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Samenvatting

De steeds toenemende groei en ontwikkeling van de wereld van de elektronica
sinds haar ontstaan is niet minder dan opmerkelijk en onstuitbaar. Terwijl
deze evolutie plaatsvond, is ook het productieproces van deze elektronische ap-
paraten steeds complexer geworden. Tegenwoordig ontwerpen ingenieurs eerst
elk onderdeel van een elektronisch apparaat op circuit-niveau, waarbij verschil-
lende componenten met elkaar worden verbonden om het gewenste te gedrag
te verkrijgen. Na deze eerste stap wordt een volledig fysisch driedimensio-
naal ontwerp van het onderdeel gemaakt, gebruik makend van computer aided
design (CAD) software. Dit laat ontwerpers toe om het volledige elektromagne-
tische gedrag te simuleren met behulp van computationele elektromagnetische
(CEM) software, die in essentie de vergelijkingen van Maxwell oplost om het
gedrag van het apparaat te karakteriseren. Deze simulaties gebeuren tijdens
de ontwerpfase, wat kan helpen om problemen, gevoeligheden of ander onge-
wenst gedrag vroeg in het ontwerpproces te identificeren, voor prototypes zijn
gemaakt, waardoor de ontwikkeling versneld wordt.

Uiteraard moet een dergelijk ontwerp uiteindelijk worden geproduceerd. Ook al
zijn de huidige fabricagemethoden erg geavanceerd, verschillende imperfecties
sluipen er onvermijdelijk in, omwille van toegestane toleranties, onvolkomen-
heden van het materiaal, etsfouten, enz. Deze factoren resulteren in variaties
in de fysieke structuur en bijgevolg in het elektromagnetisch gedrag van het
apparaat. Weerstanden kunnen variëren, overspraak kan in grotere mate voor-
komen dan verwacht, of er kunnen zelfs kortsluitingen of open circuits worden
gecreëerd. Deze defecten beïnvloeden de signaalintegriteit (SI) en elektromag-
netische compatibiliteit (EMC) van het apparaat en kunnen het onbruikbaar
maken.

Om tijd te besparen en kosten te verlagen, door de noodzaak om een ontwerp na
het maken van een prototype te wijzigen te elimineren, moeten de effecten van
de variabiliteit door de productie opgenomen worden in de elektromagnetische-
simulatiefase van het ontwerpproces. De laatste jaren is er veel aandacht be-
steed aan het modelleren van dergelijke variaties, wat dan onzekerheidskwan-
tificatie (UQ) genoemd wordt. De oudste en meest eenvoudige manier om UQ
te doen, is via de Monte-Carlo-methode (MC-methode). Hoewel deze methode
eenvoudig te implementeren is, vereist ze een groot aantal simulaties, wat dik-
wijls computationeel te duur is. Meer recente aanpakken in stochastische mo-
dellering maken vaak gebruik van een goedkoop te evalueren surrogaatmodel,
dat op een efficiënte manier opgesteld kan worden door slechts enkele simulaties
uit te voeren. Hieronder bevinden zich de polynomiale-chaos-expansie (PCE)
en de veralgemeende polynomiale-chaos-expansie (gPCE), die beide een poly-
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nomiaal model met een vaste steekproefname op basis van de kansverdeling
van de parameters gebruiken. Helaas, hoewel ze in een aantal gevallen effectief
blijken, vereisen deze methodes kennis over de parameters en hun verdelingen,
en schalen ze vrij slecht wanneer het aantal parameters toeneemt. Er is dus
behoefte aan andere en efficiëntere manieren om deze onzekerheid het hoofd
te bieden. Het doel van dit proefschrift is om enkele van de vele mogelijke
modelleringsstrategieën te verkennen.

In hoofdstukken 2 en 3 worden twee generatieve modellen uitgelegd. Het doel
van deze modellen is om de noodzaak om de variërende parameters te kennen
en te beschrijven weg te nemen door in plaats daarvan aan te nemen dat een
kleine, maar representatieve set apparaatresponsen beschikbaar zijn als een
trainingsset voor het model. Deze modellen kunnen dan worden gebruikt om
veel meer dergelijke responsen te genereren, die quasi dezelfde verdeling vol-
gen als die van de trainingsset. Het model beschreven in hoofdstuk 2 bereikt
dit in drie stappen. Eerst wordt een rationaal macromodel aan elk van de
antwoorden in de trainingsset gefit. Vervolgens worden de dimensie van de
parameters van die modellen gereduceerd door een hoofdcomponentenanalyse
(PCA). Tenslotte wordt de gezamenlijke verdeling van deze gereduceerde para-
meters gemodelleerd met een Kernel Density Estimation (KDE). Hoofdstuk 3
implementeert dan een verbetering van dit model door de lineaire dimensio-
naliteitsreductie van PCA te vervangen door het state-of-the-art Gaussisch-
proces-latente-variabele-model (GP-LVM). Aangezien dit laatste een schatting
van latente variabelen in onafhankelijke Gaussische vorm produceert, wordt
ook de KDE overbodig. In beide modellen kunnen niet-lineaire fysische vereis-
ten zoals passiviteit worden afgedwongen door middel van steekproefname met
verwerpen. De modellen worden gevalideerd door toepassing op gekoppelde
microstriplijnen, striplines en een complexere interconnectstructuur.

Hoofdstuk 4 behandelt het probleem vanuit het perspectief van waarnemingen
met ruis, waarbij de fout op apparaatresponsen Gaussisch is. Gegeven dit uit-
gangspunt, wordt een Bayesiaans rationaal model geformuleerd, om dergelijke
responsen op een probabilistische manier te fitten, in functie van frequentie.
Het doet dit op basis van het vector fitting (VF) algoritme, een gelineariseerde
oplossing voor het niet-lineaire probleem van een rationale fit. De lineaire ma-
trixsystemen die door VF worden opgelost, worden vervangen door de equiva-
lente Bayesiaanse lineaire regressie. Onzekerheid wordt gepropageerd door het
niet-lineaire eigenwaardenprobleem door steekproefname. Hoewel het gecondi-
tioneerd is op de startpolen, is dit model in staat om kwantitatieve informatie
te leveren over de onzekerheid van een VF-type model. Verschillende mogelijke
toepassingen van dit nieuwe model, genaamd lineaire Bayesiaanse vector fitting
(LB-VF), worden ook in dit hoofdstuk behandeld. De voor de hand liggende
toepassing is het kwantificeren van de modelonzekerheid wanneer de apparaat-
responsen onderhevig zijn aan ruis. De confidentielimieten van LB-VF kunnen
een ontwerper helpen risico’s door variaties te identificeren. Een andere toe-
passing is het geval waar gegevens ontbreken in een bepaalde frequentieband,
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hetzij als gevolg van gegevensverlies, door meetfouten of door het combineren
van gegevens uit verschillende bronnen. Een laatste toepassing die in hoofd-
stuk 4 wordt aangehaald, is adaptieve frequentie-steekproefname (AFS). Dit is
de sequentiële steekproefname van de respons van een apparaat op individuele
frequentiepunten, met als doel om op een efficiënte manier een macromodel te
construeren voor het hele frequentiebereik, aangezien elke evaluatie een com-
putationeel dure simulatie of een kostbare meting met zich kan meebrengen.

Tenslotte, in hoofdstuk 5, wordt UQ van het EMC- en SI-gedrag van elektroni-
sche apparaten aangepakt, wanneer voor sommige variërende parameters enkel
fuzzy (possibilistische) informatie voorhanden is. Deze invalshoek is vooral
nuttig als voor sommige parameters de kansverdeling ongekend is, maar som-
mige informatie (bijvoorbeeld absolute toleranties) wel gekend is, waardoor
een minder informatieve possibiliteitsverdeling kan worden gedefiniëerd. De
aanpak die in dit hoofdstuk wordt voorgesteld, is een hybride aanpak. Het
deelprobleem van het omgaan met de probabilistische variabelen wordt opge-
lost met behulp van PCE. De karakterisering van de apparaatrespons in functie
van de possibilistische of fuzzy variabelen, wordt behandeld met Bayesiaanse
optimalisatie (BO). Meer specifiek wordt efficiënte globale optimalisatie (EGO)
met een Gaussisch proces (GP) als stochastisch surrogaatmodel en een gewij-
zigde versie van verwachte verbetering (EI) als verwervingsfunctie gebruikt.
Toepassing op twee realistische voorbeelden, een paar gewikkelde draden en
een gebogen differentieel microstrip-paar, toont aan dat deze methode even
nauwkeurig werkt als een brute-krachtaanpak, maar veel efficiënter is.

In hoofdstuk 6 worden enkele algemene conclusies getrokken en enkele pistes
voor toekomstig onderzoek gesuggereerd.





Summary

The ever-increasing growth and development of the world of electronics since its
inception has been nothing short of remarkable and relentless. As this evolution
occurred, so did the process of manufacturing these electronic devices become
more intricate. Nowadays, engineers first design each part of any electronic
device on a circuit level, connecting various components to obtain the desired
behavior. After this first step, a fully physical three-dimensional design of the
part is made using computer aided design (CAD) software. This allows a design
engineer to simulate the full electromagnetic behavior using a computational
electromagnetics (CEM) solver, which in essence solves Maxwell’s equations to
characterize the behavior of the device. Such simulations in the design phase
can help identify problems, susceptibilities or other unwanted behavior early on
in the design process, before prototypes have been made, and therefore speed
up the development.

Of course, a design must eventually be produced. As advanced as current fab-
rication methods may be, various imperfections inevitably creep in, because
of allowed tolerances, material imperfections, etching flaws, etc. These factors
result in variations in the physical structure and, consequently, the electro-
magnetic behavior of the device. Resistances may vary, crosstalk may be more
prevalent than expected, or even short or open circuits could be created. These
defects affect the signal integrity (SI) and electromagnetic compatibility (EMC)
of the device, and may render it inoperable.

To save time and to reduce cost by eliminating the need to change a design
after prototyping, the effects of manufacturing variability should be included
in the electromagnetic simulation phase of the design process. In recent years,
a large amount of attention has been given to the modeling of such variations,
referred to as uncertainty quantification (UQ). The oldest and most straight-
forward way to do UQ is via the Monte Carlo (MC) method. However, while
this method is easy to implement, it requires a large number of simulations
to be performed, which is often computationally too expensive. More recent
approaches in stochastic modeling mostly include a cheap to evaluate surrogate
model, which is then built in an efficient way by running a few simulations.
Among these are the polynomial chaos expansion (PCE) and generalized poly-
nomial chaos expansion (gPCE) approaches, which employ a polynomial model
with a fixed sampling strategy based on the parameters’ distribution. Unfor-
tunately, while they are effective in a number of cases, they require knowledge
about the varying parameters and their distributions, and scale quite poorly
when the number of parameters is increased. Thus, there is a need for dif-
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ferent and more efficient ways to deal with this uncertainty. The goal of this
dissertation is to explore some of the many possible modeling strategies.

In chapters 2 and 3, two generative models are detailed. The goal of these mod-
els is to do away with the need to know and describe the varying parameters,
by instead assuming that a small but representative set of device responses
is available, as a training set for the model. This model can then be used to
generate many more such responses, that follow nearly the same distribution as
the training set. The model described in chapter 2, attains this in three steps.
First, a rational macromodel is fitted to each of the responses in the training
set. Next, the parameters of those models are reduced in dimensionality by a
Principal Component Analysis (PCA). Finally, the joint distribution of these
reduced parameters is modeled using Kernel Density Estimation (KDE). Chap-
ter 3, then, implements an improvement on this model by replacing the linear
dimensionality reduction of PCA with the state-of-the-art Gaussian process
latent variable model (GP-LVM) model. As the latter produces an estimate of
latent variables in independent Gaussian form, it obviates the need for KDE as
well. In both models, nonlinear physical requirements such as passivity can be
enforced by means of rejection sampling. The models are validated by appli-
cation to coupled microstrip lines, striplines and a more complex interconnect
structure.

Chapter 4 deals with the problem from the perspective of noisy observations,
where the error on device responses is Gaussian. Given this premise, it formu-
lates a Bayesian rational model, in order to fit such responses in a probabilistic
way, as a function of frequency. It does so based on the vector fitting (VF)
algorithm, a linearized solution to the nonlinear rational fitting problem. The
linear matrix systems solved by VF are replaced by the Bayesian linear regres-
sion equivalent. Uncertainty is propagated through the nonlinear eigenvalue
problem by sampling. This model, while conditioned on the starting poles,
is able to deliver quantitative information regarding the uncertainty of a VF-
like model fit. Several possible applications of this new model, dubbed linear
Bayesian vector fitting (LB-VF), are also explored in this chapter. The obvious
one is quantifying the model uncertainty when device responses are subject to
noise. The confidence bounds provided by LB-VF can help a designer identify
risks due to variations. Another application is the case where data is missing
in a certain frequency band, either due to data loss, measurement error or by
combining data from different sources. A last application visited in chapter 4,
is adaptive frequency sampling (AFS). This is the sequential sampling of a
device’s response at individual frequency points, with the goal of efficiently
constructing a macromodel for the whole frequency range, as each evaluation
may entail a computationally expensive simulation or a costly measurement.

Finally, in chapter 5, UQ of the EMC and SI behavior of electronic devices
is tackled, when for some varying parameters, only fuzzy (possibilistic) infor-
mation is known. This perspective is quite useful when for some parameters
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the probability distribution is unknown, but some information (e.g. absolute
tolerances) is known, which allows the definition of a less informative possibil-
ity distribution. The approach proposed in this chapter is a hybrid one. The
sub-problem of dealing with the random variables is solved using PCE. The
characterization of the device response with respect to the possibilistic or fuzzy
variables, is handled using Bayesian optimization (BO). More specifically, ef-
ficient global optimization (EGO) with a Gaussian process (GP) as stochastic
surrogate model and a modified version of expected improvement (EI) as acqui-
sition function is adopted. Application to two realistic examples, a twisted wire
pair and a bent differential microstrip pair, shows that this approach works as
accurately as a brute force approach, but is much more efficient.

In chapter 6, some general conclusions are drawn, and some avenues for future
research are suggested.
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1
Introduction

1.1 Context
The past few decades, the development of electronic devices has seen a re-
lentless trend towards faster data transfer and computation speeds, and con-
sequently higher frequencies, as well as ever smaller devices, facilitating their
use and mobility, and allowing ever more functionality and complexity in their
design [1]. ENIAC, the first general-purpose electronic computer in 1945, built
with 20 000 vacuum tubes and filling a large room, headed an evolution of
computers through the years to the point where a mobile phone, fitting neatly
into our pockets, carries more than a million times more computing power and
much more functionality than old ENIAC ever knew.
Hand in hand with this evolution, the design and manufacturing process has
become increasingly intricate and complex. Right now, every part of an elec-
tronic device is first designed on a circuit level, detailing connections between
the various components. Next, a physical design is put forward, making use of
computer aided design (CAD) software to obtain a three-dimensional represen-
tation of each part. In an important step, this physical design is then simulated
using commercial electromagnetic solvers, which solve Maxwell’s equations, to
analyze it with such precision as to closely approximate the design’s behavior
in the real and physical world. These are often called ‘full-wave’ simulators,
as they consider the full electromagnetic problem, rather than a voltage-and-
current approximation. If such a simulation lays bare any problems or short-
comings of the design, the latter can be altered in an early stage, saving both
time and money by eliminating the need for a physical prototype as such.
Eventually, when a part’s design is completed, it most often enters a mass
production stage. Ever more, in large, dedicated factories, circuit boards are
printed, integrated circuit chips are etched and deposited, and all components
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are soldered together in an automated fashion. Of course, as no one is perfect,
neither is this manufacturing process. Various tolerances, material imperfec-
tions, etching imperfections, etc. are the cause of quite some variability in the
properties of a device, and consequently its function and use [2].

1.2 Motivation
Yields suffer from these variations during manufacture, as some of the produced
devices may simply not work as intended. A certain resistance may become too
high or too low due to a variation in the width of a conductor, or in a worse case
a short or open circuit may arise. The effects can be more subtle, however. A
bit in a data stream may go undetected due to higher than anticipated losses at
a certain frequency, or a conductor may erroneously couple to another, resulting
in spurious signals. These and similar errors affect the signal integrity (SI) and
electromagnetic compatibility (EMC) of a chip, device or connector.

Since the effects of these variations may necessitate a reworked design, a con-
siderable amount of time can be lost if they are not taken into account. Ratio-
nally, predicting the effect of manufacture-induced variations during the design
process would therefore not only result in a more robust design, but also a con-
siderably faster and less expensive production phase.

Analysis of these stochastic variations has received large amounts of atten-
tion [3]–[5] in recent years. Estimation and analysis of them is usually referred
to as uncertainty quantification (UQ). One of the oldest and arguably the most
well-known method to deal with stochastic variations is the Monte Carlo (MC)
method [6]. This method, while simple in use, is computationally cumbersome
and expensive. This is especially true in the particular case of electronic design,
as full-wave simulations themselves already entail a large computational cost.

Younger approaches make use of stochastic models to characterize this uncer-
tainty in a significantly more efficient manner. Namely, such a computation-
ally cheap model enables one to analyze the design based on the model, pro-
vided it is an accurate surrogate for the simulator’s output. Many polynomial
chaos expansion (PCE) and generalized polynomial chaos expansion (gPCE)
approaches have been formulated to this end [7]–[13]. Although these ap-
proaches were demonstrated to be effective in a number of cases, they come
with two noticeable limitations. One is that they require knowledge of the
device’s varying (geometric and/or material) parameters and their probability
distributions, which is not always available. The other is that they become in-
tractable when the number of varying parameters becomes large, as they scale
poorly. The latter is compounded in the case of the design of high-frequency
electronic components and devices, since full-wave simulations are required as
input to construct the polynomial stochastic models, putting such problems
beyond their reach.
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Other approaches are explored in this work, as the goal is to formulate novel,
yet more efficient approaches to UQ in the context of EMC and SI. On the one
hand, dealing with high or even unknown dimensionality in UQ problems is of
interest. On the other hand, an efficient use of full-wave simulations to obtain
an accurate stochastic understanding of a device is also an objective.

1.3 The Vector Fitting Algorithm
For most of this work (chapters 2-4), the vector fitting (VF) algorithm is of sig-
nificant importance, and thus it is briefly explained here as a reference. Since
the transfer function of any network of lumped electronic components (resistors,
inductors, capacitors) can be written as a rational function, it stands to rea-
son that such rational functions can form a good approximation of the transfer
functions of devices with non-ideal components as well. Indeed, rational macro-
modeling has become a popular tool to approximate the dynamic behavior of
complex systems. The most accomplished approaches to black-box macromod-
eling are the Löwner matrix method [14], [15], and the VF algorithm [16]–[19].
By virtue of its robustness and modeling power, several macromodeling tech-
niques based on the VF algorithm have been developed in recent years, in order
to characterize the behavior of distributed elements [20]–[23]. In the following,
the algorithm is detailed step by step.

The transfer function under study S (s), as a function of s = 2πf (with f the
frequency), the Laplace variable, is approximated by a rational function F (s)
of the form

S (s) ≈ F (s) =
N∑
i=1

R i

s− ai
+D + sE . (1.1)

The ai in this equation are the poles of the function F (s), and the R i are the
residue matrices. Each ai and the corresponding R i are either real-valued or a
pair ai, ai+1 (and correspondingly, the pair R i, R i+1) are complex conjugates
of one another. Stability can be guaranteed by keeping the poles ai in the left
half of the complex plane, i.e. <(ai) < 0. The matrices D and E define the
asymptotic behavior for frequencies s→ 0 and s→∞, respectively. Note that
E must be 0 in order for the representation of S (s) to be passive in the high
frequency area.

1.3.1 Sanathanan-Koerner iteration
Having defined F (s) in the form (1.1), fitting the ai from tabulated data of
S (s) in the least-squares sense is a nonlinear problem. Resolving it can be
done in several ways [24], but (arguably) the most popular is by iteratively
relocating a set of poles until convergence, using Sanathanan-Koerner (SK)
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iterations [25]. With this method, a set of “starting” poles {a0
i } is first chosen,

and F (s) is rewritten as the quotient of a numerator function (matrix) p(s)
and a denominator function q(s):

S (s) ≈ F (s) = p(s)
q(s) =

∑N
i=1

r i
s−a0

i
+ d + se∑N

i=1
r̃i

s−a0
i

+ d̃
. (1.2)

In the original VF implementation [16], d̃ = 1, while for relaxed VF d̃ is a free
variable, but an extra equation is added to avoid trivial solutions (see [17] for
more details). This relaxed version is used in the rest of this chapter.

Each iteration now entails relocating the poles of the previous iteration (start-
ing from {a0

i }), by solving the linear least squares problem q(s)S (s) ≈ p(s) for
{r i}, {r̃i}, d , e and d̃, though, as is shown in the following, only {r̃i} and d̃
are of interest. Assume that Ns samples of S (s), denoted {S j}, are known at
Ns frequency points {sj}, j = 1, . . . , Ns. For a scalar S(s), the linear system
Ax = b to be solved takes the form [17]:

A =

1
s1−a0

1
. . . 1

s1−a0
N

1 s1
−S1
s1−a0

1
. . . −S1

s1−a0
N

−S1
...

...
...

...
...

...
...

1
sNs−a0

1
. . . 1

sNs−a0
N

1 sNs
−SNs
sNs−a0

1
. . .

−SNs
sNs−a0

N

−SNs

0 . . . 0 0 0 <

(
Ns∑
j=1

1
sj−a0

1

)
. . . <

(
Ns∑
j=1

1
sj−a0

N

)
Ns


,

x =
[
r1 . . . rN d e r̃1 . . . r̃N d̃

]T
,

b =
[
0 . . . 0 Ns

]T
. (1.3)

In the case of a complex conjugate pair ri and ri+1 = r∗i , ri + ri+1 and
=(ri − ri+1) are considered instead. Likewise, Ai + Ai+1 and =

(
Ai −Ai+1

)
replace Ai and Ai+1 as the corresponding columns of A . When S itself is
complex, the system <

(
A
)

=
(
A
)
x =

[
<
(
b
)

=
(
b
)] (1.4)

is solved instead. In this way, the linear system is always real-valued in each
element.

As is the case for the transfer functions of multi-port electronic devices, S (s)
may be an n-by-nmatrix-variate. If this is the case, it is vectorized and for each
independent element l, a matrix A l and vector bl of the same form as A and b
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are constructed. The number of independent elements will be denoted as nI .
In the context of reciprocal electronic devices, as considered in this work, nI =
n(n+1)/2. Each such A l is then QR-decomposed as A l = Ql Pl , and the lower

right parts of each Pl are vertically stacked: A∗ =
[
P
T

1,LR . . . P
T

nI ,LR

]T
.

Likewise, a stacked vector b∗ is constructed from the lower part of each Q l and

bl: b∗ =
[
b
T

1 Q i,L . . . b
T

nIQnI ,L

]T
. The coefficients of q(s) in x ({r̃i} and d̃),

denoted xL, are then computed by solving

A∗xL = b∗, (1.5)

yielding a common form for q(s). See [18] for more details on this approach.

Knowing that both q(s) and p(s) share the same poles {a0
i }, and that these

poles cancel out, the zeros of q(s) are the relocated poles {a1
i } of F (s). Given

the calculated {r̃i} and d̃, these zeros can be found by solving an eigenvalue
problem, based on the minimal linear time-invariant (LTI) state-space realiza-
tion of q(s) [26]:

{ai} = eig
(
Aq −BqD−1

q Cq

)
, (1.6)

where Aq is a matrix with the starting poles {a0
i } as diagonal elements, Bq

is a column vector of ones, Cq is a row vector containing the {r̃i}, and Dq

equals d̃. Thus, a relocated set of poles {a1
i } is obtained. In order to enforce

stability, poles whose real part is positive are flipped to the left half of the
complex plane [16]. The procedure is then iterated by replacing the initial
starting poles with the relocated poles, until convergence.

1.3.2 Residue identification

Retrieving the residues {R i} once the relocated poles have been found is now
reduced to solving a linear system for each element in (1.1):

Ar Xr = Br . (1.7)
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Here, the matrices Ar , Xr and Br are defined as:

Ar =


1

s1−a1
· · · 1

s1−aN 1 s1
...

...
...

...
1

sNs−a1
· · · 1

sNs−aN
1 sNs

 ,

Xr =


R1,1 · · · R1,nI
...

...
RN,1 · · · RN,nI
D1 · · · DnI

E1 · · · EnI

 ,

Br =

 S1,1 · · · S1,nI
...

...
SNs,1 · · · SNs,nI

 . (1.8)

Similarly as for (1.3), in the case of a complex conjugate pair Ri,: and Ri+1,: =
R∗i,:, the real quantities Ri,: + Ri+1,: and =(Ri,: −Ri+1,:) are considered in-
stead. Likewise, Ari + Ari+1 and =

(
Ari −Ari+1

)
replace Ari and Ari+1 as the

corresponding columns of Ar . When S itself is complex, the real and imagi-
nary parts of Ar and Br are vertically stacked. As such, the system (1.7) is
ensured to be real-valued. The obtained residues and corresponding poles can
now be combined using (1.1) to form a rational representation.

1.4 Gaussian Process Regression
Over the course of this work, another recurring technique (featured in chap-
ters 3 and 5) is Gaussian process (GP) regression [27], [28]. This is a non-
parametric stochastic modeling technique that uses some data samples and
one or more assumptions on the nature of a function to interpolate (or in some
cases, extrapolate) it in a Bayesian framework. A key advantage of this tech-
nique is that it not only produces an accurate prediction, as any good regression
would, but it provides a standard deviation for the error on this prediction too.

Picture first a multivariate Gaussian random variable y. Let us number its
dimensions using an index i (i.e. i = 1, 2 for a two-dimensional Gaussian
distribution, i = 1, 2, 3 for a three-dimensional Gaussian distribution, etc.).
Such a distribution is fully characterized by a mean vector µ, and a (symmetric,
positive-definite) covariance Σ :

P (y) = N
(
µ,Σ

)
(1.9)

A useful property of the multivariate Gaussian distribution is that the distri-
bution of a subset of the dimensions (y1), conditioned on the other dimensions
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y1

a

y 2

Figure 1.1: Illustration of the conditional distribution for a bi-variate Gaussian
distribution. The contours of the distribution and the marginal distribution for each
dimension on the sides are plotted in black. Conditioning on y2 = a (red horizontal
line), the distribution of y1 becomes more informative.

(y2), also follows a Gaussian distribution:

P (y1|y2 = a) = N
(
µ1 +Σ1,2Σ2,2

−1
(a− µ2) , Σ1,1 −Σ1,2Σ2,2

−1
Σ2,1

)
(1.10)

Figure 1.1 illustrates this phenomenon.

On the whole, a GP can be considered an infinite-dimensional extension of a
multivariate Gaussian distribution. Indeed, when extending the property (1.10)
to an uncountably infinite number of dimensions, the discrete index i must
be replaced by a continuous variable, here denoted by x. In effect, the mean
vector µ becomes a mean function m(x), and the covariance matrix Σ becomes
a symmetric bi-variate covariance function K (x, x′) = K (x′, x), often called
a kernel. The random variables y at any finite set of points x are still jointly



10 Chapter 1. Introduction

Gaussian distributed:
P (y) = N

(
m,K

)
, (1.11)

wheremk = m (xk), andKk,l = K (xk, xl). Because of this, the property (1.10)
still holds. In particular, after observing a finite set of the random variables
y at points x to be equal to a, the conditional distribution of a single random
variable y∗ at point x∗, is given by:

P (y∗|y = a) = N
(
m∗ + k∗

T
K
−1

(a−m) , k∗∗ − k∗TK
−1
k∗
)
, (1.12)

wherem∗ = m(x∗), k∗∗ = K (x∗, x∗) and k∗i = K (x∗, xi). This property allows
one to postulate a GP prior for a function f by defining m(x) and K (x, x′),
evaluate f at a finite number of points, and obtain a predictive distribution at
any number of other points a posteriori.

Logically, a GP can be viewed as a distribution over functions of x. Naturally,
this view lends itself to the problem of regression in an elegant manner. In
this context (and indeed, most other contexts), the mean function m (x) is
often chosen to be identically zero, as observed data may be normalized, or
a known trend could be subtracted, or in fact incorporated into the kernel
K (x, x′). Any and all a priori known properties of a function f (x) must then
be encoded in the kernel functions. It is interesting to note that linear regression
with basis functions φ (x) is a special case, where the kernel takes the form
K (x, x′) = φ (x)T φ (x′) [29]. However, there are a plethora of possible kernel
functions to address any type of function behavior, and they can be combined
at will. The only requirement is that for any choice of x the matrix K with
elements K (xk, xl) is positive semi-definite. The most common among these
are stationary kernels, for which K (x, x′) = K (x− x′) , and are thus invariant
to translations. Most notable are kernels that assume some smoothness of the
function being studied, like the squared-exponential or Gaussian kernel, or the
Matérn kernel [27]. Fig. 1.2 shows the behavior of a GP with a Matérn 5/2
kernel:

KM,5/2 (x, x′) = σ2
(

1 +
√

5d
ρ

+ 5d2

3ρ2

)
exp

(
−
√

5d
ρ

)
, (1.13)

where d = ‖x− x′‖. GP regression is easily adaptable to multi-dimensional
inputs, by constructing a suitable kernel function that takes two vector-valued
input points and still produces a scalar output. The remaining parameters
describing the kernel, such as σ and ρ in (1.13), are called hyper-parameters,
and they can be set using expert knowledge, or they can be optimized using e.g.
maximum likelihood, or even marginalized out using a suitable Markov chain
sampling method. The combined flexibility of analytical regression without
direct coefficients, the near inexhaustible amount of available kernel functions,
and the freedom to deal with hyper-parameters in an efficient way make GP
regression easy to adapt to a wide variety of circumstances.



1.5. Outline 11

0 1 2 3 4 5
x

4

2

0

2

4

y

(a) prior

0 1 2 3 4 5
x

3

2

1

0

1

2

3

y
(b) posterior

Figure 1.2: Prior and posterior of a GP with a Matérn 5/2 kernel (see (1.13)).
The three data points are plotted as black crosses. The thick blue line indicates the
predicted GP mean. The probability density at each point is indicated by a shade
in the background. In each plot, ten random draws from the GP are shown as thin
lines.

In recent years, several modifications have been introduced to deal with situa-
tions where standard GP regression cannot be applied. Especially classification
is readily achieved with a transformation of the output [27], [30]. Generative
modeling and dimensionality reduction can be achieved by considering the in-
put dimension(s) as unknown or latent variables, resulting in the Bayesian
Gaussian process latent variable model (GP-LVM) [31], also featured in chap-
ter 3. When one kernel function for the entire input area of interest proves too
strong a constraint, one may resort to non-stationary spectral kernels [32] or
deep GPs [33]. In short, nearly any black-box modeling problem can nowadays
be tackled in a GP context.

1.5 Outline
Structurally, the rest of this dissertation is organized as follows. Subsequent
chapters 2 and 3 introduce two models that assume no knowledge of the (poten-
tially many) varying parameters, but rather construct a generative stochastic
model based on a small number of device responses (obtained through mea-
surement or simulation). This circumvents any problems that arise from impre-
cise or incomplete knowledge of parameters that induce uncertainty. In chap-
ter 4, a Bayesian model is formulated to efficiently characterize the frequency-
dependent response of a device in terms of a probabilistic rational macromodel
This allows a designer to assess model uncertainty for various applications.
In chapter 5, the problem of UQ when only fuzzy (possibilistic) informa-
tion is available for some of the varying parameters, is tackled with a hybrid
probabilistic-possibilistic approach. Finally, chapter 6 provides general conclu-
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sions and an outlook for future research.



References
[1] G. E. Moore et al., Cramming more components onto integrated circuits,

1965.
[2] G. S. May and C. J. Spanos, Fundamentals of Semiconductor Manufac-

turing and Process Control. Wiley Online Library, 2006.
[3] F. Paladian, P. Bonnet, and S. Lalléchère, “Modeling complex systems for

EMC applications by considering uncertainties”, in 2011 XXXth URSI
General Assembly and Scientific Symposium, Aug. 2011, pp. 1–4.

[4] Y. Ye, D. Spina, P. Manfredi, D. Vande Ginste, and T. Dhaene, “A
comprehensive and modular stochastic modeling framework for the var-
iability-aware assessment of signal integrity in high-speed links”, IEEE
Transactions on Electromagnetic Compatibility, vol. 60, no. 2, pp. 459–
467, Apr. 2018.

[5] Z. Fei, Y. Huang, J. Zhou, and Q. Xu, “Uncertainty quantification of
crosstalk using stochastic reduced order models”, IEEE Transactions on
Electromagnetic Compatibility, vol. 59, no. 1, pp. 228–239, Feb. 2017.

[6] C. Robert and G. Casella, Monte Carlo statistical methods. Springer Sci-
ence & Business Media, 2013.

[7] P. Manfredi, D. Vande Ginste, D. De Zutter, and F. G. Canavero, “Un-
certainty assessment of lossy and dispersive lines in SPICE-type environ-
ments”, IEEE Transactions on Components, Packaging and Manufactur-
ing Technology, vol. 3, no. 7, pp. 1252–1258, Jul. 2013.

[8] Z. Zhang, T. A. El-Moselhy, I. M. Elfadel, and L. Daniel, “Stochastic
testing method for transistor-level uncertainty quantification based on
generalized polynomial chaos”, IEEE Transactions on Computer-Aided
Design of Integrated Circuits and Systems, vol. 32, no. 10, pp. 1533–
1545, Oct. 2013.

[9] J. S. Ochoa and A. C. Cangellaris, “Random-space dimensionality re-
duction for expedient yield estimation of passive microwave structures”,
IEEE Transactions on Microwave Theory and Techniques, vol. 61, no. 12,
pp. 4313–4321, Dec. 2013.

[10] M. R. Rufuie, E. Gad, M. Nakhla, and R. Achar, “Generalized hermite
polynomial chaos for variability analysis of macromodels embedded in
nonlinear circuits”, IEEE Transactions on Components, Packaging and
Manufacturing Technology, vol. 4, no. 4, pp. 673–684, Apr. 2014.



14 Chapter 1. Introduction

[11] P. Manfredi, D. Vande Ginste, D. De Zutter, and F. G. Canavero, “St-
ochastic modeling of nonlinear circuits via SPICE-compatible spectral
equivalents”, IEEE Transactions on Circuits and Systems I: Regular Pa-
pers, vol. 61, no. 7, pp. 2057–2065, Jul. 2014.

[12] ——, “Generalized decoupled polynomial chaos for nonlinear circuits
with many random parameters”, IEEE Microwave and Wireless Com-
ponents Letters, vol. 25, no. 8, pp. 505–507, Aug. 2015.

[13] M. Ahadi and S. Roy, “Sparse linear regression (SPLINER) approach
for efficient multidimensional uncertainty quantification of high-speed
circuits”, IEEE Transactions on Computer-Aided Design of Integrated
Circuits and Systems, vol. PP, no. 99, pp. 1–1, Oct. 2016.

[14] S. Lefteriu and A. C. Antoulas, “A new approach to modeling multiport
systems from frequency-domain data”, IEEE Transactions on Computer-
Aided Design of Integrated Circuits and Systems, vol. 29, no. 1, pp. 14–
27, Jan. 2010.

[15] M. Kabir and R. Khazaka, “Macromodeling of distributed networks from
frequency-domain data using the Loewner matrix approach”, IEEE Trans-
actions on Microwave Theory and Techniques, vol. 60, no. 12, pp. 3927–
3938, Dec. 2012.

[16] B. Gustavsen and A. Semlyen, “Rational approximation of frequency do-
main responses by vector fitting”, IEEE Transactions on Power Delivery,
vol. 14, no. 3, pp. 1052–1061, Jul. 1999.

[17] B. Gustavsen, “Improving the pole relocating properties of vector fitting”,
IEEE Transactions on Power Delivery, vol. 21, no. 3, pp. 1587–1592, Jul.
2006.

[18] D. Deschrijver, M. Mrozowski, T. Dhaene, and D. De Zutter, “Macro-
modeling of multiport systems using a fast implementation of the vec-
tor fitting method”, IEEE Microwave and Wireless Components Letters,
vol. 18, no. 6, pp. 383–385, Jun. 2008.

[19] S. Grivet-Talocia and B. Gustavsen, Passive macromodeling: Theory and
applications. John Wiley & Sons, 2015, vol. 239.

[20] D. Spina, F. Ferranti, G. Antonini, T. Dhaene, L. Knockaert, and D.
Vande Ginste, “Time-domain Green’s function-based parametric sensi-
tivity analysis of multiconductor transmission lines”, IEEE Transactions
on Components, Packaging and Manufacturing Technology, vol. 2, no. 9,
pp. 1510–1517, Sep. 2012.

[21] M. Sahouli and A. Dounavis, “An instrumental-variable QR decomposi-
tion vector-fitting method for modeling multiport networks characterized
by noisy frequency data”, IEEE Microwave and Wireless Components
Letters, vol. 26, no. 9, pp. 645–647, Sep. 2016.



References 15

[22] S. Grivet-Talocia and E. Fevola, “Compact parameterized black-box mod-
eling via Fourier-rational approximations”, IEEE Transactions on Elec-
tromagnetic Compatibility, vol. 59, no. 4, pp. 1133–1142, Aug. 2017.

[23] F. Ferranti, B. Gustavsen, and A. Holdyk, “Parameterized macromodel-
ing for efficient analysis of wideband tower grounding structures”, IEEE
Transactions on Power Delivery, vol. 31, no. 4, pp. 1502–1509, Aug. 2016.

[24] R. Pintelon, P. Guillaume, Y. Rolain, J. Schoukens, and H. Van Hamme,
“Parametric identification of transfer functions in the frequency domain-
a survey”, IEEE Transactions on Automatic Control, vol. 39, no. 11,
pp. 2245–2260, Nov. 1994.

[25] C. Sanathanan and J. Koerner, “Transfer function synthesis as a ratio
of two complex polynomials”, IEEE Transactions on Automatic Control,
vol. 8, no. 1, pp. 56–58, Jan. 1963.

[26] D. Deschrijver, B. Haegeman, and T. Dhaene, “Orthonormal vector fit-
ting: A robust macromodeling tool for rational approximation of fre-
quency domain responses”, IEEE Transactions on Advanced Packaging,
vol. 30, no. 2, pp. 216–225, May 2007.

[27] C. E. Rasmussen and C. K. I. Williams, Gaussian Processes for Machine
Learning, 3. MIT Press Cambridge, MA, 2006, vol. 2.

[28] D. J. C. MacKay, Information Theory, Inference, and Learning Algo-
rithms. Cambridge University Press, 2003, ch. 45.

[29] C. M. Bishop, Pattern recognition and machine learning, ser. Information
Science and Statistics. springer, 2006, vol. 2.

[30] M. N. Gibbs and D. J. C. Mackay, “Variational Gaussian process classi-
fiers”, IEEE Transactions on Neural Networks, vol. 11, no. 6, pp. 1458–
1464, Nov. 2000.

[31] M. Titsias and N. D. Lawrence, “Bayesian gaussian process latent variable
model”, in Proceedings of the Thirteenth International Conference on
Artificial Intelligence and Statistics, Y. W. Teh and M. Titterington,
Eds., ser. Proceedings of Machine Learning Research, vol. 9, Chia Laguna
Resort, Sardinia, Italy: PMLR, May 2010, pp. 844–851.

[32] S. Remes, M. Heinonen, and S. Kaski, “Non-stationary spectral kernels”,
in Advances in Neural Information Processing Systems, 2017, pp. 4642–
4651.

[33] A. Damianou and N. Lawrence, “Deep gaussian processes”, in Artificial
Intelligence and Statistics, 2013, pp. 207–215.





2
A Generative Model for Device
Responses based on Principal

Component Analysis and Kernel
Density Estimation

Based on “A Generative Modeling Framework for Statistical Link Analysis
Based on Sparse Data,” Simon De Ridder, Paolo Manfredi, Jan De Geest,
Dirk Deschrijver, Daniël De Zutter, Tom Dhaene, and Dries Vande Ginste,

IEEE Transactions on Components Packaging and Manufacturing Technology
8 (1), pp. 21–31, January 2018.

F F F



18 Chapter 2. A Generative Model using PCA and KDE

In this chapter, a strategy for creating generative models of stochastic
link responses starting from limited available data is proposed. Whereas
state-of-the-art techniques, e.g. based on generalized polynomial chaos
expansions, require a considerable amount of (expensive) input data, here
we start from a small set of “training” responses. These responses are
obtained either from simulations or measurements, to construct a com-
prehensive stochastic model. Using this model, new response samples
can be generated with a distribution as similar as possible to the real
data distribution, for use in Monte Carlo-like analyses. The methodol-
ogy first uses the standard Vector Fitting algorithm to fit the S-parameter
data with rational functions having common poles. Then, a generative
model for the residues is created by means of Principal Component Anal-
ysis and Kernel Density Estimation. An a-posteriori selection of passive
samples is performed on the generated data to ensure the new samples
are physically consistent. The proposed modeling approach is applied to
a commercial connector and to a set of differential striplines. Both are
concatenated to produce the stochastic analysis of a complete link. Com-
parisons on the prediction of time-domain responses are also provided.

2.1 Introduction
The large manufacturing tolerances in modern electronics have recently promp-
ted a wide interest in stochastic modeling techniques that can accurately pre-
dict the effects of component variability during the early design phase. To
this end, a large number of statistical samples need to be generated within
a reasonable amount of time. While the Monte Carlo method is recognized
to be in most cases prohibitive due to the high computational cost involved,
alternative techniques were proposed based on the theoretical framework of
the generalized polynomial chaos expansion (gPCE). These techniques allow
collecting statistical information and/or generating a large number of samples
at a smaller cost [1]–[7].
Although gPCE was demonstrated to be effective in a number of practical
applications, a limitation is that it requires sampling the stochastic problem at
specific points of the design space. This is at times hard to achieve, for example
in the presence of a very large number of varying parameters or when these
parameters or their distributions are unknown. In case only measured data
can be obtained, efficient and sufficient sampling may even become completely
intractable.
In this chapter, an alternative, novel and conceptually different black-box ap-
proach is put forward to address the problem of generating a large number of
samples of the response of a stochastic linear and passive multi-port device,
starting from a limited set of actual responses. The latter can be obtained ei-
ther by simulating the original device at a subset of points in the random space
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(possibly unknown to the model developer) or by measuring several manufac-
tured devices. In this way, a model is constructed that does not depend on, or
require the knowledge of, various input parameters or their distributions.

The proposed approach starts by collecting a small amount of S-parameter data
(or any other frequency-domain representation), which is then transformed
into a pole-residue form by means of the vector fitting (VF) algorithm [8]–
[10]. Then, the distribution of the residue matrices is modeled by means of
Principal Component Analysis (PCA) [11]–[13] and Kernel Density Estimation
(KDE) [14]–[16]. This model enables generating new sample values for the
residue matrices, yielding corresponding S-parameter responses via the VF
model representation. It is essential that the new, generated samples are in
good agreement with the ‘real data’, defined as the distribution of an arbitrarily
large set of simulated or measured data of which the training samples are a
subset. Moreover, particular care is taken in making sure that the generated
samples still preserve all physical constraints of stability, causality, passivity,
reciprocity, etc., as well as the existing relationships among the different S-
parameters in a multi-port device. The generated S-parameter samples are
readily imported in any SPICE-type simulator to perform, e.g., statistical time-
domain link simulations. The proposed technique can be applied to model a
complete interconnect link, or possibly to different sub-blocks that are later
combined together to form a complex link, thus allowing a Monte-Carlo-like
analysis with the desired level of modularity.

It is worth mentioning that this chapter is based on the idea proposed in [17],
where a generative model for the simple case of a pair of coupled microstrips
was constructed. In this chapter, however, the modeling framework is more
carefully explained and generalized to arbitrary multi-ports. Moreover, the ad-
vocated technique is applied to a commercial connector footprint, an intercon-
nect structure composed of four pairs of differential striplines, and a complete
link consisting of two connector footprints and the striplines. Additionally,
time-domain results are presented, validating the entire modeling framework
and illustrating the appositeness of the technique for signal integrity aware
design.

The rest of the paper is organized as follows. In Section 2.2 the problem is
stated. The new modeling approach is outlined in Section 2.3. A number
of application examples and validations are provided in Section 2.4. Finally,
conclusions are drawn in Section 2.5.

2.2 Goal Statement
A limited number of responses of a stochastic device, typically S-parameters
and hereafter called the “training set”, is available from simulated or mea-
sured data. These responses differ from each other as the result of some (often
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unknown or ill-defined) source of variability. The samples are therefore under-
stood to be different realizations of the same stochastic process.

From the training set, a generative statistical model is derived that can generate
new S-parameter samples whose statistical properties resemble as closely as
possible those of the original data. Moreover, the generated samples must
preserve physical constraints (e.g., passivity) which constitute the relationships
that exist among the different S-parameters of a multi-port structure. For
example, in a passive 2-port structure, |S11|2 + |S21|2 ≤ 1, where the equality
holds for a lossless device. Therefore, the independent statistical modeling
of S11 and S21 would yield unrealistic data sets. This crucial step was not
addressed by previous approaches [18], [19], as each parameter was modeled
independently and no discussion about physical consistency was provided.

To validate the proposed modeling, a large number of samples is obtained via
numerical simulations. Only a small subset is then used to build the genera-
tive model. Finally, the new samples generated by the model are statistically
compared against the full dataset.

2.3 Generative Modeling Framework
A flowchart of the new modeling approach is shown in Fig. 2.1 and involves
three main steps: VF, PCA and KDE. Each step is discussed in the following
sections.

2.3.1 Training Set
The training set consists of a limited set of distinct random samples of the
device response. It can be generated via simulation, by varying the random
parameters, or by measuring different fabricated samples of a given device.
It is even possible to consider several measurements of the same sample, e.g.
to model measurement uncertainty and/or poor reproducibility. The size of
the training set plays of course an important role (see Fig. 3.7). However, as
demonstrated in Section 2.4, accurate statistical models can be obtained with a
few tens of training samples. In what follows, we use the term ‘sample’ to refer
to a single realization of the complete matrix characterization of the variable
device in the frequency domain.

2.3.2 Vector Fitting
First of all, the training samples are converted into a pole-residue representation
by means of the well-known VF algorithm [8]–[10] (see 1.3). This allows working
with a compact number of frequency-independent model parameters.

By means of measurements or simulations, a limited set of K training samples
is available in the form of a generic frequency-domain response (S- or RLGC-
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Figure 2.1: Flowchart of the proposed modeling and analysis framework.

parameters, in this chapter). Each such response is characterized by a matrix
S k(s), k = 1, . . . ,K, where s denotes the complex frequency. Through use of
the VF algorithm, each S k(s) is fitted by a rational model of the form (1.1):

S k(s) ≈
N∑
i=1

Rk,i

s− ai
+D k + E ks, k = 1, . . . ,K, (2.1)

where ai and Rk,i are the poles and the corresponding residue matrices, re-
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spectively. Without loss of generality to the rest of the model, matrices D k

and E k are excluded from the formulation in the following discussion. Note
that a generative model could also be constructed from time-domain data, by
using time domain vector fitting (TD-VF) [20].

Furthermore, all S-parameter samples are fitted using a common pole set
{ai}Ni=1. An optimal set of common poles is obtained by fitting all the training
samples at once, and this set of poles is later on also used to generate new
samples with the statistical model. This avoids any issue with possible outliers
appearing in the right half plane and giving rise to unstable samples.

With the above approach, the problem is reduced to building a generative
model for the residue matrices only. Capturing the relationship between the
different S-parameters requires simultaneous modeling of all residues (i.e. all
residues of every S-parameter matrix element).

2.3.3 Principal Component Analysis
For each training sample k, a set of N residue matrices Rk,i having dimensions
n × n are obtained. Fortunately, due to reciprocity, it suffices to model only
the upper triangular part of Rk,i, as the matrices are symmetrical. However,
as this still means Nn(n + 1)/2 possibly complex variables to be modeled,
the dimensionality quickly becomes computationally prohibitive. Since the
residues are real or pairwise complex conjugate, the total number of elements
remains unchanged when they are reshaped into a vector of real quantities.
Stacking these vectors for all K training samples yields a matrix X of size
K ×Nn(n+ 1)/2.

To alleviate this high dimensionality strain, a PCA [11]–[13] is performed.
This dimensionality reduction technique projects the high-dimensional space
spanned by the training set onto a lower-dimensional space with maximal con-
servation of variance. Before the actual PCA step, each variable is centered
and rescaled to unit standard deviation. PCA then projects X onto the se-
quentially orthogonalized eigenvectors of X

T
X having the largest eigenvalues

(i.e. with the largest variance along its direction, as X
T
X is proportional to

the covariance matrix of X ).

As the number of degrees of freedom is constrained by the size of the train-
ing set, K, and one degree of freedom is lost in the centering, the projected
space is at most (K−1)-dimensional, which is in practice much smaller than
Nn(n+ 1)/2. Another effect of this projection is that the new variables are
also linearly uncorrelated. After the PCA, the projected training samples are
again scaled to unit variance to make the subsequent KDE numerically feasible,
as the variances along different axes in the projected space can differ by many
orders of magnitude, and KDE is ill-equipped to handle these differences.
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Figure 2.2: One-dimensional kernel density estimate starting from eleven training
points (in black). The (Gaussian) kernels are shown in red. The blue curve is the
sum of these kernels and is proportional to the distribution estimate.

2.3.4 Kernel Density Estimation
Now that the dimensionality of the variables has been reduced to a more man-
ageable size, the distribution of the elements in the projected space can be more
efficiently estimated. Note that this distribution is in general not spherical,
due to the nonlinear correlation between the residues (i.e. noisy dependency
between variables after removal of the linear correlation). Therefore, it is esti-
mated by means of a multivariate KDE [14]–[16]. The KDE is a non-parametric
method that estimates a probability distribution by placing a ‘kernel’ or ele-
mentary spherical distribution centered on each training point. The sum of
these kernels at a particular point is then (up to a normalization factor) the
total distribution estimate. One popular choice of such kernels is the Gaussian
kernel. Fig. 2.2 shows a one-dimensional example of a kernel density estimate
with Gaussian kernels. Other common kernels are Epanechnikov kernels [21],
which are parabolic and have a finite support.

The difficulty of KDE lies in the estimation of its bandwidth. In the case of a
(multivariate) Gaussian kernel, this is equivalent to finding the proper covari-
ance matrix of the kernels. Most methods rely on the (estimated) minimization
of the Mean Integrated Squared Error (MISE) or its asymptotic (for K →∞)
approximation (AMISE). For the results presented in Section 2.4, we use the
AMISE-based approach detailed in [16].

2.3.5 Generative Statistical Model
Generating new samples is now straightforward. To sample from the kernel
density estimate, it suffices to pick one training sample (with equal probability
for each training sample), and then draw a sample from the kernel distribution
centered on that training point. The newly generated samples are then rescaled,
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projected back into the full residue space, followed by a rescaling and a final
offset. This reverses the transformations discussed in Section 2.3.3, yielding N
possibly complex n× n-matrices for each new sample. Finally, using the same
common poles that were used to fit the training data, new S-parameters are
created using the rational Vector Fitting model (2.1).

2.3.6 Passivity Selection
Some of these generated samples may violate the physical constraint of pas-
sivity, and must therefore be rejected. If passivity were enforced, e.g. as in
[22]–[24], the distribution of the generated samples would be biased toward
samples that are near the passivity boundary. Therefore, we opt to simply
reject non-passive samples a posteriori, and keep generating new samples until
the desired amount is reached (see Fig. 2.1). The passivity of the newly gener-
ated S-parameters also implies their causality. Naturally, when E 6= 0 in (2.1),
passivity can only be enforced in a certain frequency range, an the samples are
no longer causal by design.

2.3.7 Full algorithm
The steps introduced in sections 2.3.2 through 2.3.6, can be described in a more
algorithmic form as shown in Algorithm 1 .

2.4 Application Examples and Numerical Results
In this section, the proposed methodology is demonstrated on some meaning-
ful examples. A set of differential striplines is considered first. Secondly, a
commercial connector footprint is modeled. In a third example, the models
from the previous examples are cascaded to form a realistic interconnect link.
Finally, the time-domain behavior of the link is evaluated.

εr = 3.5; tan δ = 0.008160µm

1 / 5
18µm

160µm

2 / 6
48µm

3 / 7 230µm

230µm

4 / 8

Figure 2.3: Cross-section of the differential stripline. The lines have a length of
5 cm. Above each conductor pair, the corresponding differential port numbers are
shown (near-end / far-end).
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Algorithm 1 Generative model

Require: Training set {sj , S k,j},k = 1, . . . ,K
Require: N , the number of terms in the VF expansion
Require: Ntarget, the desired number of samples

Obtain common poles {ai},i = 1, . . . , N
for k = 1 to K do
Obtain set {Rk,i} using VF and poles{ai},i = 1, . . . , N
Optionally, obtain D k and E k as well

end for
flatten the {Rk,i} into X , a K by K × Nn(n + 1)/2 matrix (or K × (N +
2)n(n+ 1)/2 when D k and E k are included)
center and normalise X
reduce X by means of PCA to Y , a K ×NPCA matrix
Form a KDE with each row of Y a point in NPCA-dimensional space
Ngen ← 0
while Ngen < Ntarget do
Generate Ntarget −Ngen new samples from the KDE model, forming Y ∗

Obtain X∗ by means of an inverse PCA on Y ∗
Denormalise X∗
Inflate X∗ into a new set of residue matrices {R∗ k′,i}, k′ = 1, . . . , Ntarget−
Ngen, i = 1, . . . , N
Reconstruct generated S-parameters {sj , S∗ k′,j}, k′ = 1, . . . , Ntarget−Ngen
using VF with the common poles {ai},i = 1, . . . , N and the newly obtained
{R∗ k′,i}
Determine Npass, the number of passive generated S-aparameters, and
store those
Ngen ← Ngen +Npass

end while

2.4.1 Stripline interconnect
A stripline interconnect consisting of four differential pairs, with cross-section
depicted in Fig. 2.3, is considered. A set of 1000 per-unit-length (p.u.l.) re-
sistance (R), inductance (L), conductance (G) and capacitance (C) (RLGC)
parameters (from 0 to 20GHz) were generated with an accurate field solver [25]
where the relative permittivity εr of the substrate was varied according to a
Gaussian distribution with a standard deviation of 5% of the mean value of
3.5. K = 50 of these samples are used to train the model, while the other 950
will merely serve as a validation for the generated samples. In this example,
the method described in Section 2.3 is applied to the p.u.l. RLGC parameters
directly. This has the advantage of eliminating the distributed effect due to the
line length from the VF model. As VF can also accommodate real variables,
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Figure 2.4: Modeling of the p.u.l. conductance G1,1 and the p.u.l. capacitance C1,1
of the utmost left stripline. 190 out of the 950 validation samples are shown in the
background in green. 200 out of the 1000 generated samples are plotted in blue, and
10 out of the 50 training samples are shown in red on top. The black lines highlight
the extreme values of the validation set (but not necessarily the boundaries of the
underlying distribution).

the proposed method remains unaltered, apart from a conversion from p.u.l.
parameters to S-parameters, where a line length of 50mm was assumed, and a
relaxation of the stability enforcement. Fig. 2.4 shows the training set (red),
the samples generated by the model (blue) and the validation set (green) for
both the p.u.l. conductance G1,1 and the p.u.l. capacitance C1,1 of the leftmost
stripline. As only the relative permittivity is varied, the R and L parameters
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Figure 2.5: cumulative distribution function (CDF) of the training (red), generated
(blue) and validation (green) sets for the C1,1-parameter.

are not affected by the variability and are therefore the same for all samples.

The distribution of the generated set of G and C parameters is visually very
similar to that of the validation set. This similarity is more objectively ap-
parent in Fig. 2.5, where the CDFs of the C1,1-parameter are compared. Note
that due to the structure’s homogeneity, each Cij-parameter is proportional to
εr and thus also Gaussian distributed. Furthermore, C is constant over the
frequency range, making the CDF the same for every frequency point. The
obtained p.u.l. RLGC parameters are converted to mixed-mode S-parameters
to demonstrate their validity as a multivariate functional distribution estimate.
Figs. 2.6-2.8 show the simulated and generated samples of some of the differ-
ential S-parameters.

2.4.2 Connector Footprint
As a second example, the S-parameters of a commercial 16-port connector foot-
print, depicted in Fig. 2.9, are considered. For this example, 450 S-parameter
matrices were simulated by varying 40 geometrical parameters. Only 50 of
these samples were used to train the proposed model. The model was then
used to generate another set of 450 samples. Note that gPCE based approaches
would have difficulty coping with the large amount of independently varying
parameters.

Figs. 2.10-2.12 portray the validation, generated, and training samples for some
of the S-parameter elements.
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Figure 2.6: Magnitude and phase of the reflection (SD1D1) S-parameters for the
stripline example. Colors are as in Fig. 2.4.

From these figures, a good correspondence between the validation samples and
the generated samples is apparent. To provide a more quantitative assessment,
Fig. 2.13 shows the cumulative distribution function of SC5D1 at a frequency
of 17.5GHz for each of the S-parameter sets.

2.4.3 Cascaded interconnect link
In the third example, the viability of the proposed modeling approach is further
ascertained by considering a cascade connection (connector-stripline-connector)
of the components modeled in the two previous examples (see Fig. 2.14).
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Figure 2.7: Magnitude and phase of the transmission (SD5D1) S-parameters for the
stripline example. Colors are as in Fig. 2.4.



30 Chapter 2. A Generative Model using PCA and KDE

0 5 10 15 20
Frequency (GHz)

50

40

30

20

10

M
a
g
n
it

u
d
e
 (

d
B

)

SC5D1

0 5 10 15 20
Frequency (GHz)

-4.0

-3.0

-2.0

-1.0

0.0

1.0

2.0

3.0

4.0

P
h
a
se

 (
ra

d
ia

n
s)

SC5D1

Figure 2.8: Magnitude and phase of the mode conversion (SC5D1) S-parameters for
the stripline example. Colors are as in Fig. 2.4.
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Figure 2.9: 3D rendering of the commercial connector footprint in a multi-layered
printed circuit board.

Thereto, for each simulated stripline S-parameter sample, two footprint S-
parameter samples are chosen at random and cascaded at either end of the
stripline. The same is done for the generated S-parameter samples of the foot-
print and stripline examples. In Fig. 2.15-2.17, the simulated (validation) and
generated sets are superposed and appear to be in excellent agreement, de-
spite the rather complex behavior of the S-parameters. The CDF at a single
frequency, given in Fig. 2.18, confirms the good agreement between the two
distributions.

2.4.4 Time Domain Analysis
In a final example, the behavior of the generated samples in the time domain
is explored. For this purpose, both the validation and the generated samples
from the cascade example were used to predict the voltage response at each
port when the leftmost pair is excited with a differential voltage step. The
voltage step has an amplitude of 1V and a rise time of 250 ps, and it is pro-
duced by a generator with an internal resistance of 50Ω. The resulting voltage
responses at the input and through-connection differential ports are shown in
Fig. 2.19. Fig. 2.20 provides a comparison between the CDFs of the generated
and validation sets for the through-connection voltage at port D5 at 11.0 ns.
The shapes of the distributions clearly match, albeit with a slight discrepancy
in the lower voltage tail.

As a last verification of the generated samples’ validity, the height and width
of an eye diagram are calculated for each sample. To this end, a single 1Gbps
pseudo-random bit sequence with rise/fall times of 125 ps was applied to the
differential port D1 and used to construct the eye diagram at port D5. An
example of such eye diagram is given in Fig. 2.21. The height and width of
each eye diagram were calculated and they are compared in Fig. 2.22, showing
that the eye diagram features obtained from the generated S-parameters match
those of a large set of simulated S-parameters.
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Figure 2.10: Magnitude and phase of the reflection (SD1D1) S-parameters for the
commercial connector footprint. Colors are as in Fig. 2.4.

2.5 Conclusions
In this chapter, a novel method is proposed that allows a designer to gener-
ate a large set of S-parameter realizations from a small training set of simu-
lated or measured stochastic S-parameters. This method operates by fitting
the S-parameters with a rational model in partial-fraction from using the VF
technique using a common pole set. For each training sample, the residue ma-
trices corresponding to each pole are identified. This training set of residues
is then reduced by means of PCA, and finally its distribution is modeled by a
KDE. The generation of new samples is achieved by drawing from the KDE,
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Figure 2.11: Magnitude and phase of the transmission (SD5D1) S-parameters for
the commercial connector footprint. Colors are as in Fig. 2.4.
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Figure 2.12: Magnitude and phase of the mode conversion (SC5D1) S-parameters
for the commercial connector footprint. Colors are as in Fig. 2.4.
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Figure 2.13: CDF of the validation (green), generated (blue) and training (red) sets
for the SC5D1-parameter of the commercial connector footprint example at 17.5GHz.

4

3

2

1

Connector footprint Striplines Connector footprint

5

6

7

8

Figure 2.14: Schematic representation of the complete interconnect link. The num-
bers on either side denote differential port numbers.

projecting back to the full residue space using the inverse PCA, and finally
reconstructing the S-parameters using the rational VF model with common
poles. A post-processing passivity selection ensures the physical consistency of
the generated samples.

The validity and aptness of the generated S-parameters are verified in four
application examples. The first is a 16-port differential stripline interconnect
that is modeled through its RLGC-parameters. The second example considers
a commercial connector footprint. As a third verification, the S-parameters of
an interconnect link (cascade of the striplines and connector footprint) are com-
pared to their simulated counterparts. Finally, the generated samples are used
to perform time-domain analyses by computing both step voltage responses
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Figure 2.15: Magnitude and phase of the reflection (SD1D1) S-parameters for the
cascade example. Colors are as in Fig. 2.4, but without the red training samples.

and eye diagrams. For each of these examples, a very good agreement be-
tween the distributions of simulated and generated S-parameters is observed.
In chapter 3, Fig. 3.7 shows the evolution of an averaged test statistic as a
function of the training set size.
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Figure 2.16: Magnitude and phase of the transmission (SD5D1) S-parameters for
the cascade example. Colors are as in Fig. 2.15.
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Figure 2.17: Magnitude and phase of the mode conversion (SC5D1) S-parameters
for the cascade example. Colors are as in Fig. 2.15.
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Figure 2.18: CDF of the validation (green) and generated (blue) sets for the SC5D1-
parameter of the cascade example at 17.5GHz.
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Figure 2.19: Step voltage response at ports D1 (reflection) and D5 (transmission)
for the cascade example. Colors are as in Fig. 2.15.
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Figure 2.20: CDF of the validation (green) and generated (blue) sets for the voltage
at port D5 at 11.0 ns.
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Figure 2.21: Example of a constructed eye diagram for one of the validation samples.
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In this chapter, a novel generative model for stochastic device responses
using limited available data is introduced. This model is oblivious to any
varying design parameters or their distribution and only requires a small
set of “training” responses. Using this model, new responses are effi-
ciently generated whose distribution closely matches that of the real data,
e.g. for use in Monte Carlo-like analyses. The modeling methodology
consists of a Vector Fitting step, where device responses are represented
by a rational model, followed by the optimization of a Gaussian process
latent variable model. Passivity is guaranteed by a-posteriori discard-
ing of non-passive responses. The novel model is shown to considerably
outperform a previous generative model, as evidenced by comparing ac-
curacies of distribution estimation for the case of differential-to-common
mode conversion in two coupled microstrip lines.
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3.1 Introduction
In Chapter 2, a model was proposed that uses only a limited number of device
responses to generate additional ones, regardless of the number or distribution
of the varying design parameters. In this chapter, a considerably improved ver-
sion of this approach is put forward, which is more flexible in capturing nonlin-
ear dependencies and correlations, by making use of a Gaussian process latent
variable model (GP-LVM) [1]. First, a small number of S-parameters (or any
other frequency-domain responses), dubbed the “training set”, are transformed
into a pole-residue form by means of the vector fitting (VF) algorithm [2], [3].
Next, in contrast to Chapter 2, the distribution of the fitted residue matri-
ces is modeled using a GP-LVM, which is itself a generative model. Thus, in
the last step, new sets of residue matrices can be generated, which in turn
are transformed to new response instances whose distribution closely matches
that of the true underlying distribution, of which the training set is a limited
subset. Stability and reciprocity are guaranteed due to the VF characteriza-
tion. Other physical constraints such as passivity and causality are enforced
by rejection. The proposed technique is applied to the case of a pair of coupled
microstrip lines, prone to manufacturing variability. In particular, we investi-
gate the effect of stochastic geometric imbalance on the differential-to-common
mode conversion, which causes electromagnetic interference (EMI) issues [4].
The novel generative modeling strategy is carefully compared to the technique
presented in Chapter 2, clearly demonstrating its improved performance. The
remainder of the chapter is organized as follows. In Section 3.2, the problem
statement and the modeling approach are outlined. Validation using the repre-
sentative application example of a pair of coupled microstrip lines is provided
in Section 3.3. Finally, conclusions are drawn in Section 3.4.

3.2 Generative Modeling Framework
3.2.1 Goal
Due to manufacturing tolerances, measurement errors or variations in material
properties, the response of an electronic device is subject to stochastic vari-
ability. The goal of the newly proposed model is to generate new instances of
device responses (typically S-parameters), based on a limited number of mea-
sured or simulated instances (the training set), that accurately represent the
distribution of this training set. Moreover, the generated instances should obey
the same physical constraints (such as passivity) among the different elements
of the responses for a multi-port structure.

The training set consists of a small number of distinct random instances of
the device response. They can be obtained via Monte Carlo simulation, by
varying the physical parameters, or by measuring a limited number of different
fabricated instances of a given device. The more complex the distribution of
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Figure 3.1: Flowchart of the proposed modeling and analysis framework.

instances is, the larger the size of the training set should be to obtain the same
accuracy. A detailed discussion on this matter is given in Chapter 2.

3.2.2 Vector Fitting

As a first step of the modeling process, the device responses in the training set
(sampled at a number of frequencies), are fitted using the well-known VF algo-
rithm [2], [3], [5] (see 1.3). For a training set of sizeK, the Np-port S-parameter
matrix S k(s) of the kth instance is represented as a finite sum of partial frac-
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tions dependent on the complex frequency variable s, of the form (1.1):

S k(s) ≈
N∑
i=1

Rk,i

s− ai
+D k + E ks, k = 1, . . . ,K. (3.1)

Here ai and Rk,i are the poles and residue matrices, respectively. All K S-
parameter instances are first fitted using a common pole set {ai}Ni=1. Second,
each instance k is fitted separately to allow both poles and residues to vary.
The problem is now reduced to building a generative model for these poles and
residue matrices.

3.2.3 Gaussian Process - Latent Variable Model
As explained in section 1.4, a Gaussian process (GP) is an infinite collection of
random variables, any finite subset of which is jointly Gaussian distributed [6],
[7]. This means that for a set of K M -dimensional inputs x1, x2, . . . , xK ,
the GP can be represented by a set of K P -dimensional random variables
y1,y2, . . . ,yK , which, for each of the P dimensions are jointly Gaussian dis-
tributed:

yp ∼ N
(

0, Σ
)
, p = 1, . . . , P. (3.2)

The dimension of each yk is given by P =
(
N2
p + 1

)
×N , being all elements of

the residue matrices and poles for that instance. The model is thus completed
by specifying a covariance matrix function or kernel:

σij = K
(
xi, xj

)
(3.3)

A popular choice for K, also adopted here, is the radial basis function (RBF)
kernel with automatic relevance detection (ARD). This kernel features length
scales lm for each of the M input dimensions as hyper-parameters. A long
length scale indicates that a certain dimension is not very relevant to the change
in the function, hence the name ARD. This RBF kernel takes the following
form:

K
(
xi, xj

)
= σ2

y exp
(
−1

2

M∑
m=1

(
xim − xjm

)2

l2m

)
(3.4)

Usually, GPs are employed to interpolate or predict new function values, given
data in the form of observed (x, y) pairs. The GP-LVM [1], however, leverages
the GP infrastructure to infer the distribution of the input variables from a
given number of observed output points {yk}Kk=1. The hyper-parameters σy
and {lm}Mm=1 are optimized using a variational lower bound to the marginal
likelihood. A GP-LVM can thus be used to reduce the dimensionality of a
distribution while modeling it in a non-parametric and nonlinear way. For
the model proposed here, the yk are constructed by vectorizing all poles and
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residue matrices for each training instance. The inferred xk are not readily
interpretable, but represent a training instance in a lower number of dimensions
(M � P ), while their prior distribution is an independent standard Gaussian.

3.2.4 Generative Statistical Model
New instances can now easily be generated as follows. A sample x∗ is drawn
from the GP-LVM’s input prior distribution, a standard Gaussian distribution.
The GP-LVM then provides an output y∗ for this sample, which is reshaped
into a set of complex poles and residue matrices. This constitutes a VF model
for a new instance.

In order to ensure passivity of the generated instances without creating a bias,
those instances that violate passivity are discarded, and new instances are
generated in their stead.

Owing to the sparse inference used by the GP-LVM, the asymptotic complexity
of inference for the GP-LVM model is O

(
PN2

i

)
= O

((
N2
p + 1

)
NN2

i

)
, with Ni

the number of inducing variables, typically a small fraction of P . That of the
VF step is O

(
KN2

p (Ns +N)N2), with Ns the number of frequency points.
Generating new instances is done in O

(
PK3N∗

)
, where N∗ is the number of

required instances.

3.3 Application Example and Numerical Results
In this section, the proposed methodology is demonstrated on a representative
example of two coupled microstrip lines.

3.3.1 Validation

εr = 3.7
tan δ = 0.02

50µm

1/2

40µm

3/4
10µm

60µm

Figure 3.2: Cross-section of the microstrip lines with indication of mean, nominal
values. The lines have a length of 10 cm. Above each conductor pair, the correspond-
ing port numbers are shown (near-end/far-end).

The differential to common mode S-parameters [8] of two coupled microstrip
lines, depicted in Fig. 3.2, are studied. 1000 S-parameter instances were sim-
ulated by varying 5 parameters: the relative permittivity, the line separation,
the substrate thickness and both of the line widths. These parameters were
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varied according to independent Gaussian distributions, each with a standard
deviation that is 10% of their mean, nominal value that is indicated in Fig. 3.2.
Only 50 of these instances were used to train the proposed model. The model
was then used to generate another set of 1000 instances, which was in turn
compared to the 950 unused simulated instances (validation set).
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Figure 3.3: Magnitude and phase of the mode conversion parameter SC1D1 for the
coupled microstrip lines. The 50 training instances are shown in red on top, the 1000
generated instances are plotted in blue, and the 950 validation instances are shown
in the background in green. The black lines represent the minimum and maximum
of all simulated samples.

Figs. 3.3 and 3.4 show the validation, generated, and training instances for some
of the S-parameters. A good correspondence between the validation instances
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Figure 3.4: Magnitude and phase of the mode conversion parameter SC2D1 for the
coupled microstrip lines. Colors are as in Fig. 3.3.

and the generated instances is apparent. A more detailed assessment is given in
Fig. 3.5, where the cumulative distribution function of SC1D1 at a frequency of
1.5GHz for each set (training, validation and generated) is displayed, showing
good agreement.

On a Dell Optiplex 760 PC with an Intel Core 2 Quad CPU (at 3GHz), and
7.7GiB RAM, building the model took 254 s, while generating new samples
took 22 s without rejection of non-passive samples, and 27 s with rejection.
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Figure 3.5: The cumulative distribution function (CDF) of the validation (green),
generated (blue) and training (red) sets for the magnitude of the SC1D1-parameter
of the coupled microstrip example at 1.5GHz.

3.3.2 Comparison to KDE-based Generative Model
The model introduced in Chapter 2 uses a Principal Component Analysis
(PCA) and a Kernel Density Estimation (KDE) to model nonlinear correlations
in a non-parametric way. Because PCA reduces dimensionality by assuming
only linear correlation, and because each kernel in the KDE shares the same
Gaussian shape, the flexibility of this model is limited. The GP-LVM models
the high-dimensional data directly, and only assumes a covariance measure be-
tween latent input variables, which can be optimized. This makes the GP-LVM
more flexible to deal with nonlinear data, as is shown by the following accuracy
comparison.

To compare both models, we introduce a goodness-of-fit measure for two empir-
ical distributions, called the two-sample Cramér-von Mises (CvM) test statis-
tic [9]. This is the integral over the squared difference of two empirical CDFs
F (x) and G (x) of sample sizes m and n respectively:

TCM (F,G) = mn

m+ n

∫ +∞

−∞
[F (x)−G (x)]2 dH (x), (3.5)

whereH (x) is the empirical CDF of both samples together. Intuitively, this is a
measure of the area between the two empirical CDFs. With this measure we can
compare the distribution of the n = 1000 generated instances to that of them =
950 withheld validation instances at a single frequency point. A comparison of
the CvM statistic across frequencies for different generative models can indicate
which model produces a more accurate approximation of the true distribution.
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Figure 3.6: CvM statistic for the PCA+KDE model outlined in Chapter 2 and for
the GP-LVM model proposed here, for the magnitude (top) and phase (bottom) of
SC1D1.

Fig. 3.6 shows the CvM statistic for both the model outlined in Chapter 2
(blue) and the GP-LVM model introduced here (green). It is apparent that
the GP-LVM variant outperforms the model in Chapter 2 for the magnitude in
the entire frequency range, while performing in a comparable manner for the
phase.

Fig. 3.7 shows the same CvM statistic, averaged over the examples shown in
chapter 2. From this figure we can conclude that from about a 100 samples,
the GP-LVM method outperforms the PCA+KDE, and the distribution of the
generated samples is no longer significantly different from the distribution of



56 Chapter 3. A Generative model using GP-LVM

100 20010 5020
Training set size

1

10

Av
g.

 C
M

 T
-s

ta
tis

tic
Average Cramér-von Mises statistic

PCA+KDE
GP-LVM

1%
5%

Figure 3.7: CvM statistic for the PCA+KDE model outlined in Chapter 2 and for
the GP-LVM model proposed here, avaraged over all frequencies and all S-parameter
elements for both examples presented in chapter 2, as a function of the training
set size. The right axis shows some significance levels for the CvM criterion. The
errorbars are given by the standard deviation between 20 averaged statistics with
randomly selected training sets.

the validation samples.

3.4 Conclusions
This chapter introduces a novel generative model capable of generating a large
set of device responses from a small training set of simulated or measured
responses. It starts by representing the responses as a rational model using
the VF algorithm. The poles and residues of these rational expansions are
modeled by means of a GP-LVM. New instances are generated by the GP-LVM
and transformed back into device responses by the VF expansion. Rejecting
non-passive instances ensures unbiased and physically consistent responses.

The modeling power of the generative model is demonstrated by applying it for
a 4-port coupled microstrip line, focusing on mode conversion induced by geo-
metric unbalance. The distributions of simulated and generated S-parameters
is found to be in very good agreement. A quantitative comparison shows that
the GP-LVM-based model significantly outperforms the KDE-based model pre-
viously proposed in Chapter 2 to model the magnitude of S-parameters.
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Linear Bayesian Vector Fitting

Based on “Statistical Modeling of Frequency Responses using Linear Bayesian
Vector Fitting,” Simon De Ridder, Dirk Deschrijver, Domenico Spina, Dries

Vande Ginste and Tom Dhaene, unpublished.

F F F

This chapter presents a Bayesian extension of the vector fitting (VF) pro-
cedure for rational approximation of frequency-domain responses. The
proposed method treats the linear part of VF in a Bayesian way, while
propagating distributions through the nonlinear part by sampling. As
such, it is capable of providing data-driven uncertainty information along
with the rational fit. The Bayesian VF technique is applied to the real-
istic design examples of a double folded stub filter and a circular patch
antenna, demonstrating in this way its validity and highlighting several
potential applications of this novel framework.

4.1 Introduction
Black-box macromodeling is a popular tool to approximate the dynamic behav-
ior of complex systems in terms of low complexity rational models. The most
accomplished approaches to black-box macromodeling are the Löwner matrix
method [1], [2], and the vector fitting (VF) algorithm [3]–[6]. By virtue of its
robustness and modeling power, several macromodeling techniques based on
the VF algorithm have been developed in recent years, in order to characterize
the behavior of distributed elements [7]–[10].

As any measurement of an electronic device is affected by a modicum of noise,
and due to discrete sampling of the frequency response, any macromodel is
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subject to some model uncertainty. Most macromodeling techniques, including
VF, however, consist of a deterministic interpolation of the response, based on
those samples. These models display no measure of model uncertainty with
regard to the value of their interpolation. A statistical treatment of these
methods would be an efficient means to assess this model uncertainty.

In this chapter, such a statistical treatment is presented, based on Bayesian
linear regression combined with sampling-based propagation of model uncer-
tainty. An insightful example demonstrates that the novel Bayesian version of
VF gives sharp uncertainty bounds of the model uncertainty. With the aid of
this example, it is shown that such uncertainty information can be used for
various purposes, such as characterizing device responses in the presence of
noisy or missing data, to verify functionality and compliance, or for adaptive
sampling.

The remainder of this chapter is structured as follows. The VF algorithm
is briefly explained in Section 1.3, and is therefore not repeated here. The
proposed Bayesian extension is detailed in section 4.2. In section 4.3, the
linear Bayesian vector fitting (LB-VF) framework is applied to two realistic
examples. Finally, in section 4.5, the chapter is concluded.

4.2 Linear Bayesian Vector Fitting (LB-VF)

4.2.1 Sampling {r̃i} and d̃
Revisiting (1.5) with the final, converged VF poles as the starting poles {a0

i },
b∗ is modeled by a Gaussian distribution:

b ∼ N
(
b
∣∣∣Ax, σ2I

)
, (4.1)

where we have dropped the subscript L from xL and the superscript ∗ from A∗

and b∗ to alleviate the notation. This allows one to treat the linear system (1.5)
in a Bayesian manner when the samples {Sj} are subject to uncertainty, solving
for the distribution of x, rather than for the optimal value. A conjugate prior
for x and σ2 is the following:

P
(
x, σ2) ∼ N (x∣∣∣∣x0, σ

2Λ0
−1
)
IG
(
σ2∣∣α0, β0

)
, (4.2)

which is a σ2-dependent Gaussian distribution for x, and an inverse-gamma
distribution for σ2. The parameters x0, Λ0 , α0 and β0 define this prior. They
can either be set by prior knowledge, or chosen to represent the least informa-
tive distribution of the form (4.2). In the latter case, used in this chapter as
well, the uninformative (Jeffrey’s) prior is set to

P
(
x, σ2) ∼ (σ2)−1

. (4.3)
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Using Bayes’ theorem, some calculations (see Appendix A) now yield a poste-
rior distribution of x having the same form:

P
(
x, σ2∣∣b) ∼ N (x∣∣∣∣xf , σ2Λf

−1
)
IG
(
σ2∣∣αf , βf) . (4.4)

The parameters xf , Λf , αf and βf can be obtained using the update rules:

xf =Λf
−1
(
Λ0x0 +A

T
b

)
(4.5)

Λf =Λ0 +A
T
A (4.6)

αf =α0 + Nb
2 (4.7)

βf =β0 + b
T
b− xfTΛf xf + x0

TΛ0x0

2 , (4.8)

where Nb is the length of b. It is easily verified that, when using (4.3) as a
prior, the results in (4.4)-(4.8) still hold, and they are the same as if one were
to choose x0 = 0, Λ0 = 0 and α0 = β0 = 0.
Since σ2 is still unknown, it can and should be marginalized out, in order to
derive a marginal posterior for x (see Appendix B):

P
(
x
∣∣b) =

∫
P
(
x, σ2∣∣b) d (σ2) = t2αf

(
x

∣∣∣∣∣xf ,
(
αf
βf
Λf

)−1
)
. (4.9)

This is a multivariate t-distribution.
The marginal likelihood P

(
b
)
can be readily derived by integrating the product

of the likelihood (4.1) and the prior (4.2) (see Appendix C):

P
(
b
)

=
∫∫

P
(
b
∣∣x, σ2)P (x, σ2) dxd (σ2) = (2π)−

Nb
2

√√√√√
∣∣∣Λ0

∣∣∣∣∣∣Λf ∣∣∣
βα0

0
β
αf
f

Γ (αf )
Γ (α0)

(4.10)
The only dependency on b in this expression stems from the posterior parame-
ters (4.5)-(4.8). This quantity is useful because it is a measure of how well the
model fits the data, for any value of its parameters. Hence, (4.10) can be used
to evaluate the quality of the starting poles, or their number.

4.2.2 Pole distribution
Since the nonlinear step in (1.6) precludes an analytic propagation of the poste-
rior distribution of {r̃i} and d̃ in (4.9) to the relocated poles {ai}, the distribu-
tion of the latter must be approximated. This is done by drawing samples from
the posterior distribution in (4.9) and solving (1.6) for each of these samples.
Any unstable sample’s real part is inverted to ensure stability.
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4.2.3 Sampling the residues
Similarly to the system described in Section 4.2.1, the solution to (1.7) can also
be treated in a Bayesian way. In this case, the noise is modeled by a matrix
normal distribution:

Br ∼MNNs,nI

(
Br

∣∣∣Ar Xr , I , Σ
)
. (4.11)

The conjugate prior is now of the form:

P
(
Xr , Σ

)
∼MNN,nI

(
Xr

∣∣∣∣Xr
0 , Λ

r
0
−1
, Σ

)
W−1

(
Σ
∣∣∣V0 , ν0

)
, (4.12)

which is a Σ -dependent matrix normal distribution times an inverse-Wishart
distribution for Σ itself. After very similar calculations to the ones in Sec-
tion 4.2.1, the posterior is shown to become:

P
(
Xr , Σ

∣∣∣Br) ∼MNN,nI

(
Xr

∣∣∣∣Xr
f , Λ

r
f

−1
, Σ

)
W−1

(
Σ
∣∣∣Vf , νf) , (4.13)

where Xr is an N × nI matrix, and where the parameters can be calculated
as:

Xr
f =Λrf

−1
(
Λr0 X

r
0 +Ar

T
Br
)

(4.14)

Λrf =
(
Λr0 +Ar

T
Ar
)

(4.15)

Vf =V0 +Br
T
Br −Xr

f

T
Λrf X

r
f +Xr

0
T
Λr0 X

r
0 (4.16)

νf =ν0 +NB , (4.17)

with NB the number of rows in Br .

In this case, the uninformative prior P
(
Xr , Σ

)
∝

∣∣∣Σ ∣∣∣−nI yields a posterior

of the same form where Xr
0 = Λr0 = V = 0 and ν0 = nI − 1

(
or ν0 = 0 for the

Jeffrey’s prior P
(
Xr , Σ

)
∝

∣∣∣Σ ∣∣∣−nI+1
2
)
.

The unknown parameter Σ can again be marginalized out to obtain:

P
(
Xr

∣∣∣Br) =
∫
P
(
Xr , Σ

∣∣∣Br) d(Σ)
=TNx,nI

(
Xr

∣∣∣∣νf − nI + 1, Xr
f , Λ

r
f

−1
, Vf

)
, (4.18)

whereNx is the number of rows inXr . This is the matrix-variate t-distribution.
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Figure 4.1: LB-VF framework: Graph of the sampling of VF models (Mi,j), where
Np pole sets are sampled, and NR residue matrix sets are sampled for each of these
pole sets.

4.2.4 Sampling pole-residue models
VF models (1.1) can now be sampled for a given transfer function using the
scheme outlined in Fig. 4.1. First, according to Section 4.2.1, {r̃i} and d̃ are
sampled Np times from their posterior distribution (4.9). Then, for each such
sample, a set of new poles are calculated by finding the zeros of (this sample
of) q(s) (Section 4.2.2). Next, for each pole set, Nr residue sets are sampled as
described in Section 4.2.3. Each pole-residue set now forms a different rational
model that is drawn from the space of probable models given the data and the
prior information.

4.3 Application Example and Numerical Results
4.3.1 Double Folded Stub Filter
The statistical framework introduced above (available at [12]) is now first ap-
plied to a double folded stub filter, shown in Fig. 4.2 [11]. This design is a
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Figure 4.2: Geometry of the double folded stub filter [11].
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Figure 4.3: The sampled distribution of the poles as a result of LB-VF applied to
the S11 parameter of the double folded stub filter. The 500 samples for each pole are
shown as blue dots, while the poles obtained with regular VF are plotted in red.

standard example in Keysight’s Advanced Design System (ADS) [13]. As a re-
alistic design example, it is used in this subsection to highlight some potential
applications of the novel LB-VF framework.

Uncertainty arising from additive noise

As mentioned before, an amount (even if minimal) of noise is always present
in measurement data. It can be very insightful for a designer to know in what
range the actual transfer function could fall, given the noisy measurement data.
To this end, the frequency response – specifically, the S-parameter matrix – of
the stub was simulated using ADS in 101 points over a frequency range from
0 to 30GHz. In order to emulate noise (e.g., stemming from measurement
errors), uncorrelated Gaussian noise with zero mean and a standard deviation
of 0.01 was added on top of the simulated S-parameters. Note that, because
σ2 was marginalized out of (4.9) (and likewise Σ out of (4.18)), and because
uninformative priors were used, no knowledge of the magnitude of the noise is
needed when applying LB-VF.
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Figure 4.4: The result of LB-VF applied to the S11 parameter of the double folded
stub filter. The 10000 rational models were used to construct confidence intervals of
68.27%, 95.45% and 99.73% (the 1-, 2- and 3-σ bounds of a Gaussian distribution).
These confidence levels are shown in dark gray, gray and light gray, respectively. The
mean LB-VF model, in this case corresponding to the regular VF fit, is shown as a
dashed red line. The original simulations are shown as a black line. The noisy data
used to fit the models is shown as black crosses.
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Figure 4.5: The result of LB-VF applied to the S11 parameter of the double folded
stub filter (phase). Colors are as in Fig. 4.4.

After a few iterations with regular VF to relocate the 15 starting poles, LB-VF
was applied to the data, starting from those relocated poles. An uninformative
prior was used to sample Np = 500 pole sets, and for each pole set, Nr = 200
residue sets were samples, for a total of 10 000 models.

The samples poles are shown in Fig. 4.3. Figs. 4.4 to 4.7 show the S11 and
S21 parameters, respectively. As can be seen in these figures, the 99.73%
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Figure 4.6: The result of LB-VF applied to the S21 parameter of the double folded
stub filter. Colors are as in Fig. 4.4.
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Figure 4.7: The result of LB-VF applied to the S21 parameter of the double folded
stub filter (phase). Colors are as in Fig. 4.4.

(3σ) confidence bound encompasses most of the original data. It ought to be
noted that these bounds are overconfident, as they are still conditioned on the
locations of the (relocated) starting poles, their number, and the rational form
of the model. If the magnitude of the noise in the original data increases,
the posterior distributions (4.9) and (4.18) widen, the spread of the samples
increases, and the confidence bounds widen.
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Figure 4.8: The result of LB-VF applied to the S11 parameter of the double folded
stub filter, with the data from 6.8 to 9.7GHz removed, and noise with standard
deviation 10−3. Colors as in Fig. 4.4.
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Figure 4.9: The result of LB-VF applied to the S11 parameter of the double folded
stub filter, with the data from 6.8 to 9.7GHz removed, and noise with standard
deviation 10−3 (phase). Colors are as in Fig. 4.8.

Effect of missing data

To demonstrate the behavior of LB-VF when part of the data is missing, the
data from 6.8 to 9.7GHz for the double folded stub was discarded before relo-
cating the initial poles or applying the LB-VF model.

With part of the data removed, and with low amount of additive Gaussian
noise (a standard deviation of 10−3), the confidence bounds are very narrow,
as is visible in Figs. 4.8 and 4.9. With a higher amount of noise (a standard
deviation of 10−2), the confidence bounds increase as well. This effect is shown
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Figure 4.10: The result of LB-VF applied to the S11 parameter of the double folded
stub filter, with the data from 6.8 to 9.7GHz removed, and noise with standard
deviation 10−2. Colors are as in Fig. 4.8.

1 5 10 15 20 25 30
Frequency [GHz]

2

0

2

M
ag

ni
tu

de
 [d

B]

S11

(a) Entire frequency range.

6 7 8 9 10
Frequency [GHz]

2

0

2

M
ag

ni
tu

de
 [d

B]

S11

(b) Zoom of (a).

Figure 4.11: The result of LB-VF applied to the S11 parameter of the double folded
stub filter, with the data from 6.8 to 9.7GHz removed, and noise with standard
deviation 10−2 (phase). Colors are as in Fig. 4.8.

in Figs. 4.10 and 4.11. These figures show some overconfidence, due to the
conditioning on the starting poles. Nevertheless, the confidence bounds can
indicate when a design is not robust enough to remain above or below a certain
threshold, given the uncertainty. As the classical VF fit (here coinciding with
the mean of the LB-VF model) is quasi the same in both cases, such information
is not present in a deterministic setting.
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Figure 4.12: Flowchart of the proposed adaptive frequency sampling (AFS) strategy.

Adaptive Frequency Sampling (AFS)

If simulating a device at a certain frequency is computationally expensive, a full
sweep over the frequency range of interest becomes cumbersome or even impos-
sible given time constraints. Therefore, it is advisable to fully characterize the
device with as few simulations as possible. A successful way to accomplish this
is by simulating one frequency sample at a time, and build a rational model in
the process. This is known as AFS [14]–[17].

A distinct advantage of having a measure of model uncertainty, such as LB-VF
provides, is that it allows an efficient sequential sampling of the device responses
in function of frequency. Indeed, the greedy method of sampling where uncer-
tainty is highest has proven itself quite efficient in established, heuristic AFS
schemes [14]–[17].

An LB-VF model’s intrinsic uncertainty removes the necessity to rely on dif-
ferences between models of different orders, as heuristic AFS algorithms do.
Nevertheless, it is advantageous to consider several LB-VF models, in order to
mitigate the overconfidence stemming from conditioning on the starting poles.

The uncertainty calculated from each of these models by grace of the samples
drawn from them, is combined by weighting them by their normalized marginal
likelihoods with respect to the pole relocation system (4.10). These weights
are used to obtain a weighted standard deviation of all samples. In order
to increase the spread of sampled points, a small Gaussian-shaped penalty,
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Figure 4.13: The seventh iteration in the AFS algorithm, for the S11 parameter. In
the lower plot, the known data points are represented as black dots. Samples drawn
from LB-VF models of different orders (500 each) are plotted in various shades of
red, proportional to their log-likelihood. The upper plot shows the overall uncertainty
measure in green. An arrow is also shown in the lower plot, at the frequency where
this uncertainty is highest, and thus where the next evaluation will be done.
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Figure 4.14: As Fig. 4.13, but for S21. Note that the selection of the next sample
is motivated by the higher uncertainty for the S11 parameter.
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Figure 4.15: The eighth iteration in the AFS algorithm, for the S11 parameter.
Colors as in Fig. 4.13.
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Figure 4.16: As Fig. 4.15, but for S21.

with an amplitude of half the maximum weighted standard deviation, and a
standard deviation of 10% of the distance between points, is subtracted around
the known frequency points. This also adds an additional exploration focus,
which can help to identify previously undetected resonances.

The AFS scheme used is summarized in Fig. 4.12. After four initial frequency
points are evaluated, all of the LB-VF models with highest order N are built,
sampled from, and used to construct the uncertainty. The frequency point
with highest uncertainty is determined and a new sample at this frequency is
computed. For matrix-variate S , priority is given to the diagonal elements’
uncertainty, and only the element with the highest uncertainty determines the
next evaluation point. After this, new models are built, and so on. For the
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Figure 4.17: The ninth iteration in the AFS algorithm, for the S11 parameter.
Colors as in Fig. 4.13.
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Figure 4.18: As Fig. 4.17, but for S21.

sake of efficiency, only up to three of the highest order LB-VF models are
built. When the uncertainty no longer exceeds an a priori set threshold over
the entire frequency range, convergence is assumed, and the model with the
highest marginal likelihood is chosen as a suitable macromodel for the device
response.

We apply this AFS scheme using the measure of uncertainty described above
to the example of the double folded stub filter. Note that no noise is added in
this case. Figs. 4.13 to 4.18 show the samples drawn from the LB-VF models
and how they lead the selection of the next frequency point. After a total of 17
evaluations, the mean of the best fit (with N = 15 in (1.1)) achieves a total root
mean squared error (RMSE) of -83.3 dB with respect to 1001 linearly spaced
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Figure 4.19: Design of the semi-circular patch antenna. Two semi-circular patches
of different radii (17.5mm and 16.5mm, and 2mm apart) are indirectly excited by a
microstrip line of width 4.373mm.
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Figure 4.20: The sixth step in the adaptive sampling scheme for the patch antenna.
Colors as in Fig 4.13.

simulated samples. For comparison, a standard VF fit based on 17 uniformly
spaced samples achieves an RMSE of -53.6 dB.
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Figure 4.21: The seventh step in the adaptive sampling scheme for the patch an-
tenna. Colors as in Fig 4.13.
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Figure 4.22: Best fit for the patch antenna (with 10 poles) after convergence.

4.4 Double Semi-circular Patch Antenna
As a second example, the proposed method is applied to the double semi-
circular patch antenna [15] shown in Fig. 4.19.

An example of the results obtained two subsequent iterations of the AFS scheme
is shown Figs. 4.20 and 4.21. After eleven EM simulations, the final (mean) fit
(shown in Fig. 4.22) is obtained.

The RMSE with respect to the antenna response calculated for 10000 frequency
points in the range 2− 4GHz is -82.1 dB. For comparison, the ad hoc method
described in [15] reports a fitting error of less than -70 dB for the same example,
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also for eleven EM simulations.

4.5 Conclusions
In this chapter a framework was introduced that expands the traditional VF
macromodeling algorithm by extending it with stochastic information in a
Bayesian manner. This is done by solving VF’s linear systems using Bayesian
linear regression, and sampling to propagate uncertainty through the nonlinear
part of the VF algorithm.

The framework is able to provide quantitative information concerning the VF
model uncertainty. As such, even without prior knowledge about the nature
of the uncertainty in the data, it can provide insight into how confident a VF
model is at any given frequency. The code is available at [12].

The applicability and potential of this framework is showcased by applying it
to three real-world applications: quantifying model uncertainty in the case of
noisy observations, displaying model confidence in the case of missing data,
and constructing a rational model with a minimal amount of evaluations using
adaptive frequency sampling. In each of these examples, the appositeness of
the LB-VF framework is demonstrated.
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Appendix
A Derivation of posterior distribution for the σ(s)-residue

system (1.5)
Using Bayes’ theorem, (4.1) and (4.2) can be multiplied to obtain the form of
the posterior distribution (with Nb the length of b and Nx the length of x):

P
(
x, σ2∣∣b) ∝P (b∣∣x, σ2)P (x, σ2)

∝N
(
b
∣∣∣Ax, σ2I

)
N
(
x

∣∣∣∣x0, σ
2Λ0

−1
)
IG
(
σ2∣∣α0, β0

)
∝
(
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(
−1
2σ2

(
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)T (
b−Ax

))
×
(
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(
−1
2σ2 (x− x0)T Λ0 (x− x0)

)
×
(
σ2)−α0−1 exp

(
−β0

σ2

)
. (4.19)

With some algebraic manipulation one can show that:(
b−Ax

)T (
b−Ax

)
=
(
b−Ax̂

)T (
b−Ax̂

)
+
(
x− x̂

)T
A
T
A
(
x− x̂

)
, (4.20)

where

x̂ =
(
A
T
A

)−1
A
T
b. (4.21)

This is easily verified by substituting (4.21) into the right hand side of (4.20).
The second term in the right hand side of (4.20) can now be combined with
the argument of the second exponential of (4.19) to obtain:(

x− x̂
)T
A
T
A
(
x− x̂

)
+ (x− x0)T Λ0 (x− x0)

= (x− xf )T Λf (x− xf )− xfTΛf xf + x0
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T
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(4.22)

with

Λf =Λ0 +A
T
A (4.23)

xf =Λf
−1
(
Λ0x0 +A

T
b

)
. (4.24)

After some more calculation, we can also write:(
b−Ax̂

)T (
b−Ax̂

)
+ x̂

T
A
T
Ax̂ = b

T
b (4.25)
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All this then leads to the posterior distribution:

P
(
x, σ2∣∣b) ∝ (σ2)−Nx2 exp

(
−1
2σ2 (x− xf )T Λf (x− xf )

)
×
(
σ2)−αf−1 exp

(
−βf
σ2

)
, (4.26)

in which

αf =α0 + Nb
2 (4.27)

βf =β0 + −xf
TΛf xf + x0

TΛ0x0 + b
T
b

2 . (4.28)

This posterior is proportional to (4.4).

B Derivation of the marginal posterior distribution P
(
x
∣∣b).

Using this result, the marginal posterior distribution can be derived by inte-
grating the posterior with respect to σ2 as follows:
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C Derivation of the marginal likelihood P
(
b
)

As shown in (4.10), the marginal likelihood can be obtained by integrating the
product of the likelihood (4.1) and the prior (4.2):
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F F F

Modeling the effects of uncertainty is of crucial importance in the sig-
nal integrity (SI) and electromagnetic compatibility (EMC) assessment
of electronic products. In this chapter, a novel machine-learning based
approach for uncertainty quantification problems involving both random
and epistemic variables is presented. The proposed methodology lever-
ages evidence theory to represent probabilistic and epistemic uncertain-
ties in a common framework. Then, Bayesian optimization is employed
to efficiently propagate this hybrid uncertainty on the performance of
the system under study. Two suitable application examples validate the
accuracy and efficiency of the proposed method.



84 Chapter 5. Hybrid Possibilistic-Probabilistic UQ

5.1 Introduction
Resorting to statistical techniques for uncertainty quantification (UQ) and un-
certainty propagation (UP) within electromagnetic compatibility (EMC) and
signal integrity (SI) problems is common practice nowadays. In particular, RF
designers have to cope with several sources of uncertainty, such as parasitic
effects, non-ideal behavior of components, tolerances due to the manufacturing
process, and so on. Even in relatively simple test setups several parameters are
inherently unknown and/or hard to control. For these reasons, advanced sta-
tistical techniques have recently been applied to EMC and SI problems [1]–[5]
with the objective to outperform the standard brute-force approach, based on
Monte Carlo (MC) repeated simulations, in terms of computational efficiency,
while retaining comparable accuracy in predicting the variability of the output
variables.

All these techniques are firmly based on probability theory, i.e. on the a priori
assumption that every variable in the problem can be assigned a probability
distribution describing its variability over a given interval of values and/or
around a nominal value. This assumption is well-grounded when the uncer-
tainty is caused by random effects. If the distribution of these random effects
is known or can be estimated, a probabilistic treatment is a sound choice. How-
ever, when the uncertainty stems from a lack of knowledge about the value of a
parameter or its distribution, a probabilistic view falls short. Indeed, the stan-
dard approach to resort to a uniform distribution when a parameter is known
to fall in a certain interval implies the arbitrary assumption that all values
in that interval are equally probable, though without any evidence supporting
this specific claim.

To overcome this intrinsic limitation of probability theory in providing an ade-
quate representation of parameters affected by epistemic uncertainty, the more
general framework of evidence theory or Dempster-Shafer theory was intro-
duced [6]. In this framework, probability and possibility theories represent
special cases. On the one hand, aleatory uncertainty due to random variabil-
ity of parameters finds adequate description through the use of random vari-
ables (RVs) to which probability distribution functions (PDFs) are assigned.
On the other hand, epistemic uncertainty due to lack of information is tack-
led through the use of fuzzy variables (FVs) to which possibility distribution
functions are assigned.

Since typical problems usually involve both parameters affected by random
and by epistemic uncertainty, hybrid probabilistic-possibilistic UP approaches
have recently been developed and successfully applied in different engineering
fields, spanning from risk management [7], [8] to measurement [9]. In an EMC
context, the MC-based hybrid algorithm of [7], [8] was considered in a previous
work [10], with the objective to estimate the radiated susceptibility of a non-
ideally twisted wire pair (above ground) illuminated by a partially-unknown
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impinging electromagnetic (EM) field. Comparison with a fully probabilistic
solution of the problem (where all uncertain parameters were assigned specific
probability density functions (PDFs)) revealed the potential of the aforemen-
tioned hybrid approach to provide a more general and exhaustive representation
of the variability of the output variables. Nonetheless, this also unveiled the
computational inefficiency of such an algorithm, which requires repeated-run
MC simulations to assess the influence of RVs, and where for each MC run
time-consuming grid-search sub-problems need to be solved to quantify the
effect of the FVs. Hence, depending on the computational cost of the under-
lying deterministic model, which can be evaluated through either analytical
expressions or full-wave EM simulations (as in the examples provided in this
manuscript), this algorithm can become computationally prohibitive.

To tackle this limitation, in this chapter Bayesian optimization (BO) is used
to deal with FVs. In this way, far fewer model evaluations are required to
accurately propagate the epistemic uncertainty. The BO framework is hy-
bridized with a state-of-the-art polynomial chaos expansion (PCE) approach
to efficiently include the random variability. The computational efficiency and
accuracy of the novel hybrid method is demonstrated by application to two
realistic design examples. In particular, it is demonstrated that the proposed
approach allows the quantification of combined possibilistic and probabilistic
uncertainty of, among others, interconnects on printed circuit boards in spite
of the time-consuming full-wave EM simulations required to describe their be-
havior.

The chapter organization is as follows. In Section 5.2, basic elements of evi-
dence theory are recalled with focus on possibility theory and fuzzy sets. Also,
main features of the original hybrid probabilistic-possibilistic MC algorithm are
described in this section. Section 5.3 introduces the novel BO framework, and
explains how BO combined with PCE is used to speed up the original hybrid
algorithm. Numerical examples are presented in Section 5.4. Section 5.5 draws
concluding remarks.

5.2 Uncertainty Propagation in Random-Fuzzy
Problems

This section introduces basic elements of evidence theory as a general frame-
work for the representation of aleatory (probability theory) and epistemic (pos-
sibility theory) uncertainty. Furthermore, the main features of the MC-based
algorithm [7], [8] are recalled, which allows for UP in hybrid problems involving
both RVs and epistemic FVs.
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A Basic Elements of Evidence Theory
Consider a set Σ that contains all possible values x that a variable X may
assume. Its power set Ω consists of all possible subsets Bi of Σ, each of which
can be assigned a probability weight w (Bi), whose overall sum is unit over Ω.
Bi represents a focal element of Ω if its weight w (Bi) is non-zero. Consider now
a subset A ⊆ Σ, called ‘event’. The evidence of the statement “x may belong
to A" (i.e., to any of its subsets Bi) is expressed by (i) the Belief function (Bel)

Bel (A) =
∑
Bi⊆A

w (Bi) (5.1)

which measures the confidence we have in the statement based on the available
information, i.e. the weights w (Bi); and by (ii) the Plausibility function (Pl):

Pl (A) =
∑

Bi∩A 6=∅

w (Bi) = 1−Bel
(
A
)

(5.2)

which measures the conceivability of the statement based on the confidence in
the occurrence of events that contradict the statement. It can be proven that
Bel and Pl represent a limiting upper and lower cumulative distribution func-
tion (CDF), encompassing all families of probability distributions P (A) [11],
i.e.:

Pl (A) ≤ P (A) ≤ Bel (A) (5.3)

If the focal elements Bi are singletons, it is possible to assign weights, i.e., the
traditional probabilities, to every element of Σ in a unique and precise way,
and Bel and Pl degenerate into a single CDF P , that is Bel = Pl = P . As
such, probability theory can be seen as a particular case of evidence theory.

Another particular case is obtained if, instead, the focal elements Bi are nested
intervals, i.e.,

B1 ⊆ B2 ⊆ . . . ⊆ BN , (5.4)
where N denotes the number of focal elements. Then, a possibility distribution
(PD) function π (x) : Σ → [0, 1] can be introduced as follows:

∀x ∈ Σ|π (x) =
∑
Bk3x

w (Bk). (5.5)

π (x) = 0 corresponds to a definitely impossible value and π (x) = 1 to a totally
possible value. In the case of (5.4), the Belief function (5.1) and Plausibility
function (5.2) are called necessity (N) and possibility (Π) functions respec-
tively, and they reduce to

N (A) =1− sup
x∈A

π (x) (5.6)

Π (A) = sup
x∈A

π (x). (5.7)
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In Figs. 5.1(a) and 5.1(b) two examples of typical PD functions, i.e. a rectan-
gular distribution π1 and a triangular distribution π2 respectively, are shown
for the case where Σ = R. In the case of Fig. 5.1(a), all values x in the
interval A = [x1, x2] are perfectly possible, whereas all other values, in A,
are impossible. This information is, on the one hand, more vague than the
information provided by a uniform probability density function, as it repre-
sents a total ignorance about x in that interval A = [x1, x2]. It is only known
that these values are all totally possible. On the other hand, the informa-
tion provided by π1, is more complete, as it does not make any assumptions;
in contrast, the uniform probability density function assumes all values to be
equally probable in [x1, x2]. Consequently, all possible cumulative density func-
tions P (A), assigned to the interval A = [x1, x2] (and including the uniform
CDF), are bounded by the possibility Π1 (A) and necessity N1 (A) functions,
i.e. N1 (A) ≤ P (A) ≤ Π1 (A). These functions are shown in Fig. 5.1(c). As
opposed to the total ignorance case of Fig. 5.1(a) and (c), the triangular PD
π2 (x) of Fig. 5.1(b), with corresponding N2 and Π2 (see Fig. 5.1(d)), indicates
a higher degree of confidence in one value of x, where π2 (x) = 1, and a gradual
decrease for all other values in A.

The mathematical framework to deal with PDs is the theory of fuzzy sets [12].
Within this framework, the focal elements Bi are nested intervals obtained by
“cutting” the PDs at different levels α in [0, 1]. For example, in Fig. 5.1(b),
α = 0.3 identifies the interval [c1, c2], while α = 0.8 leads to [d1, d2]. Each such
interval Aα = [infα, supα] is called an α-cut and the entire PD is determined by
the knowledge of the extreme values infα and supα of a sufficient amount of α-
cuts. Moreover, each α-cut corresponds to a confidence interval with necessity
N (Aα) as follows:

N (Aα) = 1− sup
x/∈Aα

π (x) = 1− α (5.8)

B Hybrid Random-Fuzzy MC-based Algorithm
Owing to their different meaning and mathematical representation, UP of pa-
rameters affected by epistemic (FVs) and aleatory (RVs) uncertainty follows
different rules. Hence, several approaches were developed for UP within hybrid
problems involving both RVs and FVs. Among these, the MC-based hybrid
algorithm of [8] along with the aggregation method of [7], [13] is first described
here. Next, in Section 5.3, a novel hybrid BO-PCE framework is introduced,
strongly optimizing the MC-based algorithm, as such allowing for the EMC
and SI assessment of full-wave EM problems.

MC-based hybrid algorithm

Assume z to be defined as a function of K random variables x1, . . . , xK and of
J epistemic variables y1, . . . , yJ , i.e., z = f (x1, . . . , xK , y1, . . . , yJ). As can be
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Figure 5.1: Rectangular (a) and triangular (b) possibility distributions with their
corresponding possibility Π(x) (solid) and necessity N(x) (dashed) measures in (c)
and (d), respectively. Here we used the shorthand Π(x) and N(x) to denote
Π (]−∞, x]) and N (]−∞, x]).

seen in Fig. 5.2, the uncertainty of z is evaluated by generating Nx random re-
alizations of the K random variables. For each i-th realization (i = 1, . . . , Nx),
the i-th possibility distribution function πzi of z with respect to the J epistemic
variables is constructed. Thereto, a preset number of values for α, ranging from
1 to 0, is chosen. These determine the α-cuts of the J epistemic variables. For
each α-value, z is evaluated on a dense grid in the space of the epistemic vari-
ables. The extreme values (i.e., infα and supα) of z are then identified by
taking the minimum and maximum of these evaluations, and they are assigned
as lower and upper limits of the corresponding α-cut of z. As such, these α-cuts
yield the possibility distribution πzi of z for the i-th realization of the K RVs.
Then, repeating the above procedure for the Nx RV realizations, a set of Nx
possibility distributions πZ1 , . . . , πZNx is obtained. Nx corresponding possibil-
ity Πz

i and necessity Nz
i functions are constructed. Finally, to aggregate the
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Identification of infα and supα of z
as a function of the J fuzzy variables
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Πz
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i = 1 : Nx
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Figure 5.2: Schematic representation of the hybrid random-fuzzy approach in both
this chapter and [8].

results, Plz and Belz of z are computed as the weighted averages:

Plz = 1
Nx

Nx∑
i=1

Πz
i , (5.9)

Belz = 1
Nx

Nx∑
i=1

Nz
i . (5.10)

These Plz and Belz can again be interpreted as limiting upper and lower
bounds, encompassing all possible CDFs of z, i.e.

Belz ≤ P (z) ≤ Plz (5.11)

5.3 Bayesian Optimization Framework
The brute force implementation of the hybrid algorithm presented in Section B
easily becomes computationally prohibitive even in the presence of few uncer-
tain parameters, due the large amount of dense grid evaluations required to
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Figure 5.3: Flowchart of a BO algorithm.

find infα and supα for each α-value. This is especially true for EM problems
where numerical full-wave simulations are required in order to achieve solution
of the underlying deterministic model.

To alleviate the computational burden, BO is introduced in this section as
a way to obtain these infα and supα for each α-value in a significantly more
efficient way. When combined with PCE for the RVs, the number of simulations
is reduced further.

A General characteristics of Bayesian Optimization
BO aims to solve global optimization problems of the form

fmin = min
y

[f (y)], (5.12)

where f (y) is the quantity to be minimized (or maximized), also called cost or
objective function in the BO framework, and depends on a set of parameters
collected in the vector y. In particular, f (y) can be considered a “black box”
function: it does not have to be known a priori, but can be evaluated for any
combination of its parameters y through simulations or measurements. BO is
particularly useful when the objective function is expensive to evaluate and
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dynamic with respect to its parameters, causing f (y) to have several local
optima [14].

The general methodology of BO is summarized in Fig. 5.3. First, the cost func-
tion f (y) is evaluated through simulations or measurements for an initial set
of Nin samples yi, i = 1, . . . , Nin, chosen e.g. according to a Latin hypercube.

With these initial samples, a suitable stochastic surrogate model is then built.
This model serves as a cheap to evaluate substitute for f (y), which is compu-
tationally easy to optimize. The predictions of this model are stochastic, and
because of this, the uncertainty of the model can be used to select the next
point to evaluate. Several mathematical techniques can be adopted to build
the desired surrogate model, among which are Bayesian neural networks [15]
and Gaussian processes (GPs) [16], [17].

The selection of the point to evaluate next is generally done by optimizing
an acquisition function. Such an acquisition function transforms the model
predictions into a measure that identifies where the next evaluation should be
in order to obtain a global optimum (5.12) efficiently. Among the most widely
adopted acquisition functions are expected improvement (EI) [18], [19] and
Probability of Improvement (POI) [20].

If the selected point is very close to the previously evaluated point, convergence
is assumed and the optimization is finished. If not, the suggested point is
evaluated through a new (expensive) simulation. As long as the computational
budget is not spent, the stochastic surrogate model is then updated, another
point is selected, and so on.

For a more complete treatment of BO, the interested reader is referred to [14],
[19], [21].

B Bayesian Optimization for the possibilistic part of the
hybrid algorithm

In light of the hybrid algorithm detailed in Section B, BO is particularly suited
to replace the grid-search and to optimize the solution of the possibilistic sub-
problems, where the infα and supα of all α-cuts must be identified for each
RV realization. To this end, the widely popular GP regression model [16], [17]
is chosen as the stochastic surrogate model, due to its accuracy and modeling
power. A more detailed explanation of GPs is given in section 1.4. As the co-
variance function (also called kernel), a Matérn (5/2) kernel is used (see (1.13)).
This kernel is adopted due to its capability to model a wide class of functions
(including non-differentiable ones) [16], [17]. The hyper-parameters σ2 and ρ
are optimized using maximum likelihood estimation, as implemented by the
GPyOpt package [22], or the GPFlowOpt package [23].

Regarding the sampling strategy, the acquisition function chosen in this chapter
is EI [18], [19]. For pure minimization problems, EI is defined as follows. The
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current evaluated point with minimum value is called fmin. Improvement at
a point y, denoted I (y), is equal to fmin − f (y) if f (y) is smaller than fmin,
and 0 otherwise. Since a GP is a stochastic surrogate model, its prediction t at
location y, is not deterministic, but is a Gaussian RV, whose mean represents
the estimated value of f (y). Therefore, the expected value of the improvement
can be written as:

E [I (y)] = E [max (fmin − t, 0)] . (5.13)

The expectation in (5.13) and the corresponding gradient can be calculated
analytically, making optimization of EI computationally cheap.

Since for each α-cut of the J FVs (see Fig. 5.2) both minimum and maxi-
mum need to be found, the following modified version of EI is adopted as an
acquisition function here:

EImm (y)=max (E [max (fmin−t, 0)] ,E [max (t−fmax, 0)]). (5.14)

This is the maximum of: EI for minimization; and EI for maximization. Hence,
the point where, according to the model, most potential for a better optimum
of either kind can be found, will be evaluated. Thus, the proposed optimization
strategy finds both optima with a minimal amount of evaluations.

It is important to remark that both the minimum and the maximum of the
cost function must be computed for each α-cut. This is a trivial task for FVs
with a rectangular possibility distribution as shown in Fig. 5.1(a), as then all
α-cuts are the same. Still, a suitable strategy must be defined when dealing
with different possibility distributions, e.g., the one of Fig. 5.1(b). To this
end, considering that α-cuts are nested by definition, a “top-down” approach
is proposed here. Fig. 5.4(a) displays the proposed “top-down” strategy for a
toy example. The analytical function under study is

f (y) = cos
( x

23

)
sin
( x

50

)
. (5.15)

This function depends on one FV y with a triangular distribution π (y). BO is
first carried out for the top α-cut, corresponding to α = 1, with a small portion
of the total computational budget (though in the one-dimensional triangular
case of Fig. 5.4, no BO is needed as the domain consists of only one point).
Then, one by one, the objective function is also optimized over the α-cuts
corresponding to lower possibility values, making use of the samples already
evaluated in the α-cuts above them, while allowing a few additional samples to
be evaluated for each new α-cut. The PD of f (y), denoted π (f), constructed
in this way, is shown in Fig. 5.4(b). Note that, in post-processing, a better
optimum found at lower α can replace an optimum found at higher α, as long
as it falls within the bounds defined by that α-cut.
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Figure 5.4: Illustration of the “top-down” optimization strategy for a one-
dimensional analytical example with 10 α-cuts, and 19 samples in total as a com-
putational budget. In (a), the red diamonds are the maxima found in each α-cut
(or the global maximum on the curve), while the blue diamonds represent the found
minima in each α-cut. The green diamonds on the curve are evaluated samples that
are not optimal. The dashed lines represent each of the ten α-cuts, while the black
lines delimiting them describe the possibility distribution. (b) shows the obtained
possibility distribution, using all evaluated samples. The two halves of this curve
are plotted in blue and red, to show that they are obtained from the minimum and
maximum, respectively, at each α-cut.
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C Hybridization of BO with PCE
BO successfully expedites the solution of the epistemic sub-problems. Nonethe-
less, the slow convergence of the MC sampling, to account for the aleatory
variability of the RVs, renders the hybrid algorithm still slow. Therefore, in
this chapter, PCE expansions [24] are adopted, given their accuracy and effi-
ciency in characterizing stochastic variations [2]–[4], [25]–[28]. Using the PCE,
a suitable model is computed for both the minimum and maximum depending
on the RVs and the α-cut, in the form:

Fmin (α, x) =
K∑
k=0

βmin,k (α)φk (x),

Fmax (α, x) =
K∑
k=0

βmax,k (α)φk (x), (5.16)

where φk (x), for k = 1, . . . ,K, are suitable orthogonal polynomials depending
on the randomly distributed variables collected in the vector x, while βmin,k (α)
and βmax,k (α) are the corresponding PCE coefficients, which depend on the
α-cut [24].

It is important to remark that the PCE basis functions in (5.16) depend only
on the distribution of the RVs x, and can be determined upfront for different
distributions [28]. Thus, only the coefficients βmin,k must be estimated, as
described in the following. First, a number of samples [xi]NPCEi=1 (also called
collocation points) are chosen in the random variables’ space according to the
method described in [26]. At each of these points, BO is performed in order
to find the minima and maxima of the cost function for the different α-cuts.
Next, the desired PCE coefficients can be computed by solving a suitable linear
system [26].

Fmin and Fmax at each of the α-cuts and for a specific instance of the random
variables xj form the α-cuts for z itself, and thus define its possibility distri-
bution πzj . As such, an MC sampling of Nx instances of the random variables,
evaluated using Fmin and Fmax (5.16), is used to construct many such possibil-
ity distributions. These can then be combined using (5.9) and (5.10), to obtain
Plz and Belz (see Fig. 5.2). Since the models in (5.16) are analytical, they can
be evaluated with great efficiency compared to a direct sampling of the cost
function.

5.4 Numerical examples
The proposed methodology is applied to two distinct numerical examples, of
increasing complexity. The first example is an analytical one, constitutes a
typical EMC setup and is used to illustrate and validate the proposed method-
ology. The second case study, instead, represents a relevant SI application
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example where full-wave EM simulations are required to estimate the chosen
cost function.

A Twisted wire pair
In this first example, the proposed methodology is applied to the radiated sus-
ceptibility problem illustrated in Fig. 5.5 and also adopted in [10]. Two lossless
wires are wound into a double helix, h = 5 cm above a perfectly conducting
ground plane. The line length is l = 200 cm. The terminal loads are the same
both at the left and at the right terminations, and are balanced to prevent
mode conversion. A uniform plane wave (1V/m) with polarization angle η,
azimuth angle ψ and elevation angle θ illuminates the twisted wire pair.

In this example, the goal is to estimate the variation of the induced differential
mode (DM) noise current with respect to polarization η and azimuth angle ψ
of the incident field. Since positioning of the irradiating antenna is affected by
random uncertainty, they are considered Gaussian RVs: η ∼ N (90◦, 2◦) and
ψ ∼ N (90◦, 2◦) (where N (µ, σ) is the Gaussian distribution with mean µ and
standard deviation σ).

The elevation angle θ, as suggested in aerospace standards, is usually set to
73◦ [29]. However, the test operator is allowed some flexibility in setting this
angle, and thus a triangular distribution [68◦, 78◦] [10] is chosen to represent
the epistemic uncertainty for this parameter.

The number of twists Nt can be treated as a real number to also indicate a
fraction of an incomplete twist at the end of the structure. It has been shown
that such an incomplete twist produces a similar variability to that of a non-
uniformity in the twists [10], [30]. This justifies approximating the effect of an
unknown non-uniformity by imposing a uniform possibility distribution on Nt,
more specifically in the range [40, 41].

The DM current (which is the z = f (x, y) for this example, with x = [η, φ] and
y = [θ,Nt]) can be analytically computed for any frequency value of interest
by means of the deterministic model described in [31].

In order to compute the PCE models (5.16), the proposed BO is carried out for
K = 10 samples of the random variables (η, ψ) (corresponding to the number
of terms in a third order polynomial with two variables). In particular, 51
α-cuts, ranging from possibility level 1 to 0, are considered for each collocation
point. This number was chosen as a reasonable compromise between accuracy
of the approximate possibility distribution and overall computational cost of
the algorithms. The BO starts at α = 1 with 3 initial points in the range of
Nt ∈ [40, 41] (since the distribution of θ is triangular) to construct a GP model.
A maximum of (in total) 10 samples is allowed for the BO at this α-cut. In each
following α-cut, the bounds of the optimization are widened according to the
possibility distributions of Nt and θ and an additional 1.8 samples are added to
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Figure 5.5: Setup of the twisted wire pair example. RC = 100Ω, RD = RD =
50Ω.

the maximum total budget for BO (at each step the budget is rounded down),
summing to a total maximum of 100 samples over all α-cuts.

Next, a PCE model (with polynomials up to third order) as a function of the
random variables is calculated for both the minimum and maximum of the
DM current, estimated via BO for each α-cut. Finally, a large number of
MC samples are drawn from the RVs distributions, and the PCE models are
evaluated for all of them. The obtained results are then aggregated using (5.9)
and (5.10) in terms of Pl and Bel functions. The uncertainty quantification
results for the frequency of 30.54MHz are displayed in Fig. 5.6.

For comparison, the same example was also solved with the original implemen-
tation of the algorithm [10], that is by making use of MC sampling for the
RVs and grid search (GS) (i.e., sampling on a pre-determined grid formed by
101 × 101 samples) for the possibilistic sub-problems. The corresponding Pl
and Bel functions (aggregated by (5.9) and (5.10)) are also shown in Fig. 5.6.
Clearly, the proposed method offers a comparable accuracy with respect to the
reference one. However, fewer than 1000 samples were simulated for the pro-
posed method, corresponding to fewer than 100 (θ,Nt) samples for each of the
10 (η, ψ) collocation points, while the reference approach required to simulate
10201000 samples, given by 10201 (θ,Nt) samples for each of the 1000 (η, ψ)
MC sample points.

Fig. 5.6 also features two CDFs, obtained by treating Nt and θ as RVs. This
demonstrates that the obtained Pl and Bel functions can serve as lower and
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Figure 5.6: Plausibility and Belief functions of the DM current computed through
PCE (random variables) and BO (epistemic variables) are shown in thick blue and
orange lines. The same functions computed with the approach presented in [10] are
displayed in thick dashed dark blue and brown lines. Examples of CDFs obtained by
treating all variables as probabilistic are shown in thinner lines. With Nt distributed
as a uniform distribution between 40 and 41 and θ following a triangular distribution
from 68 to 78 with mode at 73, the CDF given by the dash-dotted red line is obtained.
If Nt follows a Beta distribution with Beta

(
1
2 ,

1
2

)
between 40 and 41, and if θ follows

a Gaussian distribution N (73, 2), truncated between 68 and 78, the green dotted
CDF is calculated.

upper bounds to any possible CDF of the DM current. This can be interpreted
as follows. At any value z∗ of the DM current, the belief function is a lower
bound to the percentage of instances of the setup that are smaller than z∗.
For example, at least 25% of the setups lead to a DM current of less than
-39.7 dBµA. Similarly, the plausibility function is an upper bound to the per-
centage of instances of the setup that are smaller than z∗, or alternatively,
1 − Pl is a lower bound to the percentage of instances of the setup that are
larger than z∗. For example, maximally 25% of the setups lead to a DM cur-
rent of less than -67.8 dBµA or, differently put, minimally 75% of the setups
lead to a DM current of more than -67.8 dBµA.
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Figure 5.7: The top schematic shows the layout of the bent microstrip lines, demar-
cating the line lengths l1 and l2. The differential signaling ports are also indicated
using braces. The cross-section of the bent microstrip lines is shown in the bottom
schematic, demarcating remaining parameters. The fixed parameters are s = 0.7mm,
t = 35µm, tan δ = 0.003 and the line conductivity is 4.1 · 107Sm−.

B Bent microstrip lines

As a second example, the proposed framework is applied to two bent coupled
microstrip lines making a 90◦ bend (see Fig. 5.7). This layout was introduced
in [32].

For this example, four independent RVs are considered: the lengths of both of
the line segments, l1 ∼ N (50mm, 0.1mm) and l2 ∼ N (50mm, 0.1mm), and
the width of each line, w1 ∼ N (1.8mm, 0.1mm) and w2 ∼ N (1.8mm, 0.1mm).
Since they are only specified by manufacturers within certain tolerances, the
relative permittivity εr and the height h of the substrate are both treated as
FVs with rectangular possibility distributions with supports [3.36, 3.96] and
[1.374mm, 1.674mm], respectively. Given that mode conversion is especially
critical for bent interconnects, we construct an objective function that is a
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Figure 5.8: Plausibility and Belief functions for the cost function C (5.17), obtained
through PCE (random variables) and BO (epistemic variables) are shown in blue and
orange lines. The same functions computed with the approach presented in [10] are
displayed in dashed dark blue and brown lines.

measure of the total DM to common mode (CM) conversion [33], as follows:

C =
[∫ 6 GHz

0 GHz

(
|Scd11 (f)|2 + |Scd21 (f)|2

)
df

]1/2

, (5.17)

where Scd11 and Scd21 are the relevant elements of the modal S-parameters
matrix. In contrast to the previous example, no analytical model for the S-
parameters nor the cost function is available. For a specific sample of the
random and epistemic variables, the cost function is computed by first acquiring
the S-parameters in the frequency range of interest [0-6GHz] by means of full
wave simulations, performed using Advanced Design System (ADS) [34]. Then,
the modal scattering parameters are computed [32], and the integral in (5.17)
is calculated using standard numerical techniques [33].

PCE models withK = 35 (with polynomials up to third order) of the minimum
and maximum of the cost function were constructed from the optima found by
BO in the collocation points. In particular, since the FVs follow a rectangular
possibility distribution, BO only needs to be carried out once for each of the
collocation points. A maximum of 50 samples in the space of the epistemic
variables was allowed.
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Table 5.1: Computational cost of the Uncertainty Quantification.

PCE + BO MC + grid search
Total number of simulations 696 100 000
Total computational time 17 h, 57min 112 d, 16 h, 3min

Evaluating these PCE models in 1000 Monte Carlo sampled points leads to an
aggregated distribution for the cost function C, as indicated in Fig. 5.8. As an
example, at least 21% of the samples has a total DM-to-CM conversion of less
than 0.68, but no more than 69%.

For comparison, a GS with 10× 10 points for the epistemic variables was also
carried out in each of these 1000 Monte Carlo points, and the corresponding ag-
gregated results are also shown in Fig. 5.8. The Pl and Bel functions obtained
with both methods are in excellent agreement, while the proposed BO-based
approach, as displayed in Table 5.1, is much more efficient. Both methodologies
were implemented on a server node with a Quad-Core AMD Opteron Processor
(2GHz) and 31.4GiB DDR2 RAM.

5.5 Conclusions
A hybrid novel machine-learning based approach for the UQ of the EMC and
SI behavior of electronic problems prone to both probabilistic and epistemic
variability is presented in this chapter. The method leverages evidence theory
to derive a general framework including both probabilistic and possibilistic
definitions of uncertainty. Bayesian optimization based on Gaussian process
regression and a modified version of the Expected Improvement acquisition
function are used to solve uncertainty propagation problems with accuracy
and efficiency. Two relevant application examples, a twisted wire pair and a
bent differential microstrip, have been used to validate the proposed approach,
demonstrating its usefulness in providing bounds for the probability of events.
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6
Conclusion

6.1 General Conclusions
In this dissertation, several stochastic modeling techniques in the context of
electronic design have been introduced.
In chapters 2 and 3, two generative models were proposed. Such models do
not rely on knowledge of the varying parameters or their distributions for fit-
ting, but rather assume availability of a small but representative set of device
responses as a training set. In chapter 2, this was achieved by first reducing
the training set responses to a compact rational macromodel using the vector
fitting (VF) algorithm. Then, the dimensionality was reduced by means of
a Principal Component Analysis (PCA), and generative modeling of this re-
duces set of variables is handled with Kernel Density Estimation (KDE). In
chapter 3, an improvement on this model was made by replacing the linear
dimensionality reduction of PCA with the state-of-the-art Gaussian process
latent variable model (GP-LVM) model. As the latter produces an estimate of
latent variables in independent Gaussian form, it obviates the need for KDE as
well. Physical constraints not ensured by the VF modeling, like passivity, can
in both cases be enforced by rejection sampling. Both models were validated
by application to a number of realistic examples.
Chapter 4 dealt with the problem of stochastic rational modeling as a function
of frequency, assuming Gaussian noise on device responses. Here, a Bayesian
version of the VF algorithm, dubbed linear Bayesian vector fitting (LB-VF),
was introduced, by replacing the solution of linear systems by the Bayesian
linear regression equivalent, and propagating uncertainty by sampling, all con-
ditioned on the starting poles. This model provides quantitative information
regarding the model uncertainty of the VF fit. LB-VF is useful in various
problem settings, some of which were explored in chapter 4. One of them
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was uncertainty quantification (UQ) in the presence of noisy observations, or
when data in part of the frequency spectrum is missing. Another important
application of LB-VF is adaptive frequency sampling (AFS), i.e. the sequential
sampling of a device responses at particular frequencies, in order to construct
an accurate rational macromodel as efficiently as possible (i.e. with as few
simulations as possible). For each of these examples, the aptness of LB-VF is
shown.

Finally, in chapter 5, the problem of UQ of the electromagnetic compatibil-
ity (EMC) and signal integrity (SI) behavior of electronic devices when for
some varying parameters, only fuzzy (possibilistic) information is known, was
approached. To tackle this problem, a hybrid model was put forward. In this
model, the sub-problem of characterization of the device behavior as a func-
tion of the possibilistic variables was solved using global Bayesian optimization
based on Gaussian process regression with a modified version of the Expected
Improvement acquisition function. In this way, an accurate solution was ob-
tained as efficiently as possible, as demonstrated with two relevant application
examples, being a twisted wire pair and a bent differential microstrip pair.

6.2 Future Work
As perfection may never be achieved, but should not cease to be an objective,
a few suggestions on how to improve or expand on the presented models are
mentioned here.

A Generative modeling of transfer functions
The models detailed in chapters 2 and 3 deal with a small set of training
data, specified over the entire frequency range. Because of the sparse but high
dimensional data, a Bayesian kernel method such as a GP-LVM is particularly
suited to deal with this type of problems. A possible improvement would
be to eliminate the dependency on VF by including frequency as a known
variable in the GP-LVM, with a rational kernel. This would obviate the need
for training data to be known at all frequencies. Another improvement would
be to somehow incorporate physical constraints (most notably, passivity) into
the generative model. This is possible for linear constraints by modifying the
Gaussian process (GP) kernel, but nonlinear constraints such as passivity would
require a more inventive approach.

B Bayesian rational modeling
The LB-VF model in chapter 4 has two shortcomings. On the one hand, it is
conditioned on the starting poles, and on the other hand, it relies on sampling
to propagate uncertainty through the eigenvalue problem at the core of the
Sanathanan-Koerner (SK) pole relocation, making its computational cost scale
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by a third power of the number of poles. The former could be prevented by
setting a suitable prior distribution for the starting poles and integrating them
out. In the LB-VF framework however, this would require even more sampling.
A more efficient approach would therefore be to circumvent the SK iteration by
directly modeling the posterior pole distribution using a Markov chain Monte
Carlo or Gibbs sampler. The problem of choosing the number of starting poles,
the number of complex conjugate pairs versus real poles, and choosing their
prior distribution would still remain, however. The first two of these could
perhaps be assessed based on a marginal likelihood obtained from the samples.

C Hybrid random-fuzzy Uncertainty Quantification
In chapter 5, one of several possible approaches to an efficient propagation
of hybrid random-fuzzy uncertainty is proposed. One shortcoming of this ap-
proach evolves from the polynomial chaos expansion (PCE) used to account
for the random variables, which makes it scale poorly when many random vari-
ables become involved. One way to solve this would be to extend the GP
regression used for the fuzzy variables to the random variables as well. This
would require an adaptation to the acquisition function, which must then in
effect optimize (both minimize and maximize) in some of its dimensions, and
reduce uncertainty in others. A key benefit of this alternative approach is that
non-stochastic variables such as frequency could also be incorporated, with an
appropriate additional kernel dimension.
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