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ABSTRACT: Traditional methods of homogenization are unable to deal with inclusions with 

imperfect interface. This paper proposes a method of treatment of debonded inclusions by 

replacing debonded inclusions with a fictitious “perfectly bonded equivalent inclusion” 

(PBEI). In this model, PBEI has properties which are a function of the properties of the 

debonded inclusion and also the extent and location of zones where there is imperfect 

debonding. Both the cases considering imperfect adhesion at the tip of inclusion as well as 

equator of inclusion can be taken into account by this model. Separate expressions are 

derived for estimating the Young’s modulus in the axial direction of fibre, Young’s modulus in 

the transverse directions and the different shear moduli. The response of the composite with 

PBEI was compared to full FE models containing inclusions with partially debonded 

surfaces. Comparisons were made both for effective stress in the RVE as well as stresses 

inside inclusions. The proposed method was able to predict correctly not only the effective 

response of composite correctly but also the micro-stresses in individual inclusions. It was 

seen that for an ellipsoidal inclusion, there is significant loss of transverse and shear stiffness 

even if there is imperfect debonding at the tip of the inclusion. 

1. INTRODUCTION  

Owing to ease of manufacturing and reasonable specific properties, the use of injection 

molded short fibre  composites in the automotive industry is steadily rising. The properties of 

a short fiber composite depend on the properties of its constituents and also the capacity of 

stress transfer in the interface[1]. Mean field homogenization schemes are computationally 

cheap, easy to implement and reasonably accurate making them a good candidate for 

predictions of effective properties of short fiber composites. Different mean-field 

homogenizations schemes exist in literature, all of them are dependent on the solution of 

Eshelby [2]  and thus are based on the assumptions of perfect interface between the inclusions 

and matrix. The Mori-Tanaka formulation [3] is probably the most commonly used mean field 

homogenization scheme. It is known to predict with reasonable accuracy the effective 

response of a RVE and Jain et al. [4] recently showed that the estimates of the Mori-Tanaka 

formulation for the stresses in individual inclusions are quite reasonable. Random fibre 

reinforced composites when subjected to loading suffer fibre matrix debonding and fibre 

breakage. Within the framework of mean-field homogenization there are several ways to 

estimate the onset of debonding in an inclusion in a composite. Several debonding theories 

have been developed and implemented in literature for example by Lawrence[5], Takaku[6], 

Leung [7, 8], Meraghini[9] and Huysmans[10]. Debonding in an inclusion leads to imperfect 

interface, thus the solution of Eshelby is no longer valid. There is limited literature describing 
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the methods to deal with inclusions having an imperfect bond in the framework of mean-field 

homogenization. Zhao et al. [11, 12] proposed a scheme to estimate the effective properties of 

a composite containing both perfectly bonded inclusions as well as imperfectly bonded 

inclusions by replacing a debonded inclusion with a perfectly bonded “equivalent inclusion” 

so that Eshelby solution and consequently mean field homogenization schemes could be used. 

Caroll and Dharani[13] derived an analytic expression for loss of elastic modulus E1 due to 

debonding initiating at the tip of fibres.  They noted that the effects of debonding in terms of 

loss of axial stiffness of fibres could be different based on the exact location and extent of 

debonding. Koyama et. al. [14] proposed a method to deal with inclusions with imperfect 

debonding by introducing a virtual matrix. Some more interesting work in this field was done 

by Benveniste[15],Yanase et al.[16], Gorbatikh et al.[17], Ju and Lee[18] and Lee and 

Pyo[19]. Most of the above models suffer from some shortcomings like most of them deal 

exclusively with spherical isotropic inclusions. The loss of modulus in the direction tangential 

to the debonded surface was neglected and the exact extent of debonding surface was not 

taken into account in the model. Also attempts to validate the predictions of the average stress 

in an inclusion after it has suffered debonding are quite rare.  

Fibre matrix debonding is the damage of the contact surface between the inclusion and matrix. 

Piggott [20] reviewed the importance of the fibre matrix interface. He noted that much 

attention has been given to the fibre and polymer matrix and relatively less work has been 

done on the interface. The interface is at the heart of the composite since it transfers the 

stresses from the matrix to the fibre. There are severe changes in the distribution of stresses 

within the composite if the interface is damaged. There is significant amount of literature 

available trying to model the stress redistribution of imperfectly bonded inclusions, the first 

among them was by Cox [21]. There are several other papers proposing advanced theories for 

stress redistribution of stresses in inclusions like Nairn[22], Amirbayat et. al.[23], Wu et. 

al.[24] and Lacroix[25].  All the above theories only take into account the stress redistribution 

due to loading in the axial direction.  Fitoussi et al.[26] proposed an expression of effective 

shear modulus based on the sliding friction between the imperfect interface and the 

neighbouring matrix. This idea is attractive but has one major limitation. The friction between 

the imperfect interface and matrix in reality depends on the local normal stresses at the 

interface but in the model proposed by the authors it was taken as a direct function of the 

applied shear stress. 

A model for treating imperfectly bonded inclusions is presented in this paper based on the 

original idea of Zhao et. al.[12] and Fitoussi[26] who replaced imperfectly bonded inclusions 

with an equivalent inclusion having perfect adhesion. The idea is extended to applications of 

ellipsoidal inclusion which could have anisotropic material properties as well. The elastic 

properties of the PBEI are estimated based on the reduced load bearing capacity of inclusions 

resulting from stress redistribution due to the imperfect interface. The effective response of 

the composite is compared with predictions of full finite element models consisting of 

inclusions which have imperfect contact between inclusion and matrix. The proposed model is 

validated for both isotropic and anisotropic inclusions (Only results for isotropic inclusions 

are presented here). In section 2 we present the derivations of expressions for the properties of 

the effective inclusions and the methodology for creating the finite element models. In section 

3 we present the methodology and results of the validation are presented in section 4. 

2. MATHEMATICAL FORMULATION  

It is proposed in this paper to replace an inclusion with imperfect interface by a perfectly 

bonded “equivalent inclusion” (PBEI). It is well known that imperfect interface leads to 

redistribution of stresses and a loss in load bearing capacity of the inclusion and consequently 

the composite. To estimate the properties of PBEI, approximate expressions for the stress 
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(re)distribution in the inclusion due to an imperfect interface surface are derived. The average 

stresses in the inclusions can then be calculated. The properties of the PBEI are calculated as a 

fraction of the average stress in the inclusion with imperfect interface and the average stress 

that would be built in the inclusion, if it was perfectly bonded. Mathematically, 

  
   

    
  

     
      1 

Where Xij is the Elastic modulus which relates the average stress σij in a composite, when 

subjected to strain εij,    
   and      are respectively the stresses in the inclusion with imperfect 

and perfect interface respectively; while < > indicates average quantity. The value of     is 

estimated by running the Mori-Tanaka formulation for a VE having one inclusion. Imperfect 

interface surfaces can be grouped into two categories: debonding could take place at the tip of 

the inclusions or debonding could take place anywhere else other than the tip of inclusions. 

We name the two configurations Type A and Type B respectively. 

                    

Figure 1 Schematic representation of classification of the two types of imperfect interface based on the location 

of imperfect interface. On the left is Type A and right is Type B. 

For an uniaxial load in the axial direction, Cox[21] proposed a formula for the stress profile in 

the axial direction of the inclusion with imperfect interface at the tip. This is based on the 

assumption of shear force is constant at concentric cylinder surfaces around the fibre. By 

integrating the expressions derived by Cox over the length of the inclusion we can estimate 

the average stress in the inclusion,    
 .   

The stress transfer in an inclusion with imperfect interface subjected to transverse and shear 

loads depends on whether the interface is under traction or on compression. The outward 

normal at different points in the interface is usually calculated to estimate the onset of 

debonding [10]. The stress in the matrix can be transformed to this outward normal direction 

at every point and based on these values it is infered whether the interface segment is under 

tension or compression. 

For the transverse modulus it is assumed that there is negligible stress transfer in parts of the 

inclusion where there is imperfect interface and that the stress transfer in other parts of 

inclusions remains unaltered. The average stress in the inclusion can thus be estimated by 

calculating the volume of the segment of the inclusion which has imperfect inclusion. Similar 

derivation can be derived for Young’s modulus in the third direction, i.e. E3. When subjected 

to shear loading, there is stress transfer in imperfect interface due to sliding friction. Stress 

transfer in inclusion due to sliding friction take place in interface where the interface stresses 

in the outward normal direction of the fiber is negative. The stress on the interface is µσrr , 

where µ is the co-efficient of friction in the interface and σrr is the stress in the interface in the 

outward normal direction of the interface. In other parts of the imperfect interface where there 

is positive stress in the interphase, the matrix simply separates from the inclusion and there is 

zero stress transfer. The stress transfer in those parts of inclusions which is perfectly bonded 

is assumed to remain unaltered and taken to be the same as it would be if there were perfect 

interface.  

The elastic modulus of an orthotropic material can be fully described by 9 elastic constants 

(three Young’s moduli, three shear moduli and three Poisson’s ratios). However, we cannot 

independently alter the values of each of the 9 elastic moduli, since the stiffness matrix of the 
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inclusion must be always positive definite. Therefore the six elastic constants are changed as 

described above while three Poisson’s ratios were altered to meet the positive definite 

conditions if required. The elastic constants of PBEI thus derived are in the local co-ordinate 

system of the inclusion and must be transformed to the global coordinate system for further 

application of the Mori-Tanaka formulation. 

3. METHODOLOGY OF NUMERICAL EXPERIMENTS 

The expressions for calculating the properties of the PBEI were described in the previous 

section. A series of finite element volume element (VE) was created to validate the 

mechanical equivalence of the two composite systems, viz. the composite which has 

imperfectly bonded interface and the composite which contains PBEI. Mechanical 

equivalence here means that the effective response of both composite systems must be the 

same and additionally the average stresses in the inclusions must also be the same. We 

simulate the inclusion with imperfect interface in finite element model while the 

homogenization of the composite having PBEI is done by the Mori-Tanaka formulation.  

A FE VE is created with a single inclusion inside a matrix. The centroids of the matrix cuboid 

and the cylindrical inclusion are coincident. The aspect ratio of the inclusion is taken to be 15. 

The shape of inclusion in the finite element VE is a cylinder; this is done to ensure acceptable 

mesh quality of the inclusion. According to Pierard et al. [27] inclusions with aspect ratio 

greater than 3 must be modelled as a cylinder to ensure acceptable mesh. Periodic boundary 

conditions were applied to all the three axis of the VE cube to approximate an infinite VE as 

close as possible [28]. The surface of the inclusion and the corresponding interior surface of 

the matrix are sectioned into a number of zones. A zone is modelled as having perfect 

interface by tying the nodes of the inclusion surface with the corresponding nodes in the 

matrix, while an imperfect interface is modelled by creating a contact surface between the 

inclusion and the matrix. The surfaces of the inclusion and matrix are allowed to separate but 

not penetrate into each other; the coefficient of friction between the surfaces is taken to be 

0.3. For the purpose of validation the outside surface of the inclusion is broken into 11 regions 

to simulate conditions where the fraction of imperfect interface is 0, 6.66, 26.66, 46.66 and 

86.66 per cent.  

 

 

Figure 2a Sketch of inclusion divided into various segments. Note that the shape of inclusion in finite element 

model is cylinder. Figure 2b FE simulation of imperfect interface, the matrix and the inclusion are allowed to 

separate from each other but not penetrate into each other  

For each of the calculations the inclusion phase was isotropic glass fibre and matrix was 

polyamide with a Young’s modulus of 72 GPa and 3 GPa respectively while the Poisson’s 

ratio was 0.22 and 0.37 respectively. The average stresses in the VE as well as inclusion are 

calculated by volume averaging the stresses in different regions. 

4. RESULTS  
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The contour plots derived from FE solver ABAQUS are shown below in figure 3a and 3b for 

axial and transverse loading cases respectively. Qualitative analysis of the plots confirm our 

assumptions made during derivations of expressions. The stress redistribution in inclusion 

with imperfect interface subjected to axial loading follow a trend as predicted by the 

formulation of Cox. There is negligible stress transfer in the part of the inclusion which has 

imperfect interface, this is mainly due to residual stresses and sliding friction between the 

interface surfaces. The part of inclusion which has perfect interface is stressed higher but the 

distribution of stress is not uniform with maximum stress at the center. The magnitude of 

stresses in the center of inclusion reduces progressively as the region with imperfect interface 

increases. For the case where we consider the transverse debonding there is negligible stress 

in the part of the inclusion with imperfect interface. The part of the inclusion with perfect 

interface is uniformly stressed and the magnitude of stress is independent of the extent of the 

imperfect interface between the inclusion and matrix. 

 

Figure 3 Stress redistribution in inclusions with imperfect interfaces. The fraction of interface length with 

imperfect interface is 2/15, 8/15 and 14/15. Figure 3a Loading is in axial direction. Figure 3b Loading is in 

transverse direction. 

Comparison of the predictions of the effective response and stresses in inclusion by the Full 

FE calculations and the Mori-Tanaka formulation showed that there was reasonable match for 

different types of loading. In figure 4a and 4b, the results for inclusions with imperfect 

interface at the tip are shown. The fraction of length with imperfect interface varies from 2/15 

to 14/15. Applied load is 1% strain in the axial direction. 

 

Figure 4 Comparison of prediction of stresses by the full FE calculations and the Mori-Tanaka formulation for a 

VE containing PBEI. The aspect ratio of inclusion is 15 and volume fraction is 0.1; loading is 1% strain in the 

axial direction. Figure 4a Predictions of effective response in composite. Figure 4b Average stresses in 

inclusions. 
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In figure 5a and 5b the results for loading in the transverse direction. The fraction of length 

with imperfect interface varies from 2/15 to 14/15. Applied load is 1% strain in the transverse 

direction. 

 

Figure 5 Comparison of prediction of stresses by the full FE calculations and the Mori-Tanaka formulation for a 

VE containing PBEI. The aspect ratio of inclusion is 15 and volume fraction is 0.1; loading is 1% strain in the 

transverse direction. Figure 5a Predictions of effective response in composite, Figure 5b Average stresses in 

inclusions. 

In figure 6a and 6b the results for in-plane shear loading.  

 
Figure 6 Comparison of prediction of stresses by the full FE calculations and the Mori-Tanaka formulation for a 

VE containing PBEI. The aspect ratio of inclusion is 15 and volume fraction is 0.1; loading is 1% strain in the 

transverse direction. Figure 5a Predictions of effective response in composite, Figure 5b Average stresses in 

inclusions. 

From the figures it can be seen that there is reasonable match of predictions of the effective 

response of the composite as well as the average stresses in the inclusions. There is a loss of 

transverse modulus as well as shear modulus if an inclusion has imperfect interface. Similar 

conclusions can be reached even if the inclusions are transversely isotropic in nature. This 

aspect is normally neglected in traditional schemes to handle inclusions with imperfect 

interface but is successfully handled by the proposed method. 
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