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Nederlandstalige samenvatting

Door de jaren heen is de capaciteit van het internet enorm toegenomen, gedreven
door nieuwe applicaties en mogelijk gemaakt door aanzienlijke technologische
vooruitgang. In 1984 bedroeg het totale wereldwijde internetverkeer 15 GB per
maand. Tegen 2014 genereerde de gemiddelde internetgebruiker 15 GB verkeer
per maand, wat overeenkomt met het verkeer dat 30 jaar eerder het gehele we-
reldwijde internet doorkruiste. Bovendien zal deze explosieve groei zich naar alle
verwachtingingen doorzetten dankzij hogede�nitietelevisie, video op aanvraag
en cloud computing; het wereldwijde internetverkeer zal de komende vier jaar
bijna verdrievoudigen en in 2021 een maandelijkse totale tra�ek van 236 miljard GB
bereiken.

Tegenwoordig kan het internet worden onderverdeeld in drie hiërarchische
niveaus: de zogenaamde kern-, metro- en toegangslaag. De kernlaag is verant-
woordelijk voor het onderling verbinden van continenten en landen, met een
bereik van honderden tot duizenden kilometers. Netwerken binnen de metro-laag
maken gebruik van een ringstructuur die meerdere knooppunten verbindt over
tientallen tot honderden kilometers. De toegangslaag is het laagste niveau en
verzorgt de connectiviteit met de eindgebruiker over afstanden van een paar tot
tientallen kilometers. Vandaag gebruiken toegangsnetwerken de oude koper- of
coaxnetwerken, of gebruiken ze een passief optisch netwerk (PON), hetgeen de
meest energiezuinige optie inhoudt en de hoogste gegevenssnelheden biedt. Toch
verbruikt de toegangslaag ongeveer 70% van de energie die door de internetinfra-
structuur wordt gebruikt. Dit is vooral voor netwerkoperatoren een aanzienlijke
zorg, omdat hun netwerken worden uitgebreid om steeds meer verkeer naar een
toenemend aantal klanten te brengen.

Datacentra bestaan uit clusters van duizenden onderling geconnecteerde ser-
vers en worden verbonden via een eigen gatewayrouter met het metro- of kernnet-
werk. Hoewel het datadebiet in toekomstige datacenternetwerken aanzienlijk moet
worden verhoogd om het toegenomen netwerkverkeer te ondersteunen, moet het
totale energieverbruik binnen de serverrekken vrijwel constant blijven vanwege
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thermische beperkingen. Er wordt verwacht dat in 2020 de vraag van datacentra
naar elektriciteit 1 miljoen GWh zal overschrijden, wat aanleiding geeft tot 18%
van de totale uitstoot van broeikasgassen door ICT. Optische netwerken binnenin
het datacenter werden recentelijk voorgesteld als een veelbelovende oplossing die
een hoger datadebiet kan bieden terwijl ze minder stroom verbruiken. Samen met
PONs vormen ze de context van het gepresenteerde onderzoek.

In dergelijke optische netwerken zet de zender een digitale bitstroom om in
een optisch signaal door de intensiteit van het door een laserdiode uitgezonden
licht te moduleren. Aan de ontvangerzijde zet een fotodiode het invallende optisch
vermogen om in een elektrische stroom, die vervolgens wordt omgezet door de tran-
simpedantieversterker (transimpedance ampli�er, TIA) naar een uitgangsspanning
die geschikt is voor het betrouwbaar detecteren van de oorspronkelijke bitstroom.
De TIA is van cruciaal belang voor de prestaties van de volledige link: een gevoelige
TIA maakt het mogelijk om zwakke ingangssignalen te onderscheiden, zodat het
zendvermogen kan worden verminderd of er meer verzwakking tussen zender en
ontvanger kan worden getolereerd. Bovendien is zijn bandbreedte van invloed op
de ondersteunde datasnelheid en bepaalt het stroomverbruik zijn toepasbaarheid
in de bovenstaande netwerktypen.

Tot nu toe wordt in de meeste praktische datacentertoepassingen aan-uitmodu-
latie (on-o� keying, OOK) gebruikt. De toename van de bitsnelheid wordt echter
beperkt door de bandbreedte van de optische componenten, alsook door het stroom-
verbruik en componentkosten. Modulatieformaten met meerdere niveaus bieden
een betrouwbare oplossing voor deze uitdagingen. Om die reden werd viervoudige
puls-amplitudemodulatie (PAM-4) opgenomen in de recent ge�naliseerde IEEE
802.3bs Ethernet-standaard voor toepassingen met een kort bereik. Het gebruik van
modulatieformaten met meerdere niveaus gaat echter ten koste van een verhoogde
complexiteit, en houdt verschillende nieuwe uitdagingen in voor het ontwerp van
de ontvanger, in het bijzonder voor de TIA. In vergelijking met OOK is PAM-4
gevoeliger voor ruis, intersymboolinterferentie (ISI) en niet-lineariteiten van de
ontvanger.

De huidige PON-standaarden hebben betrekking op seriële bitsnelheden van
maximaal 10 Gb/s en gebruiken OOK. De belangrijkste uitdagingen die moeten
worden overwonnen, bij het verder verhogen van de seriële gegevenssnelheid, zijn
een verminderde tolerantie voor chromatische dispersie (CD) van de glasvezel en
verhoogde bandbreedtevereisten voor de optische en elektrische componenten,
hetgeen resulteert in een verminderd optisch vermogenbudget, korter vezelbereik
en hogere totale systeemkosten. Een veelbelovende methode om deze uitdagingen
aan te pakken, is het gebruik van duobinaire modulatie in het elektrisch domein.
Bij dit modulatieformaat wordt het laagdoorlaat�lter gevormd door zender, kanaal
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en ontvanger benut om het OOK-gemoduleerde signaal aan de zender om te zetten
naar een signaal met drie niveaus aan de uitgang van de ontvanger. Op die manier
vormt duobinaire modulatie een aantrekkelijke oplossing, omdat dit formaat het
gebruik van lawine-e�ect-fotodiodes (avalanche photodetectors, APDs) met lage
bandbreedte toelaat.

Het onderzoek beschreven in dit werk is uitgevoerd in het kader van drie Euro-
pese projecten. Phoxtrot en Mirage mikken op datacentertoepassingen, waarbij
respectievelijk OOK en PAM-4 worden gebruikt. Discus stelde daarentegen een
verbeterde topologie van het toegangsnetwerk voor met behulp van duobinaire
modulatie.

In het bijzonder presenteert dit werk de ontwikkeling en veri�catie van drie
TIAs voor de bovengenoemde toepassingen. Elke TIA is geïmplementeerd in een
0.13 µm SiGe BiCMOS-proces. Hoofdstuk 2 presenteert de TIA ontworpen voor
OOK-gemoduleerde signalen aan 40 Gb/s. Het optimaliseren van de ingangstrap
met betrekking tot ruis wordt toegelicht. De experimentele resultaten omvat-
ten de bitfoutprobabiliteit (bit-error rate, BER), opgemeten voor verschillende in-
gangsamplitudes, en oogdiagrammen voor ingangssignalen aan 25 Gb/s en 40 Gb/s.
Hoofdstuk 3 stelt een kostene�ectieve stroomafwaartse PON-link voor die, gebruik
makend van duobinaire modulatie, een gegevenssnelheid van 40 Gb/s bereikt. De
ontvanger bestaat uit een APD en een TIA met digitaal instelbare versterking
en bandbreedte, gevolgd door een circuit dat de ontvangen duobinaire signalen
decodeert. De hoofdcomponenten van zowel de zender als de ontvanger worden
besproken, waarna experimenteel verkregen BER-curven en oogdiagrammen wor-
den gepresenteerd. Hoofdstuk 4 bespreekt het ontwerp en de veri�catie van een
TIA voor optische verbindingen die PAM-4-gemoduleerde signalen tot 64 Gb/s
ondersteunen. Het hoofdstuk bevat een diepgaande discussie over de verschillende
uitdagingen met betrekking tot de ontvangst van PAM-4. Vervolgens wordt het cir-
cuit van de nieuwe ingangstrap uitgebreid bestudeerd. De experimentele resultaten
worden voorgesteld onder de vorm van BER-curven en oogdiagrammen, verkregen
na het o�ine verwerken van de golfvormen opgenomen aan de uitgang van de TIA.
Ten slotte geeft Hoofdstuk 5 de conclusies van dit werk, een overzicht van de stand
van de techniek, en suggereert enkele onderwerpen voor verder onderzoek. Twee
bijlagen zijn inbegrepen. Appendix A bespreekt de o�ine-ontvangerarchitectuur,
gebruikt voor het verwerken van de BER-metingen van Hoofdstuk 4. Appendix B
werkt het algemeen netwerk theorema (General Network Theorem, GNT) uit, en
levert de theoretische achtergrond die nodig is voor een deel van de circuitanalyse
in Hoofdstuk 4.





English summary

Over the years, the capacity of the internet has increased dramatically, driven by
new applications, and made possible by considerable technological progress. In
1984, the total global internet tra�c amounted to 15 GB per month. By 2014, the
average internet user generated 15 GB of tra�c per month, equaling the tra�c
that crossed the entire global internet 30 years earlier. Moreover, this explosive
growth is expected to continue by virtue of high de�nition TV, video on demand,
and cloud computing; global internet tra�c will increase nearly threefold over the
next four years, reaching a monthly run rate of 236 billion GB by 2021.

Nowadays, the internet can be divided into three hierarchical tiers: the core
tier, metro tier, and access tier. The core tier is responsible for interconnecting
continents and countries, spanning distances ranging from hundreds to thousands
of kilometers. Networks within the metro tier employ a ring topology, connecting
several nodes over tens to hundreds of kilometers. The access tier is the lowest
level and provides connectivity to the end-user over distances of a few to tens
of kilometers. Today, access networks either reuse the legacy copper or coaxial
networks, or use passive optical network (PON) technologies, among which the
PON is the most energy e�cient and provides the highest data rates. Still, about 70%
of the energy used by the internet infrastructure today is consumed in the access
tier. For network operators in particular, it is a substantial concern as networks
expand to deliver increasing tra�c levels to increasing numbers of customers.

Data centers consist of clusters with thousands of servers networked together,
which connect to the metro or core network through their own gateway router.
While the throughput in future data center networks must be improved signi�cantly
to sustain the increased network tra�c, the total power consumption inside the
server racks must remain nearly constant due to thermal constraints. Data center
electricity demand is estimated to exceed 1 million GWh by 2020, accounting for
18% of the total ICT greenhouse gases emission. Optical intra-data-center links
have recently emerged as a promising solution that can provide higher throughput
while consuming less power. Along with PONs, they constitute the context of the
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presented research.
For such optical networks, the transmitter transforms a digital bit stream to an

optical signal by means of a driver modulating the intensity of the light emitted by
a laser diode. At the receiver side, a photo diode converts the incident optical power
to an electrical current, which is subsequently converted by the transimpedance
ampli�er (TIA) to an output voltage, suitable for reliable detection of the original
bit stream. The TIA is crucial to the performance of the complete link: a sensitive
TIA allows distinguishing weak input signals, such that the transmitter power
consumption can be reduced or the attenuation budget between transmitter and
receiver increased. Moreover, its bandwidth a�ects the supported data rate, and its
power consumption determines its applicability in the above network types.

So far, most practical data center applications employ on-o� keying (OOK).
However, with increased bit rates, the bandwidth o�ered by the optical components
becomes an issue, along with power consumption and component cost. Multi-
level modulation formats o�er a reliable solution to these challenges. In fact,
the recently �nalized IEEE 802.3bs Ethernet standard has adopted the four-level
pulse-amplitude modulation (PAM-4) format for short-reach applications using
single-mode �ber (SMF). The use of multilevel modulation formats comes at the
cost of additional complexity, however, and presents several new challenges to
the design of the receiver, in particular to the TIA. More speci�cally, compared
to OOK, PAM-4 is more susceptible to noise, inter-symbol interference (ISI), and
receiver nonlinearities.

Current PON standards describe serial rates of up to 10 Gb/s and employ OOK.
The main challenges to overcome, when further increasing the serial data rate, are
decreased tolerance to chromatic dispersion (CD) of the optical �ber and increased
bandwidth requirements on the optical and electrical components, resulting in
a reduced optical power budget, shorter �ber reach and higher overall system
cost. One promising method of addressing these challenges involves the use of the
electrical duobinary (EDB) modulation format, in which non-return-to-zero (NRZ)
OOK is electrically low-pass �ltered by the transmitter and/or receiver, yielding a
3-level signal at the receiver output. EDB is an attractive solution since it allows
the use of low-bandwidth avalanche photodetectors (APDs).

The research described in this work has been performed in the context of three
European projects. Phoxtrot and Mirage target data center applications, employing
OOK and PAM-4, respectively. Discus, on the other hand, proposed an improved
access network topology employing EDB signaling.

Speci�cally, this work presents the development and veri�cation of three TIAs
for the above applications. Each TIA was implemented in a 0.13 µm SiGe BiCMOS
process. Chapter 2, presents the TIA designed for 40 Gb/s NRZ OOK signaling.
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The design of the TIA is brie�y discussed, with a prime focus on the input stage
circuit, speci�cally on the optimization of the sizing and biasing with respect to
noise. Experimental results include bit-error rate (BER) curves and eye diagrams
for 25 Gb/s and 40 Gb/s input signals. Chapter 3 proposes a cost-e�ective 40 Gb/s
PON downstream link using EDB modulation. The receiver consists of an APD
packaged with a TIA with digitally adjustable gain and bandwidth, followed by a
duobinary decoder. The principal components of both the transmitter and receiver
are reviewed, after which experimentally obtained BER curves and eye diagrams
are presented. Chapter 4 discusses the design and veri�cation of a TIA for 64 Gb/s
PAM-4 optical links. It contains an comprehensive discussion on the various
challenges related to PAM-4 reception. Next, the circuit of the novel TIA input
stage is thoroughly analyzed. The experimental results are presented as BER curves
and eye diagrams, obtained after postprocessing the captured TIA output waveform.
Finally, Chapter 5 provides conclusive remarks, an overview of the state of the
art, and suggests some topics for further research. Two appendices are included.
Appendix A discusses the o�ine receiver architecture, employed for processing
the PAM-4 BER measurements from Chapter 4. Appendix B elaborates the General
Network Theorem (GNT), providing the theoretical background required for some
of the circuit analysis in Chapter 4.





Chapter 1

Introduction

This introductory chapter provides the context of the research described in this
work. Section 1.1 discusses the hierarchical architecture of the global internet and
its stunning growth over the years. Within the internet, access networks provide
connectivity to the end-user, while data center networks interconnect a thousands
of servers. Due to the rapidly increasing bandwidth demands, these networks are
transitioning from traditional copper interconnects to the use of optical �ber.

Next, Section 1.2 highlights the basic concepts of such optical links, with a
prime focus on the �rst stage of the receiver, the transimpedance ampli�er (TIA).
Section 1.3 provides an overview of the work. Finally, the outline of this dissertation
is given in Section 1.4.

1.1 Background

Over the years, the capacity of the internet has increased dramatically, driven by
new applications, and made possible by great technological progress. In 1984, total
global internet tra�c was 15 GB per month [1]. By 2014, the average internet user
generated 15 GB of tra�c per month, equaling the tra�c that crossed the entire
global internet 30 years earlier [1]. Moreover, this explosive growth is expected to
continue; global internet tra�c will increase nearly threefold over the next four
years, reaching a monthly run rate of 236 billion GB by 2021, as shown in Fig. 1.1.
This exponential growth is fueled by applications such as high de�nition TV, video
on demand, and cloud computing [2]. Cisco estimates video tra�c will account for
68 percent of internet tra�c by 2021 [3], as illustrated in Fig. 1.1.

As the popularity of the internet grew, so did its bandwidth and span. Soon
enough, the physical limitations of telephone lines, coaxial cables, and microwave
signaling were reached, as signaling speeds and distances are bound by the medium-

1
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Figure 1.1: Historical and projected global internet tra�c, sourced from [1, 3].

dependent bit rate-distance product BL, as shown in Fig. 1.2. Signi�cant advances
in the �eld of �ber-optics in the 1980s pushed the performance envelope, and with
the advent of optical ampli�ers, the bit rate-distance product of optical �bers was
increased even further [4]. These breakthroughs drove the continued bandwidth
and user increase of the internet in the 1990s, while intercontinental satellite
links were largely abandoned in favor of submarine optical �bers. Moreover, as
bandwidth demand continued to grow, terrestrial copper-based links in the core
network were upgraded to optical �ber.

Today’s internet architecture is illustrated in Fig. 1.3. The core tier, which
typically uses a mesh topology, is responsible for interconnecting continents and
countries, spanning distances ranging from hundreds to thousands of kilometers.
Networks within the metro tier employ a ring topology connecting several nodes
over tens to hundreds of kilometers. The access tier is the lowest level and provides
connectivity to the end-user over distances of a few to tens of kilometers [5]. Data
centers, which consist of clusters with thousands of servers networked together [6],
connect to the metro or core network through their own gateway router.
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Figure 1.2: Increase in bit rate-distance product BL during the period 1850–2000.
The emergence of a new technology is marked by a solid circle [4].

Energy consumption is becoming an increasingly important issue throughout
the community. For network operators in particular it is a concern as networks
expand to deliver increasing tra�c levels to increasing numbers of customers.
About 70% of the energy used by the internet infrastructure today is consumed in
the access tier [7]. Today, access networks either reuse the legacy copper or coaxial
networks or use passive optical network (PON) technologies, among which the
PON is the most energy e�cient and provides the highest data rates [7, 8]. This
network technology is discussed in further detail in Section 1.1.2.

Likewise, as the rise of cloud computing and other emerging web applications
has created the need for more powerful warehouse-scale data centers [6], they too
have a signi�cant power consumption. Demand for electricity from data centers
is estimated to exceed 1 million GWh by 2020, accounting for 18% of the total ICT
greenhouse gases emission [9]. The power consumption of the servers, storage,
and the network devices amounts to around 40%, 37%, and 23% of the total IT
power in the data centers [10]. As such, along with access networks, data center
networks, which are discussed in further detail in Section 1.1.1, should be designed
with a prime focus on reduced energy consumption. Both network types constitute
the context of the presented research.
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Figure 1.3: Architecture of the internet as it is today.

1.1.1 Data Centers

Figure 1.4 shows a typical data center cluster, with servers arranged into racks of
up to 40 machines each. Server connectivity is provided by point-to-point links;
servers within the same rack are connected through a top-of-rack switch, which
are further interconnected through aggregate switches and core switches [10].

Cisco predicts that, compared to its 2016 results, global data center tra�c will
triple by 2021 [11]. A signi�cant portion of this tra�c consists of intra-data-center
tra�c, as illustrated by Fig. 1.5. However, while the throughput in future data
center networks must be improved signi�cantly to sustain the increased network
tra�c, the total power consumption inside the racks must remain nearly constant
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Figure 1.4: Typical intra-data-center network architecture [6].
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Figure 1.5: Projected global data center tra�c growth, sourced from [11].
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due to thermal constraints [10]. Optical intra-data-center interconnection networks
have recently emerged as a promising solution that can provide higher throughput
while consuming less power [6]. The sheer market size for such links renders cost
as an additional concern. As such, direct detection is much preferred over coherent
detection, and digital signal processing (DSP) must be stripped down to a minimum.
These constraints, combined with the requirements of small form factor and low
latency, impose unprecedented challenges in physical layer devices and necessitate
innovative signaling and detection strategies [12]. So far, in most practical data
center applications, on-o� keying (OOK) is used. However, with increased bit rates
and recent high-speed vertical-cavity surface-emitting laser (VCSEL) developments,
it turns out that the transmission distance in multi-mode �ber (MMF) is limited by
modal dispersion [13]. Alternatively, when single-mode �ber (SMF) is used, the
bandwidth o�ered by corresponding VCSELs becomes an issue [14]. Multilevel
modulation formats o�er a reliable solution to these challenges [15]. However, their
use comes at the cost of additional complexity. Higher complexity of electronics
implies increased power consumption and heat generation, which in densely
packed data centers increases the cooling di�culties [13]. Among all multilevel
modulation formats, M-level pulse-amplitude modulation (PAM-M) has probably
the lowest implementation complexity [13]. In fact, the recently �nalized IEEE
802.3bs Ethernet standard adopted the four-level pulse-amplitude modulation
(PAM-4) format for short-reach applications using SMF [15].

The author was involved in two European projects, Phoxtrot and Mirage, which
aimed to overcome the above challenges with regards to data center links.

Phoxtrot The project Phoxtrot (Photonics for High-Performance, Low-Cost and
Low-Energy Data Centers and High Performance Computing Systems: Terabit/s
Optical Interconnect Technologies for On-Board, Board-to-Board and Rack-to-Rack
data links) was a large-scale research e�ort focusing on high-performance, low-
energy and cost and small-size optical interconnects across the di�erent hierarchy
levels in data center and high-performance computing systems: on-board, board-
to-board and rack-to-rack.

In this context, the author was involved in the realization of a multichannel
high-sensitivity TIA for OOK. In particular, the author was responsible for the
high-speed data path, targeting a 40 Gb/s OOK serial line rate.

Mirage The project Mirage (Multi-coRe, multilevel, WDM-enAbled embedded
optical enGine for Terabit board-to-board and rack-to-rack parallel optics) aims
to raise the bar of optical interconnect technology currently used in data centers.
The goal of the project is to increase the optical interconnect speed to terabit per
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second numbers. The project introduces several techniques to increase data center
scalability and introduce new degrees of parallelism into the optical interconnects
of active optical cables (AOCs): data transmission in multicore single-mode �ber
and development of the required chip-to-�ber interfaces, introduction of multilevel
modulation schemes (PAM-4), introduction of wavelength multiplexing in AOCs.

In this context, the author was involved in the realization of a multichannel
high-dynamic range linear TIA for multilevel modulation formats. In particular,
the author was responsible for the linear high-speed data path, targeting a 64 Gb/s
PAM-4 serial line rate.

1.1.2 Access Networks

Access networks either use existing legacy copper networks or PON technologies,
where an increasing portion is expected to use the latter, which are particularly
energy e�cient [8]. Figure 1.6 shows the architecture of a PON, which constitutes
a passive point-to-multipoint network. The central o�ce (CO), which is connected

Figure 1.6: Passive optical network architecture [5]

to a metro network node, runs a feeder �ber to a passive optical power splitter.
From there, multiple �bers branch out to the optical network units (ONUs) [16].
A multiplexing/multiple access scheme is required, since the optical medium is
shared between the CO and all ONUs. Downstream tra�c, i.e., from the CO
to the subscriber is regulated by time division multiplexing (TDM) wherein a
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continuous data stream reaches all ONUs, each selecting only the information
in their respective time slot. To avoid collisions in the upstream direction, the
ONUs transmit data in short non-overlapping bursts, a method referred to as time
division multiple access.

If the ONUs are installed in the homes of subscribers, this system is referred to
as �ber to the home (FTTH). However, the enormous cost associated with a FTTH
deployment, which requires installing �ber to every end-user, has forced service
providers to adopt an intermediate solution: �ber to the curb (FTTC). FTTC is
a hybrid �ber access solution which consists of routing �ber to a cabinet in the
street; while the connections between the cabinet and the end-users still run over
the copper networks [5]. The PON optical component market is forecast to exceed
$2.3 billion in 2021 [17].

Current PON standards [18–20] describe serial rates of up to 10 Gb/s and
employ OOK. The main challenges to overcome, when further increasing the serial
data rate, are decreased tolerance to chromatic dispersion (CD) and increased
bandwidth requirements on the optical and electrical components, resulting in a
reduced optical power budget, �ber reach and higher overall system cost [21]. One
promising method of addressing these challenges involves the use of the electrical
duobinary (EDB) modulation format, in which non-return-to-zero (NRZ) OOK is
electrically low-pass �ltered by the transmitter and/or receiver yielding a 3-level
signal at the receiver output. EDB is an attractive solution since it allows the use
of low-bandwidth avalanche photodetectors (APDs) [22].

The author was involved in a European project, Discus, which centered around
PONs.

Discus The project Discus (DIStributed Core for unlimited bandwidth supply
for all Users and Services) proposes long-reach passive optical networks access
network topology to produce a simpli�ed and evolvable architecture which will
be the foundation for communications for the long term future. The architecture
promises high energy e�ciency, simple operation, and universal availability of
bandwidth and features regardless of geographic location.

In this context, the author was involved in the realization of a linear TIA for
use with the EDB modulation format. In particular, the author was responsible for
the linear high-speed data path, targeting a 40 Gb/s EDB serial line rate.

1.2 Optical receiver concepts

Figure 1.7 shows the block diagram of a simple optical link. The transmitter
accepts a serial data stream and clock signal, both originating from digital logic,
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Figure 1.7: Block diagram of a basic optical link.

and converts the former to an analog optical signal. The electronic driver circuit
modulates the current Ild of a laser diode. As a result, the intensity of the light,
emitted by the laser diode, is modulated. Several modulation formats of interest to
the considered application are explored in Section 1.2.3.

The modulated light enters the optical �ber, which can be either SMF or MMF.
The former features low attenuation (0.4 dB/km and 0.25 dB/km for wavelengths
around 1310 nm and 1550 nm, respectively) and, as such, is applicable for short to
long-reach communication. MMF, on the other hand, has a much higher attenuation
and additionally causes signi�cant pulse spreading due to modal dispersion; it is
only suitable for short-reach communication. Remark that �ber connectors and
passive splitters cause additional attenuation from transmitter to receiver.

Eventually the modulated light reaches the receiver side, where it strikes a
photodiode. The latter converts the incident optical power to an electrical current
Ipd which enters the TIA. This electronic circuit converts the photocurrent to a
voltageV , suitable for the clock and data recovery. Finally, this last circuit extracts
both the original data stream and clock signal from the voltage V .

To achieve sensible communication, the transmitter data stream must be accu-
rately reproduced at the receiver. There are, however, several mechanisms which
cause errors in the reproduced data stream. The TIA generates noise, for one,
which can drown out the received signal, especially if the latter is signi�cantly
attenuated. Moreover, bandwidth limitations of the transmitter, �ber, and receiver
cause inter-symbol interference (ISI), further impeding accurate reception. These
mechanisms are discussed in Section 1.2.4.

1.2.1 Photodiode

The �rst element in an optical receiver is the photodiode, which converts incident
optical power P to an electrical current Ipd. Some of its characteristics have a
signi�cant impact on the receiver performance; they are concisely reviewed next.

Two types of photodiodes are commonly used: the PIN diode and the APD.



10 Chapter 1. Introduction

The simplest of the two, the PIN diode, consists of three layers of semiconductor
material: an intrinsic (undoped or lightly doped) layer is placed between a p-n
junction. The junction is typically reverse biased, creating a strong electric �eld
in the intrinsic layer. Photons incident on this layer create electron-hole pairs,
which become separated by the electric �eld, resulting in the so-called photocurrent
denoted Ipd:

Ipd = R P (1.1)

with R the so-called photodiode responsivity. A typical responsivity for PIN diodes
ranges between 0.2 A/W and 0.9 A/W [23]. The response of a photodiode to the
incident optical power P is not immediate: the carriers take some time traversing
the depletion region, a�ecting the response time [24]. Electrical parasitics further
reduce the bandwidth. Figure 1.8 shows a simpli�ed small-signal equivalent circuit
of a bare photodiode, containing the parasitic junction capacitance CPD and lead
resistance RPD [16].

cathode

CPD

RPD
anode

ipd

Figure 1.8: Simpli�ed small-signal equivalent circuit of a bare photodiode.

APDs extend the PIN structure by adding an additional multiplication region.
This layer provides gain through a process called avalanche multiplication, yield-
ing an increased responsivity R when a su�ciently high reverse bias is applied.
However, increasing the reverse bias not only boosts responsivity but also reduces
bandwidth [16].

1.2.2 Transimpedance ampli�er

Figure 1.9 shows a typical TIA architecture. The TIA input stage is connected to
the photodiode anode, from which it senses the photocurrent Ipd. The photodiode
cathode is connected to a bias voltage, ensuring the proper reverse bias across the
diode. The input stage converts the photocurrent to a voltage, which is subsequently
ampli�ed by the main ampli�er. The latter often consists of multiple voltage
ampli�er stages. Finally, the output stage drives the load impedance ZL, resulting
in output voltage Vo, which can be di�erential or single-ended.
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Figure 1.9: Typical TIA architecture.
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Figure 1.10: Modulation formats (a) OOK, (b) PAM-4, and (c) duobinary.

1.2.3 Modulation formats

The employed modulation format dictates the conversion from binary data to
analog signals and back. The lightwave traveling the optical �ber has three phys-
ical attributes that can be used to carry information: intensity, phase (including
frequency), and polarization [25]. However, coherent detection, required to access
phase information, as well as polarization management are not suitable for use in
data center and access networks due to their complexity and cost: these networks
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rely solely on intensity modulation.
The most commonly used modulation format in optical communication is OOK;

the laser is on to transmit a one bit and o� to transmit a zero bit [16], as shown
in Fig. 1.10a. This method is generalized by PAM-M , where the laser diode emits
either of M intensity levels, each corresponding to log2M bits. As such, OOK is
equivalent to two-level PAM. Compared to OOK, PAM-4 doubles the data rate for
a similar bandwidth, while maintaining a reasonable operational complexity. This
modulation format is illustrated in Fig. 1.10b.

Duobinary [26] operates at the full bit rate and introduces controllable ISI to
reduce the signal bandwidth by a factor of two [27]. To shape duobinary pulses
one can leverage the natural frequency roll-o� of the transmitter and receiver [28],
although commercial products would probably include an equalizer to optimize
link performance and provide tolerance to frequency response variations of the
optical components [2]. At the receiver side, a simple three-level slicer architecture
can be used to demodulate a duobinary signal [28]. This modulation format is
illustrated in Fig. 1.10c.

In the context of optical links, one can further distinguish two types of duobi-
nary modulation, namely EDB and optical duobinary (ODB). Whereas the former
implements the required pulse shaping in the electrical domain, and, as such,
does not involve anything speci�c to optical transmission, the latter exploits the
electrical-optical-electrical conversion [29].

1.2.4 Error mechanisms

v0 vth v1

p(v |0)/2 p(v |1)/2

BER

b̂ = 0 b̂ = 1

v

Figure 1.11: Illustration of OOK reception impaired by Gaussian noise.
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As mentioned before, the TIA generates noise which causes errors. The analysis
is most straightforward when the TIA is assumed linear such that at its output
noise is simply superimposed on the useful signal. Disregarding the TIA dynamics,
Fig. 1.11 illustrates the relevant probability density functions (PDFs) for OOK
reception subject to noise with a Gaussian noise distribution. In the absence of
noise, the TIA output voltage v is proportional to the received optical power, i.e.,
v = R P RT, with RT the total transimpedance; let it equalv0 for a zero bit andv1 for
a one bit. As such, the output swing v1 −v0 is proportional to the received optical
input power swing or optical modulation amplitude (OMA) P1 − P0. With noise
superimposed, one obtains two conditional Gaussian PDFs with variance (vrms

n )
2

centered around v0 and v1, as shown in Fig. 1.11. The transmitted bit is detected
by means of a slicer, which compares the received voltage v to an appropriately
positioned decision threshold vth and assigns either a zero bit or one bit to b̂.

The probability of bit errors is referred to as the bit-error rate (BER), and for the
considered situation, equals the shaded area under the weighted PDFs in Fig. 1.11.
It is expressed as

BER = Q
(
v1 −v0

2vrms
n

)
(1.2)

with Q(x) the tail distribution function of the standard normal distribution, i.e.,
Q(x) = 1 − Φ(x), where Φ(x) denotes the cumulative distribution function (CDF)
of the standard normal distribution. Remark that this area is reduced by either
increasing the output swing v1 − v0 or, equivalently, the received optical input
power swing, or by decreasing the output noise variance (vrms

n )
2. The extent to

which the TIA can distinguish weak input signals is expressed by its sensitivity,
which designates the minimal optical input power swing, required to achieve a
predetermined BER limit. A highly-sensitive TIA allows a reduction in the transmit
laser output power or an increase in the attenuation budget between transmitter
and receiver, extending the reach and/or reducing system cost [30].

ISI represents an additional impairment which can increase the BER in the
presence of noise. This e�ect is clari�ed by means of Fig. 1.12. At the decision
instant, ISI bands are observed with height ∆, reducing the e�ective vertical eye
opening d .

Receiver nonlinearity is yet another mechanism which can deteriorate receiver
performance, mainly when using a multilevel modulation format, such as PAM-
4. For increasing input amplitudes, nonlinearity causes larger signal distortion,
eventually increasing the BER beyond a predetermined limit. The corresponding
optical input power swing is referred to as the overload limit. The range spanning
from the sensitivity up to the overload limit is referred to as the dynamic range of
the receiver; for input power swings within the dynamic range, the resulting BER
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Figure 1.12: Illustrative eye diagram for OOK, with annotation of decision instant
and decision threshold, as well as vertical eye opening d and ISI band height ∆.

is below this limit.
The BER performance of a given link can be substantially improved by means

of forward error correction (FEC); redundancy is introduced by appending parity
bits to the information bits in a block-wise fashion. This way, a number of errors in
the block can be corrected, thereby signi�cantly reducing the BER, at the expense
of a (slightly) increased gross bit rate to account for the parity overhead [31].
Additional drawbacks of FEC include an increased latency [12] due to block-based
decoding, as well as a larger implementation complexity and its associated power
consumption. As such, when avoidable, FEC is typically omitted in short-reach
links. With increasing bit rates, however, and to compensate for the sensitivity
penalty incurred due to the use of multilevel signaling, error correction schemes
have been proposed for these applications [2]. The recently �nalized 400 Gb/s
Ethernet standard [32], for example, employs a RS(544, 514) Reed-Solomon FEC
code working on 10-bit symbols: 300 parity bits are appended to every 5140
information bits. As a result, pre-FEC BER of only 2.4 × 10−4 [32] is required to
achieve a nearly error-free post-FEC BER. Similarly, the 10 Gb/s Ethernet PON
standard [20] employs a RS(255,223) Reed-Solomon FEC code: a pre-FEC BER of
only 1 × 10−3 is required for proper operation [22].

1.3 Overview of the work

In the context of the three aforementioned European projects Mirage, Discus, and
Phoxtrot, the author was involved in the realization of as many TIAs, designed for



1.4. Outline of the dissertation 15

OOK, duobinary, and PAM-4 signaling, respectively.
Each TIA was implemented in a 0.13 µm SiGe BiCMOS process [33]. A BiCMOS

technology allows integration of high performance analog blocks with low-density
logic [23]. It combines the high-speed, high-current capability and low noise of
bipolar devices with the low-power MOS transistor [34]. The high-speed bipolar
devices of the selected technology were characterized by a 230 GHz transition
frequency fT, and a maximum frequency of oscillation fMAX of 280 GHz [33].

In order to support the circuit design process, some of the theoretical design-
oriented analysis methods [35–40] of Dr. Middlebrook were extended. Moreover,
the author was involved in the creation of a numerical small-signal simulation
procedure [41, 42], based on these extended methods, which allowed comparing
theoretical calculations and simulation results.

1.4 Outline of the dissertation

The bulk of this dissertation discusses the design and veri�cation of three TIAs,
each in a separate chapter.

Chapter 2, which was based on [30], presents the TIA designed for 40 Gb/s
NRZ OOK signaling. The design of the TIA is brie�y discussed, with a prime focus
on the input stage circuit, speci�cally on the optimization of the sizing and biasing
with respect to noise. Experimental results include BER curves and eye diagrams
for 25 Gb/s and 40 Gb/s input signals.

Chapter 3 is based on [43], which in turn constituted an invited extension of
the work presented in [44]. A cost-e�ective 40 Gb/s PON downstream link using
EDB modulation is proposed. The receiver contains an APD packaged with a TIA
with digitally adjustable gain and bandwidth, followed by a duobinary decoder.
The principal components of both the transmitter and receiver are reviewed, after
which experimentally obtained BER curves and eye diagrams are presented.

Chapter 4 is adapted from [45], which in turn constituted an invited extension
of the work presented in [46] and discusses the design and veri�cation of a TIA
for 64 Gb/s PAM-4 optical links. It contains a lengthy discussion on the various
challenges related to PAM-4 reception. Moreover, the analysis of the novel TIA
input stage was signi�cantly extended compared to the original submission. The
experimental results are presented as BER curves and eye diagrams, obtained after
postprocessing the captured TIA output waveform.

Finally, Chapter 5 provides conclusive remarks and suggests some topics for
further research.

Two appendices are included. Appendix A discusses the o�ine receiver ar-
chitecture, employed in the PAM-4 BER measurements of Chapter 4. Appendix B
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elaborates the General Network Theorem (GNT), providing the theoretical back-
ground required for some of the circuit analysis of Chapter 4.
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Chapter 2

A 40Gb/s Transimpedance
Ampli�er for Optical Links

This chapter was based on the following paper:

B. Moeneclaey, J. Verbrugghe, F. Blache, M. Goix, D. Lanteri, B. Duval, M.
Achouche, J. Bauwelinck, and Xin Yin, “A 40-Gb/s transimpedance ampli�er for
optical links”, IEEE Photonics Technology Letters, vol. 27, no. 13, pp. 1375–1378,
Jul. 1, 2015.

Abstract This paper presents a low-power TIA, supporting both 25 Gb/s and
40 Gb/s communication. It exhibits an OMA sensitivity of −10.6 dBm at 25 Gb/s
and −6.4 dBm at 40 Gb/s using a photodiode with a responsivity of 0.55 A/W. The
TIA consumes 158 mW from a 2.5 V supply and was manufactured in a 0.13 µm
SiGe BiCMOS process. Compared to the state of the art, the presented TIA exhibits
a similar sensitivity (at both 25 Gb/s and 40 Gb/s), while exhibiting a low power
consumption for the 40 Gb/s operation.
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2.1 Introduction

New broadband applications are rapidly increasing bandwidth demands on the
current network. Due to the excellent capacity of optical �ber, many applications
use �ber-optic communication to cope with these requirements. An essential
building block of a �ber-optic communication system is the TIA used in the receiver.

This chapter presents a TIA for use in high-speed short-range communication
systems such as access networks and point-to-point links between data centers.
Important TIA qualities are its bandwidth, which enables high data rates, and sen-
sitivity, which expresses the ability to discern weak input signals. The latter allows
a reduction in the transmit laser output power or an increase in the attenuation
budget between transmitter and receiver, extending the reach and/or reducing
system cost. Additionally, the power consumption of the TIA is an issue due to the
tight power budgets in these applications.

Whereas our previous implementation [1] was limited to 25 Gb/s operation,
the current TIA supports a throughput of up to 40 Gb/s. The design of this chip is
discussed in Section 2.2, while Section 2.3 presents the results of eye diagram and
BER measurements along with a performance comparison with prior work.

2.2 Transimpedance ampli�er design

A controller
TIA

Ipd monitor balancing error integrator

TIA input stage
main amplifier output stage

Ipd

Figure 2.1: Transimpedance ampli�er block diagram.

Figure 2.1 shows a simpli�ed block diagram of the TIA and photodiode. The
photodiode converts incident light into a photocurrent Ipd. Its anode and cath-
ode are both wire-bonded to the TIA, minimizing the total loop inductance and
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susceptibility to interference. The data path consists of a TIA input stage, a main
ampli�er and an output stage, and is discussed in more detail hereunder. A control
loop is formed using the balancing error integrator, which removes the dc-o�set
between both output signals by adjusting the dc-voltage at the inverting input
of the main ampli�er. This creates a low-frequency high-pass pole in the data
path at 550 kHz. The TIA controller enables digital adjustment of the gain and
bandwidth of the data path stages and is programmed via an external SPI interface.
The photocurrent monitor block produces a copy of the average photocurrent for
monitoring purposes, while providing a 2.5 V supply to the photodiode cathode.
The TIA runs o� a 2.5 V supply and draws 63 mA.

2.2.1 Transimpedance input stage

Q0

Q1

Q2

Ipd CD

RC

I1 CX

CL

Vo

I2

RF

VB

b
RB

− +

vn,B

in,B дm,0v + in,C

c

CI
+

−
v

e

Figure 2.2: Simpli�ed circuit diagram of the transimpedance input stage.

Figure 2.2 shows a simpli�ed circuit diagram of the TIA input stage. The topol-
ogy is that of a shunt-shunt feedback ampli�er with feedback resistor RF, which is
implemented as an n-channel metal-oxide-semiconductor (nMOS) transistor array
biased in the linear region. As such, RF can be controlled digitally by selectively
enabling individual transistors: RF = 400Ω/N with N = 1, 2, . . . 8. The forward
path consists of a cascoded common-emitter ampli�er formed by Q0, Q1 and RC
and has a midband voltage gainA = дm,0RC. CascodeQ1 protectsQ0 from excessive
collector-emitter voltage. Capacitor CD represents the photodiode and bond pad
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capacitance, whereas CI denotes the base-emitter capacitance of Q0. The input
capacitance of the next stage is modeled by CL. Contrary to a conventional self-
biased shunt-shunt feedback ampli�er, this circuit provides a supply-independent
bias current I1 to Q0 and Q1. Capacitor CX was added to e�ectively short current
source I1 at high frequencies. Any high-frequency noise generated by I1 �ows
throughCX and does not a�ect the noise performance of the TIA. Emitter follower
Q2 is biased by current source I2. Due to voltage headroom restrictions in the next
stage, the base of Q2, instead of its emitter, was selected as the output.

The small-signal transimpedance gain is approximated by

ZT ≈ RF
A

A + 1
· Dx · Dhf (2.1)

with Dx expressing the discrepancy due to a �nite CX and Dhf detailing the high-
frequency behavior:

Dx =
1 + ωX/s

1 + A
A+1ωX/s

(2.2)

Dhf =
1

1 + s/(ω0Q) + s2/ω
2
0

(2.3)

where

ωX = (RCCX)
−1 (2.4)

ω0 =

√
A + 1

RFCT · RCCL
(2.5)

Q =

√
(A + 1) · RFCT · RCCL

RFCT + RCCL
(2.6)

in which the total capacitance at the input is denoted byCT = CD +CI. Dx shows a
pole and zero in close proximity. Their in�uence on the data signal was rendered
insigni�cant by choosing CX = 10 pF, with RC = 30Ω and A = 9. Dhf portrays the
high-frequency behavior of the TIA input stage as a second-order transfer function
with natural frequency ω0/(2π ) and Q-factor Q .

Noise introduced by feedback resistor RF and input transistor Q0 dominate
the noise at the output. By referring the output voltage vo, generated by the
thermal noise of RF and noise sources vn,B (base resistor thermal noise), in,B (base
current shot noise) and in,C (collector current shot noise), back to the input ipd, the
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input-referred noise spectral densities due to RF and Q0 are found [2]:

I 2n,RF
(ω) ≈ 4kT /RF (2.7)

I 2n,Q0
(ω) ≈

2qIC,0

β︸︷︷︸
due to in,B

+ 2qIC,0 ·
C2

T

д2m,0
ω2︸            ︷︷            ︸

due to in,C

+ 4kTRB ·C
2
Dω

2︸           ︷︷           ︸
due to vn,B

(2.8)

and the total input-referred noise spectral density I 2n, tot ≈ I 2n,RF
+ I 2n,Q0

.
As RF a�ects both ZT and I 2n, tot, increasing RF has a two-pronged e�ect on the

noise at the output: by reducing the bandwidth and Q-factor of the transimpedance
gain (2.5) and (2.6) more noise is �ltered out, and it decreases the input-referred
noise spectral density (2.7). Thus, the output noise and bandwidth can be tailored
for a range of bit rates by digitally adjusting RF.

In order to reveal the tradeo�s w.r.t. bias current and sizing of Q0, the elements
of its small-signal equivalent circuit are expressed as a function of its quiescent
collector current IC,1 = I1 andA′E, its emitter area relative to that of a minimum-size
transistor:

дm,0 = IC,0/UT (2.9)
CI = A′EC

′
P + τFIC,0/UT (2.10)

RB = R′B/A
′
E (2.11)

with UT = kT /q the thermal voltage, C ′P and R′B the parasitic base-emitter ca-
pacitance and base resistor of a minimum-size transistor and τF the base transit
time in the forward direction. The input-referred root-mean-square (rms) noise
current irms

n,Q0
, assuming a 30 GHz brick-wall transfer function, is plotted against

IC,0 and A′E in Fig. 2.3. Due to the �atness of irms
n,Q0

around its optimum Popt, a point
with lower current consumption and size can be selected with only a small noise
penalty. Here, the point Psel was selected as a compromise between sensitivity,
power consumption and bandwidth.

2.2.2 Main ampli�er and output stage

The main ampli�er consists of three gain stages. Each stage has a fully di�erential
topology as illustrated in Fig. 2.4. TransistorsQ0,Q ′0 and resistors RC and R′C form a
resistively loaded di�erential pair, degenerated by RDEG.The degeneration resistor
is again implemented as an nMOS transistor biased in the linear region and can
be programmed in order to change the gain and linearity of the stage and allows
the TIA to be used for linear applications. For the NRZ experiments presented
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Figure 2.3: Contour plot of irms
n,Q0

; the input-referred rms noise current due to Q0,
with its optimum Popt and selected point Psel annotated.
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Figure 2.4: Simpli�ed circuit diagram of each di�erential gain stage.
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in this chapter, the degeneration resistor was programmed to its minimal value.
Cascodes Q1 and Q ′1 protect Q0 and Q ′0 from excessive collector-emitter voltage.
The output voltages of the di�erential pair are bu�ered by emitter followers Q2
and Q ′2, which drive the load represented by CL and C ′L. Their quiescent current
can be programmed in order to modify the bandwidth and gain peaking of the
stage.

The output stage has a similar structure to that of the gain stages, but lacks
emitter followers Q2 and Q ′2. Instead, the outputs are located at the collectors of
Q1 and Q ′1. To prevent re�ections, the output of this stage is matched to the load:
50Ω resistors are used for RC and R′C.

2.3 Experimental results

A die, containing two TIAs, was fabricated in a 0.13 µm SiGe BiCMOS technology
and is shown in Fig. 2.5. The TIAs are mirrored copies and share a common supply
voltage and ground. Furthermore, the SPI controller is shared and a single bias
block provides a 100 µA reference current to each TIA. The total chip area is
3000 µm × 900 µm, with each TIA occupying 1100 µm × 900 µm.

One TIA was paired with a photodiode that was adapted for high-speed appli-
cations from [3]. The other TIA was not considered in these measurements. The
photodiode implements a uni-travelling-carrier (UTC) structure consisting of a
0.7 µm thick GaInAs absorber and a 0.27 µm thick InP collector. A UTC diameter
of 20 µm is used, leading to a responsivity, including coupling losses, of 0.55 A/W.
The photodiode capacitance is 110 fF. A butter�y module houses the TIA and pho-
todiode dice. During packaging, the �ber was actively aligned to the photodiode
and �xed using epoxy.

In the test setup, the transmitter is comprised of a continuous-wave 1550 nm
laser and a Mach-Zehnder modulator. The modulated light passes through a
variable attenuator and �nally reaches the photodiode through the pigtail connector
on the butter�y module. Clocked by an Anritsu MG3696B clock generator, an SHF
12100B bit pattern generator directly drives the modulator. Using the embedded TIA
controller, the variable feedback resistor in the TIA input stage was programmed
in order to optimize the BER for 25 Gb/s (RF = 200Ω) and 40 Gb/s (RF = 133Ω)
operation.

The BER was measured using an SHF 11100B error analyzer. The input was
an NRZ signal using 27 − 1 pseudo-random bit sequence (PRBS) and 231 − 1 PRBS
patterns. Figure 2.6 shows the BER curves for 25 Gb/s and 40 Gb/s. Every measure-
ment point was acquired after registering at least 10 errors. When applying a 27 − 1
PRBS input pattern, the OMA sensitivity at a BER of 10−12 is −10.6 dBm for 25 Gb/s
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Figure 2.5: Micrograph of the fabricated die (3000 µm × 900 µm).
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Figure 2.6: Measured BER for 25 Gb/s and 40 Gb/s NRZ using 27 − 1 PRBS and
231 − 1 PRBS patterns.
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and −7.6 dBm for 40 Gb/s. For 25 Gb/s, no signi�cant penalty is observed when
increasing the PRBS pattern length from 27 − 1 to 231 − 1. For 40 Gb/s, however, a
1.2 dB penalty is observed, deteriorating the sensitivity from −7.6 dBm to −6.4 dBm.

Eye diagrams of the di�erential output were generated for a 25 Gb/s and 40 Gb/s
NRZ input signal using a 231 − 1 PRBS pattern and are shown in Fig. 2.7. These were
acquired by connecting the Agilent 86118A remote sampling heads of an Agilent
DCA 86100C oscilloscope to the di�erential outputs on the TIA board. For both bit

(a) 25 Gb/s, OMA = −10.6 dBm (b) 40 Gb/s, OMA = −6.4 dBm

(c) 25 Gb/s, OMA = −3 dBm (d) 40 Gb/s, OMA = −3 dBm

Figure 2.7: Measured di�erential output eye diagrams corresponding to a 231 − 1
PRBS NRZ input signal of (a, c) 25 Gb/s and (b, d) 40 Gb/s. Horizontal and vertical
scale for all sub�gures is 10 ps/div and 100 mV/div, respectively.

rates, the OMA of the input signal was set to the corresponding sensitivity level—
respectively −10.6 dBm and −6.4 dBm. Eye diagrams were also generated for an
input OMA of −3 dBm. Table 2.2 shows the associated eye diagram characteristics
regarding the horizontal and vertical eye opening.

The input-referred rms noise current and midband gain were measured and
are respectively 2 µA (3.2 µA) and 74 dBΩ (70 dBΩ) for 25 Gb/s (40 Gb/s) settings.
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Figure Bit rate Input OMA Eye opening Eye amplitude Pk-Pk Jitter

Gb/s dBm mV mV Unit Interval

2.7a 25 −10.6 105 176 0.31
2.7b 40 −6.4 125 291 0.46
2.7c 25 −3 416 490 0.15
2.7d 40 −3 270 455 0.36

Table 2.2: Characteristics of the di�erential output eye diagrams in Fig. 2.7.

Our results are summarized and compared with the state of the art1 in Table 2.1.
Considering 40 Gb/s operation, we obtain a sensitivity comparable with the bulk of
the state of the art while achieving the lowest power consumption reported in the
table. Only the 71 Gb/s-capable [9] achieves a substantially better sensitivity—at
the cost of a 5-fold increase in power consumption. Additionally, the presented
TIA also supports 25 Gb/s operation, for which the corresponding sensitivity is
well within the range set by state-of-the-art TIAs speci�cally designed for that bit
rate.

2.4 Conclusion

A 40 Gb/s-capable TIA for optical links was designed and implemented in 0.13 µm
SiGe BiCMOS. It consumes 158 mW and, paired with a 0.55 A/W photodiode,
achieves an OMA sensitivity of −10.6 dBm at 25 Gb/s and −6.4 dBm at 40 Gb/s.
Compared to state-of-the-art TIAs operating at 40 Gb/s, the presented TIA is char-
acterized by a low power consumption while maintaining a competitive sensitivity.
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Chapter 3

40-Gb/s TDM-PON Downstream
Link With Low-Cost EML
Transmitter and APD-Based
Electrical Duobinary Receiver

This chapter was based on the following paper:

B. Moeneclaey, F. Blache, J. Van Kerrebrouck, R. Brenot, G. Coudyzer, M.
Achouche, X.-Z. Qiu, J. Bauwelinck, and X. Yin, “40-Gb/s TDM-PON down-
stream link with low-cost EML transmitter and APD-based electrical duobinary
receiver”, Journal of Lightwave Technology, vol. 35, no. 4, pp. 1083–1089, Feb. 15,
2017.

Abstract We report a cost-e�ective 40-Gb/s time division multiplexing (TDM)-
passive optical network (PON) downstream link using 3-level electrical duobi-
nary (EDB) modulation. The transmitter consists of a compact electro-absorption-
modulated laser (EML) module. The receiver contains an avalanche photodetector
(APD) packaged with a transimpedance ampli�er (TIA), with digitally adjustable
gain and bandwidth, followed by a duobinary decoder. Real-time eye diagram and
bit-error rate (BER) measurements were performed. At a pre-forward error correc-
tion (FEC) BER of 1 × 10−3, a power budget of 23.6 dB in back-to-back conditions
is demonstrated. For a dispersion range of −215 ps/nm to 128 ps/nm, the power
penalty does not exceed 3 dB.
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3.1 Introduction

The Full Service Access Network group [1] has decided that Next-Generation
Passive Optical Network 2 (NG-PON2) will be a time and wavelength division
multiplexing (TWDM)-PON wherein four or eight 10-Gb/s streams are stacked
at di�erent wavelengths [2]. The choice for abandoning the single-wavelength
evolutionary path in favor of TWDM-PON was motivated by the foreseen tech-
nology limitations at that time; higher serial rate TDM-PONs were deemed not
cost-e�ective [3].

However, as the demand for broadband services continued to rise, the research
community has demonstrated the feasibility of serial rates beyond 10 Gb/s, showing
its potential as a per-wavelength upgrade path for NG-PON2 [3–11]. Furthermore,
the IEEE has not yet settled on the architecture for Next-Generation Ethernet
Passive Optical Network (NG-EPON); both single-wavelength TDM-PON and
TWDM-PON are still under consideration as viable candidates [12, 13].

The main challenges to overcome when increasing the serial data rate beyond
10 Gb/s are decreased tolerance to CD and increased bandwidth requirements
on the optical and electrical components, resulting in a reduced optical power
budget, �ber reach and higher overall system cost [14]. These challenges are
addressed by advanced modulation formats beyond NRZ; EDB, ODB and PAM-4.
In the case of EDB, NRZ is electrically low-pass �ltered by the transmitter and/or
receiver yielding a 3-level signal at the receiver output. ODB, on the other hand,
requires modulating both optical amplitude and phase by means of a Mach-Zehnder
modulator (MZM), giving rise to an NRZ signal at the photodetector output. EDB,
ODB, and PAM-4 are strong candidates for high serial rate PONs due to their
relative simplicity and improved CD tolerance with respect to NRZ. Furthermore,
EDB and PAM-4 permit the use of low-bandwidth components [13].

The feasibility of the above modulation formats was extensively investigated
in [15], which concluded that EDB exhibits the best trade-o� between performance,
cost, and power dissipation. All three allow partial reuse of 25 Gb/s components
originally developed for data center networks. While it can be assumed that data
center applications will drive volumes of 25 Gb/s and even 40 Gb/s transmitters, the
receivers for data centers applications are usually based on PIN diodes. This means
that the development and volumes of high speed APDs will lag substantially [16].
As such, due to its low receiver bandwidth and moderate receiver complexity
requirements, EDB enables a cost-e�ective PON.

We already demonstrated EDB detection in a 25 Gb/s TDM-PON upstream link
using a low-cost burst-mode receiver [17] at the optical line terminal (OLT). This
was later extended in [8], which also demonstrated 50-Gb/s EDB transmission
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in the downstream direction. The OLT transmitter was comprised of a MZM
whose output power was boosted using a semiconductor optical ampli�er (SOA),
whereas the ONU receiver consisted of a receiver based on a SOA-preampli�ed
PIN photodiode, followed by a duobinary decoder.

This chapter was based on an invited extension [Moeneclaey2017] of our
work presented in [7], wherein we presented a cost-e�ective 40-Gb/s EDB single-
wavelength TDM-PON downstream link utilizing a high-power distributed feed-
back (DFB) laser integrated with an electro-absorption modulator (EAM) in the
transmitter and an APD-based receiver. Real-time measurements were performed
in the C-band where a loss budget margin of 20.7 dB has been achieved at 40 Gb/s
in the measured dispersion range of −215 ps/nm to 128 ps/nm. To the best of our
knowledge, this was the �rst time a 40-Gb/s TDM-PON downstream link was
achieved in real-time experiments utilizing low-cost components at both OLT and
ONU, without any o�ine DSP. In this chapter, we report more details [18] on the
ONU receiver through additional measurements and simulations.

Section 3.2 presents the investigated low-cost 40 Gb/s downstream link and
discusses the transmitter and receiver prototypes. The experimental setup and the
results of BER and eye diagram measurements are presented in Section 3.3.

3.2 Low-cost 40Gb/s downstream transmitter and receiver
prototypes

The investigated low-cost 40 Gb/s EDB downstream link is illustrated in Fig. 3.1.
At the OLT, a compact and low-cost integrated DFB-EAM transmitter module is
modulated by an OOK NRZ signal. Usage of EDB requires that the cascade of the
transmitter electro-optical response HTX(f ) and receiver opto-electrical response
HRX(f ) forms a baseband cosine �lter, i.e.,

|HTX(f ) · HRX(f )| =

{
cos(π f T ), | f | ≤ 1/(2T )
0, | f | > 1/(2T )

(3.1)

where T denotes the bit period [19]. Note that the 3-dB bandwidth of this �lter is
1/(4T ), which allows lower-bandwidth optoelectronic components (e.g., electro-
absorption-modulated laser (EML) in the OLT and APD employed at the ONU),
reducing the cost and power consumption compared to NRZ or ODB. The cosine
�lter response is approximated by the use of lower-bandwidth optoelectronic
components, along with appropriate bandwidth selection of the TIA input stage,
as will be discussed in Section 3.2.2. As such, the use of equalization in either
OLT or ONU, and the corresponding increase in cost and power consumption, is
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avoided. Simulations indicate that the reduced bandwidth can further improve
the CD tolerance and receiver sensitivity in high serial data rate downstream
applications [20]. In the ONU, the intensity modulated signal enters the receiver
and is converted into a 3-level EDB signal with levels −v , 0, and +v . To avoid error
propagation, a precoder is placed at the transmitter which implements the function
yk = xk ⊕ yk−1, where xk is the k-th uncoded bit, yk is the k-th precoded bit, and
⊕ represents modulo-2 addition [19]. The precoder allows the duobinary decoder
in the receiver to use symbol-by-symbol decision [19]; the levels ±v correspond to
a 1-bit whereas the level 0 corresponds to a 0-bit.

3.2.1 OLT transmitter

The transmitter module is an EML based on an InGaAsP DFB-EAM fabricated using
the butt-joint approach, where the EAM is obtained by epitaxial regrowth and the
DFB and EAM structures can be independently optimized [21]. The device was
optimized for high output power at 45 ◦C, resulting in a low power consumption
of the thermoelectric cooler. The output power is an important metric of the laser
as it needs to overcome the insertion loss of the EAM, while ful�lling the power
budget requirements.

Figure 3.2 shows the optical output power of the EML versus the laser bias
current, where the EAM was left unbiased and the temperature was regulated
to 45 ◦C. The optical power at the �ber output of the EML reaches 2.4 mW at a
100-mA drive current and can reach 3 mW when the current is increased to 145 mA.
The relative transmission curves of the EAM are shown in Fig. 3.3 for various DFB
laser currents. The static extinction ratio between 0 and −3 V is approximately
14 dB, with a modulation slope of 10 dB/V.

The whole DFB-EAM chip was integrated on a submount and installed in a
butter�y package. The electro-optical frequency response and return loss of the
packaged EML were measured at an operating temperature of 45 ◦C, a DFB laser
current of 70 mA, and an EAM bias voltage of −1.3 V. The normalized electro-
optical frequency response has a 3-dB bandwidth exceeding 20 GHz, whereas the
return loss remains lower than −10 dB up to 20 GHz.

3.2.2 ONU receiver

The ONU receiver is comprised of a linear APD-based TIA, installed in a butter�y
package, followed by a 3-level EDB decoder. Due to the nature of the investigated
3-level EDB modulation scheme, a linear TIA front-end is required to preserve
vertical eye openings, while providing su�cient gain to ease further signal handling
in the subsequent decoder.
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Figure 3.2: EML optical output power versus laser bias current at 45 ◦C with EAM
unbiased.

The photodiode is a back-side illuminated AlInAs/GaInAs APD fabricated using
a highly reliable planar junction process carried out by Zn di�usion. Figure 3.4
shows the high-frequency response of the APD versus avalanche gain M , while
the avalanche gain M is plotted versus the APD reverse voltage VAPD in Fig. 3.5.
A 3-dB bandwidth between 18 GHz and 20 GHz is achieved for avalanche gains

between 2 and 8, and the extrapolated gain-bandwidth product is about 220 GHz.
Figure 3.6 shows a simpli�ed block diagram of the TIA. The data path consists

of a single-ended shunt-feedback TIA input stage, followed by a di�erential main
ampli�er and output stage. The balancing error integrator closes a feedback loop
which removes the dc-o�set between both output signals by adjusting the dc-
voltage at the inverting input of the main ampli�er. The built-in controller allows
to digitally vary the gain and associated linearity of the data path, as well as its
3-dB bandwidth. The transimpedance gain and bandwidth of the input stage can
be set by modifying the feedback resistor RF and the ampli�er gain A. This is
discussed in detail below. Furthermore, the gain of the main ampli�er and output
stage can be changed as well by modifying the emitter degeneration in each stage,
such that the output signal swing can be kept at a reasonable level for varying



3.2. Low-cost 40Gb/s downstream transmitter and receiver prototypes 39

−4 −3.5 −3 −2.5 −2 −1.5 −1 −0.5 0
−18

−16

−14

−12

−10

−8

−6

−4

−2

0

modulator bias voltage [V]

tr
an

sm
is

si
on

[d
B]

70 mA
100 mA
130 mA

Figure 3.3: Transmission curves of the EML for various laser currents.

optical input powers. The TIA runs o� a 2.5 V supply and consumes 150 mW. The
chip was manufactured in a 0.13 µm SiGe BiCMOS process and its die micrograph
is shown in Fig. 3.7. The total chip area is 2200 µm × 1000 µm.

Figure 3.8 shows a simpli�ed circuit diagram of the TIA input stage. The de-
sign is a shunt-shunt feedback ampli�er, based on [22], and features a variable
feedback resistor RF and emitter degeneration resistor RE in order to manipulate
the transimpedance gain as well as the bandwidth of the input stage. This enables
optimization of the TIA for either NRZ or EDB reception. Both variable resis-
tors are implemented as n-channel metal-oxide semiconductor (nMOS) transistor
arrays biased in the linear region. As such, they can be controlled digitally by
selectively enabling individual transistors: RF = 1.1 kΩ/N with N = 1, 2, . . . 16
and RE = 24Ω/M with M = 1, 2, . . . 16. The forward path consists of a common-
emitter ampli�er where Q0 is degenerated by RE which controls the voltage gain
of said ampli�er. Current source I1 provides a supply-independent bias current to
the ampli�er and is e�ectively short-circuited for the frequencies of interest by
decoupling capacitor CX [22].

The transimpedance gain is in large part controlled by the feedback resistor
RF. However, RF also a�ects the dominant pole in the loop gain, which can be
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counteracted by modifying the voltage gain of the common-emitter ampli�er by
means of RE. As the dominant pole is increased and approaches the non-dominant
poles, the phase margin is reduced, the closed loop transfer function exhibits
peaking and can eventually become unstable. This is illustrated in Fig. 3.9 which
shows a contour plot of the transimpedance gain and 3-dB bandwidth, obtained
using AC analysis simulations on the input stage. The portion of the (RF,RE) space
for which the peaking was larger than 1 dB is also annotated in the �gure. As
indicated by Fig. 3.9, the TIA input stage supports a wide range of transimpedance
gains (150Ω to 300Ω for a 20 GHz 3-dB bandwidth) and 3-dB bandwidths (wider
than the range from 10 GHz to 30 GHz for a 200Ω transimpedance gain).

The EDB decoder [23] combines a 3-level signal decoding function and a 1 ÷ 4
deserializer. The TIA output signal is compared to two con�gurable threshold levels.
The two comparator outputs are then processed by a high-speed XOR gate and
deserialized into 4 outputs for interfacing with lower-speed o�-chip components,
e.g., �eld-programmable gate arrays.
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3.3 Experimental setup and results

In this section, we present BER and eye diagram measurement results for both
EDB and NRZ modulation formats. Figure 3.10 depicts the experimental setup
used for these measurements. The transmitter was driven by a 27 − 1 PRBS full-
rate NRZ signal originating from a pattern generator. The DFB laser current
was set to 150 mA, whereas the EAM was biased with a voltage of −1.55 V. With
a thermoelectric cooler regulating the EML temperature at 25 ◦C, the average
transmitted optical output power was 4 dBm at a central wavelength of 1557 nm.
The extinction ratio (ER) was approximately 13 dB. The modulated light passes
through a variable optical attenuator and �nally reaches the APD through the
pigtail connector on the receiver module. The APD was biased with a reverse
voltage of VAPD = 21V. For EDB BER measurements, the di�erential TIA outputs
were connected to the duobinary decoder, which fed one of its four demultiplexed
1/4-rate outputs to the error analyzer. For NRZ BER measurements, on the other
hand, the duobinary decoder can be omitted; the di�erential TIA outputs were
directly connected to error analyzer. Finally, eye diagrams were measured by
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Figure 3.10: Experimental setup for BER and eye diagram measurements. For EDB
BER measurements (dashed lines), the di�erential TIA outputs are connected to
the duobinary decoder, of which one 1/4 rate output is connected to the error
analyzer. NRZ BER measurements (dotted lines) directly connect the di�erential
TIA outputs to the error analyzer. For eye diagram measurements (dash-dot lines),
the di�erential TIA outputs are directly connected to an oscilloscope.

connecting the di�erential TIA outputs directly to an oscilloscope, in order to
accurately ascertain the TIA performance. To compare the performance of NRZ
and EDB, the TIA settings were optimized for the corresponding modulation
scheme. Note from Fig. 3.10 that the duobinary precoder is omitted from the
experimental setup, not only when using the NRZ modulation format, but also in
the case of EDB; this is because the precoder operating on the PRBS signal yields
a delayed version of the PRBS signal [23]. As such, the precoder can be simply
removed when using PRBS data [4–8, 23].

Figure 3.11 shows the eye diagrams obtained for NRZ signaling rates from
20 Gb/s to 35 Gb/s, whereas Fig. 3.12 presents the corresponding BERs, measured at
the TIA output, versus the average received optical power. The NRZ eye diagrams
for bit rates up to 30 Gb/s show su�cient horizontal and vertical eye opening.
For 35 Gb/s, however, the bandwidth of the receiver is insu�cient, resulting in
considerable ISI reducing the eye opening. This is also observed in the 35 Gb/s BER
curve in Fig. 3.12, showing a deteriorated sensitivity of −17.3 dBm at the pre-FEC
BER threshold of 1 × 10−3 as well as a BER �oor slightly below 1 × 10−5.

Figure 3.13 shows the measured 40 Gb/s 3-level EDB eye diagram of the di�er-
ential TIA output voltage, exhibiting su�cient opening in both eyes. The e�ect
of the APD reverse voltage VAPD and consequently the avalanche gain M was
investigated by measuring the BER curves for VAPD = 21 V, 21.5 V and 22 V. These
curves, along with the BER curve for 35 Gb/s NRZ are shown in Fig. 3.14. The best
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Figure 3.11: Measured eye diagrams of the di�erential TIA output voltage in
back-to-back conditions for (a) 20 Gb/s, (b) 25 Gb/s, (c) 30 Gb/s, and (d) 35 Gb/s
NRZ.
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Figure 3.13: Measured eye diagram of the di�erential TIA output voltage in back-
to-back conditions for 40 Gb/s EDB.
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EDB sensitivity is obtained for VAPD = 21.5V, yielding a BER = 1 × 10−3 pre-FEC
sensitivity of −19.6 dBm; this constitutes a 2.3 dB improvement with respect to
35 Gb/s NRZ transmission. Further increasing the APD bias voltage reduces the
receiver bandwidth, introducing more ISI resulting in a deteriorated sensitivity.
With the EDB sensitivity at −19.6 dBm and the transmitter average launched output
power at 4 dBm, the power budget equals 23.6 dB in back-to-back conditions.

Next, we have evaluated the 40 Gb/s 3-level EDB link as a function of dispersion.
The measured power penalties versus various dispersion values are shown in
Fig. 3.15 together with simulated results for 40 Gb/s NRZ and EDB obtained in [20].
The positive dispersion points were measured with various lengths of standard SMF,
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Figure 3.15: Measured 40 Gb/s EDB power penalty due to chromatic dispersion
compared with simulation results for 40 Gb/s NRZ and EDB.

while the negative dispersion points were measured with a tunable dispersion
emulator. We also cross-checked the results of positive dispersion using both
the standard SMF and the dispersion emulator, and both measurements gave
comparable power penalty. The resulting maximal power penalty compared to
back-to-back conditions was 2.9 dB in the range from −215 ps/nm to 128 ps/nm.
Hence, with appropriate dispersion compensation, the proposed EDB TDM-PON
downstream link supports a di�erential reach of 20 km standard SMF (assuming a
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dispersion value of 17 ps/(nm km)) and a 20.7 dB power budget. As such, it meets
the legacy power budget and di�erential reach requirements of Gigabit-capable
Passive Optical Network (GPON) class A [24] and 10 Gb/s Ethernet Passive Optical
Network (10G-EPON) classes PRX10 and PR10 [25].

3.4 Conclusions

We have investigated a low-cost 40 Gb/s TDM-PON downstream link using EDB
modulation. At the OLT, the transmitter is comprised of a DFB-EAM modulated
by an NRZ signal. The ONU receiver consists of an APD-based TIA followed
by a 3-level duobinary decoder. The TIA transimpedance gain and associated
linearity as well as its bandwidth can be digitally varied, enabling optimization
for either NRZ or EDB reception. For the �rst time, real-time measurements using
40 Gb/s downstream EDB transmission were performed with compact and low-cost
components in both the OLT and ONU. A high power budget of 23.6 dB has been
achieved in back-to-back conditions. The measured power penalty remained below
3 dB for the dispersion range from −215 ps/nm to 128 ps/nm.
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Chapter 4

Design and Experimental
Veri�cation of a Transimpedance
Ampli�er for 64Gb/s PAM-4
Optical Links

This chapter was based on the following paper:

B. Moeneclaey, J. Verbrugghe, J. Lambrecht, E. Mentovich, P. Bakopoulos, J.
Bauwelinck, and X. Yin, “Design and experimental veri�cation of a trans-
impedance ampli�er for 64-Gb/s PAM-4 optical links”, Journal of Lightwave
Technology, vol. 36, no. 2, pp. 195–203, Jan. 15, 2018.

Abstract The use of PAM-4 has emerged as a solution to increase the serial rate in
short-range optical links, o�ering twice the data throughput but requiring similar
bandwidth as OOK. However, the receiver design should take into account the
increased susceptibility of PAM-4 to noise, ISI, and nonlinearity. This chapter
explores these challenges, and details the design of a TIA for 64 Gb/s PAM-4
optical links. The TIA was implemented in 0.13 µm SiGe BiCMOS, and has a
power consumption of 180 mW. It contains a digital gain controller, which allows
switching between four gain modes, to trade o� sensitivity against linearity. BER
measurements show that the dynamic range is signi�cantly extended: OMAs
between −7 dBm and at least −0.2 dBm yield a BER lower than 10−3.
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4.1 Introduction

The increasing popularity of multimedia applications such as high de�nition TV,
video on demand, and cloud computing drives an explosive growth in bandwidth
requirements in datacenters. In order to meet these requirements, the IEEE has
set up a task force aiming to de�ne a 400 Gb/s Ethernet speci�cation. One of the
solutions proposed by this task force entails 8 wavelength-multiplexed streams
of 50 Gb/s PAM-4 signals over SMF [1]. By migrating from OOK, which is the
traditional modulation format for these applications, to PAM-4, twice the data
throughput can be achieved for a similar bandwidth.

This proposal has spurred research on various aspects of PAM-4 optical links
supporting a similar serial data rate. The feasibility of using low-cost modulators
or directly modulated lasers in such a scenario was experimentally demonstrated
in [2–4]. PAM-4 drivers were presented in [5, 6], capable of 56 Gb/s and 40 Gb/s
transmission, respectively. Furthermore, recently developed integrated circuits,
performing FEC, feed-forward equalizer (FFE) and decision-feedback equalizer
(DFE), allow complex real-time link experiments [7–10].

The use of PAM-4 presents several new challenges to the design of the receiver,
in particular the TIA. More speci�cally, PAM-4 is more susceptible to noise, ISI, and
receiver nonlinearities. Nevertheless, only few publications detail the design [11,
12] and experimental veri�cation [13, 14] of a TIA in this context.

In [Moeneclaey2017], we reported on a TIA for 64 Gb/s PAM-4 optical links.
The TIA was manufactured in 0.13 µm SiGe BiCMOS and, by switching between
four gain modes, allows an increased dynamic range. This chapter was based on an
invited extension [15] of our work presented in [Moeneclaey2017]. In Section 4.2,
we investigate in more detail the challenges associated with the use of PAM-4, and
quantify the related penalties. Subsequently, Section 4.3 explores the design of
the TIA in great depth, and discusses how the aforementioned challenges were
addressed. The experimental setup and results are presented in Sections 4.4 and 4.5,
respectively. Section 4.6 is devoted to the conclusions.

4.2 PAM-4 Challenges

This section explores the three aforementioned challenges w.r.t. the design of the
TIA resulting from the use of PAM-4, and quanti�es the associated penalties.

Let us initially assume that the system, comprised of the transmitter, channel,
photodiode, and TIA, is linear. The output voltage v(t) of the TIA is sampled at
the symbol rate 1/T , resulting in vk = v(kT + ϵ), to be used for symbol-by-symbol
detection. Furthermore, we will assume that only the TIA introduces signi�cant
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bandwidth e�ects and noise, such that the signal levels pk of the optical power
incident to the photodiode are simply proportional to the transmitted symbols:

pk ∈

{
{−A,A} OOK
{−A,−A/3,A/3,A} PAM-4

(4.1a)
(4.1b)

As illustrated in Fig. 4.1a, the OOK and PAM-4 constellations yield the same
maximum magnitude A; the corresponding power swing or OMA equals 2A. Note
that the actual incident power values corresponding to the input levels pk must
be positive; they are obtained by adding to pk a suitable direct current (dc) power
which, however, does not impact the subsequent discussion. We will consider PAM-
4 with Gray mapping, i.e., the bit labels corresponding to adjacent symbol levels
di�er in only one bit [16]. As shown in Fig. 4.1b, the receiver is characterized by a
photo diode with responsivity R and TIA with transimpedance impulse response
(. . . ,h−1,h0,h1, . . . ) and input-referred white noise (in)k with rms value irms

n . The
output voltage sample vk can be expressed as

vk = R · pk · h0︸      ︷︷      ︸
useful

+ R
∑
m,k

pm · hk−m︸               ︷︷               ︸
ISI

+ (vn)k︸︷︷︸
noise

(4.2)

where (vn)k is the noise at the TIA output, with rms value vrms
n = h0 · η · i

rms
n

and η =
√∑

m h2m/h
2
0. Equation (4.2) discerns the useful, ISI, and noise terms

contributing to vk . Note that η ≥ 1, where equality holds when ISI is absent.
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A
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pu
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ev
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p k

OOK PAM-4

(a) OOK and PAM-4 in-
put levels

+
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vkpk

TIAphoto
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R hm

(b) equivalent discrete-time lin-
ear receiver model

Figure 4.1: OOK and PAM-4 input levels (a) and equivalent discrete-time linear
receiver model (b).
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Figure 4.2: Illustrative eye diagrams for (a) OOK and (b) PAM-4 with decision
instant and decision threshold(s), as well as vertical eye opening(s) d and ISI band
height(s) ∆ annotated.

4.2.1 Level spacing and ISI penalty

The e�ect of ISI and the reduced level spacing of PAM-4 on the BER is quanti�ed
using (4.1) and (4.2). First, let κ =

∑
m,0 |hm/h0 | denote the relative peak ISI

magnitude. From (4.1) it follows that, regardless of modulation format, |pk | ≤
A = OMA/2, such that the worst-case ISI contribution in (4.2) equals ±∆/2, with
∆ = R · OMA · h0 · κ. Figure 4.2 illustrates the resulting eye diagram for both OOK
and PAM-4 modulation formats. At the decision instant, ISI bands are observed
with height ∆ for both modulation formats, reducing the vertical eye opening d ,
which equals

d =


R · OMA · h0 · (1 − κ) OOK
R · OMA

3
· h0 · (1 − 3κ) PAM-4

(4.3a)

(4.3b)

Note that, in the absence of ISI (κ = 0), the PAM-4 vertical eye opening (4.3b) is
only one third of the OOK opening (4.3a). Furthermore, in the presence of ISI, the
relative eye height reduction due to ISI is three times as large for PAM-4 as for
OOK.

The e�ect of ISI on the BER can be approximated by assuming that the ISI term
from (4.2) is uniformly distributed between ±∆/2. Taking the decision thresholds
at the midpoint(s) of the eye opening(s), it can be veri�ed that the resulting BER
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equals

BER =



1
2κ

κ∫
−κ

Q

(
R · OMA · (1 + ϵ)

2η · irms
n

)
dϵ OOK

1
2κ

κ∫
−κ

3
4
Q

(
R · OMA · (1 + 3ϵ)

6η · irms
n

)
dϵ PAM-4

(4.4a)

(4.4b)

Figure 4.3 shows the optical power penalty of PAM-4 compared to OOK as a
function of the operating BER, for the cases without and with ISI. In the absence of
ISI (κ = 0), (4.4) reduces to the familiar BER expressions from [16], which show an
optical power penalty of about 4.8 dB when comparing PAM-4 to OOK at very low
BER; this re�ects the ratio of their respective eye openings. This asymptotic penalty
is also indicated in Fig. 4.3. In the presence of ISI, the penalty is considerably larger.
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Figure 4.3: Optical power penalty of PAM-4 compared to OOK without ISI (κ = 0)
and with ISI (κ = 0.15).

4.2.2 Nonlinearity penalty

With increasing input power, our previous assumption of linearity becomes less
valid. Figure 4.4a shows a typical receiver nonlinear input-output characteristic,
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Figure 4.4: Illustrative nonlinear TIA input-output characteristic (a) and resulting
eye diagram (b).

which saturates for input amplitudes exceeding B. Consider the signal levels at
the input of the receiver from (4.1b) and assume that A/3 < B < A, as shown in
Fig. 4.4a. The resulting output eye diagram (ignoring ISI) is displayed in Fig. 4.4b.
Because of the nonlinear characteristic, the vertical outer eye openings d1 and d3
are smaller than the vertical inner eye opening d2. Further increasing A would
reduce the outer eye opening and, therefore, deteriorate the associated BER. This
contrasts the linear behavior where the BER improves with increasing input level,
as follows from (4.4b).

Assuming the maximum output swing is �xed, the input-referred linear range
(−B,B) is inversely proportional to the receiver gain. Hence, the nonlinearity
penalty can be avoided for a large range of OMAs by appropriately adjusting the
receiver gain, such that the output swing is kept at a reasonable level within the
linear region.

4.3 Transimpedance Ampli�er Architecture

Figure 4.5a shows a simpli�ed block diagram of the TIA, which was based on the
circuit presented in [13, 17]. The data path consists of a single-ended TIA input
stage, followed by a di�erential main ampli�er and output stage. The balancing
error integrator closes a feedback loop which removes the dc-o�set between both
output terminals by adjusting the dc-voltage at the inverting input of the main
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TIA
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∫
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Figure 4.5: TIA block diagram and die micrograph.

ampli�er.
The transimpedance gain of the input stage and voltage gain of the main

ampli�er and output stage can be digitally modi�ed using the built-in controller,
in order to keep the output signal swing and associated linearity at a reasonable
level for varying optical input powers. This approach yields a number of discrete
gain modes, rather than a continuous range of supported gains, as o�ered by
conventional analog gain control. For a given optical input power, the gain of
each stage should be appropriately selected in order to minimize the penalty due
to nonlinearity. Moreover, changing the transimpedance gain of the input stage
modi�es its dynamics, which is counteracted by means of an additional control
element, as to be explained later on. Clearly, controlling these elements in a
purely analog fashion is an arduous task, given the intricate relation between the
circuit elements. The selected approach, however, employs digital control and
incorporates a look-up table such that the gain and dynamics of each stage can
be shaped to obtain the desired response [18]. The disadvantage of the employed
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discrete control is that, by its very nature, it cannot adjust the control elements by
an in�nitesimal amount. As such, a �xed output swing cannot be maintained for
varying input powers. Rather, the output swing can be kept within a �nite range,
dictated by the resolution of the control elements. Furthermore, the jump in the
TIA output signal when switching occurs might cause a temporary disturbance
to a clock-and-data recovery circuit after the TIA. Thus, gain control is to occur
when the BER is not critical (e.g., during initialization, during a preamble), after
which the input power is assumed to be relatively constant.

The TIA runs o� a 2.5 V supply and draws 157 mW to 180 mW, depending on
the selected input stage bias current. A die, containing two identical TIAs, was
manufactured in a 0.13 µm SiGe BiCMOS process and is shown in Fig. 4.5b. Each
TIA occupies 1500 µm × 890 µm and was wire bonded to a PIN photodiode [19]
with a responsivity of R = 0.6A/W.

4.3.1 Transimpedance Input Stage

4.3.1.1 General Considerations

ipd CI

RF

vo
−A(s)

Figure 4.6: Simpli�ed small-signal equivalent circuit of a typical shunt-feedback
TIA input stage.

Figure 4.6 shows a simpli�ed small-signal equivalent circuit of a typical shunt-
feedback TIA input stage [20] with a dc transimpedance gain of approximately RF.
On one hand, RF should be su�ciently large in order to reduce the contributions to
the input-referred noise irms

n , originating from both RF itself and subsequent stages;
on the other hand, RF should not be too large, taking into account the limited
output voltage swing of the input stage. Hence, RF should be adjustable, such that
it can be set according to the OMA.

We have opted to implement RF as the parallel connection of K = 32 identical
nMOS transistors, as shown in Fig. 4.7a. The individual gates are driven by digital
control signals d1, . . . ,dK . A 0-bit (VG = 0V) blocks the transistor, yielding zero
conductance between source and drain. Conversely, a 1-bit (VG = 2.5V) places the
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transistor in the linear region, provided both drain and source voltages are below the
so-called pinch-o� voltage [21]—approximately 1.6V under the applied conditions.
This operating region establishes a channel resistance R0 between source and drain.
As such, RF can be controlled digitally by selectively enabling individual transistors:
RF = R0/k with k = 1, . . . ,K the number of enabled transistors.

d1

dK

...

(a) implementation of vari-
able feedback resistor RF

CS

RF

CS

(b) equivalent schematic of
variable RF including para-
sitics

Figure 4.7: Implementation of feedback resistor RF: nMOS array (a) and equivalent
schematic including parasitics (b).

This implementation, however, leads to signi�cant parasitic capacitances CS
on both sides of RF, as illustrated in Fig. 4.7b. Indeed, CS combines the gate-source
overlap capacitance and source-bulk junction capacitance of each transistor, as
well as the intrinsic gate-source and source-bulk capacitances of every enabled
transistor. As illustrated in Fig. 4.8a, this will increase the capacitance at the critical
input node to CI + CS, which will impact the bandwidth. However, by placing
a current bu�er between feedback resistor RF and the input node, as shown in
Fig. 4.8b, CS no longer loads the input node. Moreover, it is e�ectively shorted by
the low input impedance of the current bu�er, nullifying its e�ect. The resulting
topology is called an active-feedback TIA [20].

Considering the limited output voltage swing of the forward ampli�er, the
quiescent output voltage should be judiciously selected, independent of dc pho-
tocurrent, in order to maximize the output voltage swing. This is accomplished
by modifying the circuit according to Fig. 4.8c: an integrating loop sets to zero
the contribution of the dc photocurrent to vo. This loop is designed such that the
signal frequencies are not a�ected; for these frequencies Fig. 4.8c simply reduces
to Fig. 4.8b.

Assuming that A(s) = A0/(1 + sτ ), it follows from Fig. 4.8b that the trans-
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(c) active-feedback TIA with photocurrent sink

Figure 4.8: Simpli�ed small-signal equivalent circuit of (a) a shunt-feedback TIA
and (b) an active-feedback TIA and (c) an active-feedback TIA with dc photocurrent
sink.
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impedance gain ZT(s) for the signal frequencies is given by

ZT(s) = RF ·
1

1 + s/(ω0Q) + s2/ω02
(4.5)

with natural angular frequency ω0 and quality factor Q given by

ω2
0 =

A0

RFCI · τ
(4.6a)

Q =

√
A0 · τ

RFCI
. (4.6b)

The parameters ω0 and Q should be selected in order to limit the amount of ISI and
noise. In order to maintain �xed values of ω0 and Q for changing RF, we adjust A0
proportional to RF.

4.3.1.2 Circuit Overview

Figure 4.9 shows the schematic of the active-feedback transimpedance input stage.
The corresponding component values and transistor dimensions are annotated
in Table 4.1. Matched transistors have their relative emitter lengths (in case of
bipolar junction transistors (BJTs)) or relative channel widths (in case of metal-
oxide semiconductor �eld-e�ect transistors (MOSFETs)) annotated in the �gure.
The forward ampli�er consists of a cascoded common-emitter ampli�er formed by
Q0, Q1, and RC, followed by emitter follower Q2; its gain A is controlled by means
of the adjustable dc current source IA. A variable emitter degeneration resistor RE
was added as an additional method of varying the forward ampli�er gain; for the
purposes of this text, however, it was held to its minimal value. The active-feedback
path is formed by diode-connected Q3, variable feedback resistor RF and cascode
Q ′3; the latter constitutes the current bu�er from Fig. 4.8b.

The integrator drives the matched common-source current sinks M0 and M ′0,
such thatVO, the dc component ofVo = VO+vo equals bias voltageV †O . As transistors
Q3 and Q ′3 are matched in terms of emitter area and dc collector current, they have
an equal dc base-emitter voltage. As a result, no dc current �ows through RF, and
the current sunk by both M0 and M ′0 equals the sum of the dc photocurrent IPD and
bias current IEF injected at the input node. The latter ensures proper biasing of the
input stage for a wide range of photocurrents. The bias circuit replicates part of the
main circuit, with each element matched to its counterpart using a current scaling
factor of 4 or 16, in order to reduce power consumption. As such, VC = V †C and
VO = V

†

O , such that the main ampli�er can be biased by means of current source
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I †Q = IQ/16: the dc collector current of Q0 equals IQ + IA. The dc output voltage VO
equals

VO = VDD − RCIQ −VBE,2 (4.7)

with VBE,2 the dc base-emitter voltage of BJT Q2.

component value

RC 50Ω
RF 25Ω–850Ω
RE 2Ω
IQ 4.8 mA
IQ 0.3 mA
IA 0 mA–9.6 mA
VB 2.3 V

BJT WE LE

Q0 0.27 µm 40 µm
Q1, Q2, Q ′2, Q3 0.27 µm 12 µm
Q∗2 , Q∗3 0.27 µm 3 µm

MOSFET W L

M0, M ′0 36 µm 0.28 µm
M∗0 9 µm 0.28 µm

Table 4.1: Component values and transistor dimensions of the active-feedback
transimpedance input stage.

4.3.1.3 Small-signal behavior

The small-signal behavior is obtained by linearizing the circuit of Fig. 4.9. Symbolic
results are obtained by means of a simpli�ed model, and are compared to numerical
simulation results of the complete circuit. Employing the GNT elaborated in
Appendix B allows evaluating the small-signal behavior by means of multiple
simpler calculations. Initially, one or more feedback loops of interest are marked
by placing a so-called probe within the loop. A probe is a three-terminal network
containing a series voltage source (voltage probe), a shunt current source (current
probe), or both (dual probe), allowing the calculation of various transfer functions
related to the loop in which the probe was placed. This approach is applied to both
the symbolic analysis of the simpli�ed circuit and the numerical simulation of the
complete circuit; comparing the results of both analyses allows identifying any
inadequacies of the simpli�ed model.

Small-signal equivalent circuit The small-signal equivalent circuit of the for-
ward ampli�er is shown in Fig. 4.10. Neglecting any high-frequency poles and
zeros, this ampli�er can be approximated by means of an ideal voltage ampli�er A
with input capacitance CA and output resistance RO, given by
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Figure 4.10: Simpli�ed small-signal equivalent circuit of the forward ampli�er.

CA ≈ CBE,0
1

1 + дm,0RE
+CBC,0

(
1 +

дm,0/дm,1

1 + дm,1RE

)
(4.8a)

A ≈
дm,0

1 + дm,0RE
RC (4.8b)

RO ≈
1
дef

(4.8c)

with CBE,0 and CBC,0 the base-emitter and base-collector capacitance of BJT Q0,
respectively; and дm,0, дm,1, and дef the transconductance of BJTs Q0, Q1, and Q2,
respectively.

Figure 4.11 shows a simpli�ed small-signal equivalent circuit of the TIA input
stage, where the forward ampli�er was replaced by its simpli�ed model. The
wirebonded photodiode is represented as a current source ipd with shunt capaci-
tance CD and, in series, resistance RS and bond wire inductance L. Shunt capacitor
CB represents the sum of input pad capacitance and parasitics at the input node.
CapacitorsCS model the shunt capacitance due to the variable feedback resistor RF,
as well as any additional parasitic capacitance at that node. Finally, CL represents
the load capacitance. The small-signal component values are listed in Table 4.2.

The following analysis focuses on three aspects: the balancing loop, the high-
frequency loop, and the extra series impedance at the input. Both loops are analyzed
by means of the General Feedback Theorem (GFT) (Appendix B.6.1), their associated
probes are drawn in the �gure. In general, the considered loop is designated by
means of a dual probe; when placed on an ideal injection point Appendix B.6.1.3,
however, the dual probe can be simpli�ed to either a voltage or current probe, as
was the case for the balancing loop. Finally, the e�ect of the series impedance Zee =

RS + sL is investigated using the Extra Element Theorem (EET) (Appendix B.6.2).

Balancing loop As discussed in Section 4.3.1.1, dc photocurrent gets diverted to
the current sink, while the high-frequency content of the photocurrent is processed
by the high-speed circuitry. This frequency selectivity is achieved by means of an
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component value
IA = 0mA IA = 9.6mA

A 5.7 10.5
CA 300 fF 400 fF
CB 150 fF
CD 115 fF
CL 48 fF
CS 120 fF
дef 100 mS
дs 8.6 mS
L 500 pH
RS 30Ω

Table 4.2: Small-signal component values.

integrating balancing loop, designated by a voltage probe in Fig. 4.11. For now, the
high-speed loop is active (vhf

z = 0, ihf
z = 0). The GFT decomposition of the transfer

function H = vo/io by means of the balancing loop probe yields

H = H bal
∞

T bal

1 +T bal + H
bal
0

1
1 +T bal (4.9)

with in�nite-loop-gain response H bal
∞ , zero-loop-gain response H bal

0 , and balancing
loop gain T bal given by

H bal
∞ =

vo

ipd

����
vbal

y

(4.10a)

H bal
0 =

vo

ipd

����
vbal

x

(4.10b)

T bal =
vbal

y

vbal
x

�����
ipd

(4.10c)

where the subscripts indicate the nulled signal(s). Due to the integrating nature
of the balancing loop, i.e., T bal ≈ ω0/s , the low-frequency (ω � ω0) closed-loop
responseH will be dominated byH bal

∞ , while the high-frequency (ω � ω0) behavior
is dominated by H bal

0 . Moreover, since H bal
0 and T bal are only relevant for relatively

low frequencies, the forward ampli�er can be replaced by a three-terminal nul-
lor (Appendix B.6.1), which forcesvhf

y = 0 and ihf
y = 0, for the purpose of calculating
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these quantities. Similarly, the extra series impedance Zee is only relevant for high
frequencies, such that it can be shorted, �nally resulting in the circuit shown in
Fig. 4.12.

In the simpli�ed small-signal equivalent circuit of Fig. 4.12, the nullator at the
input forces v = 0 when ipd is nulled. Nulling vy, on the other hand, yields v†o = vo.
Accordingly, one obtains T bal and H bal

∞ , respectively;

T bal = B(s)дs (RF + 2/дef) (4.11a)

H bal
∞ = −1/дef (4.11b)

with B(s) the transfer function of the integrating op-amp.

дs
4 vx

4/дef C

дsvx

дefv

ipd

дsvx

1/дef
RF

+

−

v −

+

∫
vov†o

+

−

vx

−

+

vy

−+
vz

Figure 4.12: Simpli�ed small-signal equivalent circuit for the calculation of the
balancing loop gain T bal and in�nite-balancing-loop-gain response H bal

∞ .

Equation (4.11a) is compared to simulation results in Fig. 4.13. Moreover,
comparing the simulation results with the high-speed loop gain in�nite (vhf

y = 0
ihf
y = 0) and the high-speed loop unmodi�ed (vhf

z = 0, ihf
z = 0) validates our previous

approximation; only for frequencies, far beyond the gain-bandwidth product of
T bal, can one observe any appreciable deviation due to the �nite high-speed loop
gain.

Remark that, in order to accurately obtain the zero-loop-gain response H bal
0 for

high frequencies, both the high-speed loop and the extra series impedance must
be taken into account.

High-speed loop As our attention shifts to higher frequencies, we can assume
the balancing loop is killed, i.e., vbal

x = 0, and consider the e�ect of the high-speed
loop on H . Similar to the balancing loop, the high-speed loop is analyzed by means
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Figure 4.13: Comparison of balancing loop gain T bal obtained via analytical calcu-
lation (4.11a) and numerical simulation.

of a GFT analysis, with the following decomposition

H = Hhf
∞

T hf

1 +T hf + H
hf
0

1
1 +T hf . (4.12)

With vbal
x = 0, Fig. 4.11 simpli�es to Fig. 4.14a. Next, suppose the dual probe

is moved to the right of the capacitor CA, as indicated by the arrow in Fig. 4.14a.
As this probe is still located in the same loop, T hf is not a�ected because it is loop
invariant, as discussed in Appendix B.6.1. Moreover, the locations of the input
ipd and output vo are such that Hhf

∞ and Hhf
0 are also una�ected by this change.

Remark that, due to the monolithic BJT models employed by the simulator, this
probe location cannot be accessed in the complete circuit of Fig. 4.9. However, it
allows signi�cantly simplifying the symbolic analysis based on the small-signal
equivalent circuit. Since the probe placement to the right of capacitorCA constitutes
an ideal voltage injection point, the dual probe can be replaced by a voltage probe,
simplifying the calculation of T hf, Hhf

∞ , and Hhf
0 to T hf = vy/vx |ipd , Hhf

∞ = vo/ipd |vy ,
and Hhf

0 = vo/ipd |vx , respectively, where subscripts indicate the nulled signal(s).
Figure 4.14b shows the resulting small-signal equivalent circuit, withCI = CA +CB.
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(b) voltage probe with CI = CA +CB

Figure 4.14: Simpli�ed small-signal equivalent circuit accompanying the discussion
of the high-speed loop, with the balancing loop killed, and dual probe (a) replaced
by voltage probe (b).

Calculation of the abovementioned components yields

T hf ≈
vy

vx

����
ipd

=
A

s (RF + 3/дef) (CD +CI)

·
1

1 + s CS/дef

1
1 + s (2CS +CL)/дef + s2CSCL/д

2
ef

(4.13a)

Hhf
∞ ≈

vo

ipd

����
vy

= − (RF + 2/дef) · (1 + s CS/дef)
2 (4.13b)

Hhf
0 =

vo

ipd

����
vx

= 0 (4.13c)



70 Chapter 4. Design and Experimental Verification of a Transimpedance
Amplifier for 64Gb/s PAM-4 Optical Links

where the approximations in (4.13a) and (4.13b) are valid for RF � 1/дef.
Fig. 4.15 compares the calculated loop gain T hf (4.13a) to that obtained via

numerical simulation. It shows that (4.13a) closely matches the simulation results
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z = 0) and Zee = 0 (sim)

Figure 4.15: Comparison of high-speed loop gainT hf obtained via analytical calcu-
lation (4.13a) and numerical simulation, with RF = 170Ω and IA = 9.2mA.

for approximately 1 GHz to 10 GHz. The low-frequency behavior of T hf is poorly
modeled by (4.13a); this can be mitigated by taking into account the �nite input
resistance ofQ0. However, this does not signi�cantly a�ect the closed-loop behavior
since the loop gain is rather large. For frequencies beyond the gain-bandwidth
product f0 of T hf, a multitude of poles manifest due to parasitic capacitance on
various low-impedance nodes. Only those at the output node (CL) and on both
sides of RF (CS) have been taken into account in the approximation (4.13a), yielding
a number of non-dominant poles. Equation (4.13a) does give a reasonable estimate
of the gain-bandwidth product

f0 =
A

2π (RF + 3/дef) (CD +CI)
(4.14)

assuming the non-dominant pole frequencies are su�ciently large, as illustrated
in Fig. 4.16. This �gure compares simulated gain-bandwidth product f0 to (4.14).
Combined with the simulated phase margin ϕ, Fig. 4.16 highlights the tradeo�s
between transimpedance gain RF, gain-bandwidth product f0, phase margin ϕ and
forward ampli�er voltage gain A.
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Figure 4.16: Comparison of high-frequency loop gain gain-bandwidth product
f0 and phase margin ϕ obtained via analytical calculation (4.14) and numerical
simulation.

Extra series impedance The in�uence of bond wire inductance L and series
resistance RS is investigated by means of an additional EET analysis, as reviewed
in Appendix B.6.2. This entails measuring the driving point impedance seen by
the extra element under various circumstances. Again, the balancing loop is killed,
i.e., vbal

x = 0. Speci�cally, the e�ect of the extra impedance Zee = RS + s L on the
loop gain T hf and in�nite-loop-gain response Hhf

∞ is examined. Both quantities
were calculated earlier—with the extra impedance shorted—in (4.13), and will be
henceforth designated T hf

sc and Hhf
∞,sc, respectively.

For both T hf and Hhf
∞ , the driving point impedance is calculated with their

respective inputs nulled (Zd) and outputs nulled (Ẑd). In the circuit of Fig. 4.14b, a
current source iee is inserted into the location corresponding to the extra element
and the corresponding voltage is designatedvee, resulting in the circuit of Fig. 4.17a.
Nulling the appropriate signals on Fig. 4.17a simpli�es Fig. 4.17a to either Fig. 4.17b,
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Figure 4.17: Simpli�ed small-signal equivalent circuits for the calculation of the
impedance seen by the extra series impedance.

Fig. 4.17c, or Fig. 4.17d, yielding the components of T hf

Zd =
vee

iee

����vx
ipd

=
1

s (CD ‖ CI)
(4.15a)

Ẑd =
vee

iee

����vy
ipd

=
1

sCD
(4.15b)

and those of Hhf
∞

Zd =
vee

iee

����vy
ipd

=
1

sCD
(4.16a)

Ẑd =
vee

iee

����vy
vo

= ∞ . (4.16b)

Carrying out the EET decomposition of T hf and Hhf
∞ yields

T hf = T hf
sc

1 + sRSCD + s
2LCD

1 + sRS(CD ‖ CI) + s2L(CD ‖ CI)
(4.17a)

Hhf
∞ = Hhf

∞,sc
1

1 + sRSCD + s2LCD
. (4.17b)



4.3. Transimpedance Amplifier Architecture 73

As such, the extra element Zee introduces an additional pair of (complex) poles
and zeros to the high-speed loop gain T hf. Moreover, the zeros added to T hf are
also added to Hhf

∞ as poles [18]. These discrepancies are illustrated in Fig. 4.18 by
means of simulation results.
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Figure 4.18: E�ect of extra impedance Zee on high-speed loop gain T hf (a) and
in�nite-loop-gain response Hhf

∞ (b), with RS = 20Ω and L = 500 pH, RF = 170Ω,
and IA = 9.2mA.

Noise analysis Figure 4.19a shows the simulated noise spectral density at the
output Vo of the input stage, revealing the contributions of each of the subcircuits
annotated in Fig. 4.9. These simulation results were obtained with variable feedback
resistor RF set to 170Ω and dc current source IA = 9.2mA. Note that the vast
majority of the noise is generated in the forward ampli�er; its noise contribution
is dominated by common-emitter BJT Q0. Using a similar reasoning as in [17], we
have selected a suitable biasing and sizing forQ0, minimizing the noise contribution
without compromising the dynamic behavior and linearity. Note from Table 4.1
that this results in a fairly large emitter area for Q0; this is done to reduce the base
resistance and the noise voltage it produces. While the noise contribution of the
active feedback subcircuit is less prominent, it is shown that a signi�cant portion
of this contribution is generated by current bu�er Q3, as illustrated in Fig. 4.19b.

4.3.1.4 Large-signal behavior

The large-signal behavior of the input stage is characterized by the static input/out-
put curve, obtained with the balancing integrator output voltageV bal

x held to its dc
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Figure 4.19: Simulated noise spectral density at the output of the input stage,
showing an overview of noise contributions due to several subcircuits (a) and a
detail of noise contributions due to the active feedback subcircuit (b), both with
RF = 170Ω and IA = 9.2mA.
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value (vbal
x held to zero), as shown in Fig. 4.20. The input/output curve is shown

for both RF = 283Ω and RF = 850Ω, illustrating how the linear input range is
increased by reducing RF.
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Figure 4.20: Simulated static input/output curve, obtained with the balancing
integrator output voltage V bal

x held to its dc value, and asymptotic approximation.
Component values are: RF either 283Ω or 850Ω, and IA = 9.6mA.

For small photocurrent excursions |ipd |, a linear relation between the total
output voltage Vo and incremental photocurrent ipd is observed. One obtains
Vo = VO + vo with the quiescent output voltage VO given in (4.7) and, assuming
su�cient loop gain in the high-speed loop, the incremental output voltage vo =

−(RF + 2/дef) ipd results from (4.13b).

For larger photocurrent excursions |ipd |, however, the linear relation between
Vo and ipd is put to an end, due to a variety of e�ects. Decreasing the incremental
photocurrent ipd from ipd = 0mA, the output voltage Vo increases, initially, in
a linear fashion. This output voltage is one VBE-drop lower than the voltage
Vc, measured at the collector of Q1 in Fig. 4.9. When further decreasing ipd, Vc
eventually reaches the supply voltage VDD; since the forward ampli�er can only
sink current from RC, the high-speed loop gain topples as Vc reaches VDD, limiting
Vo to VDD −VBE. The corresponding incremental photocurrent, i.e., the minimal
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value for linear operation equals

imin
pd = −IQ

RC

RF + 3/дef
(4.18a)

≈ −IQ
RC

RF
(4.18b)

where the latter approximation is valid for su�ciently large RF � 1/дef.
On the other hand, increasing ipd lowers, initially in a linear fashion, both the

output voltage Vo and, one VBE-drop lower, the drain voltage Vd of M0, as given by

ipd =
VD −Vd

RF + 1/дef
(4.19)

which is shown in Fig. 4.21. The drain current of M0, however, is related to the

Vmin
D

VP VD

imax
pd

IEF

Id

I lin
d

ipd

triode saturation

Vd

Id,ipd

Figure 4.21: Total drain current Id of M0 and incremental photocurrent ipd versus
total drain voltage Vd.

drain voltage Vd by

Id =


IEF

[
2
Vd

VP
−

(
Vd

VP

)2]
≈ 2IEF

Vd

VP
Vd < VP (triode)

IEF Vd ≥ VP (saturation)

(4.20a)

(4.20b)

which is illustrated in Fig. 4.21, with both operating regions—triode and saturation—
annotated, as well as the linear approximation in (4.20a), valid for Vd � VP. Apply-
ing Kirchho�’s current law at the drain of M0, it follows that the collector current



4.3. Transimpedance Amplifier Architecture 77

Ic of BJT Q3 equals Id − ipd. While relatively constant for appropriately large col-
lector currents, the base-emitter voltage will quickly drop for collector currents
approaching zero, due to their exponential relation. As such, the approximately
linear regime ends when Ic approaches zero, or, equivalently, when Id and ipd
approach equality. Their intersection is highlighted in Fig. 4.21. The corresponding
incremental photocurrent, i.e., the maximal value for linear operation, equals

imax
pd =

2IEFVD/VP

1 + 2IEF(RF + 1/дef)/VP
(4.21a)

≈
VD

RF
(4.21b)

with the latter valid when both RF � 1/дef and IEFRF � VP. Equations (4.18b)
and (4.21b) indicate that the linear input range can be increased by reducing
feedback resistor RF. The developed asymptotic model was superimposed on the
simulation results in Fig. 4.20 for RF = 850Ω.

4.3.2 Main Ampli�er and Output Stage

Q0

Q1

Q2

Q ′0

Q ′1

Q ′2

I1

Vim
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I2

Vop

I ′1

Vip

R′C

I ′2

Vom

2RE

Figure 4.22: Schematic of di�erential gain stage.

The main ampli�er consists of three fully di�erential gain stages. The topology
of such a gain stage is discussed at length in [17] and is illustrated in Fig. 4.22.
The gain is controlled by adjusting degeneration resistor 2RE, which again is
implemented as an nMOS transistor array, biased in the linear region. The output
stage has a structure similar to the gain stage from Fig. 4.22, but without emitter
followers Q2 and Q ′2, and has RC = R′C = 50Ω. The corresponding component
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stage 1 stage 2 stage 3 output stage

Q0, Q ′0 3.6 µm 5.4 µm 7.2 µm 14.4 µm
Q1, Q ′1 1.2 µm 1.8 µm 2.4 µm 7.2 µm
Q2, Q ′2 2.4 µm 3.6 µm 4.8 µm
RC, R′C 75Ω 50Ω 38Ω 50Ω
RE 4Ω–72Ω 3Ω–48Ω 2Ω–36Ω 1Ω–18Ω
I1, I ′1 1.6 mA 2.4 mA 3.2 mA 6.4 mA
I2, I ′2 0.8 mA 1.2 mA 1.6 mA

Table 4.3: Component values of the di�erential gain stages and output stage.

values for each stage are annotated in Table 4.3, which also shows the emitter
length for each BJT. The emitter width equals 0.27 µm for each BJT.

4.3.3 TIA Gain Modes

mode 1 mode 2 mode 3 mode 4

RF Ω 170 170 106 106
IA mA 9.2 9.2 0 0
(RE)stage 1 Ω 12 18 18 24
(RE)stage 2 Ω 8 12 12 16
(RE)stage 3 Ω 6 9 9 12
(RE)output stage Ω 3 4 4 6

Table 4.4: TIA settings for gain modes 1–4.

The TIA’s built-in controller allows selecting between four transimpedance
gain modes. These modes are characterized by the settings indicated in Table 4.4.
Going from mode 1 to 4, the total transimpedance gain is gradually reduced using
both the input stage feedback resistor RF and the combined gain Apost of the main
ampli�er and output stage. As such, the input-referred rms noise will gradually
increase from mode 1 to 4, while the TIA’s linearity will gradually increase. Note
that IA is varied along with RF as explained in Section 4.3.1.
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4.4 Experimental Setup

The transmitter hardware consists of a continuous-wave 1550 nm laser and a
≥ 25GHz MZM, modulated by an electrical 64 Gb/s PAM-4 signal. This signal
is the result of Gray-mapping a 29 − 1 PRBS and is generated using a 64 GSa/s
arbitrary waveform generator. The resulting transmitter eye diagram, as captured
using a broadband photodiode directly connected to a 63 GHz oscilloscope, is shown
in Fig. 4.23. Note that, due to the low conversion gain of the directly-connected
photodiode, the signal swing is so small that the eye diagram is deteriorated due to
noise from the oscilloscope itself. It was veri�ed that the transmitter contribution
to the noise and ISI at the output of the TIA is negligible compared to that of
the TIA itself, such that the assumptions from Section 4.2 are met. In order to
avoid compression due to the non-linear characteristics of the MZM [22], the drive
voltage swing was limited, yielding a 2.1 dB ER, i.e., the ratio between the optical
powers corresponding to the input levels +A and −A from (4.1b), as indicated on
Fig. 4.23. At the receiving end, the optical signal is coupled into the photo diode by

21.8 mV

26.0 mV

30.7 mV

35.3 mV

Figure 4.23: 64 Gb/s PAM-4 transmitter eye diagram, measured using a high-
bandwidth photodiode, with symbol levels annotated. Horizontal and vertical scale
is 6.25 ps/div and 5 mV/div.

means of a manually aligned lensed �ber. The di�erential TIA output voltage is
then captured at 160 GSa/s using a 63 GHz real-time oscilloscope for the duration
of approximately 500 × 103 symbol periods. The above procedure was repeated for
varying optical input powers and four transimpedance gain modes, selected using
the TIA’s built-in controller.

Based on the captured waveforms, a number of parameters and performance
indicators were determined o�ine. Lowpass interpolation (i.e., the insertion of
zeros between the original samples and subsequent lowpass �ltering) was employed
to increase the sample rate of these waveforms by a factor of 32 and 8 for eye
diagram generation and BER calculation, respectively. For the latter, the appropriate
decision instants and decision thresholds were determined, yielding the samples
vk = v(kT + ϵ), after which (i) the BER was obtained after symbol-by-symbol
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detection and error counting; (ii) the signal and noise contributions at the decision
instants were separated, exploiting the periodicity of the signal component; (iii)
the rms value vrms

n of the output noise voltage was computed; (iv) the useful and
ISI contributions were identi�ed from the scatter diagram of the signal component.

Note that, in order to accurately portray the performance of the TIA itself,
no pre-emphasis or post-equalizer was used, as these would correct the TIA’s
frequency response and reduce ISI.

4.5 Results and Discussion

dtot

Figure 4.24: Scatter diagram of the signal component, with gain mode 1 and
−10.3 dBm OMA. ISI bands are annotated, along with dtot.

Figure 4.24 shows the scatter diagram of the signal component of the TIA
di�erential output voltage, extracted from a measurement corresponding to gain
mode 1 and −10.3 dBm OMA. The four ISI bands mentioned in Section 4.2.1 are
easily discerned; the distance dtot between the centers of the outer ISI bands is
indicated on the �gure.

We have determined the distance dtot for various OMAs for each of the four
gain modes. The result is shown in Fig. 4.25. As expected, the larger the total
transimpedance gain, the smaller the input-referred linear range. For each gain
mode, we have selected an operating point in the linear range and determined
the corresponding scatter diagram, from which we extracted the transimpedance
impulse response coe�cient h0 and relative peak ISI magnitude κ, de�ned in
Section 4.2.1. From the rms value vrms

n of the output noise voltage and coe�cient
h0, we computed η · irms

n . These quantities are displayed in Table 4.5. Going from
mode 1 to mode 4, h0 decreases and irms

n increases. The decrease of h0 is consistent
with the decreasing total gain indicated in Table 4.4. The increase of irms

n has the
following causes: (i) reducing the (transimpedance) gain of each stage increases
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Figure 4.25: Measured di�erential output voltagedtot as a function of OMA for gain
modes 1–4. Operating points corresponding to the histograms shown in Figs. 4.27a
to 4.27d and eye diagrams shown in Figs. 4.28a to 4.28d were indicated as (a)–(d).

the input-referred noise contributions from subsequent stages [20]; (ii) reducing
RF increases its input-referred noise contribution. As the current IA is varied along
with feedback resistor RF, the dynamics of the TIA are essentially independent
of the gain mode; consequently, the corresponding relative peak ISI magnitude κ
remains fairly constant. With κ ≈ 0.15 for all gain modes, the associated power
penalties as a function of the operating BER are readily found in Fig. 4.3.

Figure 4.26 shows the measured BER as a function of OMA for the considered
gain modes. For a given gain mode, two regions can be identi�ed, corresponding
to small OMA (linear TIA operation) and large OMA (nonlinear TIA operation).
For increasing OMA, the BER in the former and latter region is decreasing and
increasing, respectively, con�rming the analysis from Section 4.2. Hence, for a
given gain mode, a range (OMAlow,OMAhigh) can be identi�ed for which the BER
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mode 1 mode 2 mode 3 mode 4

h0 dBΩ 67 62 59 55
κ · 0.144 0.153 0.138 0.143

η · irms
n µA 4.9 5.9 7.9 10.2

Table 4.5: Extracted TIA parameters for gain modes 1–4.
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Figure 4.26: Measured BER versus OMA for 64 Gb/s PAM-4, and calculated BER
(4.4b) using a simpli�ed model versus OMA.
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does not exceed the BER limit1 of 10−3. Going from mode 1 to 4, both OMAlow
and OMAhigh get larger; this behavior follows from the increase of the noise level
(OMAlow), indicated in Table 4.5, and of the input-referred linear range (OMAhigh),
illustrated in Fig. 4.25. By selecting at each operating point the appropriate gain
mode, the BER limit is achieved when the OMA is between −7 dBm and (at least)
−0.2 dBm.

For each gain mode, Fig. 4.27 displays the histogram of vk corresponding to
the operating point yielding the smallest BER, along with the employed decision
thresholds. Note that the operating points corresponding to each histogram is
indicated in Fig. 4.25.

Using the extracted TIA parameters from Table 4.5, the BER can be calculated
according to (4.4b), which uses a simpli�ed model as discussed in Section 4.2.1.
Figure 4.26 compares the calculated BER (4.4b) with the measured BER for gain
modes 1—4. Clearly, (4.4b) constitutes an excellent approximation of the measured
BER in the linear region.

For each gain mode, Fig. 4.28 displays the eye diagram corresponding to the
operating point yielding the smallest BER, qualitatively illustrating the satisfac-
tory error performance with PAM-4 at 64 Gb/s. Note that the operating points
corresponding to each eye diagram is indicated in Fig. 4.25.

Compared to the 64 Gb/s results from our previous contributions, gain switch-
ing signi�cantly improves [13] in terms of dynamic range and OMA sensitivity
(from 0 dBm to −7 dBm), and the redesigned input stage enhances the sensitivity
from [14] by 1 dB. These advantages come with only a slight increase in power
consumption of 15 mW and 30 mW, compared to [13] and [14], respectively. Other
state-of-the-art publications detailing PAM-4 BER measurements at similar bit rates
report a higher TIA power consumption [9, 23] or mention no power consumption
at all [10]. Real-time 60 Gb/s BER measurements are presented in [23], achiev-
ing BER=10−3 sensitivity at an average optical input power of −1.3 dBm using a
commercial TIA that consumes 1200 mW. Complex experiments are presented
in [7–10], for which the TIA plays only a minor role; their BER results are achieved
using power-hungry digital signal processing techniques involving FFE and DFE.
Furthermore, one of [9]’s results is achieved using an APD, whereas [10] used
an erbium doped �ber ampli�er with 25 dB gain in front of the photodiode to
signi�cantly boost the received input power.

1We assume that a raw BER of 10−3 is su�ciently small for the FEC in the eventual application
to achieve a suitable system BER.
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−0.2 0 0.2
di�erential output voltage [V]

(a) mode 1, OMA = −5.2 dBm

−0.2 0 0.2
di�erential output voltage [V]

(b) mode 2, OMA = −3.3 dBm
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Figure 4.27: Measured 64 Gb/s PAM-4 histograms and decision thresholds corre-
sponding to the operating point yielding minimum BER.

4.6 Conclusion

We have presented a TIA for 64 Gb/s PAM-4 optical links, implemented in 0.13 µm
SiGe BiCMOS with a power consumption of 180 mW. During the design of the TIA,
we have taken into account the challenges related to the use of PAM-4, i.e., increased
susceptibility to noise, ISI, and receiver nonlinearity. A digital gain controller
enables the switching between four discrete gain modes, thereby allowing a trade-
o� between sensitivity and linearity. Furthermore, the transimpedance gain of the
input stage can be varied with little e�ect on the relative ISI magnitude. Compared
to our previous contributions, we were able to improve the dynamic range of [13]



4.6. Conclusion 85

(a) mode 1, OMA = −5.2 dBm (b) mode 2, OMA = −3.3 dBm

(c) mode 3, OMA = −1.3 dBm (d) mode 4, OMA = −0.2 dBm

Figure 4.28: Measured 64 Gb/s PAM-4 eye diagrams corresponding to the operating
point yielding minimum BER. Horizontal and vertical scale is 6.25 ps/div and
100 mV/div for all eye diagrams.

and the sensitivity of [13, 14], due to the inclusion of gain control, as well as the
redesigned input stage. The TIA performance was experimentally validated using
BER measurements. The raw BER limit of 10−3 is achieved for OMAs between
−7 dBm and at least −0.2 dBm. Moreover, TIA parameters were extracted from the
measurements and fed into a simpli�ed model, the results of which closely match
the measured BER in the linear region.
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Chapter 5

Conclusion

This dissertation describes the design and experimental veri�cation of TIAs for
optical networks, either in the access tier or in data centers. Three TIAs were
designed and processed in a 0.13 µm SiGe BiCMOS process, each discussed in a
separate chapter.

Chapter 2 presented a 40 Gb/s-capable TIA for optical links, and was based
on [1]. The design of the TIA was discussed and the sizing and biasing of the �rst
stage was described as the result of noise optimization. It consumes 158 mW and,
paired with a 0.55 A/W photodiode, achieves an OMA sensitivity of −10.6 dBm at
25 Gb/s and −6.4 dBm at 40 Gb/s.

Figure 5.1 compares our experimental optical BER results from Chapter 2 to the
state of the art, mapping the progress made by the research community in this �eld
since the original publication. The relevant publications were categorized based
on the obtained serial data rate: 25 Gb/s, between 25 Gb/s and 40 Gb/s, and beyond
40 Gb/s. Each publication is additionally subcategorized based on publication date:
before our entry [1] (2015) and after. Figure 5.1 places each entry on the point
de�ned by its power consumption and sensitivity. For the latter, the peak-to-peak
input current sensitivity was selected, in order to eliminate the in�uence of the
photodiode responsivity. For each subcategory, the Pareto front1, de�ned by the
best entries, is drawn. At the time of the original publication, our 40 Gb/s result [1]
was part of the Pareto front, along with [4, 12]. Since then, signi�cant progress has
been made: [20] and [22] shift the Pareto front, making use of the modern 28 nm
complementary metal-oxide semiconductor (CMOS) and 14 nm FinFET CMOS

1Given a set S = {a,b, . . . } of points, a point a is said to dominate an other point b when it
scores better in all categories—in this case, power consumption and peak-to-peak input current
sensitivity. The Pareto front F is formed by points p which are not dominated by any point q in S,
i.e. F = {p : {q ∈ S : q dominates p} = ∅}.
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Figure 5.1: Comparison with state-of-the-art TIAs for NRZ OOK experimental
BER results.

process technologies, respectively. No such signi�cant advances have been made
since 2015 in the �eld of 25 Gb/s TIAs. Indeed, a large amount of publications have
preceded ours and only a handful have followed. Nevertheless, our 25 Gb/s result
retains its near-state-of-the-art performance, as demonstrated by its proximity
to the Pareto front. Finally, we investigate submissions that go beyond 40 Gb/s.
Already in 2015, [4] demonstrated serial data rates up to 71 Gb/s, which, however,
required a high power consumption of 860 mW. Since then, [23] and [24] have
reached 50 Gb/s and 64 Gb/s at much reduced power consumptions of 395 mW and
90 mW, respectively.

Chapter 3 presented a low-cost 40 Gb/s TDM-PON downstream link using EDB
modulation, and was based on [25]. At the OLT, the transmitter is comprised of a
DFB-EAM modulated by an NRZ OOK signal. The ONU receiver consists of an
APD-based TIA followed by a 3-level duobinary decoder. The TIA transimpedance
gain and associated linearity as well as its bandwidth can be digitally varied,
enabling optimization for either NRZ or EDB reception. The original submission
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constituted the �rst report of real-time measurements using 40 Gb/s downstream
EDB transmission with compact and low-cost components in both the OLT and
ONU. A high power budget of 23.6 dB has been achieved in back-to-back conditions.
The measured power penalty remained below 3 dB for the dispersion range from
−215 ps/nm to 128 ps/nm.

Chapter 4 presented a TIA for 64 Gb/s PAM-4 optical links, implemented in
0.13 µm SiGe BiCMOS with a power consumption of 180 mW. The chapter starts
by identifying and examining the challenges related to the use of PAM-4, i.e.,
increased susceptibility to noise, ISI, and receiver nonlinearity. These challenges
have been taken into account during the design of the TIA: (i) a digital gain
controller allows to switch between four discrete gain modes, thereby allowing
a trade-o� between sensitivity and linearity; (ii) the transimpedance gain of the
input stage can be varied with little e�ect to the ISI magnitude. Compared to
our previous contributions, we were able to improve the dynamic range of [26]
and the sensitivity of [26, 27], due to the inclusion of gain control, as well as the
redesigned input stage. The TIA performance was experimentally validated using
BER measurements. The raw BER limit of 10−3 is achieved for OMAs between
−7 dBm and at least −0.2 dBm. Moreover, TIA parameters were extracted from the
measurements and fed into a simpli�ed model, the results of which closely match
the measured BER in the linear region.
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Appendix A

O�ine Waveform Processing

This chapter details the o�ine waveform processing performed to obtain the
results from Section 4.5. Appendix A.1 discusses the o�ine receiver structure,
parameterized by the decision thresholds and the sampling o�set. Given a set
of parameters, this receiver can be used to calculate the BER, as described in
Appendix A.2. Finally, Appendices A.3 and A.4 discuss the methods by which
appropriate values for these parameters were obtained in order to achieve near-
optimal receiver performance.

A.1 Receiver structure

parameterized o�ine receiver

A
D ↑ Nup LPF ↓ Ndown slicer demapper

v(t) vk âk

b̂
(1)
k

...

b̂
(N )
k

n

M − 1

h1, . . . ,hM−1

M − 1

h1, . . . ,hM−1

Figure A.1: Receiver structure.

Figure A.1 illustrates the structure of the PAM-M receiver. The TIA output
voltage v(t) is sampled by an analog-to-digital converter (ADC) at a sample rate
1/Ts which is a rational multiple of the symbol rate 1/T , i.e.,Ts/T = P/Q with P and
Q integers without common divisor. The ADC output is then upsampled by a factor
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Nup = LP , which is an integer multiple of P , i.e., Nup − 1 zeros are inserted between
each original sample, and subsequently lowpass �ltered; this yields samples at a
rate Ndown/T , with Ndown = LQ . Next, the sampling rate is decreased to the symbol
rate 1/Ts by only keeping every Ndown-th sample. The index of this sample is o�set
by n, a parameter which can take any integer between 0 and Ndown − 1, resulting in
the samples vk = v(kT + ϵ), where ϵ = (n/Ndown) ·T denotes the sampling o�set.
The integer L is selected to obtain a su�cient resolution in the time domain, say,
Ndown > 10. The slicer implements the following symbol-by-symbol decision rule

âk =



S1 vk ≤ h1

S2 h1 < vk ≤ h2
...

...

SM−1 hM−1 < vk ≤ hM−1

SM hM−1 < vk

(A.1)

which assigns symbol decisions âk to samples vk based on M − 1 thresholds
h1 < h2 < · · · < hM−1. Each of the symbols âk is then converted to N = log2M
corresponding bits b̂(1)k , . . . , b̂

(N )
k by the demapper. Finally, the detected bit sequence

is obtained by serializing the bits corresponding to subsequent symbols, yielding
b̂N (k−1)+i = b̂

(i)
k , with i = 1, . . . ,N .

In Chapter 4, a 63 GHz real-time oscilloscope sampled the di�erential TIA
output voltage at a rate of 1/Ts = 160GSa/s. The captured waveform was then
upsampled by a factor of Nup = 32 and Nup = 8 for eye diagram generation and
BER calculation, respectively. For the latter, subsequent downsampling by a factor
of Ndown = 40 yields the employed symbol rate 1/T = 32GBd.

A.2 Bit-error rate calculation

For given decision thresholds and sampling o�set, the symbol-error rate (SER) is
obtained by comparing the transmitted symbol sequence (ak ) and the received
symbol sequence (âk ). In Chapter 4, the transmitted symbol sequence was the
result of Gray-mapping a 29−1 PRBS. Remark that, due to delay in the channel, the
transmitted and received symbol sequence can be misaligned. Such misalignment is
observed in the cross correlation of both sequences and subsequently compensated
by shifting one of these sequences by the appropriate amount. Likewise, the BER is
found by comparing the transmitted bit sequence (bi ) and the received bit sequence
(b̂i ).

The BER is a�ected by the selection of the decision thresholds (h1, . . . ,hM−1)
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and the sampling o�set parameter n. The following sections discuss the method
by which an appropriate value was selected for these parameters.

A.3 Determining decision thresholds

For symbol-by-symbol decision, the SER is minimized when employing the maxi-
mum a posteriori probability (MAP) decision criterion [1]. In general, this criterion
requires knowledge of the individual conditional PDFs p(v |Sm), weighted by the
corresponding a priori probabilities Pr[Sm], for m = 1, . . . ,M . The following pro-
poses a decision criterion which only requires knowledge of the CDF Pr[V ≤ v] of
the output samples, and the a priori probabilities Pr[Sm], form = 1, . . . ,M . Initially,
binary transmission is considered, after which the results are generalized for the
detection of PAM-M .

For binary transmission, i.e., using a symbol alphabet consisting of M = 2
symbols S1 and S2, the MAP decision criterion involves decision threshold(s)
found at the intersection(s) of the weighted conditional PDFs p(v |S1)Pr[S1] and
p(v |S2)Pr[S2] [2]. Figure A.2a illustrates the situation wherein multiple decision
thresholds demarcate the various decision regions. In each decision region, either
p(v |S1)Pr[S1] or p(v |S2)Pr[S2] is higher, resulting in the corresponding decision
â = S1 or â = S2, respectively. In practice, the conditional PDFs p(v |Sm) are

p(v |S1)Pr[S1]

p(v |S2)Pr[S2]

â = S1 â = S2 â = S1

v

(a) multiple intersections

h

p(v |S1)Pr[S1]

p(v |S2)Pr[S2]

â = S1 â = S2

v

(b) single intersection

FigureA.2: Illustration of the MAP decision criterion for binary transmission where
the weighted conditional PDFs p(v |S1)Pr[S1] and p(v |S2)Pr[S2] have (a) multiple
intersections and (b) a single intersection.
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typically unimodal, and a single threshold is usually su�cient [2]; this will be
henceforth assumed. This situation is illustrated in Fig. A.2b, where the decision
criterion simpli�es to

â =

{
S1 v ≤ h

S2 v > h
(A.2)

with h the decision threshold as determined by the intersection of both weighted
conditional PDFs. The proposed CDF-based decision criterion employs the same
simpli�ed test (A.2), but with a di�erent threshold, which we will designate h′; the
result of decision will be designated â′. The threshold h′ is obtained as the value
for which the CDF equals Pr[S1], i.e.,

Pr[V ≤ h′] = Pr[S1] . (A.3)

Figure A.3 details the region near the intersection of both weighted conditional
PDFs p(v |S1)Pr[S1] and p(v |S2)Pr[S2], with both the MAP decision threshold h and
CDF-based threshold h′ indicated. Moreover, four distinct areas A, B, C , and D are
indicated, corresponding to the following probabilities

A = Pr[V ≤ h′ |S2] · Pr[S2] (A.4)
B = (Pr[V ≤ h |S2] − Pr[V ≤ h′ |S2]) · Pr[S2] (A.5)
C = Pr[h < V |S1] · Pr[S1] (A.6)
D = (Pr[V ≤ h |S1] − Pr[V ≤ h′ |S1]) · Pr[S1] (A.7)

with h′ < h according to Fig. A.3. Remark that, since the area under the weighted
conditional PDF p(v |S1)Pr[S1] amounts to Pr[S1], and

Pr[V ≤ h′] = Pr[V ≤ h′ |S1] · Pr[S1] + Pr[V ≤ h′ |S2] · Pr[S2] (A.8)

it follows from (A.3) that A = B +C + D.
The SER resulting from applying the MAP decision threshold can be expressed

in terms of the indicated areas in Fig. A.3, yielding

SER = A + B +C . (A.9)

Likewise, the SER resulting from the CDF-based decision criterion equals

SER′ = A + B +C + D . (A.10)

The applicability of the proposed CDF-based method can be evaluated by comparing
its associated SER (A.10) to (A.9), that of the MAP decision criterion; ifD is relatively
small compared to A + B +C , near-optimal detection is achieved.
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h′ h

p(v |S2)Pr[S2]

p(v |S1)Pr[S1]

A B C

D

â = S2â = S1

â′ = S2â′ = S1

v

Figure A.3: Comparison of MAP decision criterion threshold h and proposed
CDF-based threshold h′ for binary transmission.

The individual areas A, B, C , and D can be calculated in an approximate fash-
ion for arbitrary1 conditional PDFs p(v |S1) and p(v |S2), where high precision is
obtained when their decay is su�ciently fast near their intersection. We consider
arbitrary (rather than Gaussian) densities, because the presence of ISI and the
e�ect of nonlinearities makes the distribution of TIA output samples deviate from
a Gaussian.

Suppose f (x) ≤ 0 is rapidly decaying for x increasing from u to in�nity. Its
integral

∫ ∞
u f (x) dx from x = u to in�nity can be approximated by means of a

linearization of ln f (x)

ln f (x) ≈ ln f (u) − α(x − u) (A.11)

where
α = −

d ln f (x)

dx

����
x=u
= −

1
f (u)

d ln f (x)

dx

����
x=u

(A.12)

with α positive, since f (x) decreases around x = u. Applying the approximation
(A.11) to the integrand of

∫ ∞
u yields∫ ∞

u
f (x)dx =

∫ ∞

u
e ln f (x )dx ≈

∫ ∞

u
e ln f (u)−α (x−u)dx =

f (u)

α
. (A.13)

1Keeping in mind our earlier assumption that a single threshold su�ces.
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Conversely, for a function д(x) that rapidly decays for x decreasing from u to −∞,
its integral from −∞ to u can be approximated by∫ u

−∞

д(x)dx =
∫ u

∞

e lnд(x )dx ≈
∫ u

−∞

e lnд(u)+β (x−u)dx =
д(u)

β
. (A.14)

where
β =

d lnд(x)
dx

����
x=u
=

1
д(u)

d lnд(x)
dx

����
x=u

(A.15)

with β positive, since д(x) increases around x = u.
Considering Fig. A.3, let f (·) = p(·|S1)Pr[S1], д(·) = p(·|S2)Pr[S2]. Employing

(A.13) and (A.14) for the calculation of areas C and A + B, respectively, we obtain

C ≈
f (h)

α
(A.16)

A + B ≈
д(h)

β
(A.17)

with α and β given by (A.12) and (A.15) for u = h. Next, the value of f (·) and
д(·) for h′ can be estimated using the same approximation (A.11), and similar for
lnд(x); ln f (x) ≈ ln f (u) + −α(x − u) and lnд(x) ≈ lnд(u) + β(x − u). This allows
approximating the areas B +C + D and A as

B +C + D ≈
f (h)

α
eα (h−h

′) (A.18)

A ≈
д(h)

β
e−β (h−h

′) . (A.19)

Since A = B + C + D, equating (A.18) and (A.19) and taking into account that
f (h) = д(h) yields the following solution for h − h′:

h − h′ =
ln(α/β)
α + β

(A.20)

where h > h′ for α > β , i.e., when f (·) is steeper than д(·) around h; h < h′ for
α < β , and h = h′ for α = β , i.e., when both curves decay equally fast around h.
As such, provided the above approximations are valid, one can already infer that
in the latter case, the CDF-based decision criterion has the same performance as
the MAP decision criterion; a penalty is only incurred when α , β .

The SER penalty incurred by employing the CDF-based threshold h′ is found as
the ratio of (A.10) to (A.9). Substituting (A.18) and (A.19) and subsequently (A.20)
in the former and (A.16) and (A.17) in the latter yields, after some manipulations

SER′

SER
=

β

α + β
·

(
α

β

) α
α+β

+
α

α + β
·

(
α

β

) −β
α+β

(A.21)
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where we made use of the fact that f (·) and д(·) intersect in h, i.e., f (h) = д(h).
Next, let

ρ =
α

α + β
(A.22)

which takes values between zero and one. Substitution in (A.21) results in

SER′

SER
= 2(1 − ρ)1−ρ · ρρ (A.23)

which is plotted in Fig. A.4. As discussed before, for ρ = 1/2, i.e., when α = β , no
penalty occurs. A maximal penalty of two is incurred at the extrema ρ = 0, 1. Since

0 0.5 1

1

1.5

2

ρ

SE
R′

SE
R

Figure A.4: SER penalty SER′/SER vs. ρ.

the SER penalty is limited to a factor of two, where the highest penalties occur
only for extremely skewed conditional log-PDF slopes α and β , we conclude that
the CDF-based decision criterion provides near-optimal performance for practical
conditional PDF shapes.

This approach can be straightforwardly extended to PAM-M . To achieve a lower
SER, the variance of the individual conditional PDFs p(v |Sm) must be su�ciently
small. In this case, only p(v |Sm) and p(v |Sm+1) must be taken into account for the
determination of threshold hm , such that the above methods can be employed. The
thresholds hm are obtained as the values for which the CDF equals

∑m
i=1 Pr[Si ], i.e.,

Pr[V ≤ hm] =
m∑
i=1

Pr[Si ] (A.24)

with m = 1, . . . ,M − 1. This threshold determination method is illustrated in
Fig. A.5, while Fig. A.6 shows the determination of CDF-based decision thresholds
for the experimentally obtained PAM-4 samples corresponding to the operating
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hm−1 hm hm+1

∑m−1
i=1 Pr[Si ]

∑m
i=1 Pr[Si ]

∑m+1
i=1 Pr[Si ]

v

Pr
[ V
≤
v
]

FigureA.5: PAM-M total cumulative distribution function with CDF-based decision
thresholds annotated.

point annotated as (a) in Fig. 4.25. The resulting SER penalty SER′/SER is again
between one and two.

Usually, the relevant performance indicator is the BER rather than the SER. For
PAM-M with Gray-mapping, the approximation BER = SER/log2(M) is accurate
at high SNR, because a symbol error typically corresponds to a single bit error.
Hence, minimizing the SER essentially minimizes the BER, and the BER penalty,
caused by using the CDF-based thresholds, does not exceed a factor of two.

The above provides a method for determining appropriate decision thresholds
from the cumulative distribution function F (v) = Pr[V ≤ v]. However, F (v) is
typically not available, but can, however, be experimentally estimated based on
sequence (vk ) of length K , yielding the following estimate

F̂ (v) =
[number of samples vk smaller or equal to v]

K
. (A.25)

Since F̂ (v) is only an estimate, one can expect some deviation from its true value
F (v) which, in turn, will lead to an error in the estimated threshold ĥm , �nally
resulting in an increased BER. With increasing sequence length, the estimate
F̂ (v) improves, as does the estimate of the BER. This is illustrated by means of
experimental data below.

Consider the situation wherein the three PAM-4 thresholds were determined
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Figure A.6: Determination of CDF-based decision thresholds for the experimentally
obtained PAM-4 samples corresponding to the operating point annotated as (a) in
Fig. 4.25.

based on only the �rst n signal periods, yielding hi (n), for i = 1, 2, 3. Their
convergence for n increasing from 1 to nmax is expressed by means of their maximal
error magnitude compared to their �nal values maxi |hi (n) − hi (nmax)|. This is
illustrated using the waveform corresponding to the operating point annotated as
(a) in Fig. 4.25 by means of Fig. A.7a, showing a maximal threshold error magnitude
of less than 2 mV for n > 200. Next, the obtained thresholds hi (n) were used
to calculate the BER estimate BER(n) of the full waveform (nmax periods), which
is compared to BER(nmax) in Fig. A.7b for the same operating point, showing a
relative BER penalty BER(n)/BER(nmax) of less than 110% for n > 200.

A.4 Determining sample time o�set

The sampling o�set ϵ = (n/Ndown) · T is controlled by means of parameter n,
taking an integer value between 0 and Ndown − 1. An appropriate value is obtained
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(a) maximal threshold error magnitude
maxi |hi (n) − hi (nmax)|
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Figure A.7: Convergence of the maximal threshold error magnitude maxi |hi (n) −
hi (nmax)| (a) and associated relative BER penalty BER(n)/BER(nmax) (b) versus
number of signal periods n.

by, for each possible value of n, (a) calculating the corresponding samples (vk ),
(b) determining the decision thresholds as per Appendix A.3, (c) completing the
traversal of the receiver as discussed in Appendix A.1, and (d) calculating the BER
as outlined in Appendix A.2. Finally, the value of n that resulted in the minimal
BER is selected.
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Appendix B

Uni�cation and extension of the
General Network Theorem

B.1 Introduction

This appendix chapter presents a unifying framework for the GNT [1] and its
descendant theorems, i.e., the GFT [1], the EET [2], and the Chain Theorem (CT) [3].
The framework is based on the insertion of speci�c blocks, which will be referred
to as probes, into well-chosen signal lines of an interconnected system, allowing
the decomposition of its transfer functions. Moreover, the proposed framework
allows hierarchical application, enabling a top-down decomposition of the transfer
functions of a complex system.

B.2 A behavioral approach to linear systems

In the following, we will consider linear systems. Such a system is governed by
linear equations, relating its various signals. Often, a system is modeled as a signal
processor that accepts inputs and transforms them into outputs. However, as a
tool for modeling systems, the input/output (i/o) point of view is unnecessarily
restrictive. Many physical systems do not have a preferred signal �ow direction,
and it is advantageous to let the mathematical structures re�ect this [4]. As such, we
will simply use the notion of signals. These signals will be grouped in the column
vector w =

[
w1 · · · wp+q

]ᵀ , with p + q the number of considered signals. From
this perspective, a system can be thought of as something that imposes constraints
on the signals w1, . . . ,wp+q [5]. In the considered case of linear systems, these
constraints express the linear dependence between the individual signals.
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B.2.1 The kernel representation and input/output representations

Consider a system imposing p constraints fi (w1, . . . ,wp+q) = 0, with i = 1, . . . ,p,
on p + q signals w1, . . . ,wp+q . The above can be summarized by means of a single
vector function f(w) = 0. Since each constraint is linear, fi (w1, . . . ,wp+q) =

ai,1w1 + · · ·+ai,p+qwp+q , such that f(w) = 0 can be rewritten as a matrix equation

Aw = 0 (B.1)

wherein A denotes the p × (p + q) matrix with coe�cients ai, j as elements. Equa-
tion (B.1) is called the kernel representation [4] of the considered linear system.

As (B.1) constitutes a homogeneous system of equations, it has at least one
solution, namely the trivial solution w = 0. In the following, we will assume that
q ≥ 0 and that A has full (row) rank, i.e. rank (A) = p.

A distinction is made between systems for which q = 0, which are called
autonomous, and systems for which q > 0, which are called driven. In the latter
case, (B.1) constitutes an underdetermined system of equations, the solution set
of which can be described by designating q signals as inputs, i.e., they can take
any value, while the remaining p signals (designated output signals) are expressed
as linear combinations of the inputs. The inputs (or outputs) can be speci�ed by
means of an appropriately sized subvector of w.

The following notation is employed to designate subvectors and submatrices:
Given some vector v =

[
v1 · · · vm

]ᵀ , let K denote an index set, i.e., a subset of
{1, . . . ,m}. The corresponding subvector of v, containing those entries with indices
in K in their natural order, is denoted vK . Similarly, the submatrix of some matrix
M, containing those columns with indices in K in their natural order, is denoted
MK . Moreover, let K denote the complement of K , i.e. K = {1, . . . ,m} \ K .

As such, after choosing an index set K of size q, the signal vector w is parti-
tioned into q inputs wK and p outputs w

K
. Equation (B.1) is rewritten as

AKwK + AKwK = 0 (B.2)

with AK and A
K

matrices sized p × q and p × p, respectively. If |A
K
| , 0, the

outputs w
K

can be expressed as linear combinations of the inputs wK :

w
K
= −A

K

−1AKwK (B.3)

with −A
K
−1AK the transfer matrix from wK to w

K
. System description (B.3) is

called an input/output (i/o) representation. Remark that any selection ofq signalswK
can be designated as inputs, provided the corresponding matrix A

K
is invertible,

which will be tacitly assumed.
Imposing that some inputs signal(s) equal zero is referred to as nulling. Nulling

all q input signals wK in (B.2) yields an autonomous residual system A
K
w
K
= 0.
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B.2.2 Notation

In order to facilitate notation of the various transfer matrices that will occur, the
following matrix formulation is introduced. Given two signal vectors, say u and v,
that are related by v = Mu, we will denote M, the transfer matrix from u to v, as
∂v/∂u. The observant reader will notice that this notation is commonly used to
represent the Jacobian matrix, i.e., the matrix of all �rst-order partial derivatives
of a vector-valued function. Moreover, when ∂v/∂u is square, i.e., when u and v
have an equal number of elements, the determinant of the transfer matrix is called
the transfer determinant from u to v and is denoted |∂v/∂u|. With this notation,
transfer matrix composition is elegantly obtained:

∂v
∂r
∂r
∂u
=
∂v
∂u

(B.4)

with r some signal vector. In particular, ∂u/∂u = I and, when both u and v have
an equal number of elements, ∂u/∂v = (∂v/∂u)−1. In case signal vectors u, v, and
r all have the same number of elements, the transfer matrices in (B.4) are square;
the determinant of (B.4) yields����∂v∂r ���� ���� ∂r∂u ���� = ���� ∂r∂u ���� ����∂v∂r ���� = ����∂v∂u ���� . (B.5)

Next, consider the situation where, say, v is a linear combination of both u and
r, i.e., v = Bu+C r, with B and C appropriately sized matrices. Matrix B constitutes
the transfer matrix from u to v with r nulled, and will be designated as ∂v/∂u|r.
When this transfer matrix is square, its determinant is written |∂v/∂u|r. Finally,
the transfer matrix and determinant from

[
u1ᵀ · · · ul ᵀ

]ᵀ to
[
v1ᵀ · · · vk ᵀ

]ᵀ
are designated ∂(v1, . . . , vk )/∂(u1, . . . , ul ) and |∂(v1, . . . , vk )/∂(u1, . . . , ul )|, re-
spectively.

Some additional properties of transfer determinants are listed in Appendix B.A.

B.2.3 Transforming one i/o representation to an other

Often, a driven system is modeled in i/o form, e.g., block diagrams (or, equiva-
lently, signal �ow graphs) and circuit diagrams. However, one is not restricted
to the speci�c input/output partition presented by the model: as discussed in
Appendix B.2.1, any set of q signals can be designated as inputs, provided the
necessary mathematical condition is met.

Signal �ow graphs can be modi�ed by means of so-called branch inversions [6],
in order to employ a di�erent set of signals as inputs, while maintaining the same
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relation between the signals. Figure B.1a shows an example block diagram govern-
ing three signals w1,w2,w3, where output w3 is expressed as a linear combination
of inputs w1 and w2. This block diagram can be modi�ed to treat w1 and w3 as
inputs, resulting in the system shown in Fig. B.1b.

+

a

b

c

w1

w2

w3

(a)w1 and w2 inputs

+
−

a

1/b

1/c

w1

w2

w3

(b)w1 and w3 inputs

Figure B.1: Example block diagram illustrating branch manipulations required
when moving from one set of inputs to another.

Likewise, solving a circuit yields the various voltages and currents (outputs)
in terms of independent sources (inputs). Figure B.2 shows an example circuit
consisting of two sources vs and is and two observed voltages v1 and v2. The

−
+vs

R1

+ −
v1

R2

+

−

v2 is

Figure B.2: Example circuit.

four considered signals are constrained by two linear equations v1 + v2 = vs
and is = v1/R1 − v2/R2, leaving two signals that can take any value—the inputs.
Selecting sources vs and is as inputs, the transfer matrix from inputs vs and is to
outputs v1 and v2 is readily obtained from Fig. B.2, i.e.,

∂(v1,v2)

∂(vs, is)
=

1
R1 + R2

[
R1 R1R2
R2 −R1R2

]
.

On the other hand, one might select, say, signals vs and v2 as inputs; deriving the
the resulting transfer matrix from Fig. B.2, however, is not as straightforward since
the circuit is given in a di�erent i/o representation.

A circuit diagram can be modi�ed to accept a di�erent set of signals as inputs
while maintaining the same relation between the signals. This requires the addition
of two types of ideal bipoles, namely the nullator, which imposes that both v = 0
and i = 0, as depicted in Fig. B.3a, and the norator, which imposes no constraints
on either v or i , shown in Fig. B.3b [7].
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−

+

v=0

i=0

(a) nullator

−

+

v

i

(b) norator

Figure B.3: Schematic symbols of the nullator (a) and norator (b).

Using these circuit elements, the voltage v across an open circuit can be im-
posed, while maintaining the constraint that i = 0, by the series connection of a
voltage sourcev and a nullator, as shown in Fig. B.4a. The dual case is illustrated in
Fig. B.4b; the current i through a short circuit can be imposed, while maintaining
the constraint that v = 0, by the parallel connection of a current source i and a
nullator. From Fig. B.4a (Fig. B.4b), it follows that nulling a voltage across an open
circuit (current through a short circuit), i.e., imposing that it equals zero, is achieved
by replacing the open circuit (short circuit) by a nullator. On the other hand, the

+

−

v =⇒

−+
v

(a) imposing the voltage
across an open circuit

i =⇒ i

(b) imposing the current
through a short circuit

−
+v =⇒

−

+

v

(c) revoking the constraints
set by a voltage source

i =⇒

i

(d) revoking the constraints
set by a current source

Figure B.4: Circuit modi�cations for imposing the voltage across an open circuit (a)
or current (b) and revoking the constraints set by a voltage source (c) or current
source (d).

constraint on v (i), set by a voltage source (current source) can be revoked, while
not introducing any other constraints, by replacing the source by a norator, as
shown in Fig. B.4c (Fig. B.4d). Remark that, in order to maintain the number of
inputs q applied to the circuit, each modi�cation that adds an input (Figs. B.4a
and B.4b) must be paired with one that removes an input (Figs. B.4c and B.4d).
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Applying the above modi�cations to Fig. B.2 to accept inputs vs and v2 rather
than vs and is yields Fig. B.5a, which can subsequently be simpli�ed to Fig. B.5b.
From Fig. B.5b, the transfer matrix from vs and v2 to v1 and is is readily obtained:

−
+vs

R1

+ −
v1

R2

is

−+

v2

(a)

−
+vs

R1

+ −
v1

R2

is

−
+ v2

(b)

Figure B.5: Example circuit of Fig. B.2 modi�ed to accept vs and v2 as inputs (a)
and subsequent simpli�cation (b).

∂(v1, is)

∂(vs,v2)
=

1
R1R2

[
R1R2 −R1R2
R2 −(R1 + R2)

]
.

B.2.4 Dynamics and stability assessment

As mentioned before, our primary focus is on the analysis of continuous-time
linear time-invariant systems. Moreover, we will assume that the considered
system results from a set of linear constant-coe�cient di�erential equations:

n1,1∑
k=0

a(k )1,1
dkw̃1(t)

dtk
+ · · · +

n1,p+q∑
k=0

a(k )1,p+q
dkw̃p+q(t)

dtk
= 0

...
np,1∑
k=0

a(k )p,1
dkw̃1(t)

dtk
+ · · · +

np,p+q∑
k=0

a(k )p,p+q
dkw̃p+q(t)

dtk
= 0

(B.6)

with constant coe�cients a(k )i, j . Remark that certain systems, such as those contain-
ing pure time delays or transmission lines, give rise to other types of di�erential
equations. However, an approximate model of the form (B.6) can be derived, for
example, by �nite-di�erencing (lumping) [8].

It is easily veri�ed that the Laplace transform of (B.6) yields (B.1), with the
entries of A(s) polynomials in s , namely

ai, j (s) =

ni, j∑
k=0

a(k )i, j s
k
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and the entries of w(s) the Laplace transforms of the corresponding time-domain
signals w̃i (t), with i = 1, . . . ,p + q. Note that, with A(s) a polynomial matrix in s ,
it follows that its various subdeterminants are polynomials.

In the case of an autonomous system, A(s) is a square matrix of full rank.
The stability of such a system is assessed by means of the roots of the system
polynomial |A(s)|, these roots are also referred to as the poles of the system; the
system is asymptotically stable if and only if all of its poles have negative real
parts [4]. The stability of a driven system, on the other hand, is examined with its q
input signals nulled, i.e., its stability assessment reduces to that of its autonomous
residual system.

Often, however, the system is characterized only in numerical form for s =
jω, such that the roots of |A(s)| are not readily found and the stability of the
system must be studied by applying numerical methods, such as the Nyquist
stability criterion. This criterion states that, when the Nyquist plot of some rational
function1 F (s) encircles the origin N times in the clockwise direction, the number
of right-hand plane (RHP) zeros and RHP poles of F (s), respectively denoted Z and
P , are related by N = Z − P [9, 10].

Property B.A.3 states that, in a driven system, |∂wI/∂wJ | = ±|AI |/|AJ |,
where both index setsI andJ have sizeq. It follows that, in a system characterized
by a polynomial p×(p+q)matrix A(s), each q×q transfer determinant is a rational
function, the numerator and denominator of which are the system polynomials
of the residual systems, obtained from nulling wI and wJ , respectively. In other
words, applying the Nyquist criterion to |∂wI/∂wJ |, the number of clockwise
encirclements equals the di�erence in the number of RHP roots in |A

I
| and |A

J
|,

respectively. The Nyquist criterion can thus be leveraged to assess the stability of
one residual system (A

I
w
I
= 0), given the number of RHP poles of a di�erent

residual system (A
J
w
J
= 0), derived from the same system (Aw = 0). Note that

(B.1) need not be available explicitly: knowledge of the number of RHP roots of
|A
J
| is su�cient, along with the number of encirclements of the Nyquist plot of

|∂wI/∂wJ |.

B.2.5 Interconnected systems

Often, systems can be thought of as the interconnection of several subsystems;
block diagrams and circuit diagrams are obvious examples of such interconnected
systems. Employing a behavioral approach, the interconnection of subsystems
results in sharing of signals, without specifying inputs, outputs or signal �ow [11].
Figure B.6 depicts a system A comprised of two subsystems B and C, accepting k

1A rational function is a fraction with both numerator and denominator polynomials.
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and l inputs, respectively. Vector signals are represented by branches connected
to the subsystem(s) that govern them. Signal vectors u and v are constrained by
subsystem B with kernel representation B1u + B2v = 0. Similarly, signal vectors v
and w are constrained by subsystem C : C1v + C2w = 0. As such, the total system
A can be described by [

B1 B2 0
0 C1 C2

] 
u
v
w

 =
[
0
0

]
(B.7)

with appropriate block matrix sizes. Assuming that the system matrix in (B.7) has
full row rank, it follows that the total system A accepts k + l − n inputs. Remark
that, in circuits, a terminal interconnection between two subsystems shares both
its associated potential and current [12].

A: k + l − n inputs

B: k inputs C: l inputs
n

v
n

vuu ww

Figure B.6: Graphical depiction of an interconnected system in a behavioral fash-
ion.

B.3 Designating feedback loops in interconnected systems

Feedback loops are designated by adding speci�c blocks, which we will call probes,
to the interconnected system under investigation. As will be shown, probes allow
the calculation of various transfer matrices and transfer determinants related to the
associated feedback loops by providing additional system inputs. In autonomous
systems, one can assess the e�ect of the loop on the stability of the interconnected
systems. In similar fashion, one can derive the e�ect of the loop on a transfer
determinant of interest in driven systems.

Consider the q-input interconnected systemA, illustrated in Fig. B.7a, wherein
signal vectors x =

[
x1 · · · xn

]ᵀ and y =
[
y1 · · · yn

]ᵀ connect two subsys-
tems B and P. The latter subsystem trivially imposes xi + yi = 0 for i = 1, . . . ,n,
where each constraint can be accomplished by selecting a point on a signal line
and simply designating one side xi and the other −yi .

Next, a vector of n auxiliary signals z is introduced to the system, modifying
the subsystem P to P ′, governed by

x + y = z (B.8)



B.4. Feedback loops in autonomous systems 115

A: q inputs

P: x + y = 0

B: n + q inputs

y

n

y

n

x

n

x

n

(a) original interconnected
system

A ′: n + q inputs

P ′: x + y = z

B: n + q inputs

y

n

y

n

x

n

x

n

n

z
n

z

(b) adding n signals z

Figure B.7: Adding an n-way probe to an interconnected system.

as illustrated in Fig. B.7b, which constitutes an n-way probe and takes 2n inputs.
Note that the number of required system inputs is increased from q to q + n by the
addition of the probe signals z, and that the probe is symmetrical w.r.t. x and y.

The loop associated with probe P ′ is easily identi�ed on Fig. B.7b and consti-
tutes a closed chain connection between P ′, x, B, and y. We will refer to subsystem
B as the open-loop system. Note that the loop can be travelled in an arbitrary
sense; by convention, let the forward loop travel the open-loop system from x to y,
conversely the reverse loop travels B from y to x. In Fig. B.7b, the forward loop
sense is indicated by a circular arrow.

It is easily veri�ed that by nulling z, one obtains the original system A from
Fig. B.7a. Alternatively, nulling x kills the considered forward loop, whereas the
reverse loop is killed by nulling y.

On the circuit level, a probe has three terminals, designated x, y, and ref in
Fig. B.8 Such a probe can be either implemented in the voltage domain (voltage
probe, Fig. B.8a) or the current domain (current probe, Fig. B.8b), or a combination
of both (dual probe, Fig. B.8c). Both the voltage probe and current probe designate
a single (n = 1) loop; the dual probe designates two (n = 2) loops. One can easily
verify that the probe circuits in Fig. B.8 adhere to (B.8), i.e., vx + vy = vz and/or
ix + iy = iz.

B.4 Feedback loops in autonomous systems

This section discusses feedback loops in autonomous systems, i.e., with q = 0. The
reader is once again referred to Fig. B.7 wherein an n-way loop is designated by
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(a) voltage probe (n = 1)

x ix iy y

ref

iz

(b) current probe (n = 1)

−

+
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−

vy

yiy−+
vzixx

iz

ref

(c) dual probe (n = 2)

Figure B.8: Probe implementations on the circuit level.

means of an n-way probe. First, the properties of the forward loop are examined
in Appendices B.4.1 to B.4.3. Finally, Appendix B.4.4 generalizes these results for
an arbitrary loop sense.

B.4.1 Forward loop gain and loop di�erence

The total systemA ′ accepts n inputs; the n ×n transfer matrix from x to y is called
the (forward) loop gain matrix and is designated as T:

T def
=
∂y
∂x
. (B.9)

which can be obtained from the open-loop system B. More useful, however, is the
transfer determinant |∂z/∂x| = |I + T| which we will refer to as the (forward) loop
di�erence2 F :

F
def
=

���� ∂z∂x ���� (B.10)

which will prove instrumental in the stability assessment of autonomous sys-
tems (Appendix B.4.3) and the decomposition of a transfer determinant (Ap-
pendix B.5).

The analysis of the open-loop system B is often substantially simpler than that
of the closed-loop system A ′. The loop di�erence (B.10), however, involves signal
vector z, which is unavailable in the open-loop system B. However, remark that
x+y = z, as imposed by the probe (B.8), such that F can be expanded by leveraging
Props. B.A.1 and B.A.4:

F =

����∂(x + y)∂x

���� = ∑
K⊂N

����∂(yK , xK)∂(xK , xK)

���� = ∑
K⊂N

����∂yK∂xK
����
x
K

(B.11)

2The term return di�erence [10] or loop di�erence [6] denotes the di�erence between a unit
signal applied to a loop and the signal returned by the loop.
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where the sum ranges over all 2n subsets K of N = {1, . . . ,n}. Let TK denote the
loop gain determinant around probes i ∈ K , evaluated with x j nulled for j ∈ K .

TK
def
=

����∂yK∂xK
����
x
K

(B.12)

with the degenerate case T∅ = 1. Substitution in (B.11) yields

F =
∑
K⊂N

TK = 1 +
∑

K⊂N,K,∅

TK (B.13a)

= 1 +T (n = 1) (B.13b)
= 1 +T1 +T2 +T1,2 (n = 2) (B.13c)

where the general statement (B.13a) was speci�ed for the simplest of cases n = 1
to 2 in (B.13b) and (B.13c). For n > 2, (B.13a) quickly becomes unwieldy.

Remark that TK constitutes the determinant of a square transfer matrix with
as many rows as there are elements in set K . This determinant can be factorized,
where each factor corresponds to the determinant of a smaller transfer matrix. To
this end, let T (S)

K
denote the loop gain determinant TK , obtained after reversing

probes i ∈ S such that xS and yS are swapped:

T (S)
K

def
=

����∂(xS∩K , yS∩K)∂(y
S∩K
, x
S∩K
)

����y
S∩K

x
S∩K

(B.14)

which reverts back to (B.12) for S = ∅. Next, partition K into L and M, i.e.,
K = L ∪M and L ∩M = ∅. One obtains

T (S)
L∪M

= T (S)
L

T (S4L)
M

(B.15)

where 4 denotes the symmetric set di�erence, i.e. A4B = (A \ B) ∪ (B \ A) =
(A ∪ B) \ (A ∩ B). In (B.15), both factors corresponding to a transfer matrix
smaller than the original, such that repeated factorization eventually results in a
product of scalar transfer functions. Remark that the suggested partitioning of K
is not unique, yielding the so-called redundancy relations [2], e.g., for K a set of
two indices i and j, one obtains

Tj,k = TjT
(j)
k = T

(k )
j Tk . (B.16)

Finally, note that each loop gain determinant T (S)
K

can be calculated from the
open-loop system B.
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Figure B.9 provides an example of an interconnected system wherein a loop is
analyzed step by step. The original system is shown in Fig. B.9a, wherein a single
input is designated u and one output denotedv ; an autonomous system is obtained
by nulling either u or v . A single probe (n = 1) is added to the system, introducing
signals x , y, and z, as speci�ed in Fig. B.9b. Verify that, for z = 0, the original
system is obtained. After nulling u, an i/o representation with x as its sole input is
obtained, such that the signal direction corresponds to the forward loop direction,
as illustrated in Fig. B.9c. Remark that nulling u e�ectively disables a portion of
the system, as indicated in the �gure. Alternatively, nulling v disables a di�erent
part of the system and yields Fig. B.9d. As such, the loop designated by the probe
experiences a di�erent return path, depending on whether u or v is nulled; one
obtains T |u = y/x |u = b and T |v = y/x |v = 1/a.

a

b

+
−

+
−

u v

(a) original interconnected system

a

b

+
−

+
−

+
u v

−y x
z

(b) probe added

a

b

+ ++
u = 0 vy x

z

(c) forward loop with u nulled

1/a

b

+ ++
u v = 0y x

z

(d) forward loop with v nulled

Figure B.9: Example interconnected system illustrating probe placement and the
forward loop when nulling either u or v .

B.4.2 Loop invariance

This section will investigate which quantities are not a�ected by the speci�c
placement of the probe within the feedback loop; such quantities will be called loop
invariant. To this end, consider the interconnected system illustrated in Fig. B.10,
which was adapted from an autonomous system by placing an n1-way probe and
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A ′: n1 + n2 inputs

B: n1 inputs

C: n2 inputs

P ′1: x1 + y1 = z1 P ′2: x2 + y2 = z2

x1

n1

x1

n1

y1

n1

y1

n1

z1
n1z1
n1

x2

n2

x2

n2

y2

n2

y2

n2

z2
n2 z2
n2

Figure B.10: Interconnected system representations accompanying the discussion
on loop invariance in autonomous systems.

an n2-way probe within one and the same loop, yielding a system A ′ requiring
n1 + n2 inputs. Note that both sets of probes agree on the forward direction of
the loop, as indicated by the circular arrow. The remainder of the loop consists of
two distinct subsystems B and C, which only interconnect through either probe
and accept n1 and n2 inputs, respectively, such that the loop can be traveled in the
forward direction.

The loop gain matrices T1 and T2, according to probes P1 and P2, respectively,
are then found as the matrix product of the individual block transmission, multiplied
by −1, as ∂xk/∂yk |zk = −I:

T1 =
∂y1
∂x1

����
z2
= −
∂y1
∂x2
∂y2
∂x1

(B.17a)

T2 =
∂y2
∂x2

����
z1
= −
∂y2
∂x1
∂y1
∂x2

(B.17b)

with T1 and T2 sized n1 × n1 and n2 × n2, respectively; and block transmissions
∂y1/∂x2 and ∂y2/∂x1 sized n1 × n2 and n2 × n1, respectively. It is immediately
obvious that, in general, T1 , T2, since matrix multiplication is not commutative.
However, by virtue of Sylvester’s determinant identity3, it is shown that the loop
di�erence, according to both probes, is in fact equal, i.e.,

F1 = |I + T1 | = |I + T2 | = F2 . (B.18)

3This identity states that |I + AB| = |I + BA|, with A and B arbitrary matrices, sizedm × n and
n ×m, respectively [13].
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If additionally n1 = n2, i.e., both probes have the same number of elements and
subsystems A and B accept an equal number of inputs, it follows from (B.17) that

|T1 | = |T2 | (B.19)

since ∂y1/∂x2 and ∂y2/∂x1 are square.
The principle of loop invariance is illustrated by means of the example block

diagram of Fig. B.11, showing an autonomous system wherein two subsystems share
three signal lines. These three signal lines are partitioned by selecting one line on
which probe P ′1 is placed (n1 = 1) and placing probe P ′2 on the remaining two signal
lines (n2 = 2) as shown in the �gure. It is easily veri�ed that F1 = 1 +de +d f = F2.

B CP ′1

P ′2

d

e

f

+
−

−

+
−

+
−

+
−

y1 x1

y2x2

Figure B.11: Example block diagram illustrating loop invariance.

B.4.3 Stability assessment

The e�ect of a loop on stability can be assessed by means of its loop di�erence F ;
from (B.10) and (B.36) it follows that F equals the ratio of the system polynomials
of the system under investigation (z = 0) and the system with the considered
forward loop killed (x = 0). Following the procedure outlined in Appendix B.2.4,
the Nyquist plot of F relates the number of RHP roots of the system polynomials of
both systems. In particular, if the system with the considered forward loop killed
(x = 0) is stable, the system under investigation (z = 0) is stable if and only if the
Nyquist plot of F does not encircle the origin.

The above is illustrated using the circuit of Fig. B.12a, showing the small-signal
equivalent circuit of a voltage sourcevs with inductive impedance, driving a source
follower with capacitive load. Remark that, while the stability of the i/o system
with vs and vz as inputs is still in question, it is easily veri�ed that the i/o system
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with vs and vx as inputs is stable, since nulling vx disables the controlled source,
leaving a passive system. As such, the stability assessment of the original i/o
system can be reduced to simply checking the Nyquist plot of F (with vs nulled)
for encirclements around the origin. Figure B.12b shows the Nyquist plot of F ,
with component values as given in Fig. B.12. In order to highlight the behavior
around the origin, a logarithmic scale was employed for magnitudes above one. As
F encircles the origin, the i/o system under investigation is unstable. Remark that
this topology can be employed to create a Colpitts oscillator [14].
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+
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(a) example circuit
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(b) Nyquist plot of F

Figure B.12: Example circuit with voltage probe added (a) and resulting Nyquist
plot (b) of F (with vs nulled). Selected component values are: C1 = C2 = 1 nF,
дm = 1mS, L = 100 nH, R1 = 10mΩ, and R2 = 1MΩ.

B.4.4 Generalization to an arbitrary loop sense

The above discussion of the forward loop can be applied to an arbitrary reference
(yS, xS) by swapping signals xS and yS , with S ⊂ N . As such, the loop di�erence
is de�ned for an arbitrary reference, denoted by index set S as

F (S)
def
=

���� ∂(zS, zS)∂(yS, xS)

���� (B.20)
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which can be similarly expanded as (B.13a), yielding

F (S) =
∑
K⊂N

T (S)
K
= 1 +

∑
K⊂N,K,∅

T (S)
K

(B.21a)

= 1 +T (S) (n = 1) (B.21b)

= 1 +T (S)1 +T (S)2 +T (S)1,2 (n = 2) (B.21c)

where the general statement (B.21a) was speci�ed for the simplest of cases n = 1
to 2 in (B.21b) and (B.21c). In particular, swapping all signals x and y, i.e., S = N ,
results in the reverse loop di�erence F (N) = |∂z/∂y|.

After swapping signals xS and yS , the loop invariance investigation of the
loop di�erence F (S) for an arbitrary reference simpli�es to that of the forward
loop di�erence F (S), as outlined in Appendix B.4.2. In particular, when both probes
P ′1 and P ′2 have the same number of elements, i.e., n = n1 = n2, the reverse loop
di�erence F (N) is loop invariant.

B.5 Transfer determinant decomposition in driven systems

In this section, a driven system A accepting q inputs is considered wherein some
transfer determinant H = |∂v/∂u| is to be analyzed, as illustrated in Fig. B.13a,
with output v =

[
v1 · · · vq

]ᵀ and input u =
[
u1 · · · uq

]ᵀ vectors containing
q signals. Next, an n-way probe is placed within the system, which, as discussed in
Appendix B.3, modi�es the system to accept an additional n inputs. In the resulting
system, H |z = |∂v/∂u|z denotes the transfer determinant H under investigation.

u vH


u
yS
x
S


(a) transfer determi-
nant H from u to v


u
zS
z
S



v
zS
z
S



u
yS
x
S



v
yS
x
S



H

F (S)

H
(S)

ref

F̂ (S)

(b) decomposition of H referred to
an arbitrary reference

Figure B.13: Decomposition of transfer determinant H (a) w.r.t. an arbitrary refer-
ence (b).

Conversely, the transfer determinantH , with the considered loop in an arbitrary
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reference state (yS, xS) is denoted

H (S)ref
def
=

����∂v∂u ����yS
x
S

(B.22)

and is referred to as the reference transfer determinant w.r.t. the selected reference.
The e�ect of the loop associated with the probe on the transfer determinant

can be revealed by means of a factorization of H . Let F (S) and F̂ (S) denote the loop
di�erence (B.20) w.r.t. reference (yS, xS), obtained from the system with input u
nulled, and with output v nulled, respectively. We will refer to these quantities
as the input-nulled loop di�erence and output-nulled loop di�erence, respectively.
Similarly, let T (S)

K
and T̂ (S)

K
denote the loop gain determinant (B.14) around probes

i ∈ K w.r.t. reference (yS, xS), obtained from the system with input u and output
v nulled, respectively; they are referred to as the input-nulled loop gain determinant
and the output-nulled loop gain determinant around probes i ∈ K , respectively. It
follows that for every transfer determinant, which has the same signals u serve
as inputs, the same input-nulled loop di�erence F (S) and loop gain determinants
T (S)
K

are obtained. Conversely, for every transfer determinant, which has the same
signals v serve as outputs, the same output-nulled reverse loop di�erence F̂ (S) and
loop gain determinants T̂K are obtained.

With the above de�nitions, it can be veri�ed that

H = H (S)ref
F̂ (S)

F (S)
(B.23a)

= H (S)ref
1 + T̂ (S)

1 +T (S)
(n = 1) (B.23b)

= H (S)ref

1 + T̂ (S)1 + T̂ (S)2 + T̂ (S)1,2

1 +T (S)1 +T (S)2 +T (S)1,2

(n = 2) (B.23c)

using (B.5), (B.34), and (B.35). The interpretation of the components H (S)ref , F̂ (S) and
F (S) is illustrated by means of Fig. B.13b.

B.5.1 Loop invariance

In driven systems, both the input-nulled loop di�erence F and output-nulled loop
di�erence F̂ are obtained as the loop di�erence of a derived autonomous system;
the investigation of loop invariance for both quantities can be performed on their
respective autonomous systems, as outlined in Appendix B.4.2. In case both F and
F̂ are found to be loop invariant, it follows from (B.23a) that this is also the case
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for Href. Such a situation occurs when the the system is of the form as illustrated
in Fig. B.14. Let the input signal vector u =

[
u1ᵀ u2ᵀ

]ᵀ and output signal vector
v =

[
v1ᵀ v2ᵀ

]ᵀ be partitioned such that u1 and v1 have an equal number of
elements (q1), as well as u2 and v2 (q2). With u1 and v1 connected to subsystem B,
and signals u2 and v2 connected to subsystem C, it follows that nulling either u
or v results in the system illustrated in Fig. B.10, such that both F and F̂ are loop
invariant.

A ′: q1 + q2 + n1 + n2 inputs

B: q1 + n1 inputs

C: q2 + n2 inputs

P ′1: x1 + y1 = z1 P ′2: x2 + y2 = z2

x1

n1

x1

n1

y1

n1

y1

n1

z1
n1z1
n1

x2

n2

x2

n2

y2

n2

y2

n2

z2
n2 z2
n2

q1

u1
q1

u1
q1

v1
q1

v1

q2

u2

q2

u2

q2

v2

q2

v2

Figure B.14: Interconnected system representations accompanying the discussion
on the loop invariance of the reference transfer determinant Href.

Speci�cally, for the transfer function H from scalar input u to scalar output v ,
it follows that Href is loop invariant if both u and v connect to the same subsystem
(either B or C).

B.6 Descendants of the GNT

The previous section discussed the decomposition of a transfer determinant H by
means of an n-way probe, added to the system. For speci�c probe con�gurations,
however, the GNT morphs into one of three existing theorems, i.e., the GFT [1],
EET [2, 15], or CT [3]. As such, these theorems can be considered descendant
theorems of the GNT. Concretely, each of these theorems specify a transfer function
decomposition similar to the transfer determinant decomposition derived in Ap-
pendix B.5; their equivalence is discussed below. Moreover, due to their speci�c
nature, additional insight into the obtained components is gained.
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B.6.1 General Feedback Theorem interpretation

The General Feedback Theorem [1] analyzes a feedback circuit by means of a dual
probe (Fig. B.8c), placed within the loop of interest. With the employed dual probe
designating both a voltage and current loop, it makes sense to forgo numerical
indexing (1, 2) in favor of (v, i) designating respectively the voltage and current
loop.

For many feedback circuits, ideal behavior corresponds to nullator operation,
e.g., the inputs of an ideal op-amp embedded in a negative feedback circuit behave
like a nullator. Such behavior can be enforced by an appropriately placed dual
probe: nulling probe signals vy and iy results in the equivalent circuit shown
in Fig. B.15a, containing a nullator between terminals y and ref, and a norator
between terminals x and ref. This circuit is known as a three-terminal nullor [7].
Figure B.16 illustrates the placement of the dual probe on an inverting ampli�er
circuit.

y x

ref

(a) vy, iy nulled

y

ref

x

(b) vy, ix nulled

x

ref

y

(c) vx, iy nulled

y x

ref

(d) vx, ix nulled

Figure B.15: Equivalent circuits of the dual probe with vy, iy nulled (a), with vy, ix
nulled (b), with vx, iy nulled (c), and with vx, ix nulled (d).

−

+
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RA

−
+ Vi

+

−

Vo
−
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ix− +

vziy

iz

+

−

vx

−

+

vy

Figure B.16: Example probe placement on an inverting ampli�er circuit.

As a result, a transfer determinant decomposition w.r.t. probe signals vy and iy

yields both the transfer determinant under nullator condition (H (v, i)ref ), as well as the
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discrepancy due to non-ideal operation (F (v, i), F̂ (v, i)). When considering the transfer
function H = vo/vi |vz,iz of the circuit of Fig. B.16, one obtains H (v, i)ref = −RB/RA.

B.6.1.1 Autonomous systems

The loop di�erence F (v, i) can be obtained by the following four scalar loop gains [16]

T oc
v,fwd

def
=

vy

vx

����
iy
= T (i)v (B.24a) T sc

i,fwd
def
=

iy

ix

����
vy

= T (v)i (B.24b)

T oc
v,rev

def
=

vx

vy

����
ix

= T (v)v (B.24c) T sc
i,rev

def
=

ix
iy

����
vx

= T (i)i (B.24d)

which are referred to as the open-circuit forward voltage loop gain T oc
v,fwd, the short-

circuit forward current loop gain T sc
i,fwd, the open-circuit reverse voltage loop gain

T sc
i,fwd, and the short-circuit reverse current loop gain T sc

i,rev. Manipulating the i/o
representation of the dual probe circuit Fig. B.8c to correspond to that of each of
the above loop gains, as shown in Fig. B.17, justi�es their interpretation; T oc

v,fwd and
T oc

v,rev (T sc
i,fwd and T sc

i,rev) represent open-circuit voltage (short-circuit current) loop
gains, where the loop is travelled in the forward and reverse direction, respectively.
Note that the above observations greatly simplify calculating the various loop gains
by hand, as each can be found on a unidirectional circuit. Furthermore, only three
of the above discussed loop gains need to be calculated, as they are related by the
redundancy equation T oc

v,fwdT
oc
v,rev = T

sc
i,fwdT

sc
i,rev, which follows from (B.16) and (B.24).

y
−

+

vy
−
+ vx

x

ref

(a) T oc
v,fwd

y

iy ix

y

ref

(b) T sc
i,fwd

x
+

−

vx

−
+vy

y

ref

(c) T oc
v,rev

x

ixiy

y

ref

(d) T sc
i,rev

Figure B.17: Equivalent dual probe circuit for the calculation of (a) the forward
voltage loop gain T oc

v,fwd, (b) the forward current loop gain T sc
i,fwd, (c) the reverse

voltage loop gain T oc
v,rev, and (d) the reverse current loop gain T sc

i,rev.

The forward (reverse) loop gainTfwd (Trev) is de�ned as the parallel sum4 of both

4a ‖ b = (a−1 + b−1)
−1
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vz,1ix,1
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−
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− +

vz,2
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Figure B.18: Equivalent circuit accompanying the discussion on loop invariance
using dual probes.

forward (reverse) loop gains,

Tfwd
def
= T oc

v,fwd ‖ T
sc
i,fwd (B.25a) Trev

def
= T oc

v,rev ‖ T
sc
i,rev (B.25b)

and the total loop gain T is de�ned as

T
def
= Tfwd/(1 +Trev) (B.26)

such that it can be veri�ed by substituting the above into (B.10)

F (v, i) = 1 + 1/T . (B.27)

For the employed dual probe, loop invariance simpli�es the general situation
of Fig. B.10 to the schematic of Fig. B.18. Subsystems B and C are three-terminal
circuits. Remark that, since n1 = n2 = 2, Tfwd and Trev are loop invariant, as are T
and F (v, i) = 1 + 1/T .

B.6.1.2 Driven systems

The scalar total loop gainT was de�ned such that the nullator condition corresponds
to in�nite T ; the corresponding reference transfer determinant H (v, i)ref is marked by
a subscript “∞”

H∞
def
= H (v, i)ref (B.28)
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and is referred to as the in�nite-loop-gain response. Applying (B.26) to the input-
nulled and output-nulled residual circuit yields the input-nulled total loop gain T
and output-nulled total loop gain T̂ , respectively. Substituting both, along with
(B.28), in (B.23a) yields

H = H∞
1 + 1/T̂
1 + 1/T

(B.29)

= H∞
T

1 +T
+ H0

1
1 +T

(B.30)

with H0 the so-called zero-loop-gain response, de�ned as follows

H0
def
= H∞

T

T̂
. (B.31)

B.6.1.3 Ideal injection points

If the open-loop system B imposes ix = 0 (vx = 0), the dual probe is said to
be located at a so-called ideal voltage (current) injection point [16]. From (B.8), it
follows that nulling iy (vy) on an ideal voltage (current) injection point is equivalent
to nulling iz (vz) or simply replacing the dual probe by a voltage (current) probe. As
such, after replacing the dual probe, located at an ideal voltage injection point, by a
voltage probe, (B.28), (B.31), and (B.26) reduce to H∞ = |∂v/∂u|vy , H0 = |∂v/∂u|vx ,
and T = vy/vx, respectively, and similarly for the case of ideal current injection
points.

B.6.2 Extra Element Theorem interpretation

The Extra Element Theorem allows analyzing a circuit by �rst solving a simpler
reference circuit, in the absence of n designated extra elements, after which the
in�uence of these elements is restored via a correction factor [2, 15, 17]. Each of
these extra elements can be an impedance, admittance or any type of controlled
source.

In the original EET, these extra elements are replaced by independent voltage
or current sources in order to calculate the various components of the transfer
function of interest. The same can be achieved by means of probes, without having
to remove the extra elements, as will be shown below. Even though the EET can
also be applied to any type of controlled source [17], this section is restricted to
the the case where the extra elements are all impedances or admittances.

The probe positioning for the EET interpretation goes as follows. First, for
each extra impedance, a reference state is chosen, either Zref = 0 or Zref = ∞. Then
in a second step, a probe is placed in the circuit according to this reference state.
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Figure B.19 illustrates the probe placements both forZref = 0 as well as forZref = ∞.
Note that the probe positioning is identical for both case apart from the fact that
the orientation for Zref = ∞ is mirrored compared to Zref = 0.

−

+

vx

+

−

vy

−+
vz

Z

(a) Zref = 0: probe positioning

+

−

vy

−

+

vx

− +
vz

Z

(b) Zref = ∞: probe position-
ing

Z ∼

(c) Zref = 0: vx nulled

Z ∼

(d) Zref = ∞: vx nulled

Figure B.19: ImpedanceZ and placement of its associated probe forZref = 0 (a) and
Zref = ∞ (b), and their equivalent circuits when nulling vx (c) and (d), respectively.

From Fig. B.19 it can be seen that nulling vx is equivalent to setting Z = Zref.
As a result, the impedance seen into the port is in�nite. Thus, Href (B.22) can be
interpreted as the transfer function H with all extra elements in their reference
state:

Href = [H ]Z=Zref (B.32)

Conversely, nulling vy is equivalent to setting the extra element in the opposite
reference state Zopref, which is 0 for Zref = ∞ and vice versa. E.g., nulling vx in
Fig. B.19a yields Fig. B.19c such that the impedance seen into the port is zero.

In autonomous systems, the scalar loop gain Tk can be written as a ratio of
the element Zk and the driving point impedance [2] Zd,k seen by element k , with
the other impedances in their reference state. Depending on the reference value
chosen for element k , its value appears either in the numerator or denominator:

Tk =

{
Zk/Zd,k for Zref,k = 0 (B.33a)
Zd,k/Zk for Zref,k = ∞ . (B.33b)

B.7 Hierarchical decomposition

Appendix B.5 discussed the decomposition of a transfer determinantH ; after adding
probes to the system, its various components are calculated. It was shown that these
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components themselves are transfer determinants, such they can be subsequently
decomposed after introducing an additional set of probes to the system. To this end,
consider the transfer determinant H , decomposed after adding probes P1, resulting
in component M1(H ), which is further decomposed after addition of probes P2,
�nally yielding M2(M1(H )). In order to condense notation, the latter is denoted
M2 ◦M1(H ) or, when H can be inferred from context, simply M2 ◦M1, which can
be read as “M2 after M1” or “M2 of M1”.

The above allows hierarchical analysis of any system and, as such, �ts in
practical design �ows.

B.A Properties of transfer determinants

Property B.A.1. Let signal vectors u and v contain an equal number of elements.
It follows that ����∂(v, r)∂(u, r)

���� = ����∂v/∂u|r ∂v/∂r|u0 I

���� = ����∂v∂u ����
r
. (B.34)

Property B.A.2. Let u1 and v1 contain an equal number of elements, as well as u2
and v2. It follows that ����∂(v1, v2)∂(u1, u2)

���� = ���� ∂(v2, v1)∂(u2, u1)

���� . (B.35)

Property B.A.3. Consider the system represented by (B.1). Partition the signal
indices {1, . . . ,p + q} in four disjoint index sets I, J , K , and L, containing q′, q′,
q − q′, and p − q′ elements, respectively. The transfer determinant from wJ∪K to
wI∪K is related to the system matrix A as follows:���� ∂wI∪K∂wJ∪K

���� = ± ��AJ AL
����AI AL
�� . (B.36)

Proof. The left-hand side of (B.36) is reworked by re-arranging both the input
signals and output signals and subsequently applying (B.34):���� ∂wI∪K∂wJ∪K

���� = ±���� ∂(wI ,wK)∂(wJ ,wK)

���� = ±���� ∂wI∂wJ
����
wK
. (B.37)

Next, (B.1) is rewritten as

AIwI + AJwJ + AKwK + ALwL = 0 (B.38)
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with matrices AI , AJ , AK , and AL sized p ×q′, p ×q′, p × (q −q′), and p × (p −q′),
respectively. Provided the p × p matrix

[
AI AL

]
is invertible, signals wI and

wL are expressed as linear combinations of wJ and wK :[
wI
wL

]
= −

[
AI AL

]−1 [
AJ AK

] [
wJ
wK

]
(B.39)

The p × q transfer matrix M = −
[
AI AL

]−1 [
AJ AK

]
can be partitioned as

a 2 × 2 block matrix, with block rows corresponding to wI and wL , and block
columns corresponding to wJ and wK . By de�nition, the transfer matrix under
investigation, ∂wI/∂wJ |wK , constitutes the (1, 1) blockM1,1 of this transfer matrix.
In other words,

∂wI
∂wJ

����
wK
= −

[
I 0

] [
AI AL

]−1 [
AJ AK

] [
I
0

]
(B.40)

= −
[
I 0

] [
AI AL

]−1 AJ (B.41)

= −
[
I 0

] [
AI AL

]−1 [
AJ AL

] [
I
0

]
(B.42)

where rewriting (B.40) to (B.42) allows interpreting ∂wI/∂wJ |wK as the (1, 1)
block M′1,1of a di�erent matrix, namely M′ = −

[
AI AL

]−1 [
AJ AL

]
, sized

p × p. Moreover, in a similar fashion, it can be shown that the (1, 2) block M′1,2 and
(2, 2) block M′2,2 of this matrix simply equal 0 and −I, respectively:

−
[
AI AL

]−1 [
AJ AL

] [
0
I

]
= −

[
AI AL

]−1 [
AI AL

] [
0
I

]
= −

[
0
I

]
.

(B.43)

As such, the determinant of M′ can be expressed as

|M′ | =
����M′1,1 0
M′2,1 −I

���� = ±��M′1,1�� (B.44)

such that, with |∂wI/∂wJ |wK =
��M1,1

�� = ���M′1,1���, it follows that���� ∂wI∪K∂wJ∪K

���� = ±���� ∂wI∂wJ
����
wK
= ±

��M1,1
�� = ±��M′1,1�� = ±|M′ | = ± ��AJ AL

����AI AL
�� (B.45)

�
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Property B.A.4. Let u, v, and w denote signal vectors, each having n elements.
The transfer determinant |∂(u + v)/∂(w)| can be expanded as follows:����∂(u + v)∂(w)

���� = ∑
K⊂N

���� ∂(uK , vK)∂(wK ,wK)

���� (B.46)

where the sum ranges over all 2n subsets K of N = {1, . . . ,n}.

Proof. The determinant is linear in each of its rows and/or columns, i.e.,����∂(u1 +v1, . . . ,uk +vk , . . . ,un +vn)∂(w)

���� =
=

����∂(u1 +v1, . . . ,uk , . . . ,un +vn)∂(w)

���� + ����∂(u1 +v1, . . . ,vk , . . . ,un +vn)∂(w)

���� . (B.47)

Repeated application on every row yields (B.46). �
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