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We provide a generalization of the matrix product operator formalism for string-net projected entangled
pair states (PEPS) to include nonunitary solutions of the pentagon equation. These states provide the
explicit lattice realization of the Galois conjugated counterparts of (2 4 1)-dimensional topological
quantum field theories, based on tensor fusion categories. Although the parent Hamiltonians of these
renormalization group fixed point states are gapless, these states can still be the topological ground states of
a gapped non-Hermitian Hamiltonian. We show by example that the topological sectors of the Yang-Lee
theory (the nonunitary counterpart of the Fibonacci fusion category) can be constructed, even in the
absence of closure under Hermitian conjugation of the basis elements of the Ocneanu tube algebra. The
topological sector construction is demonstrated by applying the concept of strange correlators to the Yang-
Lee model, giving rise to a nonunitary version of the classical hard hexagon model in the Yang-Lee
universality class and obtaining all generalized twisted boundary conditions on a finite cylinder of the
Yang-Lee edge singularity. Finally, we construct the PEPS transfer matrix and show that taking the

Hermitian conjugate changes the topological phase for these nonunitary string-net models.
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Introduction.—Tensor fusion categories [1] describe
nonlocal “symmetries” in both topological quantum field
theories (TQFTs) [2,3] and conformal field theories (CFTs)
[4,5]. On the one hand, lattice systems with nonchiral
topological quantum order can be realized by the Turaev-
Viro state sum constructions [6,7] or by string-net wave
functions [8]. In these descriptions, the topological order
emerges from the condensations of “strings” (Wilson lines)
that do not necessarily fuse according to group rules, but
more generally according to an algebra. The topological
sectors (emerging anyonic excitations), given by the
Drinfeld center of the input fusion category [9-12], are
practically found by block diagonalizing the Ocneanu tube
algebra [13—15]. On the other hand, classical two-dimen-
sional critical systems exhibiting a second-order phase
transition are captured in the scaling limit by (1 + 1)-
dimensional (rational) CFTs. This connection between
TQFTs and CFTs was first envisioned by Witten [2] and
developed by Fuchs er al. [16-18] by means of tensor
fusion categories. The relation between topological con-
formal defects in CFTs and topological sectors in TQFTs
was shown in the latter works and explicitly established on
the lattice using string-net models [19].

In previous work [20], this connection was further
developed using the concept of strange correlators (SCs),
originally used as a detection mechanism for short-range
entangled symmetry protected topological phases [21]. The
SC establishes a map from a (2 4 1)-dimensional quantum
state |¥) to a corresponding classical two-dimensional
partition function by means of taking the overlap of the
state with an unentangled state |Q). We argued that the SC
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construction for long-range entangled string-net wave
functions in terms of projected entangled pair states
(PEPS) was useful because it systematically describes
the nonlocal symmetries of the topological properties of
emergent CFTs [19] in terms of matrix product operators
(MPOs). Moreover, the SC allows for the construction of
the conformal blocks out of the topological sectors of the
string-net wave function, which is typically hard to do
[19,22,23]. The conformal spins of the emergent CFT are in
one-to-one correspondence with the topological spins of
the original TQFT [4,24].

The generalized SC construction is a Euclidean counter-
part to the anyonic chain models [25-27], in which topo-
logical defects have already been considered in the context of
generalized twisted CFT partition functions for both the
Fibonacci chain [25] and the nonunitary Yang-Lee Galois
conjugated version [28]. However, the identification of the
topological sectors in the spectra in the nonunitary case has
not been discussed, to our knowledge, in the case of a
nontrivial twist in the partition function on a torus [29,30].
This requires the full Ocneanu tube algebra as basis elements
for the projection onto all topological superselection sectors.
We stress that the (1 + 1)-dimensional quantum Hamiltonian
has the same MPO symmetry as the SC transfer matrix, since
the quantum Hamiltonian can also be constructed out of a
physical projection of string-net PEPS tensors, hereby
promoting the virtual degrees of freedom in the (2 + 1)-
dimensional model to physical degrees of freedom in the
quantum Hamiltonian and preserving the MPO symmetry.

We aim in this Letter to demonstrate that the MPO
formalism that was developed in [31-34] can be extended

© 2020 American Physical Society
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to nonunitary solutions of the pentagon equation. The
PEPS that are built out of its solutions, the ' symbols, form
a natural representation of string-net wave functions with
nonlocal symmetries described by MPOs. We apply the SC
construction to the example of su(2); by exactly diagonal-
izing the obtained transfer matrix of the nonunitary version
of the hard-hexagon model. This model falls into the Yang-
Lee universality class with central charge ¢ = —22/5 and
the nontrivial MPO symmetry corresponds to the topologi-
cal conformal defect with conformal weight h = —1/5
[35]. Finally, the conformally twisted spectra are projected
onto the topological sectors, by means of the obtained
expressions for the idempotents of the Ocneanu tube
algebra [13—15], to illustrate their correspondence with
the sesquilinear combination of the conformal characters on
a torus [20,29,30]. Finally, we argue that the Hermitian
conjugated wave function is in a different topological phase
and demonstrate this numerically.

The motivation for this Letter is twofold. On the TQFT
side, there has been some discussion regarding the use of
nonunitary CFTs [36], and we aim to introduce the
powerful concepts and tools in tensor networks to this
problem. On the other hand, nonunitary CFTs are ubiqui-
tous in many nonequilibrium statistical mechanics models.
Additionally, we see this Letter as a stepping stone
toward the tensor network description of logarithmic
CFTs, which have remained elusive both theoretically
and numerically. These CFTs arise in many critical
geometrical lattice models, of which percolation is the
prototypical example.

String nets and the pentagon equation.—The tensor
network representation of string-net models on a hexagonal
lattice can be constructed by defining the following PEPS
tensors out of which the hexagonal lattice can be built [37]:
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Here, F' f‘if;- denotes the F symbol of the input fusion category,
also known as the quantum 6; symbol. The nonlocal MPO
symmetries of these string-net models are required to satisfy
the local pulling-through equation [31-34]
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and a similar equation for the second PEPS tensor in
Eq. (1). The relative directions of the black and red arrows

_J tJ/

denote the handedness of the MPO; by convention we call
the above MPOs left-handed. If we now define these
MPOs as
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we find that the pulling-through property in Eq. (2) is
nothing more than the pentagon equation, which envelops
all possible consistency equations and therefore completely
determines the F' symbols, a property known as Maclane
coherence theorem in category theory [24]. Ocneanu
rigidity then states that any small deformation of a solution
to the pentagon equation can be absorbed through a gauge
transformation on the F symbols, so that the solutions fall
into discrete families. The MPOs we defined above carry
the label a, and they form a closed algebra that corresponds
to the input fusion category of the string-net model. From a
tensor network point of view, the fundamental theorem for
matrix product states (which can be trivially extended to
MPOs) implies the existence of an object that implements
the fusion of two MPOs,
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The definitions of the above tensors assume these F
symbols to be unitary: - Fi2¢(F gle’,cf) = §,., such that,
in particular, the fusion of two MPOs is an isometry. In this
Letter, we want to lift this unitarity restriction, for it is
known that the pentagon equation also admits nonunitary
solutions. Solving the pentagon equation is highly non-
trivial, but there are algorithms available that are able to
find all solutions, be it unitary or not. For certain simple
types of fusion categories, however, based on representa-
tions of quantum groups, there exist analytic expressions
for the F' symbols [38], and it is these models that we will
consider in the following sections.

Galois conjugates of su(2), models.—The fusion cat-
egories we consider in this Letter are quantum deformations
of SU(2), where we limit the number of representations to
k+1 (generalized) angular momenta that take the values
j=0,1 521,y k/2. These fusion categories are denoted as
su(2),. In the language of anyons, taking the tensor product
of two representations of su(2), corresponds to the fusion of
two anyons, where the fusion rules are dictated by the usual
SU(2) tensor product structure,
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min (j,+/2,k—j1—j2)
J1XJ2= Z J3s (5)
Ja=li1=Jal

with the modification that j; is also bounded by k — j; — j»
to ensure associativity of the fusion rules. The explicit
solutions to the pentagon equation for all su(2), fusion
categories have been found using quantum group tech-
niques [39].

The simplest example of a nonunitary fusion category
occurs at level k = 3, where we have four representations
{0.1.1.3}. The fusion rules can be more conveniently
expressed as Fib ® Z,, where Fib denotes the category
with two objects {1,7} with 7 x7 =1+ 7 as the only
nontrivial fusion rule. The F symbols of a fusion category,
where the fusion rules factorize into a tensor product, are
given by the product of the F symbols of the factors in the
tensor product. We will restrict ourselves to the subalgebra
of integer representations of su(2), with trivial Z, charge,
which have trivial Z, F symbols. The only nontrivial F
symbols are then given by

sl %)

with ¢p=[(1++/5)/2] for the unitary and ¢/ = [(1—=+/5)/2]
for the nonunitary case. The process of going from ¢ to ¢’
is known as Galois conjugation, and for this reason, the
nonunitary solution is referred to as a Galois conjugate. An
important property of these F' symbols is that they are
invertible in both cases; this means we can replace the
Hermitian conjugate of the F' symbol in the definition for
the unitary PEPS and fusion tensors by the inverse for the
nonunitary case.

Ocneanu tube algebra and central idempotents.—In
[33], it was shown that the ground-state space of the
MPO-injective PEPS is given by the support of the objects
Agpeq defined by

when interpreted as matrices from the indices ¢ to a. The
dotted lines indicate that they are connected, allowing for an
arbitrary numbers of MPO tensors along the connecting line.
These objects are basis elements of the Ocneanu tube
algebra, and for unitary fusion categories, they were shown
to form a C* algebra. This allows the construction of central
idempotents that project onto the different topological
sectors [40]. When we try to generalize this to nonunitary

fusion categories, we find that these objects still form an
algebra but are no longer closed under Hermitian conjuga-
tion, so that we have no a priori reason to assume the
existence of idempotents. Nevertheless, explicit formulas
for the idempotents of modular braided categories exist [41]
based on their modular S matrices and the R matrices,
solutions to the hexagon equations. The nonunitary su(2),
share these properties with their unitary counterparts, and we
therefore still expect the existence of idempotents. In this
Letter, we take a pragmatic approach and use a constructive
algorithm to find the central idempotents, as described in
[33]. For the example of the Yang-Lee theory we find four
central idempotents labeled {P,7, P,i, Piz, Pz}, three of
which are one-dimensional and one is two-dimensional, in
agreement with the seven different allowed tubes. These
idempotents were shown to correspond to anyonic excita-
tions in the MPO-injective PEPS. The topological spin
associated with these anyons [33], which is strongly related
to the conformal spin, is given by

hyi = 0. hi=—-2 hl?:§» he=0. (8)

Strange correlator and Yang-Lee edge singularity.—As
mentioned in the Introduction, it was shown in [36] that
these nonunitary string-net wave functions cannot have a
Hermitian gapped parent Hamiltonian and therefore cannot
be topological ground states of a Hermitian Hamiltonian.
Our main interest, however, is in the mapping to partition
functions of classical statistical mechanics models. We do
this by projecting the physical degrees of freedom of the
topological PEPS onto a product state, resulting in the
partition function of a critical statistical mechanics model
described by a CFT. We use exactly the same mapping as
in [20] for the unitary Fibonacci model and project all the
physical degrees of freedom to =, resulting in the following
Boltzmann weights:

T W T T v T
ﬁf o ﬁf ERNC

including all rotations and reflections of the PEPS tensors.
This model corresponds to the critical hard-hexagon model
with negative Boltzmann weights, with the internal {1, 7}
loops corresponding to the presence and absence of a
particle in the classical model, respectively. It has long been
known [42] that, besides a critical fugacity of z, = ¢°, this
model also is critical at z, = (¢')°, which is precisely the
value we recover from the nonunitary PEPS tensors after
applying the strange correlator. The resulting partition
function on a cylinder can be diagonalized with or
without a flux insertion (z defect), and the spectra can
be projected onto the topological sectors using the
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FIG. 1. Topological sector labeling of finite-size CFT spectra

(scaling dimension A versus momentum) on a cylinder with a
circumference of 18 sites with no defect line on the left and a 7
defect line on the right. The exact topological correction to the
conformal spin is denoted next to the first appearance of the
respective idempotents.

idempotents discussed above. The results for the trivial flux
and 7 flux are shown in Fig. 1, where the positivity of the
eigenvalues despite a non-Hermitian transfer matrix allows
for the identification with the conformal spectrum of the
Yang-Lee edge singularity (YLES). We can make the
following correspondence between the topological sectors
and the Virasoro characters of the YLES:

PT,TI _))(—1/5)(6’
Pl.ﬁ' + Pf,f% _))(—1/5)(*—1/5'

Pya1 = xoxos

PT,I% _))(0)(*_1/5» (10)
We note that the conformal spectrum without defect has
already been obtained in [28] in the context of nonunitary
anyonic spin chains, where it was found that the
Hamiltonian for these systems possesses a topological
symmetry. In the MPO formalism, the local terms of the
Hamiltonian of these anyonic spin chains can be written in
terms of PEPS tensors as

where the topological MPO symmetry is manifest because
of the pulling-through equation.

PEPS transfer matrix.—Another object of interest is the
PEPS transfer matrix of these nonunitary string-net wave
functions. It was shown in [43] that, for the unitary case,
these transfer matrices have a degenerate exact fixed point
given by the MPO symmetries of the string net. This
remains true for the nonunitary case, but one has to be

FIG. 2. Definition of the transfer matrices with A as two
blocked string-net tensors on the left and YL ® YL topological
sector labeling of the critical transfer matrix 7 on a cylinder of
nine sites on the right.

careful with the definition of the upper PEPS layer; the two
possibilities are given in Fig. 2. If we use the transpose (7'),
the transfer matrix is gapped with the MPOs as exact fixed
points. In contrast, using the usual definition with a
Hermitian conjugate (7,), we verify numerically that this
transfer matrix is critical. This is to be expected as the MPO
algebra (as a subset of the tube algebra) is not closed under
Hermitian conjugation, and therefore the Hermitian con-
jugated PEPS is in a different topological phase. The
transfer can therefore be seen as a generalized strange
correlator corresponding to the coset construction in CFT
[44]. We could use a fixed point algorithm such as the
variational uniform matrix product state algorithm
(VUMPS) [45] to obtain the fixed point in the thermody-
namic limit and confirm criticality from its entanglement
spectrum. However, due to the presence of an excitation
with energy lower than the vacuum, VUMPS does not
converge since the lowest eigenvalue is not a normalizable
state, and we must resort to exact diagonalization in finite
size. Doing so, we obtain the YLCFT ® YL CFT; the
spectrum and topological sector labeling is given in Fig. 2.

Conclusions.—We have generalized the matrix product
operator formalism for string-net wave functions to non-
unitary solutions of the pentagon equation, provided the
underlying category is a braided modular tensor fusion
category. We have argued that the construction of the
topological superselection sectors (anyons) can still be
carried out even though the tube algebra is no longer closed
under Hermitian conjugation. This was illustrated numeri-
cally by applying the strange correlator map to the Yang-
Lee model and obtaining conformal spectra with the
explicit identification of the sectors. We also investigated
the PEPS transfer matrix properties and found that the
conventional definition leads to a critical transfer matrix,
of which we identified the CFT and topological sectors.
We mentioned the difficulty of using fixed point algorithms
for these nonunitary models; we hope to develop new
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numerical methods that are able to deal with these theories
in the future. Finally, the obvious extension of this Letter is
toward logarithmic CFTs, and we hope to shed new light on
old problems, such as percolation. Our approach is built
entirely on the existence of nonlocal symmetries in these
models and does not a priori require the integrability of
these models, the lack of which has been a limiting factor in
the deeper understanding of these models.
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No. QUTE (647905) and No. ERQUAF (715861), the EU
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