed profile for strongly diverging inlets. This behaviour
will be explained in the following section.

4.3.1.2 Analytical approximation for exponentially converging and diverging
basins

To explain the findings of Section 4.3.1.1, we now focus on morphodynamic
equilibria in a 1D-model formulation. We start with an analytical approximation
for an equilibrium bed profile in a rectangular tidal basin. Afterwards, tidal basins
with width variation are considered as well.

In the width-averaged model, considering the boundary condition (4.2.6e), the
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bed evolution equation (4.2.9) reduces to

〈qx〉 = 0⇔
〈
−ρs(1 − p)λhx − µCx − µ

ws

κv
βChx

〉
= 0. (4.3.2)

Assuming an approximate balance between erosion and deposition, we deduce
from equation (4.2.3) that

〈C〉 =
ακv

w2
s

〈
u2〉
β

. (4.3.3)

Neglecting the bed load transport, we can rewrite equation (4.3.2) as

〈qx〉 =µ
ακv

w2
s

[( 〈
u2〉
β

)
x

+
ws

κv
β

〈
u2〉
β

hx

]
= 0

⇔
〈2u ux〉

β
−

〈
u2〉 βx

β2 +
ws

κv

〈
u2〉 hx = 0. (4.3.4)

In a first approximation, neglecting friction and local inertia, the hydrodynamics
can be described by a so-called pumping mode, where the momentum equation
reduces to ζx = 0 throughout the channel (Schuttelaars and de Swart, 1996). Given
the continuity equation (4.2.1a) and the boundary condition (4.2.2a), with θM2 = 0,
the velocity in a rectangular basin can be approximated by

u = AM2σ
x − L

H − h
sin(σt) (4.3.5)

and thus

〈2u ux〉 = A2
M2
σ2 (x − L)(H − h) + (x − L)2hx

(H − h)3
, (4.3.6)

where we used that
〈
sin2(σt)

〉
= 1

2 . We can now consider two distinct cases:

• Diffusively dominated transport with a constant deposition parameter, i.e.
the topographically induced transport is neglected and β = 1. In this case,
equation (4.3.4) simplifies to

〈2u ux〉 = 0. (4.3.7)

Using equation (4.3.6) and disregarding the landward boundary (x = L)
where h = H, the expression can be written as

hx =
H − h
L − x

, (4.3.8)

which implies a linearly sloping bed profile h = H
L x, corresponding to the

findings of Schuttelaars and de Swart (1996).
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• Combined transport with a depth-dependent deposition parameter. In this
case, using equation (4.2.4), equation (4.3.4) can be rewritten as

〈2u ux〉 =
〈
u2〉 ws

κv
βhx

[
e−

ws
κv
(H−h+h0) − 1

]
⇔〈2u ux〉 = −

〈
u2〉 ws

κv
hx . (4.3.9)

Assuming hx > 0, the right hand side of the equation will always be negative,
which implies that 〈2u ux〉 < 0. Since the spatial coefficient of u in equation
(4.3.5) is always negative, it follows that the spatial coefficient of ux has to
be positive, i.e. the velocity magnitude decreases towards the landward end.
As in the previous case, we can deduce that

hx <
H − h
L − x

=
h(L) − h(x)

L − x
. (4.3.10)

The equality follows from the requirement that the water depth at the land-
ward side vanishes. This indicates that for any 0 ≤ x < L, the local derivative
is smaller than the slope of the secant line between x and L. Using the mean
value theorem, it follows that the derivative will monotonically increase,
which implies that the bed level has a convex shape. This corresponds to the
findings of Ter Brake and Schuttelaars (2011).

For a tidal basin with an exponentially converging or diverging width, equation
(4.3.5) changes to

u = AM2σLc
1 − e

x−L
Lc

H − h
sin(σt), (4.3.11)

as was shown in Meerman et al (2019). In the case of diffusively dominated
transport with a constant deposition parameter β = 1, u is constant throughout the
domain and thus

h ∼ H −
AM2σLc

û

(
1 − e

x−L
Lc

)
, (4.3.12)

with û a certain velocity scale. This implies that for a converging tidal basin
(Lc > 0) the first and second derivative of the bed level are positive and the
morphodynamic equilibrium is convex. For a diverging tidal basin (Lc < 0), on
the other hand, the first derivative is positive, but the second derivative is negative,
resulting in a concave equilibrium bed level.

We can now understand the behaviour in Fig. 4.3 as follows. The combination
of the diffusive and the topographically induced sediment transport, together with
a depth-dependent deposition parameter favours a convex equilibrium bed profile.
For an exponentially converging inlet, this convexity is enhanced, while for an
exponentially diverging tidal basin, the convexity is reduced or even overcome for
strongly diverging basins.
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Figure 4.4: Geometry of an exponentially diverging basin (blue) and a schematised tidal
inlet based on the work of Van Straaten and Kuenen (1957) and Van Prooijen and Wang
(2013) (orange).

4.3.1.3 2D-model results for a schematised tidal inlet

In this section, a more realistic schematisation of an inlet will be considered, based
on the work of Van Straaten and Kuenen (1957) and Van Prooijen and Wang
(2013). An example of such a geometry is given by the orange line in Fig. 4.4.
In the following, the geometry of this schematised inlet will be varied. More
precisely, to identify morphodynamic equilibria using the continuation approach,
explained earlier, we start from a rectangular basin and slowly vary the geometry,
by increasing the desired dimensionless width at the landward side BL = B(L) in
the following expression

B(x) = B0 +
BL − B0

BVPW(L) − B0
(BVPW(x) − B0) (4.3.13)

where BVPW(x) is a smooth spline that was fitted to the results of (Van Prooijen and
Wang, 2013). This variation will be quantified by the definition of an exponential
convergence length in such a way that the width at the landward side is equal to
that of an exponentially diverging basin with that specific convergence length. This
is clarified in Fig. 4.4, where an exponentially diverging basin (blue line) and a
schematised tidal inlet (orange line) are shown, which have the same width at the
landward side, so they can be quantified by the same convergence length. The
landward width is increased up to 20 km, leading to a basin area of 110 km2, which
corresponds approximately to the basin area of the Eierlandse Gat (Elias, 2006).

In Fig. 4.5a, the width-averaged morphodynamic equilibrium bed profiles are
shown as a function of the location in the inlet (horizontal axis) and the inverse
convergence length (vertical axis). It is found that the width averaged equilibrium
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(a) (b)

Figure 4.5: (a) Width-averaged equilibrium bed profiles, predicted with a 2D-model, as a
function of the location in the tidal basin (horizontal axis) for tidal basins with a geometry
based on the work of Van Straaten and Kuenen (1957) and Van Prooijen and Wang (2013)
with a width at the seaward side of B(0) = 2 km and a width at the landward side ranging
from 2 km (L−1

c = 0) to 20 km (L−1
c = −0.153 km−1). The bed level is given by the colour

code, where lighter colours represent higher bed levels and thus lower water levels. At the
landward boundary the water depth vanishes. (b) Equilibrium bed profiles for a rectangular
basin, a strongly diverging basin and a schematised inlet with a landward width of 20 km.

bed profile in the schematised inlet is becoming less convex, and even concave
at certain locations, as the width at the landward side increases, indicated by a
decreasing L−1

c . Fig. 4.5b clarifies that near the seaward side of the inlet, where the
width increases slowly (see Fig. 4.4), the equilibrium bed profile (indicated by the
triangles) resembles the one from the rectangular basin (indicated by the dots). This
is different for an exponentially diverging basin with the same convergence length,
as seen from the associated morphodynamic equilibrium, indicated by the crosses.
Further to the landward side, however, the width increases much faster, forcing the
equilibrium bed profile to become more concave, compared to the profile at the
seaward part, such that close to the landward boundary, the equilibrium bed profile
resembles the one from the exponentially diverging basin.

4.3.2 Morphodynamic equilibria in 2D

4.3.2.1 Lateral behaviour of morphodynamic equilibria

In the previous section, we have discussed the width-averaged morphodynamic
equilibria for various basin geometries. Fig. 4.6 illustrates the maximum difference
(relative to H) in percentage between the width-averaged results from the 2D-model
and the results from a 1D-model,

(
h2D − h1D )

, for various convergence lengths.
These results suggest that for converging and rectangular tidal basins, a 1D-model
gives very reasonable results, since the maximum difference is less than 1% of H.
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Figure 4.6: Maximum percentage difference between the width-averaged morphodynamic
equilibria, predicted with a 2D-model, and the morphodynamic equilibria, predicted with a
1D-model, for exponentially converging or diverging basins (blue line) and for schematised
tidal inlets based on the work of Van Straaten and Kuenen (1957) and Van Prooijen and
Wang (2013) (orange line), as a function of the convergence length.

For strongly diverging basins, however, and especially for the schematised inlets,
the difference between the 1D-results and the width-averaged 2D-results increases
up to 2% and 9% of H, respectively. This can be explained by the presence of
lateral structures in the equilibrium bed profiles, that can not be accounted for in a
1D-model. These lateral structures arise due to the generation of lateral velocities
in the non-rectangular geometries.

The lateral structure of the equilibrium bed profiles is quantified in Fig. 4.7.
More specifically, Figs. 4.7a and 4.7c show the along channel variation of the
following measure

Ahy (x) =
1

B(x)

∫ B(x)
2

−
B(x)

2

hy y dy (4.3.14)

for the exponentially converging/diverging basin and the schematised inlet, respec-
tively. Since the Coriolis force is not taken into account in these simulations, the
bed level is symmetric along the centreline, denoted by y = 0. Applying integra-
tion by parts and the mean value theorem, equation (4.3.14) can be simplified in
this case to Ahy (x) = h(x, B(x)/2) − h(x, 0), which implies that this measure is
zero, when there is no lateral variation. Negative values imply a predominantly
concave shape in the lateral direction and positive values a predominantly convex
behaviour.

It follows from Fig. 4.7a that the equilibrium bed profiles of both exponentially
converging and diverging tidal basins exhibit a concave shape in the lateral direction.
For a rectangular basin, there is obviously no lateral behaviour (the black dashed
lines indicate that Ahy = 0). For weakly diverging basins, there appears to be a
very slight convex shape, especially in the landward part of the basin, but the lateral
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(a) (b)

(c) (d)

Figure 4.7: Along channel variation of the measure Ahy (see equation (4.3.14)) for (a)
an exponentially converging or diverging basin and (c) a schematised tidal inlet based on
the work of Van Straaten and Kuenen (1957) and Van Prooijen and Wang (2013). Negative
values imply a predominantly concave behaviour in the lateral direction and positive values
a predominantly convex behaviour. The dashed lines indicate that the measureAhy is zero.
(b) and (d) show a 3D-view of the equilibrium bed level for an exponentially diverging basin
and a schematised inlet, respectively (Lc = −0.153 km−1).

structures are small in this case. The concave shape in the lateral direction can
be explained as follows. Due to the non-rectangular geometry, lateral velocities
arise. If we now focus on one cross-section, considering (i) the boundary condition
(4.2.2b), (ii) the change in direction of the outward pointed normal vector at both
ends of the cross-section, due to the converging or diverging shape of the basin,
(iii) the fact that the longitudinal velocities are symmetric along the cross-section,
then we can conclude that the lateral velocities have to switch sign along the
cross-section. Due to the symmetry of the geometry, this implies that the lateral
velocities are zero at the y = 0-axis. Therefore, in the lateral direction, there
will be sedimentation close to the central axis and erosion closer to the sidewalls.
An illustration of the concave shape of the equilibrium bed profile, both in the
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longitudinal and in the lateral direction, can be seen in Fig. 4.7b.
In case of a schematised inlet, a different picture arises. The equilibrium bed

profile again appears to have a concave shape in the lateral direction, except near
the landward boundary, where the lateral shape becomes predominantly convex.
A 3D-view of the equilibrium bed profile, given in Fig. 4.7d, helps to explain this
behaviour. It turns out, that around y = 0, the equilibrium bed profile still exhibits
a concave shape along the entire basin. However, close to the landward boundary,
where the width is largest, the velocities decrease near the sidewalls. This leads
to sedimentation and eventually, the water depth goes to zero at the sidewalls too,
leading to a predominantly convex shape in the lateral direction. To put it in more
physical terms, we get the formation of a central ridge along y = 0 and the formation
of shallow regions at the sidewalls, close to the landward boundary. As can be seen
in Fig. 4.7c, the central ridge becomes more pronounced when the landward width
increases. The formation of shallow regions at the sidewalls, however, already
occurs at smaller landward widths, which is why Ahy is highest when shallow
regions at the sidewalls have already formed, but the central ridge is still relatively
small (L−1

c ≈ −0.06 km−1).

4.3.2.2 Physical explanation

The lateral behaviour can be further explained by means of Fig. 4.8, where results
are shown for a fixed and laterally uniform bed, based on the cross-sectionally
averaged morphodynamic equilibrium of the schematised tidal inlet (shown as the
triangles in Fig. 4.5b). The behaviour of the velocities, the sediment concentration
and the various transport contributions over this laterally uniform bed (which is
not in equilibrium in a 2D context), can provide insight in the final shape of the
equilibrium bed level.

In Figs. 4.8a and 4.8b the amplitude and phase of the along channel velocity are
shown, respectively. The amplitude is maximal at the inlet entrance and minimal
near the sidewalls when moving toward the landward side.

Due to the widening of the geometry, lateral velocities are generated (Figs. 4.8c
and 4.8d for the amplitude and phase, respectively). The lateral velocity ampli-
tudes (Fig. 4.8c) are of the same order of magnitude as the longitudinal velocity
amplitudes (Fig. 4.8a). Moreover, they are maximal at the sidewalls and zero at
y = 0, except near the landward boundary, where the lateral velocities are zero at
the sidewalls, as well, due to the boundary condition (4.2.2b).

The phase of the longitudinal velocities (Fig. 4.8b) is fairly uniform, but the
phase of the lateral velocities (Fig. 4.8d) changes sign at y = 0 for any cross-section,
whichmeans that the lateral velocities point in opposite directions on different sides
of the x-axis.

The areas in the basin with the highest velocity amplitudes (i.e. the areas at the
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(a) u (amplitude) (b) u (phase)

(c) v (amplitude) (d) v (phase)

(e) 〈C〉 (f) qxtopo

(g) qydiff (h) qxdiff

Figure 4.8: Two-dimensional results of a simulation with a fixed and laterally uniform bed,
based on the cross-sectionally averaged morphodynamic equilibrium. (a) the amplitude of
the longitudinal velocity, (b) the phase of the longitudinal velocity, (c) the amplitude of
the lateral velocity, (d) the phase of the lateral velocity, (e) the tidally averaged suspended
sediment concentration, (f) the longitudinal component of the topographically induced
sediment transport, (g) the lateral component of the diffusive sediment transport,(h) the
longitudinal component of the diffusive sediment transport.
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inlet and close to the sidewalls, where the basin is rapidly widening) clearly have the
highest erosion rate and therefore the highest suspended sediment concentration
(see Fig. 4.8e). Subsequently, this suspended sediment is being transported by
the different contributions, as given in equation (4.2.11). Since, the considered
bed is laterally uniform, the lateral component of the topographically induced
transport, qy

topo, will be zero. The longitudinal component of the topographically
induced transport, qx

topo, and the lateral and longitudinal components of the diffusive
transport, qy

diff and qx
diff, are shown in Figs. 4.8f to 4.8h, respectively.

Since the considered bed is not a morphodynamic equilibrium, the various
transport mechanisms do not balance each other. The bed is, however, a cross-
sectionally averaged morphodynamic equilibrium. It is therefore not unexpected
that the longitudinal components of the diffusive and the topographically induced
transports already balance each other quite well. The lateral variations in the shape
of the depth-averaged morphodynamic equilibrium (Fig. 4.7d) are therefore mainly
caused by the lateral component of the diffusive transport, which is shown in
Fig. 4.8g. In this figure warmer (colder) colours indicate transport in the positive
(negative) y-direction. The lateral diffusive processes transport the suspended
sediment from areas with higher to areas with lower concentrations. Sediment
is therefore transported towards the centre of the channel, forming the central
ridge, flanked by two channels. Close to the landward boundary, sediment is also
transported towards the sidewalls, leading to the formation of shallow regions. This
process endswhen the lateral component of the diffusive transport is balanced by the
lateral component of the topographically induced transport, which will increase as
lateral structures are being formed, and themorphodynamic equilibrium is reached.

4.3.3 Symmetry breaking effects

4.3.3.1 Influence of the Coriolis force

In this section, the simulations from the previous sections will be repeated, but now
with the Coriolis force included. A tidal wave entering a semi-enclosed tidal basin
is deflected to the right (in the Northern hemisphere) by the Coriolis force due to the
rotation of the earth. Next it is reflected by the landward boundary and the reflected
wave is in turn deflected to the right by the Coriolis force. In a frictionless case, this
leads to an anti-clockwise rotation around a so-called amphidromic point, that lies
on the centreline of the basin, with an increasing elevation amplitude away from that
point (Pugh, 1987). However, when bottom friction is present, the incoming and
the reflected tidal wave no longer perfectly balance each other and the amphidromic
point is shifted away from the centreline. Depending on the width of the basin and
the strength of the bottom friction, the amphidromic point can be shifted outside
of the basin (Roos and Schuttelaars, 2011). It is then called a virtual amphidromic
point and in this case, the tidal wave only gets deflected. Moreover, the presence
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of shallower zones, also affects the balance between the incoming and the reflected
tidal wave, and hence the position of the amphidromic point.

The importance of the Coriolis force in a system depends on the so-called
Rossby radius of deformation R, which is defined as

R =

√
gH

f
(4.3.15)

In the case we consider, the Rossby radius has a value around 90 km. Therefore, we
will first consider a wide rectangular basin, with B0 = 15 km, to clearly illustrate
the influence of the Coriolis force. Afterwards, we will focus on the schematised
tidal inlet.

In Fig. 4.9, the equilibrium bed profile is shown for a simulation without
(Figs. 4.9a and 4.9b) and including (Figs. 4.9c and 4.9d) the Coriolis effect, as well
as the difference between them (Figs. 4.9e and 4.9f), for two different geometries.
Firstly, a rectangular basin with a width of 15 km is considered. Secondly, the
insights, gained from the rectangular channel will be translated to the schematised
tidal inlet, which was considered in the previous paragraphs and has a seaward
width of 2 km and a landward width of 20 km.

In Figs. 4.9a and 4.9c, the equilibrium bed profile is shown in the wide rectan-
gular basin for a simulation without and including the Coriolis effect, respectively.
When the Coriolis effect is not taken into account, no lateral velocities are generated
in the rectangular geometry and the equilibrium bed profile is laterally uniform. As
explained earlier, the Coriolis force deviates the tidal wave into an anti-clockwise
rotation around the amphidromic point, generating lateral velocities and a lateral
gradient in the longitudinal velocities. Due to the decreasing water depth towards
the landward boundary and the accompanying increase in the friction effect, veloc-
ities are highest near the seaward boundary. Moreover, the longitudinal velocity
amplitude (not shown here) is higher at the upper side of the basin (y > 0), leading
to increased erosion and thus, increased suspended sediment concentration. The
diffusive sediment transport then moves the sediment towards the lower side of the
basin (y < 0), where velocities are lower and the sediment can settle. When the
bed level gradient increases, the topographically induced sediment transport starts
to balance the diffusive sediment transport. Fig. 4.9e shows the difference between
the equilibrium bed levels without and including the Coriolis effect, where warmer
(colder) colours indicate net erosion (deposition) and thus a decrease (increase)
in the bed level, when the Coriolis effect is accounted for. This implies that the
equilibrium bed level has an asymmetric convex shape in the lateral direction, when
the Coriolis effect is taken into account (Fig. 4.9c).

In case of the schematised tidal inlet, the rotary tidal wave can only fully develop
more inland inside the basin, due to the narrow inlet. Therefore, the differences
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(a) hNoCor [m] (b) hNoCor [m]

(c) hCor [m] (d) hCor [m]

(e) hNoCor − hCor [%] (f) hNoCor − hCor [%]

Figure 4.9: The equilibrium bed profile for simulations (a)-(b) without and (c)-(d) including
the Coriolis effect, as well as (e)-(f) the percentage difference between them (relative to H)
for a rectangular basin with B = 15 km and a schematised tidal inlet with B0 = 2 km and
L−1
c = −0.153 km−1. The difference plots are such that warmer (cooler) colours indicate

net erosion (deposition) when the Coriolis force is taken into account, compared to when it
is not.

between the equilibrium bed level without (Fig. 4.9b) and including (Fig. 4.9d) the
Coriolis effect are smaller than in the case of the wide rectangular channel, as is
illustrated in Fig. 4.9f. In the seaward part of the basin, we see again net erosion
at the upper side of the basin and net deposition at the lower side. This means
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Figure 4.10: Equilibrium bed level for a schematised tidal inlet with an asymmetric geom-
etry in planform.

that the central ridge is being shifted in the negative y-direction, causing the lower
(upper) channel to become shallower (deeper). Due to the combined effects of
the geometry and the Coriolis force, the lateral velocities close to the landward
boundary are relatively large in this case (not shown here), such that the rotary
tidal wave leads to a net erosion at the lower side and a (small) net deposition at
the upper side of the basin, close to the landward boundary. This indicates that
the central ridge in the landward part of the boundary slightly shifts in the positive
y-direction.

4.3.3.2 Asymmetric geometry

Besides Coriolis force, the symmetry of the considered tidal basins can also be
distorted by means of the geometry itself. Fig. 4.10 illustrates a schematised tidal
inlet, which is asymmetric with respect to the central axis, y = 0. The same patterns
arise, as in the previous cases, i.e. the equilibrium bed level exhibits two channels
along a central ridge and the formation of shallow regions along the side walls near
the landward boundary. However, these features are no longer symmetric, as the
upper is now much wider and deeper than the lower channel. Model results for a
simulation with a fixed and laterally uniform bed are presented in Appendix 4.C.
A similar analysis as in Section 4.3.2.2 can be performed.

We define the following measure, to quantify the asymmetry of the equilibrium
bed level.

Ah(x) =
1

B(x)

∫ ymin(x)+B(x)

ymin(x)
h y dy, (4.3.16)

where y = 0 is always chosen at the centre of the seaward boundary. If this measure
is equal to zero, the bed is symmetric with respect to the centre of the given cross-
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(a) (b)

Figure 4.11: The measure Ah is shown along the basin in Fig. 4.11a for various values
of the Coriolis coefficient in a symmetric schematised tidal inlet with L−1

c = −0.153km−1.
In Fig. 4.11b, on the other hand, the Coriolis effect is not included and the geometry is
varied, starting from a symmetric schematised tidal inlet with L−1

c = −0.107 km−1, by only
widening the upper part of the landward boundary, until the landward width corresponds
to the landward width of an exponentially diverging basin with L−1

c = −0.153km−1 (see
Fig. 4.10). The dashed lines represent the zero contour lines.

section. Positive (negative) values indicate amean positive (negative) slope, i.e. the
average bed is lower (higher) on the lower side of the basin at a given cross-section.
Fig. 4.11 shows the sensitivity of this measure Ah to both the Coriolis effect and
the asymmetry of the geometry. In Fig. 4.11a, the measure is shown along the
basin for various values of the Coriolis force in a symmetric schematised tidal inlet
with L−1

c = −0.153 km−1. In Fig. 4.11b, on the other hand, the Coriolis effect is
not included and the geometry is varied, starting from a symmetric schematised
tidal inlet with L−1

c = −0.107 km−1, by only widening the upper boundary, until the
landward width corresponds to the landward width of an exponentially diverging
basin with L−1

c = −0.153 km−1 (see Fig. 4.10).
Increasing the strength of the Coriolis effect increases the asymmetry of the

equilibrium bed level, as can be seen in Fig. 4.11a. In the main part of the basin, a
mean negative slope arises in the lateral direction, which corresponds to the shift
of the central ridge to the lower side of the basin, causing the lower (upper) channel
to become shallower (deeper). Close to the landward boundary, however, a mean
positive slope is observed, which is in agreement with the observed behaviour in
Figs. 4.9d and 4.9f.

Increasing the asymmetry of the schematised inlet geometry, as explained
above, causes an increasing negative slope in the lateral direction, which implies
that the upper (lower) channel becomes wider and deeper (narrower and shallower).
Comparing the asymmetry measure for the effects of Coriolis and geometry, it
shows that the influence of an asymmetric geometry has a much larger influence
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on the patterns of the equilibrium bed level.
On satellite images of the Eierlandse Gat (see Fig. 4.1b), we see that the double

channel system and the ridge in between is shifted towards the upper part of the basin
in the inland part. Our model results suggest that the asymmetric geometry plays a
major role in this behaviour. However, the satellite images also show that the lower
channel is the widest, contrary to our findings. This indicates that other effects,
which were not taken into account in this chapter, impact the morphodynamics as
well. This will be elaborated in the next section.

4.4 Applications and limitations of the model
The presented model is exploratory, which implies that it provides trends and sensi-
tivities of the system under consideration, but the results should not be interpreted
in a quantitative way. The presented model is a complementary tool to more
complex simulation models, which are too time-consuming to perform extensive
sensitivity analyses.

This chapter provides a proof of concept that morphodynamic equilibria can be
identified with a two-dimensional model, by employing the Finite ElementMethod,
which allows for the identification of morphdoynamic equilibria in tidal basins with
an arbitrary shape in planform. Many other geometries, such as the tidal meanders
that were discussed in Solari et al (2002), could be investigated in future research.

Moreover, this is only the first step in a development process, since there are
still many simplifying assumptions being made. The most important one is the
assumption that the sediment transport in the tidal basin is diffusively dominated.
Although the geometry under consideration is short, and therefore diffusion cer-
tainly is not unimportant, the next step in the development process should be to
include advective processes as well. In this way, the effect of internally generated
overtides on the morphodynamic equilibria can be investigated.

Apart from internally generated overtides, also externally prescribed higher
harmonics are not considered in this chapter. Both Schuttelaars and de Swart (2000)
and Meerman et al (2019) showed that including an M4 forcing at the seaward
boundary can lead to multiple morphodynamic equilibria, depending amongst
others on the relative phase between the M2 and M4 tidal constituents.

Furthermore, in our simulations using the schematised inlet geometry, the water
depth fell to zero at the sidewalls, close to the landward boundary. However, it
should be noted that, to correctly model the morphodynamics, including beach
formation, wind waves should be taken into account (Green and Coco, 2014).
Also density driven currents have been shown to impact the net sediment transport
(Burchard et al, 2008).

Subsequently, the assumption that neither the bed at the open boundary, nor the
side walls are erodible is very severe. In a system like the Eierlandse Gat, which is
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surrounded by tidal watersheds and not by land, it is likely that the side walls will
shift in time. Especially for the simulations including the Coriolis effect, where
the two-channel system and the ridge in between are being shifted, this could be
important.

Finally, the process of wetting and drying, could have a large influence on the
basin morphodynamics (Fagherazzi and Mariotti, 2012). Many other processes
could be included in the model as well, e.g. freshwater discharge (Bolla Pittaluga
et al, 2015), ecological features, etc.

4.5 Conclusions
We have presented a new approach for the direct identification of morphodynamic
equilibria in tidal basins, using a depth-averaged exploratory model. The existence
of morphodynamic equilibria and their sensitivity to geometrical variations and the
Coriolis effect have been analysed in a systematic way. The tidal basins considered
here are tidally dominated and forced by a single M2 tidal constituent at the inlet
entrance. The width of the tidal inlet is taken to be 2 km and it has a tidally
averaged water depth of 10m. The geometry of the basin, which has a length of
15 km, was chosen to be exponentially converging or diverging, with a rectangular
channel as a limit case. Furthermore, a schematised inlet geometry, based on the
work of Van Prooijen and Wang (2013) and Van Straaten and Kuenen (1957), was
considered with a maximal landward width of 20 km, corresponding to a basin
area of 110 km2, which is representative for the Eierlandse Gat, a tidal inlet in the
Dutch Wadden Sea. The water motion is described by the depth-averaged shallow
water equations and the sediment concentration by a diffusion equation, taking into
account local inertia, horizontal diffusion and topographically induced diffusion.
The bed is assumed to evolve solely due to convergences and divergences of the
diffusive sediment transport.

It has been shown that for relatively narrow tidal basins, the width-averaged
results compare very well with the morphodynamic equilibria, found with a cross-
sectionally averaged model. However, for wider tidal basins, significant differences
were found, due to the generation of lateral structures. In a widening tidal basin,
the equilibrium bed level has a central ridge, flanked by two channels, due to the
generated lateral velocities. These lateral velocities are zero along the central axis,
due to the symmetry of the geometry. This leads to increased deposition along the
central axis and increased erosion along the sidewalls, resulting in a concave shape
in the lateral direction. In case of the schematised tidal inlet, shallow regions form
along the sidewalls, close to the landward boundary, due to the local lower lateral
velocities, caused by the boundary conditions. This shows that the formation of
large channel patterns is a feature that is forced by the geometry of the basin.

Besides perfectly symmetric scenarios, two symmetry breaking effects were
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introduced as well. On the one hand, the influence of the Coriolis force was added,
while on the other hand an asymmetric basin geometry was considered. In both
cases, one of the channels was widened and deepened, but the effect was much
larger in an asymmetric geometry, showing that the basin geometry has a large
influence on the associated morphodynamic equilibria.
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Appendix 4.A Dimensionless equations

The governing equations are made dimensionless by introducing characteristic
scales for the physical variables (dimensionless variables are denotedwith asterisk):

(x, y) = L(x∗, y∗); (u, v) = U(u∗, v∗); ζ = AM2 ζ
∗; C =

αU2κv
ws

2 C∗; t = σ−1t∗;

(z, h) = H(z∗, h∗); (µ, λ) = σL2(µ∗, λ∗); r = (σH)r∗; β = β∗; f = σ f ∗. (4.A.1)

The characteristic scales include the length L of the basin, the tidally and width-
averaged water depth at the open boundary H, the width-averaged water level
amplitude at the open boundary AM2 and the angular frequencyσ of the semidiurnal
tide. The velocity scale follows from the continuity equation (4.2.1a) and readsU =
σAM2 L/H, while the friction scale and Coriolis scale follow from the momentum
equation. Assuming an approximate balance between erosion and deposition, the
depth-integrated suspended sediment concentration is scaled with the ratio of the
typical scale of the erosion term (αU2) and the proportionality constant of the
deposition term (ws

2/κv).
The dimensionless equations for the water motion read

ζ∗t∗ +
®∇∗ · [(1 − h∗)®u∗] = 0, (4.A.2a)

(1 − h∗ + h∗0)
[
®u∗t∗ + η

∗−2 ®∇∗ζ∗ + f ∗ ®ez∗ × ®u∗
]
+ r∗ ®u∗ = 0, (4.A.2b)

where the momentum equation has been multiplied with (1 − h∗ + h∗0), i.e. the
local tidally averaged water depth, adjusted with h∗0 = h0/H. The parameter

η∗ = (σL) /
√
gH in (4.A.2b) is, apart from a factor 2π, the ratio of the estuary

length, L, and the frictionless tidal wavelength in a straight channel without tidal

flats, Lg = 2π
√
gH/σ. Furthermore, as mentioned before, the parameter h∗0 is

introduced to ensure that the bottom friction term remains bounded if the water
depth goes to zero.

The dimensionless concentration equation becomes

a∗
[
C∗t∗ − ®∇

∗ ·

(
µ∗ ®∇∗C∗ + µ∗Λ∗β∗C∗ ®∇∗h∗

)]
= | ®u∗ |2 − β∗C∗. (4.A.3)

Here a∗ = σκv
ws

2 is the ratio of time scale of the deposition process over the tidal time

scale and Λ∗ = wsH
κv

is the sediment Peclet number. The dimensionless deposition
parameter β∗ can be written in terms of dimensionless variables as

β∗ =
[
1 − e−Λ

∗(1−h∗+h∗0)
]−1

. (4.A.4)
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Finally, the scaled bed evolution equation is given by

h∗τ∗ = −
〈
| ®u∗ |2 − β∗C∗

〉
+ λ∗∇∗2h∗

= −®∇∗ ·

〈
− λ∗ ®∇∗h∗︸      ︷︷      ︸
®q∗bl

−a∗µ∗ ®∇∗C∗︸        ︷︷        ︸
®q∗diff

−a∗µ∗Λ∗β∗C∗ ®∇∗h∗︸                   ︷︷                   ︸
®q∗topo

〉
,

= −®∇∗ · 〈 ®q∗〉 (4.A.5)

with τ∗ = δt∗, where δ = αU2/[σHρs(1 − p)] is the ratio of the tidal period and
the slow morphodynamic timescale.

The dimensionless sediment transport ®q∗ consists of bedslope effects of bedload
transport, as well as diffusive and topographically induced diffusive contributions
to the suspended sediment transport:

®q∗ = ®q∗bl + ®q
∗
diff + ®q

∗
topo. (4.A.6)

The dimensionless boundary conditions read

ζ∗ = AM2 cos(t∗ − θM2 ) for (x∗, y∗) ∈ Γs, (4.A.7a)〈
| ®u∗ |2 − β∗C∗

〉
= 0 for (x∗, y∗) ∈ Γs, (4.A.7b)

h∗ = 0 at Γs, (4.A.7c)

(1 − h∗) ®u∗ · ®n = 0 for (x∗, y∗) ∈ Γc, (4.A.7d)(
λ∗ ®∇∗h∗ + a∗µ∗(®∇∗C∗ + Λ∗β∗C∗ ®∇∗h∗)

)
· ®n = 0 for (x∗, y∗) ∈ Γc, (4.A.7e)

where AM2 = 1 in the dimensionless situation. Note that AM2 and θM2 depend on
the x and y coordinates at the seaward boundary Γs .

Appendix 4.B Linearised equations in variational form

The nonlinear system of equations (4.A.2a), (4.A.2b), (4.A.3) and (4.A.5) is solved
numerically using a Newton-Raphson method, formulated at the PDE level. The
asterisk notation has been omitted to relieve the notation. Given an initial guess
for the solution of each of the variables χ0 we seek a small perturbation δχ, such
that χ = χ0 + δχ fulfils the nonlinear system of PDEs. Since the perturbations δχ

are assumed to be small, we neglect all quadratic perturbation terms, e.g. δhδ ®uc1

in equation (4.B.1a). Note that for the bed level h0 is the initial guess, while h0 is
a parameter to assure the friction term remains finite. Using equations (4.2.7) and
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(4.2.8), the system of equations then becomes

δζs1 + ®∇ ·
[
(1 − h0) δ ®uc1 − δh ®u 0

c1

]
= −ζ0

s1 −
®∇ ·

[
(1 − h0) ®u 0

c1
]
, (4.B.1a)

− δζc1 + ®∇ ·
[
(1 − h0) δ ®us1 − δh ®u 0

s1

]
= ζ0

c1 −
®∇ ·

[
(1 − h0) ®u 0

s1
]
, (4.B.1b)

(1 − h0 + h0)
(
δ ®us1 + η−2 ®∇δζc1 + f ®ez × δ ®uc1

)
− δh

(
®u 0
s1 + η

−2 ®∇ζ0
c1 + f ®ez × ®u 0

c1

)
+ rδ ®uc1 = −(1 − h0 + h0)

(
®u 0
s1 + η

−2 ®∇ζ0
c1 + f ®ez × ®u 0

c1

)
− r ®u 0

c1, (4.B.1c)

(1 − h0 + h0)
(
−δ ®uc1 + η−2 ®∇δζs1 + f ®ez × δ ®us1

)
− δh

(
−®u 0

c1 + η
−2 ®∇ζ0

s1 + f ®ez × ®u 0
s1

)
+ rδ ®us1 = −(1 − h0 + h0)

(
−®u 0

c1 + η
−2 ®∇ζ0

s1 + f ®ez × ®u 0
s1

)
− r ®u 0

s1, (4.B.1d)

− aµ®∇ ·
[
®∇δ 〈C 〉 + Λ

(
δβ

〈
C0〉 ®∇h0 + β0δ 〈C 〉 ®∇h0 + β0 〈

C0〉 ®∇δh)]
− ®u 0

c1 · δ
®uc1 − ®u 0

s1 · δ
®us1 + δβ

〈
C0〉 + β0δ 〈C 〉

= aµ®∇ ·
(
®∇

〈
C0〉 + Λβ0 〈

C0〉 ®∇h0
)
+

1
2

(
| ®u 0

c1 |
2 + | ®u 0

s1 |
2
)
− β0 〈

C0〉 ,
(4.B.1e)

− aµ®∇ ·
[
®∇δ 〈C 〉 + Λ

(
δβ

〈
C0〉 ®∇h0 + β0δ 〈C 〉 ®∇h0 + β0 〈

C0〉 ®∇δh)] − λ∇2δh

= aµ®∇ ·
(
®∇

〈
C0〉 + Λβ0 〈

C0〉 ®∇h0
)
+ λ∇2h0, (4.B.1f)

with

β0 =
1

1 − e−Λ(1−h0+h0)
, δβ = δh

Λe−Λ(1−h
0+h0)(

1 − e−Λ(1−h0+h0)
)2 . (4.B.2)

The dimensionless boundary conditions then become

δζc1 = 0 at Γs (4.B.3a)

δζs1 = 0 at Γs (4.B.3b)

®u 0
c1 · δ

®uc1 + ®u 0
s1 · δ

®us1 − δβ
〈
C0〉 − β0δ 〈C 〉 = 0 for (x, y) ∈ Γs, (4.B.3c)

δh = 0 at Γs, (4.B.3d)[
(1 − h0) δ ®uc1 − δh ®u0

c1

]
· ®n = 0 for (x, y) ∈ Γc, (4.B.3e)[

(1 − h0) δ ®us1 − δh ®u0
s1

]
· ®n = 0 for (x, y) ∈ Γc, (4.B.3f)[

aµΛ
(
δβ

〈
C0〉 ®∇h0 + β0δ 〈C 〉 ®∇h0 + β0 〈

C0〉 ®∇δh)
+aµ®∇δ 〈C 〉 + λ ®∇δh

]
· ®n = 0 for (x, y) ∈ Γc . (4.B.3g)
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In order to apply the Finite Element Method, the equations have to be written in
their weighted residual formulation, by multiplying them with a test function and
integrating them over the domain Ω. The weak formulation then yields:(
δζs1,wζc1

)
Ω
−

(
(1 − h0) δ ®uc1 − δh ®u 0

c1,
®∇wζc1

)
Ω

=
(
−ζ0

s1,w
ζc1

)
Ω
+

(
(1 − h0) ®u 0

c1,
®∇wζc1

)
Ω
,

(4.B.4a)(
−δζc1,wζs1

)
Ω
−

(
(1 − h0) δ ®us1 − δh ®u 0

s1,
®∇wζs1

)
Ω

=
(
ζ0
c1,w

ζs1
)
Ω
+

(
(1 − h0) ®u 0

s1,
®∇wζs1

)
Ω
,

(4.B.4b)(
(1 − h0 + h0)

[
δ ®us1 + η−2 ®∇δζc1 + f ®ez × δ ®uc1

]
,w ®uc1

)
Ω

−

(
δh

[
®u 0
s1 + η

−2 ®∇ζ0
c1 + f ®ez × ®u 0

c1

]
,w ®uc1

)
Ω
+

(
rδ ®uc1,w ®uc1

)
Ω

= −
(
(1 − h0 + h0)

[
®u 0
s1 + η

−2 ®∇ζ0
c1 + f ®ez × ®u 0

c1

]
,w ®uc1

)
Ω
−

(
r ®u 0

c1,w
®uc1

)
Ω
,

(4.B.4c)(
(1 − h0 + h0)

[
−δ ®uc1 + η−2 ®∇δζs1 + f ®ez × δ ®us1

]
,w ®us1

)
Ω

−

(
δh

[
−®u 0

c1 + η
−2 ®∇ζ0

s1 + f ®ez × ®u 0
s1

]
,w ®us1

)
Ω
+

(
rδ ®us1,w ®us1

)
Ω

= −
(
(1 − h0 + h0)

[
−®u 0

c1 + η
−2 ®∇ζ0

s1 + f ®ez × ®u 0
s1

]
,w ®us1

)
Ω
−

(
r ®u 0

s1,w
®us1

)
Ω
,

(4.B.4d)(
aµ®∇δ 〈C 〉 + aµΛ

[
δβ

〈
C0〉 ®∇h0 + β0δ 〈C 〉 ®∇h0 + β0 〈

C0〉 ®∇δh] , ®∇w 〈C 〉)
Ω

+
(
λ ®∇δh · ®n,w 〈C 〉

)
Γc

−

(
®u 0
c1 · δ

®uc1 + ®u 0
s1 · δ

®us1 − δβ
〈
C0〉 − β0δ 〈C 〉,w 〈C 〉

)
Ω

= −
(
aµ®∇

〈
C0〉 + aµΛβ0 〈

C0〉 ®∇h0, ®∇w 〈C 〉
)
Ω
−

(
λ ®∇h0 · ®n,w 〈C 〉

)
Γc

+

(
1
2
| ®u 0

c1 |
2 +

1
2
| ®u 0

s1 |
2 − β0 〈

C0〉 ,w 〈C 〉)
Ω

,

(4.B.4e)(
aµ®∇δ 〈C 〉 + aµΛ

[
δβ

〈
C0〉 ®∇h0 + β0δ 〈C 〉 ®∇h0 + β0 〈

C0〉 ®∇δh] + λ ®∇δh, ®∇wh
)
Ω

= −
(
aµ®∇

〈
C0〉 + aµΛβ0 〈

C0〉 ®∇h0 + λ ®∇h0, ®∇wh
)
Ω
,

(4.B.4f)
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where we applied the Gauss theorem and the boundary conditions (4.B.3) and we
introduced the following notation

( f1, f2)Ω =
∫
Ω

f1 f2 dΩ. (4.B.5)

The Dirichlet boundary conditions can be written as

δζc1 = 0 at Γs (4.B.6a)

δζs1 = 0 at Γs (4.B.6b)

®u 0
c1 · δ

®uc1 + ®u 0
s1 · δ

®us1 − δβ
〈
C0〉 − β0δ 〈C 〉 = 0 for (x, y) ∈ Γs (4.B.6c)

δh = 0 at Γs . (4.B.6d)

Appendix 4.C Asymmetric geometry with a laterally
uniform bed

In this appendix, the model results of a simulation with an asymmetric geometry
are presented (see Fig. 4.10), assuming a fixed and laterally uniform bed. A similar
analysis as in Section 4.3.2.2 can be performed.

In Fig. 4.C.1a the amplitude of the along channel velocity is shown. Compared
to the symmetric case (Fig. 4.8a), the amplitude no longer decreases when moving
toward the landward side. The lateral velocity amplitudes (Fig. 4.C.1c) are now
highest in the most strongly widening part of the basin, where they are twice as high
as the maximal longitudinal velocity amplitudes. The phases of the longitudinal
and lateral velocities (Figs. 4.C.1b and 4.C.1d) behave in a similar way as in the
symmetric case (see Figs. 4.8b and 4.8d). The areas in the basin with the highest
velocity amplitudes are now dominated by the lateral velocities and have the highest
suspended sediment concentrations (see Fig. 4.C.1e).

Since the bed is in a cross-sectionally averaged morphodynamic equilibrium,
the longitudinal components of the topographically induced and the diffusive trans-
ports balance each other quite well (see Figs. 4.C.1f and 4.C.1h). The lateral vari-
ations in the shape of the depth-averaged morphodynamic equilibrium (Fig. 4.10)
are therefore mainly caused by the lateral component of the diffusive transport,
which is shown in Fig. 4.C.1g, where warmer (colder) colours indicate transport
in the positive (negative) y-direction. The lateral diffusive processes transport the
suspended sediment from areas with higher to areas with lower concentrations,
creating deeper channels and shallower zones.
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(a) u (amplitude) (b) u (phase)

(c) v (amplitude) (d) v (phase)

(e) 〈C〉 (f) qxtopo

(g) qydiff (h) qxdiff

Figure 4.C.1: Two-dimensional results of a simulation with a fixed and laterally uniform
bed, based on the cross-sectionally averaged morphodynamic equilibrium. (a) the amplitude
of the longitudinal velocity, (b) the phase of the longitudinal velocity, (c) the amplitude of
the lateral velocity, (d) the phase of the lateral velocity, (e) the tidally averaged suspended
sediment concentration, (f) the longitudinal component of the topographically induced
sediment transport, (g) the lateral component of the diffusive sediment transport,(h) the
longitudinal component of the diffusive sediment transport.
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There are only patterns.
Patterns on top of patterns,
patterns that affect other patterns,
patterns hidden by patterns,
patterns within patterns.

Chuck Palahniuk

5
The initial formation of channels and

shoals



Abstract

To gain a better understanding of the complex patterns of channels and shoals,
which are observed in many tidal inlet systems, the depth-averaged exploratory
model is employed. To explain the initial formation of channels and shoals, a
linear stability analysis is performed, by superposing small, two-dimensional per-
turbations on the equilibrium bed profiles, which were obtained in the previous
chapter. These perturbations evolve due to convergences of various sediment
transport mechanisms, such as diffusive transport and transport related to the bed
topography. If the effect of the Coriolis force or bottom friction is strong enough,
perturbations may start to grow. The critical value for which perturbations start
to grow depends on the planform geometry of the tidal inlet system and on the
shape of its corresponding equilibrium bed profile. Moreover, the inlet geometry
and the shape of the equilibrium bed profile also determine the location of the
initially growing patterns, which result from the generation of frictional torques
in shallower regions. Using the continuation techniques, described in the pre-
vious chapter, around the critical value at which the underlying morphodynamic
equilibria become unstable, new equilibrium bed profiles can be obtained, exhibit-
ing finite-amplitude bed forms, which resemble the typical channel-shoal pattern.
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5.1 Introduction

Astriking characteristic of tidal basins all over theworld is the presence of a network
of channels that are separated by shallow, sandy shoals. A fractal pattern of channel-
like patterns with different scales, ranging from several meters to kilometres, can be
distinguished, with the number of channels increasing and their depth decreasing in
the landward direction. The focus in this chapter will be on channel-shoal patterns,
having length scales on the order of kilometres, which are known to evolve on
timescales of several years (de Swart and Zimmerman, 2009).

These channel-shoal patterns, observed in tidal basins have been reproduced by
process-based morphodynamic simulation models (Hibma et al, 2004; Marciano
et al, 2005; D’Alpaos et al, 2007; Van der Wegen and Roelvink, 2008; Dissanayake
et al, 2009). For example, Van der Wegen and Roelvink (2008) simulated the bed
evolution, starting from a constantly sloping morphodynamic equilibrium solution
of a rectangular basin, found in Schuttelaars and de Swart (1996). They found that
channels and shoals first developed in the relatively shallow part near the landward
end of the basin; later, after approximately 50 years, bedforms also appeared at the
seaward end of the basin.

To gain a better understanding of the main physical mechanisms resulting in
the observed channel-shoal patterns, process-based idealised models have been
developed. As discussed in the introduction (Chapter 1) and shown in the previous
chapter, many models, aiming at identifying cross-sectionally averaged morphody-
namic equilibria have been developed. These models included different physical
processes, and a wide range of different parameter settings was employed.

To address the initial formation of channel-shoal patterns, the linear stability
of these width-averaged morphodynamic equilibria has to be investigated. This
was first done by Schuttelaars and de Swart (1999), who studied the linear stability
of a laterally uniform morphodynamic equilibrium in a short, rectangular basin,
in which the water motion was driven by a single tidal constituent at the seaward
entrance and the water level was assumed to be spatially uniform. Assuming that
sediment transport was dominated by diffusive processes (i.e. transport is directed
from high to low values of the depth-integrated sediment concentration) and local
bed slopes, the linear stability analysis revealed that the equilibrium bed profile was
unstable for specific two-dimensional perturbations if the bottom friction parameter
exceeded a critical value. The maximum amplitude of the bed perturbation was
found in the middle of the tidal embayment. The growth of the bed forms in this
model can be explained by the deceleration of the tidal currents above the shoal.
Since stronger currents erode more sediment, a transverse concentration gradient
is established, inducing a net transport from the channel to the shoal. Perturbations
with too small wavelengths in the lateral direction were smoothened out by the
local bedload transport.
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This model was later extended by Van Leeuwen and de Swart (2001, 2004),
by including advective processes in the water motion and the sediment transport,
resulting in the generation of overtides and tidal residual circulation cells. Using a
linear stability analysis, Van Leeuwen and de Swart (2004) found different types of
bars near the seaward boundary as compared to those in the interior of the basin.
The bars in the deeper areas, near the entrance, grew due to the generation of
tidal circulation cells, forcing advective transport of sediment from the channels to
the shoals. The patterns further into the embayment were controlled by diffusive
sediment transport. Including the effects of the vertical suspended sediment dis-
tribution, by introducing a topographically induced diffusive sediment transport,
Ter Brake and Schuttelaars (2011) found that the initial formation of the channel-
shoal pattern took place near the landward boundary, which is in agreement with
the simulation model results of Van der Wegen and Roelvink (2008).

In this chapter, we revisit the morphodynamic equilibria from the previous
chapter, which were the result of a sediment transport that was dominated by diffu-
sive and topographically induced sediment transport mechanisms. A linear stability
analysis will be applied to a selection of the morphodynamic equilibria, discussed
in the previous chapter, focussing on rectangular and exponentially diverging tidal
basins. In this way, we will determine the stability of these morphodynamic equi-
libria to small perturbations. Due to the numerical approach of our model and the
basin geometry not necessarily being rectangular, the perturbations can no longer
be described with a fixed lateral wavelength, as was the case in previous studies.

To improve the readability of the current chapter as a stand alone part of this
thesis, a shortened version of the model formulation of the previous chapter will be
incorporated in this chapter as well. This will be extended with a short description
of the basic state and a derivation of the eigenvalue problem in §5.2. Then,
the preliminary results regarding the stability of the identified morphodynamic
equilibria are presented in §5.3. Finally, the conclusions are given in §5.4.

5.2 Model Formulation
As pointed out in the introduction, a shortened and slightly adapted version
of §4.2.1 and §4.2.2 of the model formulation of the previous chapter is incor-
porated here as §5.2.1 and §5.2.2, in order to improve the readability of the
current chapter as a stand alone part of this thesis. Starting from §5.2.3, the
model formulation specific to the current chapter is presented.

5.2.1 Geometry
The geometry considered is again that of a semi-enclosed basin; see Fig.5.1 for
an example of a symmetric tidal basin with length L and the employed coordinate
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Figure 5.1: Top view (left panel) and vertical section (right panel) of a semi-enclosed tidal
basin. For an explanation of the symbols, see the text.

system. The x-axis is oriented along the longitudinal axis of the basin, pointing
in the landward direction, with the origin at the seaward side of the basin. The
y-axis is oriented along the lateral axis, with the origin in the middle of the seaward
boundary and the z-axis is oriented along the vertical axis, with the origin at the
bed level at the open boundary. The width is denoted as B(x) and may vary in the
channel direction.

The local water depth is given by H − h + ζ , where H is the tidally and
width-averaged water depth at the open boundary (the overbar notation denotes the
average over the width at the open boundary B0 = B(0)). The sea surface elevation
is denoted by ζ(x, y, t), with t denoting time, and is measured with respect to z = H.
The bed profile is denoted as h(x, y, t). The bed is considered to be erodible, but
the geometrical boundaries are not. The boundary of the model domain consists
of two parts, with Γs the open boundary, connecting the basin to the open sea,
and Γc the solid boundary, consisting of vertical, non-erodible walls. It should be
noted that the water depth is allowed to vanish at (parts of) these solid boundaries,
making them move with the tide.

5.2.2 Model equations

5.2.2.1 Hydrodynamics

The horizontal length scales are much larger than the typical water depth, allowing
to describe the water motion by the depth-averaged (2DH) shallowwater equations.
We assume again that the diffusive transport is the dominant transport mechanism.
Therefore, as explained in Section 4.2, only the leading order contributions to the
water motion are needed (see e.g. Schuttelaars and de Swart (2000); Meerman et al
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(2019)), allowing to neglect the nonlinear terms in the shallow water equations
(Boelens et al, 2018). The continuity equation at leading order reads

ζt + ®∇ ·
[
(H − h)®u

]
= 0, (5.2.1a)

and the momentum equation is given by

®ut + g ®∇ζ + f ®ez × ®u +
r ®u

H − h + h0
= 0, (5.2.1b)

where ®u = (u, v) with u and v the depth-averaged velocity components in the x
and y direction, respectively. Time is denoted by t and g is the acceleration due
to gravity. The Coriolis coefficient is f = 2Ωs sin ϕ, with Ωs the rotation rate of
the earth and ϕ the latitude. The unit vector in the z-direction is denoted by ®ez and
®∇ = (∂/∂x, ∂/∂y) is the horizontal gradient operator. The parameter r is a friction
coefficient, with the physical unit m s−1, taken constant across the entire domain
and h0 is introduced to keep the bottom friction term finite, even if the water depth
goes to zero.

The water motion is forced at the seaward entrance of the tidal basin by a
prescribed sea surface elevation, consisting of only an M2 tidal constituent. At
the closed boundaries, the water transport is required to vanish. The boundary
conditions can then be written as

ζ = AM2 cos(σt − θM2 ) for (x, y) ∈ Γs, (5.2.2a)

(H − h) ®u · ®n = 0 for (x, y) ∈ Γc, (5.2.2b)

with AM2 the amplitude and θM2 the phase of the M2 tidal water elevation, which
may depend on the x and y coordinates along the seaward boundary Γs . The
angular frequency of the semidiurnal tidal component is denoted by σ and ®n is the
outward pointing normal unit vector at the solid boundary Γc . Note that the latter
boundary condition implies that ®u · ®n = 0 when the water depth is not zero, but in
case of a vanishing water depth it suffices that ®u · ®n is finite.

5.2.2.2 Suspended sediment transport and bed evolution

In the model it is assumed that the bottom of the embayment consists of uniform
fine sand with a characteristic grain size of 130 µm. This sediment can be eroded
by shear stresses acting on the bed and subsequently be transported as suspended
load or bedload. Following Ter Brake and Schuttelaars (2010) and the supple-
mentary material of de Swart and Zimmerman (2009) and Burchard et al (2018),
the temporal evolution of the suspended sediment concentration can be modelled
using a depth-integrated advection-diffusion equation. However, since we focus
only on the diffusive transport by restricting our analysis to the leading order con-
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tributions, the nonlinear advective transport contributions are neglected, leading to
the following concentration equation:

Ct − ®∇ ·

(
µ®∇C + µ

ws

κv
βC ®∇h

)
= α | ®u|2 −

ws
2

κv
βC, (5.2.3)

where C is the depth-integrated sediment concentration with dimension kgm−2,
which refers to the total amount of sediment stored in a water column with unit
horizontal area. Furthermore, µ is the horizontal eddy diffusivity coefficient, κv
the vertical eddy diffusivity coefficient, ws the settling velocity and α a constant
erosion parameter, which depends on the sediment characteristics. Typical values
of these parameters can be found in Table 5.1. Finally, the dimensionless, local,
depth-dependent deposition parameter β is defined as (Ter Brake and Schuttelaars,
2010)

β =
[
1 − e−

ws
κv
(H−h+h0)

]−1
. (5.2.4)

The bed evolution equation is derived from continuity of mass in the sediment
layer. The bed evolution takes place on a much longer time scale than the water mo-
tion and the sediment transport. This implies that we can consider the bathymetry
to be constant on the fast hydrodynamic timescale, i.e. the bed only changes due to
tidally averaged erosion and deposition of sediment. Furthermore, the bed evolves
due to divergences of bedload fluxes. Since the bedload fluxes of the fine sand are
much smaller than the sediment fluxes related to suspended load transport, only
the bedload transport related to slope effects is retained (Schuttelaars and de Swart,
1999). The bed evolution equation then reads

ρs(1 − p)
[
ht − λ∇2h

]
= −

〈
α

(
u2 + v2

)
−
ws

2

κv
βC

〉
(5.2.5a)

= −®∇ ·

〈
−µ®∇C − µ

ws

κv
βC ®∇h

〉
, (5.2.5b)

where 〈.〉 denotes tidal averaging, defined as 1
T

∫
T
· dt, with T the tidal period.

The parameter ρs ≈ 2650 kgm−3 is the sediment density, p ≈ 0.4 the bed porosity
and λ(∼ 10−4 − 10−6 m2s−1) determines the magnitude of the bedload contribution
proportional to the local bedslope. Since the bed level only changes on the long
time scale, we can rewrite the above equation as follows

hτ = −®∇ ·
〈
−µ̂®∇C − µ̂

ws

κv
βC ®∇h − λ̂ ®∇h

〉
, (5.2.6)

where τ = δt is the slowmorphodynamic time scale, with δ = ασAM2
2
L2

ρs (1−p)H
3 (Ter Brake

and Schuttelaars, 2011). Furthermore µ̂ = µ
δρs (1−p) and λ̂ =

λ
δ .
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At the closed boundaries, both the bedload and the suspended load transport
are required to vanish. In case the water depth at the boundary vanishes, there
is no more distinction between the two and we require the total load sediment
transport (i.e. the sum of the suspended load and the bedload) to vanish. At
the seaward entrance, we require a balance between erosion and deposition and a
width-averaged fixed bottom. The latter condition implies that the bottom at the
entrance is not affected by the sediment exchange between the embayment and
the adjacent sea Schuttelaars and de Swart (1999). The bottom at the entrance is,
however, allowed to change in the lateral direction, due to the influence of e.g. the
Coriolis effect and possible lateral velocities. This leads to the following boundary
conditions〈

α | ®u|2 −
ws

2

κv
βC

〉
= 0 for (x, y) ∈ Γs, (5.2.7a)

h =
1
B0

∫
B0

h(x, y) dy = 0 for (x, y) ∈ Γs, (5.2.7b)

if the water depth at the closed boundary goes to zero, the total load transport
should vanish(

ρs(1 − p)λ ®∇h + µ®∇C + µ
ws

κv
βC ®∇h

)
· ®n = 0 for (x, y) ∈ Γc and h = H,

(5.2.7c)
but if the water depth at the closed boundary is strictly positive, we require both
the suspended load and the bedload transport to vanish(
®∇C +

ws

κv
βC ®∇h

)
· ®n = 0 for (x, y) ∈ Γc and h < H,

(5.2.7d)
®∇h · ®n = 0 for (x, y) ∈ Γc and h < H.

(5.2.7e)

It should be noted that no boundary conditions are needed for the oscillating
part of the suspended sediment concentration, since we only consider diffusively
dominated cases and therefore, only the tidally averaged part of equation (5.2.3) is
considered for the bed evolution.

5.2.3 Basic state and linear stability analysis

The system of equations, described in the previous section, allows for the identi-
fication of morphodynamic equilibria in tidal basins, with an arbitrary planform
geometry, as was discussed in the previous chapter. It was shown that the charac-
teristics of these morphodynamic equilibria strongly depend on the basin geometry
and the parameter settings. However, it is not clear if these morphodynamic equi-
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Table 5.1: Characteristic values for the Eierlandse Gat, see Dyer (1986); Van Rijn et al
(1993). For further information we refer to the main text.

Geometry Tide Sediment

L = 15 km AM2 = 1m ρs = 2650 kgm−3

B0 = 2 km θM2 = 0° d = 130 µm

H = 10m σ = 1.4 · 10−4s−1 ws = 0.015ms−1

General κv = 0.1m2 s−1

g = 9.81ms−2 h0 = 4m α = 0.01 kg sm−4

f = 0 s−1 cd = 0.0025 µ = 100m2 s−1

r =
8cd AM2σL

3πH
= 4.5 · 10−4 ms−1 p = 0.4 λ = 6.8 · 10−6 m2 s−1

libria are stable with respect to small bottom perturbations. To investigate the linear
stability of these equilibria, small two-dimensional perturbations are superimposed
on the basic state:

Ψ(x, y, t, τ) = Ψeq(x, y, t) + Ψ′(x, y, t, τ), (5.2.8)

where Ψ = (ζ, u, v,C, h). The subscript (eq) stands for the basic state, which by
definition does not depend on τ, and the primed variables Ψ′ indicate a small two-
dimensional perturbation. The morphodynamic equilibrium Ψeq is called linearly
unstable if the amplitude of at least one perturbationΨ′ increases in time, and stable
when the amplitudes of all perturbations decay to zero. Perturbations can grow due
to an inherent positive feedback between the water motion, the sediment transport
and the erodible bed. To investigate the linear stability of a morphodynamic
equilibrium, the solution structure (5.2.8) is substituted into the original system
of equations and is linearised around this equilibrium (i.e., contributions to the
equations that are non-linear in the small perturbations are neglected).

The fast variables (ζ, ®u and C) can be written in terms of tidal constituents (see
also Chapter 4)

ζ(x, y, t) = ζs1(x, y) sin t + ζc1(x, y) cos t, (5.2.9a)

®u(x, y, t) = ®us1(x, y) sin t + ®uc1(x, y) cos t, (5.2.9b)

C(x, y, t) = 〈C(x, y)〉 + Cs2(x, y) sin(2t) + Cc2(x, y) cos(2t). (5.2.9c)
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Here, the subscripts (s1) and (c1) denote the spatially varying amplitudes of the
sine and cosine components of the main tidal component (M2), respectively, and
the subscripts (s2) and (c2) those of the M4 component.

Linearising the equations around the morphodynamic equilibrium is a nearly
identical procedure as a single iteration in the Newton method to calculate the
morphodynamic equilibrium, as was outlined in the previous chapter. The only
difference is that the previous solution is now the morphodynamic equilibrium,
for which the variables satisfy the system of equations. This implies that the final
iteration of the Newton method to find a morphodynamic equilibrium, which is
outlined in Appendix 4.B, already contains all the necessary information, regarding
its stability. This will be elaborated further in the next section.

5.2.3.1 Eigenvalue problem

The linearised system of equations and boundary conditions, which is presented in
Appendix 5.A.1, allows for solutions of the form

ζ ′s1 = <
{
ζs1(x, y) eωτ

}
, ζ ′c1 = <

{
ζc1(x, y) eωτ

}
,

®u′c1 = <
{
®uc1(x, y) eωτ

}
, ®u′s1 = <

{
®us1(x, y) eωτ

}
,

〈C ′〉 = <
{〈

C
〉
(x, y) eωτ

}
, h′ = <

{
h(x, y) eωτ

}
, (5.2.10)

where < denotes the real part of the expression. The exponential growth rate of
the perturbation is given by the real part of the eigenvalue ω, and the migration
rate by its imaginary part =(ω). If <(ω) > 0, the morphodynamic equilibrium is
unstable and the amplitude of the perturbations grows exponentially in time.

The continuity, momentum and concentration equations, together with the bot-
tom evolution equation and the boundary conditions, define a generalised eigen-
value problem, which is presented in Appendix 5.A.2. The elements of the state
vector Ψ′ (i.e. ζc1, ζs1, uc1, us1, vc1, vs1,

〈
C
〉
, h), are spatially discretised using

the Finite Element Method (see next section). This results in a set of algebraic
equations

ωBΨ = AΨ, (5.2.11)

where the operator A is a 8N × 8N matrix (N is the number of nodes on the
FEM mesh), with elements that depend on the parameters given in Table 5.1. The
8N × 8N matrix B only has non-zero elements in the components, corresponding
to the evolution equation of the bed profile.
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5.2.3.2 Solution method

Since the geometry in planform of the tidal inlet is arbitrary, the Finite Element
Method is used to spatially discretise the equations. More precisely, the Galerkin
method will be applied on a grid of triangular elements. Piecewise third degree
interpolation functions (P3 elements) are used for thewater levels and the velocities,
while quadratic interpolation functions (P2 elements) are used for the sediment
concentration and the bed level.

As mentioned before, the solution, obtained in the final step in the Newton-
Raphson procedure to obtain the morphodynamic equilibria, is, up to the required
accuracy, a solution of the linearised set of equations, presented in equation (5.A.1).
When substituting the expression Ψ = Ψeq + Ψ

′ in the full equations of motion,
and retaining only the linear contributions, it follows that the matrix A in equation
(5.2.11), is precisely the Jacobian matrix we acquired during the final step in the
Newton-Raphson procedure. Thematrix B can easily be determined by discretising
the following variational form (

h, vh
)
Ω
, (5.2.12)

where Ω denotes the computational domain and the notation ( f , g)Ω corresponds
to

∫
Ω

f · g dΩ. The function vh is a test function, which lives in the same function
space as the variable h and which is zero at the Dirichlet boundary (seaward
boundary).

There are two different ways to tackle this problem. To explain the first one,
we will rewrite the equation (5.2.11) into a block matrix format

ω

(
0 0
0 B22

) (
Ψ1

Ψ2

)
=

(
A11 A12

A21 A22

) (
Ψ1

Ψ2

)
, (5.2.13)

where B22 contains all elements related to the bed level. The generalised eigenvalue
problem can then be reduced to

ωB22Ψ2 = (A22 − A21 A−1
11 A12)Ψ2, (5.2.14)

which is a much smaller problem to solve.
On the other hand, due to the nature of the Finite ElementMethod, bothmatrices

A and B are sparse, meaning that the majority of their elements is zero. A good
ordering of the vertices of the computational domain results in a banded structure
of the matrices (see e.g. Cuthill and McKee (1969)). The sparsity pattern of
both matrices can be seen in Fig. 5.2. Note that the matrix B does not exhibit the
block structure, as in equation (5.2.13), because the matrix is first ordered by the
nodes and then by the variables/equations, i.e. the first 8 rows correspond to the
variables/equations in the first node, and so on.

Since there are very efficient solvers for sparse matrices, it is less computa-
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(a) sparsity pattern of matrix A (b) sparsity pattern of matrix B

Figure 5.2: Sparsity patterns of the matrices A and B from equation (5.2.11), including a
zoomed view of the areas in the squares.

tionally efficient to find the eigenvalues of (5.2.14), because the matrices are no
longer sparse (due to the matrix inversion in A−1

11 ), even though this problem is
much smaller than the original one.

As explained before, we are mostly interested in solutions of the generalised
eigenvalue problem (5.2.11) with the largest real part, because these eigenvalues
indicate the stability of the underlying morphodyanmic equilibrium: if the eigen-
values have a positive real part, then the underlying morphodynamic equilibrium
is unstable with respect to small perturbations. The corresponding eigenfunctions
then depict the pattern of the fastest growing modes. Therefore, we do not wish
to calculate all possible solutions to the generalised eigenvalue problem (5.2.11),
which is very computationally expensive, but only those eigenvalues with real part
close to zero and their corresponding eigenfunctions. To do so, we apply the so
called shift-invert method (Ford, 2014) to find the k eigenvalues with real part
closest to zero and their corresponding eigenfunctions.

5.3 Results and discussion

In this section, the first, preliminary results, concerning the stability of depth-
averaged morphodynamic equilibria in tidal inlet systems with an arbitrary shape
in planform, will be presented.

We start with the case of a rectangular basin, using the parameters given in Table
5.1. Note that no Coriolis force is accounted for. The first nine eigenvalues with the
highest real part and their corresponding eigenfunctions are shown in Fig. 5.3. It is
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(a) EV: -0.001 (b) EV: -0.006 (c) EV: -0.016

(d) EV: -0.026 (e) EV: -0.031 (f) EV: -0.041

(g) EV: -0.049 (h) EV: -0.054 (i) EV: -0.057

Figure 5.3: Scaled (w.r.t. the maximum absolute value) eigenfunctions corresponding to
the highest eigenvalues, for a rectangular tidal basin without Coriolis force.

clear that the underlying, laterally uniform, morphodynamic equilibrium, which has
a convex shape in the longitudinal direction (see Chapter 4), is stable against small
perturbations, since all eigenvalues have a negative real part. Contrary to previous
linear stability studies, e.g. Schuttelaars and de Swart (1999); Van Leeuwen and
de Swart (2004); Ter Brake and Schuttelaars (2011), no assumptions were made
regarding the lateral behaviour of the perturbations. It is therefore striking that
lateral wave patterns emerge with different frequencies, very similar to the ones
discussed in previous studies.

The combination of frequencies, defining the wave pattern in the longitudinal
and lateral direction, allows us to label these eigenfunctions. For example the
eigenfunction 5.3a gets the label (1, 0), since it has a cosine shape in the longi-
tudinal direction with wave number 1, and no variation in the lateral direction.
Similarly, eigenfunction 5.3h gets the label (3, 1), because it has a cosine shape in
the longitudinal direction with wave number 3 and a cosine shape in the lateral
directino with wave number 1.

In the following paragraphs, we will assess how the stability of the morpho-
dynamic equilibria changes under varying circumstances, such as variations in
geometry, Coriolis force or bottom friction.
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(a) (b)

Figure 5.4: Real part of the 4 largest eigenvalues for different values of convergence length
in (a) an exponentially diverging basin and (b) a schematised tidal inlet based on the work
of Van Prooijen and Wang (2013) and Van Straaten and Kuenen (1957). Eigenvalues
corresponding to eigenfunctions with a similar pattern have the same color.

5.3.1 Influence of the basin geometry on the stability of mor-
phodynamic equilibria

In this paragraph, the stability of the equilibrium bed level for tidal basins with
a diverging width and without the influence of the Coriolis force ( f = 0) will
be investigated. Both an exponentially diverging basin and a schematised inlet
based on the work of Van Prooijen and Wang (2013) and Van Straaten and Kuenen
(1957) will be considered. The equilibrium bed levels for both cases were shown
in Chapter 4, Fig. 4.7b and Fig. 4.7d, respectively.

Fig. 5.4 shows the real part of the four eigenvalues with the largest real part
as a function of the inverse convergence length, where L−1

c = 0 km−1 corresponds
to a rectangular basin and L−1

c = −0.153 km−1 corresponds to a diverging basin
with B(L) = 20 km (see Chapter 4, Fig. 4.4). It is very clear that the stability of
the equilibrium bed levels increases for more strongly diverging basins, since all
eigenvalues get a real part that becomes more negative for decreasing L−1

c . This
decrease of the real part is not identical for all eigenvalues. This indicates that some
bottom patterns are more sensitive to changes in planform geometry than others.
Moreover, the eigenvalues decrease faster in case of the exponentially diverging
basin, implying that the schematized tidal inlet with the same convergence length
is slightly less stable.

5.3.2 Influence of the Coriolis effect on the stability of morpho-
dynamic equilibria

In this paragraph, the influence of the Coriolis effect on the stability of morpho-
dynamic equilibria is investigated by gradually increasing the Coriolis parameter
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(a) (b)

Figure 5.5: Real part of the 4 largest eigenvalues for different values of the Coriolis
force in (a) rectangular tidal basin and (b) an exponentially diverging basin. Eigenvalues
corresponding to eigenfunctions with a similar pattern have the same color.

from f = 0 to f = 1.13 · 10−4 s−1 for a rectangular basin and an exponentially
diverging basin with L−1

c = −0.153 km−1.

Fig. 5.5 shows the real part of the four eigenvalues with the largest real part as
a function of the Coriolis parameter. In case of an exponentially diverging basin
(Fig. 5.5b), the Coriolis effect seems to have no impact on the stability of the
underlying equilibrium. For the narrower rectangular basin, however, increasing
the Coriolis parameter results in the underlying, laterally uniform, morphodynamic
equilibrium to be no longer stable against small perturbations (see Fig. 5.5a).
Completely different bed patterns than the stable ones, corresponding to the largest
negative eigenvalues at smaller Coriolis parameter values, now emerge. It is inter-
esting to see that the fastest growing mode, i.e. the eigenfunction corresponding
to the largest positive eigenvalue ( f = 6 · 10−5 s−1), already has one of the largest
eigenvalues for a slightly lower value of the Coriolis parameter. Note that in
this case, the continuation method was unable to obtain stable morphodynamic
equilibria for higher values of the Coriolis parameter. Using more sophisticated
continuation methods, such as the pseudo-arclength continuation could remedy
this problem.

A possible explanation for the different behaviour in both geometries could
be as follows: the underlying equilibrium bed level in the exponentially diverging
geometry already shows variation in the lateral direction. This means that the topo-
graphically induced sediment transport, which has a stabilising effect, already has
a lateral component. In the rectangular basin, however, the underlying equilibrium
bed level is laterally uniform, so local lateral patterns can grow more easily.
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(a) (b)

Figure 5.6: Real part of the 4 largest eigenvalues for different values of the bottom fric-
tion parameter r in (a) rectangular tidal basin and (b) an exponentially diverging basin.
Eigenvalues corresponding to eigenfunctions with a similar pattern have the same color.

5.3.3 Influence of bottom friction on the stability of morphody-
namic equilibria

In this paragraph, the influence of the bottom friction on the stability of morphody-
namic equilibria is investigated by gradually increasing the friction parameter from
r = 1 · 10−4 ms−1 to r = 8 · 10−4 ms−1 for a rectangular basin and an exponentially
diverging basin with L−1

c = −0.153 km−1. The Coriolis force is not taken into
account in these simulations. In case of a rectangular basin, similar research has
already been conducted by Schuttelaars and de Swart (1999) and Ter Brake and
Schuttelaars (2011).

It is found that in a rectangular basin, the underlying, laterally uniform, morpho-
dynamic equilibrium, becomes unstable for a friction parameter r = 6 · 10−4 ms−1.
This is almost a factor of 10 smaller than the critical friction, found by Ter Brake
and Schuttelaars (2011) for a rectangular basin, where sediment transport is driven
only by diffusive and topographically induced processes. In their simulations, the
basin is slightly longer (L = 20 km) and slightly deeper at the open boundary
(H = 12m), but the main difference is the assumption of a uniform water level
over the entire domain, which clearly has a large influence on the stability of the
morphodynamic equilibria.

In case of an exponentially diverging basin, the equilibrium bed level becomes
unstable, as well. For a value of the friction parameter of r = 7 · 10−4 ms−1, small
bed perturbations start to grow. This implies that the effect of bottom friction is
(much) larger than the effect of the Coriolis force, regarding the stability of the
morphodynamic equilibria.

As was explained in the previous chapter, the divergence of the diffusive sed-
iment transport and the topographically induced sediment transport balance each
other in case of a morphodynamic equilibrium. However, if the friction parameter
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(a) eigenfunction (EV:0.004) (b) eigenfunction (EV: 0.001)

(c) h (d) ∂h/∂y

Figure 5.7: Upper row: Eigenfunctions corresponding to eigenvalues with a positive real
part for a rectangular basin with a friction parameter of r = 6× 10−4 m s−1. Lower row: the
bed level (c) and the derivative in the lateral direction of the bed level (d) for a rectangular
basin with a friction parameter of r = 7 × 10−4 m s−1.

is large enough, a small destabilising contribution arises (Ter Brake and Schut-
telaars, 2011). In that case, the presence of frictional torques (Schuttelaars and
de Swart, 1999) causes the tidal velocities to decrease over shoals and increase in
the channels, resulting in a destabilising diffusive sediment transport.

In the following figures, we show two growing modes, i.e. eigenfunctions
corresponding to eigenvalues with a positive real part, together with the equilibrium
bed level and its lateral derivative for the next step in the continuation process, in
which we increase the friction parameter. This is done for both a rectangular
basin (see Fig. 5.7) and an exponentially diverging basin (see Fig. 5.8), without the
influence of the Coriolis force.

In case of the rectangular basin, Figs. 5.7a and 5.7b show that the growing bed
perturbations are located near the landward boundary, which is in accordance to
Van der Wegen and Roelvink (2008) and Ter Brake and Schuttelaars (2011). If
we then use this unstable morphodynamic equilibrium as an initial guess for our
Newton-Raphson procedure to find the morphodynamic equilibrium (Fig. 5.7c) for
a slightly higher value of the bottom friction, we see in Fig. 5.7d that this new
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(a) eigenfunction (EV:0.161) (b) eigenfunction (EV: 0.036)

(c) h (d) ∂h/∂y

Figure 5.8: Upper row: Eigenfunctions corresponding to eigenvalues with a positive real
part for an exponentially diverging basin with a friction parameter of r = 7 × 10−4 m s−1.
Lower row: the bed level (c) and the derivative in the lateral direction of the bed level (d)
for an exponentially diverging basin with a friction parameter of r = 8 × 10−4 m s−1.

equilibrium bed level shows small perturbations near the landward boundary.

A similar analysis can be done for an exponentially diverging basin. In this case,
we can see that the real part of the most positive eigenvalues is larger than those
found in the rectangular basin, indicating that the corresponding eigenfunction
patterns will grow faster. Moreover the bed perturbations are no longer located
near the landward boundary, but a bit more towards the centre of the basin, as can
be seen in Figs. 5.8a and 5.8b. A possible explanation is that due to the concave
shape of the underlying morphodynamic equilibrium, the water depth decreases
more quickly, such that the destabilising frictional torques are already efficient
further from the landward boundary.

Again, using the unstable morphodynamic equilibrium as an initial guess for
our Newton-Raphson procedure, we clearly see an initial channel-shoal pattern
emerging in the equilibrium bed level, corresponding to a slightly higer value of
the friction parameter (see Figs. 5.8c and 5.8d).
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5.4 Conclusions
In this chapter a method to analyse the linear stability of morphodynamic equilibria
in short tidal basins with an arbitrary shape in planform is presented, using an
idealised model. The preliminary results indicate that these equilibria are linearly
unstable if a critical value of the bottom friction parameter or the Coriolis parameter
is exceeded, resulting in the initial formation of channels and shoals. Themagnitude
of these critical values, as well as the location of the initial channel-shoal pattern,
depend on the basin geometry.

The water motion is described by the depth-averaged shallow water equations
and forced by an externally prescribed M2 tidal constituent. Sediment concen-
trations are obtained by solving a diffusion equation with source and sink terms.
The bed evolves due to divergences and convergences of tidally averaged bedload
and suspended load transport. The tidally averaged suspended sediment transport
consists of a diffusive contribution and a contribution that is related to the vertical
distribution of suspended sediment (Chapters 2 and 3).

The underlying morphodynamic equilibria, which were studied in the previ-
ous chapter, become linearly unstable when the bottom friction parameter or the
Coriolis parameter exceeds a critical value. The balance between the diffusive
and the topographically induced sediment transport is slightly disturbed by a small
destabilising contribution, when the friction parameter or the Coriolis parameter is
sufficiently large. This critical value depends heavily on the basin geometry.

The basin geometry and the shape of its corresponding equilibrium bed level do
not only affect the overall stability of the underlying morphodynamic equilibrium,
but also determine the location of the initially growing perturbations. In case of a
rectangular basin, the perturbations start to grow at the landward side of the basin,
which is in agreement to Van der Wegen and Roelvink (2008) and Ter Brake and
Schuttelaars (2011). In case of an exponentially diverging basin, however, channels
and shoals initially form more towards the centre of the basin.

The presented linear stability analysis only provides information concerning the
initial growth of small perturbations, leading to a pattern of channels and shoals.
To capture the long-term behaviour of the observed morphological patterns, a
fully non-linear approach is required. Several attempts to study the long-term
morphological behaviour of tidal systems, using idealised models, have already
been made, e.g. in Schuttelaars (1998); Schramkowski et al (2004). In this
chapter, a new impetus to investigate the long-term evolution of bed patterns
has been given. For slightly larger values than the critical value for the bottom
friction, morphodynamic equilibria could be obtained, exhibiting a channel-shoal
pattern. However, an in-depth analysis would require additional tools, such as
bifurcation techniques and more sophisticated continuation methods, such as the
pseudo-arclength continuation.
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Appendix 5.A Linearised equations and eigenvalue
problem

5.A.1 Linearised equations

Substituting the solution structures (5.2.8) and (5.2.9) into the equations (5.2.1),
(5.2.3) and (5.2.6) and only retaining terms that are linear in the perturbation, yields
the following system of equations:

ζ ′s1 +
®∇ ·

[
(H − h eq) ®u′c1 − h′ ®u eq

c1

]
= 0, (5.A.1a)

− ζ ′c1 +
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[
(H − h eq) ®u′s1 − h′ ®u eq
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]
= 0 (5.A.1b)
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The boundary conditions then become

ζ ′c1 = 0 for (x, y) ∈ Γs, (5.A.4a)

ζ ′s1 = 0 for (x, y) ∈ Γs, (5.A.4b)
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5.A.2 Eigenvalue problem

Substituting the solution form, presented in equation (5.2.10), into the system of
equations (5.A.1) finally leads to the following generalised eigenvalue problem,
which only differs from the linearised set of equations (5.A.1) in the bottom evolu-
tion equation:
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with
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The previous chapters of this thesis include detailed descriptions and analyses
of different modelling studies, providing answers to the specific research questions,
which were formulated in §1.4.1. In this chapter an evaluation of the main re-
search objectives and the answers to these corresponding research questions are
summarised with references to the relevant chapters and/or sections in this thesis.
The main research objectives, proposed in §1.4.1, were:

O1 to gain a better understanding of the physical processes behind the non-
cohesive sediment transport patterns, driving the morphodynamic evolution
of tidal basins with an arbitrary planform geometry

Using the various modules of the depth-averaged (2DH) idealised model, which
has been developed in this thesis, sediment transport has been studied from var-
ious angles. On the one hand, I investigated how sediment transport is affected
by the tidal currents, assuming the bottom is fixed. One of the key features of
the idealised modelling approach, is the ability to decompose the sediment trans-
port into its different contributions, resulting from various physical mechanisms
and interactions. This provides much insight into the relative importance of the
different processes within the given model assumptions and parameter space. Ex-
tensive sensitivity analyses can further increase our understanding by revealing
how the relative importance between the various contributions alters within certain
parameter ranges. On the other hand, sediment transport has been studied as an
element of a morphodynamic feedback system. In this case, the focus was more
on the effect of the sediment transport on the bed level, with a specific interest
into how the different contributions to the sediment transport balance each other in
morphodynamic equilibrium.

O2 to develop a depth-averaged (2DH) idealised model and analyse the model
results with a specific focus on the existence of morphodynamic equilibria in
these basins and their sensitivity to parametric variations

Throughout this thesis, I have achieved to extend the idealised models, which were
discussed in §1.3 and considered cross-sectionally averaged (1D) morphodynamic
equilibria or tidal basins with a strongly schematised planform geometry, to a
depth-averaged (2DH) idealised model, which is applicable to tidal basins with an
arbitrary planform geometry. To do so, I have combined the semi-analytic approach
of the previous models with a numerical discretisation of the resulting system of
equations, using the Finite Element Method. The developed exploratory model
is fast (typical simulation time is in the order of minutes) and therefore excellent
to perform extensive sensitivity studies, which allows to explore a wide variety
of (future) scenarios. Even though many assumptions have been made in the
development of this model, implying that the results should always be interpreted
within the model context, the results of this pioneering work look very promising
and can hopefully act as a stepping stone for future research.
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6.1 Revisiting the research questions
The research questions formulated in Chapter 1, are repeated here together with
the main conclusions of the corresponding chapters, in which they are handled.

Q1 What is the influence of basin geometry and external forcing on the tidal
hydrodynamics?

To answer Q1 I focus on the generation of overtides in Chapter 2 and I make a clear
distinction between overtides that are internally generated by nonlinear interactions
of the main tidal component and overtides that are externally prescribed. The
behaviour of the propagating tidal wave largely depends on the length of the basin,
since the tidal wave characteristics change from a standing wave in short tidal
basins to a wave with a mixed characteristic (i.e. partially travelling and standing)
in longer tidal basins. In exponentially converging basins, however, the tidal wave
behaves less like a travelling wave, due to the partial reflection of the propagating
wave against the sidewalls. This implies that the basin length, and to a lesser extent
the convergence length, determine to what extent other geometrical parameters,
such as the extent of shallow zones, affect the hydrodynamics. Speer and Aubrey
(1985) showed that increasing the shallow zone area could favour ebb-dominance
in short tidal basins. However, the results of Section 2.3.2.2 indicate that for longer
channels, this relation is much more subtle. Furthermore, the introduction of an
externally prescribed overtide has a large influence on the tidal asymmetry as well,
which is mainly determined by the phase difference with the main tidal component.

Q2 What is the influence of basin geometry and changing external conditions
on the sediment transport and can the sediment transport be decomposed in
contributions resulting from different forcing mechanisms?

When only taking tidal asymmetry into account, both the shallow zone area
(Friedrichs andAubrey, 1988) and the externally prescribed overtide (Ridderinkhof
et al, 2014) can have a large influence on the tidally averaged sediment transport
in short tidal basins, by inducing the generation of overtides. For longer basins,
on the other hand, the tidally averaged sediment transport is mainly determined by
the residual flow, as is shown in Chapter 2, limiting the contribution due to the
overtides.
In Chapter 3 it is demonstrated that tidal asymmetry alone does not provide the
full picture, regarding the sediment transport in relatively long tidal basins and
funnel shaped estuaries, since other effects, such as temporal and spatial settling
lag, advective and diffusive processes, also play a significant role. An analysis
of the historical development throughout the last decades of the tidally averaged
sediment transport in the Scheldt estuary has been performed. This analysis re-
vealed that the tidally averaged sediment transport results from a subtle balance
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between the various contributions, resulting from different forcing mechanisms.
Moreover, these contributions all respond to environmental changes (e.g. bathy-
metric modifications, a changing tidal forcing, sea level rise, etc.) in a different
way, which can also depend on the location within the estuary. The fragile balance
between the various contributions to the sediment transport implies that even small
environmental changes can have a large influence on the magnitude and direction
of the tidally averaged sediment transport. The exploratory model, developed in
this thesis, proves to be highly suitable to map these susceptibilities of the system,
by performing extensive sensitivity studies.

Q3 Can we establish the existence of morphodynamic equilibria, similar to those
observed in nature, and their sensitivity to geometric variations and external
forcing?

Considering a tidal inlet system where the water motion is being forced at the
seaward boundary by an M2 tidal component only and the sediment transport is
being driven by diffusive and topographically induced processes only, I was able
to obtain morphodynamic equilibria for various planform geometries in Chapter
4. In our 2DH model, lateral velocities are being generated, due to a combination
of the basin geometry and boundary conditions or because of to other effects,
such as the Coriolis force. These lateral velocities result in increased erosion and
subsequently in locally higher sediment concentrations. Sediment is then diffused
towards regions with lower concentrations, creating a lateral structure in the bed
profile. When the bed level variation is sufficiently high, this process is balanced
by the topographically induced sediment transport, resulting in a morphodynamic
equilibrium.
In a typical tidal inlet system, with a narrow entrance and an increasing width
towards the landward side, two channels are present in the morphodynamic equi-
librium, separated by a central ridge. This main pattern can also be observed in tidal
inlet systems in nature, such as the Eierlandse Gat, located in the Dutch Wadden
Sea. The Coriolis effect can be included in our 2DH model as well, and results in a
more asymmetric pattern of the bed profile, where one of the two channels deepens
and the central ridge gets deflected. The effect of the Coriolis effect is, however,
much smaller than the forcing due to the planform geometry.

Q4 How can we determine the susceptibility of morphodynamic equilibria to
growing free instabilities, potentially leading to channel and shoal patterns?

A linear stability analysis is performed in Chapter 5 to investigate the stability of the
morphodynamic equilibria, obtained in Chapter 4, against small, two-dimensional
perturbations. When the friction parameter (or the influence of the Coriolis force)
exceeds a certain critical value, the balance between the diffusive and the topo-
graphically induced transport mechanisms gets slightly disturbed, resulting in a
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small destabilising transport contribution. More specifically, the presence of fric-
tional torques causes the tidal velocities to decrease over shoals and increase in
the channels, resulting in an additional, destabilising diffusive sediment transport
contribution. The magnitude of this critical value and the location of the resulting
bottom patterns depends on the planform geometry of the basin and the shape of
its underlying morphodynamic equilibrium. For parameter values just beyond the
critical value, new morphodynamic equilibria can still be obtained, exhibiting the
typical channel-shoal pattern observed in nature.

6.2 Recommendations

6.2.1 Recommendations in terms of physics

This thesis has mainly focussed on the development of a depth-averaged idealised
model to study the hydro- and morphodynamics of tidal inlet systems and estuaries.
In deriving this model, quite some assumptions have been made. The model
output should therefore always be interpreted within the model context, since these
assumptions, relating to the physical processes, parameterisations and the solution
method, might affect the results. There are many directions for further extension
and development of the presented model. In the following, I list specific aspects
which can be improved, as well as some suggested applications of the model.

Include advective processes

In the current morphodynamic model, the sediment transport is dominated by the
diffusive and the topographically induced transport mechanisms. In the short tidal
inlet systems, discussed inChapters 4 and 5, this assumption is justifiable. However,
when studying longer estuarine systems, the sediment transport is dominated by
advective processes, as was shown in Chapter 3. Therefore, if we wish to study
morphodynamic equilibria in these estuarine systems, it is crucial to implement the
advective processes in the morphodynamic model. This implies that the internally
generated overtides will influence the hydro- and morphodynamics, i.e. the O(ε)
contributions will play a role. As a consequence, the number of variables that
has to be calculated simultaneously will significantly increase (Ter Brake and
Schuttelaars, 2011), as will the computational effort.

Analyse the influence of other physical processes

The presented model does not take into account several physical processes which
might influence the morphodynamic evolution of tidal inlet systems and estuaries.
In estuarine systems, a freshwater discharge could certainly play an important role,
as it prevents the water depth to vanish at the landward side, potentially leading
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to very different morphodynamic equilibria than the ones presented in this thesis
(Bolla Pittaluga et al, 2015). Furthermore, the presence of tidal flats that are only
inundated at high water, could significantly affect the hydro- and morphodynamics
of both estuaries and tidal inlet systems (Friedrichs, 2011). However, implementing
a wetting and drying mechanism in a depth-averaged modelling framework is chal-
lenging (Gourgue et al, 2009). In areas where the water depth is smaller, also wind
waves could play a major role in the sediment transport and the morphodynamics.
Another simpler extension of the morphodynamic model would be to include the
first overtide in the hydrodynamic forcing, as I have shown in Chapters 2 and 3 that
an external overtide can significantly influence the sediment transport. Moreover,
Schuttelaars and de Swart (2000) proved the existence of multiple morphodynamic
equilibria, when an external overtide was present. A possible extension of the
model and the corresponding sensitivity analysis to these processes could help to
gain a deeper understanding of the complex dynamics of the systems.

Compare idealised model and simulation model results

As was outlined above, a number of assumptions have been made in the derivation
of the presented model. A comparison of the model results with (historical)
field observations is therefore not straightforward. However, a comparison of the
exploratory model with a simulation model or an intermediate model could be
very helpful to accurately estimate the influence of the model assumptions (see
e.g. Hibma et al (2003)). Moreover, it allows to determine which additional
mechanisms might be important for further extension of the model. Vice versa,
simulation models can profit from the insights gained from idealised models.

Apply the model to different tidal systems

In this thesis, the hydrodynamics and sediment transport module (given a fixed bed)
of the model has been applied to the Scheldt estuary, while the morphodynamic
module (with a movable bed) has been applied to the Eierlandse Gat inlet in the
Wadden Sea. However, both the hydrodynamic and the morphodynamic modules
of the model are excellent tools to systematically understand the influence of the
planform geometry and other physical parameters on the sediment transport and
morphodynamic behaviour in any tidally dominated system. Studying different
systems all over the world, each with a specific set of parameter values, can provide
a lot of insight in the relative importance of these parameter values, as well.

6.2.2 Recommendations in terms of numerics

At the end of this thesis, I wish to provide a short overview of the main numerical
difficulties that I have encountered in the development of our model to identify
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morphodynamic equilibria and assess their stability with respect to small pertur-
bations. Apart from the physical instability of the equilibrium state, there is also a
potential numerical instability, preventing the proper identification of morphody-
namic equilibria. Fellow researchers, studying similar topics, can hopefully learn
something from this and avoid similar pitfalls.

Give attention to the choice of FEM interpolation functions

Each of the different variables can be assigned its own specific type of element
in the FEM. It is important to not use the same type of element for all variables,
as this leads to bad results. I found the model works best when the degree of the
interpolation function for the variables, governing the water motion, is one higher
than the degree of the interpolation functions for the sediment concentration and
the bed level. However, I do not have a conclusive explanation for this.

Include the topographically induced sediment transport to increase numerical
stability

As can be seen in the bed evolution equation (5.2.5), the topographically induced
sediment transport term

− ®∇ ·

〈
µ
ws

κv
βC ®∇h

〉
(6.2.1)

contains a term with a second derivative (laplacian) of the bed level h. Therefore,
this term increases the diffusive capacities of the bed, smoothing out small distur-
bances, and thus increasing the (numerical) stability. Without this term it is much
harder to find stable morphodynamic equilibria with the two-dimensional model,
since small irregularities (e.g. caused by boundary conditions in corner points) are
much more persistent.

Take care of the expansion of the depth dependent deposition parameter β

When the system of equations is linearised as in Chapter 4, Appendix 4.B or
Chapter 5, Appendix 5.A, the depth dependent deposition parameter β is expanded
as well (see e.g. equation (5.A.3)). The small perturbation takes the following
form

β′ = h′
ws

κv

e−
ws
κv
(H−h eq+h0)(

1 − e−
ws
κv
(H−h eq+h0)

)2 (6.2.2)

and even though, the term h0 is not necessary in the numerator of the fraction to
avoid β′ from diverging if the water depth vanishes, it turns out to be essential to
nevertheless include the term in the numerator. Otherwise, the model faces severe
numerical problems.
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Try different solvers for the linear system of equations

The discretisation of the variational form of the system of equations in the FEM
gives rise to a large linear system. Direct solvers, based on the LU-decomposition,
such asMUMPS have been used throughout this thesis. These solvers will all arrive
at the same answer for all problems that are not too ill-conditioned. However, direct
solvers require a lot of RAM, which limits their use for bigger problems. Iterative
solvers, such as GMRES, approach the solution gradually, rather than in one large
computational step (Elman et al, 2014). The big advantage of the iterative solvers
is their memory usage, which is significantly less than that of a direct solver for the
same sized problems. However, they are less straightforward to handle and often
need a good preconditioner in order to converge.

Use caution when interpolating the previous solution onto a new mesh

When performing a continuation method, by gradually changing the geometry of
the system, I need a new mesh at every continuation step. Moreover, the previous
solution has to be interpolated onto the new mesh as an initial guess for the new
step. This interpolation onto a mesh with a slightly different geometry is, however,
not straightforward and should be handled with care. Interpolation functions
of specific software, such as FEniCS (Alnæs et al, 2015), could use misguided
extrapolation functions, leading to unusable results. Therefore, I implemented a
specific interpolation function that stretches the previous solution onto the new
mesh, by means of a scaling factor.

Perform bifurcation analyses

At the end of Chapter 5, two examples are shown of morphodynamic equilibria,
which have a friction parameter value, slightly above the critical value for which
the equilibrium bed level is unstable against small, two-dimensional perturbations,
and which exhibit a channel-shoal pattern. These are, however, preliminary results
and a bifurcation analysis should be performed to study the characteristics of
these solutions. In the bifurcation diagram, the critical friction parameter value
probably indicates a pitchfork bifurcation. Stable solutions, exhibiting a channel-
shoal pattern, could then be traced along one of the branches of the pitchfork
(see e.g. Dijkstra et al (2014)). However, when the stepwise increase in the
continuation method is too large, the model will no longer be able to find a stable
morphodynamic equilibrium. The perturbations that are added to the previous
solution in the Newton-Raphson method will then grow exponentially, instead of
converging to zero. To deal with this problem, more sophisticated continuation
methods, such as the pseudo-arclength continuation (Mittelmann, 1986), could be
applied.
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