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ABSTRACT 

Probabilistic applications of structural fire engineering will be central to the realisation of complex 
buildings, where reliance on precedent / experience is insufficient, and an adequate level of safety 
must be explicitly demonstrated. The practical application of probabilistic methods in structural fire 
safety has, to date, been limited to simplistic structural systems due to a lack of an efficient, 
unbiased calculation methodology. Herein, two examples are presented whereby the Maximum 
Entropy Multiplicative Dimensional Reduction Method, ME-MDRM for short, is applied to 
estimate the probability density function of performance metrics output from finite element 
analyses. Given a limited number of model realisations (order of 101), it is shown that the ME-
MDRM can give valuable insight into the distribution of failure time, and maximum supported load 
under ISO fire conditions for a composite column, and composite slab panel, respectively. The 
former is benchmarked against Monte Carlo Simulations, with excellent agreement. Finally, 
limitations in the stochastic data and in the application of the ME-MDRM itself are discussed, with 
future research needs identified. 

1 INTRODUCTION 

The rise of Performance Based Design (PBD) methodologies for fire safety engineering has 
increased the interest of the fire safety community in the concepts of risk and reliability. Practical 
applications have, however, been severely hampered by the lack of an efficient unbiased calculation 
methodology. This is because on the one hand, the distribution types of model output variables in 
fire safety engineering are not known and traditional distribution types such as, for example, the 
normal and lognormal distribution may result in unreliable approximations. Therefore, unbiased 
methods must be applied which make no (implicit) assumptions on the probability density function 
(PDF) type, e.g. Monte Carlo simulations. However, Monte Carlo simulations require many model 
evaluations and are, therefore, too computationally expensive when large and nonlinear calculation 
models are applied, as is common in structural fire engineering (e.g. finite element models). 

2 AN UNBIASED METHOD FOR ESTIMATING PDFs – ME-MDRM 

A computationally very efficient method to make an unbiased estimate of the mathematical function 
fY describing the probability density function (PDF) of a scalar model output Y has been developed 
by Zhang [1]. The method is known as the Maximum Entropy Multiplicative Dimensional 
Reduction Method, ME-MDRM for short, and has been tweaked for ease-of-use and applied to fire 
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safety engineering problems in [2]. The unbiased nature of the method is important to emphasize, as 
it means that no assumptions are made with respect to the shape of the PDF (e.g. normal, 
lognormal). When considering n stochastic variables, the ME-MDRM requires only 4n+1 model 
evaluations. The subsequent estimation of the PDF for a model output of interest is based on a 
semi-numerical mathematical optimization which can require a couple of hours of calculation by 
itself (on a single core). For computationally expensive numerical models with only a limited 
number of parameters governing the variability of the model output, the ME-MDRM provides, thus, 
a realistic opportunity for assessing the full range of model outcomes. This is commonly the case in 
structural fire safety engineering where advanced model evaluations are computationally expensive 
(and may need manual checking), where a limited number of input variables are often determinative 
in the model output (e.g. fire load density, steel yield stress), and where a single scalar model output 
(e.g. fire resistance time, or load bearing capacity) is of interest. Furthermore, in structural fire 
safety, limited statistical data exists justifying prior assumptions on the distribution type (shape) of 
output variables. 

2.1 Summary introduction to the ME-MDRM calculation procedure 
In [2], the ME-MDRM is introduced in detail starting from mathematical derivations. In the 
following the same calculation procedure is directly introduced step-wise, focussing on procedural 
clarity in the calculation steps: 

1. A deterministic model is developed describing the structural effect of interest. For example, 
a model capable of calculating the fire resistance time for a given set of input values; 

2. Input variables with important uncertainty associated with their value, and which have (or 
are considered to have) a significant influence on the model output are identified and their 
stochastic distributions determined. The symbol n denotes the total number of stochastic 
variables; 

3. For each stochastic variable Xl, 5 realizations xl,j are calculated through Eq. (1), with the 5 
‘Gauss points’ zj given in Table 1; 

4. For each realization xl,j, the model is evaluated using this realization for the variable Xl, and 
using the median value (i.e. xk,3) for all other stochastic variables Xk, resulting in the model 
realization yl,j. This implies 5 model realizations per stochastic variable, but as the model 
with all stochastic variables equal to their median value has to be evaluated only once 
(model realization y0), the total number of model realizations is 4n+1; 

5. The minimization of Eq. (2) is performed, with MY
αi the αi

th moment of Y evaluated from the 
4n+1 model evaluations through Eq. (4), thus determining the parameters λi and αi, with λ0 a 
normalization constant calculated with Eq. (5). The parameter m is the estimation order and 
can for practical purposes be set equal to 4 [2]. The evaluation of Eq. (2) is easily 
programmed, but the minimization result may depend on the starting solution. Therefore, the 
optimization is done in a step-wise approach: 

a. A large number of input values (i.e. Latin Hypercube samples) for αi are generated. 
Without loss of generality, αi can be chosen in the range [-2;2]. 

b. For each set of αi, the minimization of Eq. (2) is readily performed, resulting in 
corresponding values for λi. 

c. Across all realisations for αi with associated minimizing values for λi, the set with the 
lowest function evaluation of Eq. (2) is maintained. 

6. The estimated mathematical formulation for the PDF describing the model output Y is given 
by Eq. (3). This mathematical formulation gives direct insight in the (estimated) shape of the 
PDF. Eq. (3) results from application of the Maximum Entropy principle (i.e. an 
acknowledgement of uncertainty with respect to the distribution shape). The mathematical 
basis underlying this equation and the minimization in Step 5 above are clarified in [3]. 
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Table 1. Gauss points zj and associated Gauss weights wj 

 1 2 3 4 5 

zj -2.857 -1.356 0 1.356 2.857 

wj 0.011257 0.222076 0.533333 0.222076 0.011257 

 

2.2 Objective of the ME-MDRM application 
So far, the ME-MDRM has not yet been applied together with advanced and validated finite 
element models for structural fire response. To build confidence in the application of the ME-
MDRM, the method will be applied in the following using the dedicated simulation software 
SAFIR [4], considering an ISO 834 standard fire exposure.  

3 SOURCES OF UNCERTAINTY IN STRUCTURAL FIRE SAFETY 

This study includes two application examples that will be described in Sections 4 and 5, for which a 
number of stochastic variables are introduced. In both examples, these include material strength at 
ambient and elevated temperatures, namely yield strength of (rebar or rolled shape) steel at 20°C 
and elevated temperatures (fs,20 or fy,20 and fs,T or fy,T), and concrete compressive strength at 20°C and 
elevated temperatures (fc,20 and fc,T). The uncertainty for material strength at ambient temperature is 
modelled based upon recommendations by Holicky and Sykora [5], as described in Table 2, where 
the type of distribution, mean, and coefficient of variation (COV) or standard deviation are listed. 
The stochastic models for material strength at elevated temperatures are based on logistic functions, 
see background in [6]. Table 2 provides the logistic functions for strength reduction factors of both 
steel ky,T or ks,T and concrete kc,T, where T is temperature in Celsius and ε is a realization of standard 
normal distribution. The reduction factor for steel is a function of the Eurocode [7] strength 
reduction factor 𝑘 , . In case of the first application example, the applied load and the sinusoidal 
geometrical imperfection are taken as additional random variables. Uncertainty quantification for 
the applied load includes both permanent and 5-year imposed loads, as described in Table 2 based 
on [5], as well as the modelling uncertainty for the load and resistance effects. For modelling 
purposes, the total load is combined with the total model uncertainty into a single lognormal load 
variable. The uncertainty in sinusoidal geometrical imperfection is assumed to follow a normal 
distribution. For the second example, thermal conductivity kp of insulation is taken as an additional 
random variable, implemented as in [6], with the model provided in Table 2 (where T is 
temperature in Celsius and ε is a realization of standard normal distribution).  
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Table 2. List of stochastic variables and assumed distributions  

Parameter Description  

fy,20 rolled shape [MPa]  Lognormal with mean= fyk,20 + 2σ and COV=0.07 

fs,20 rebar [MPa]  Lognormal with mean= fsk,20 + 2σ and σ =30 [MPa] 

fc,20 [MPa]  Lognormal with mean= fck,20 + 2σ and COV=0.15 

ky,T or ks,T 

𝑘 ,

=
1.7 × 𝑒𝑥𝑝 𝑟 + 0.412 − 0.81 × 10 × 𝑇 + 0.58 × 10 × 𝑇 . + 0.43 × 𝜀

1 + 𝑒𝑥𝑝 𝑟 + 0.412 − 0.81 × 10 × 𝑇 + 0.58 × 10 × 𝑇 . + 0.43 × 𝜀
 

with 𝑟 = 𝑙𝑛 , .⁄

, .⁄
 

kc,T 𝑘 , =
1.3 × 𝑒𝑥𝑝[1.145 + 1.86 × 10 × 𝑇 − 6.37 × 10 × 𝑇 + 0.48 × 𝜀]

1 + 𝑒𝑥𝑝[1.145 + 1.86 × 10 × 𝑇 − 6.37 × 10 × 𝑇 + 0.48 × 𝜀]
 

Applied load P [kN] 
Permanent load G: Normal with Gmean and COV=0.1 
Imposed (5 yr) Q: Gumbel distribution with 0.2Qk and COV=1.1 
Total model uncertainty KT: Lognormal distribution, mean of 1.02 and COV = 0.16 

Geometric imperfection Normal with mean = 0 and St.dev.=H/1000 where H is column height  

kp [W/mK] 𝑘 = 𝑒𝑥𝑝(−2.72 + 1.89 × 10 𝑇 − 0.195 × 10 𝑇 + 0.209 × 𝜀) 

 

4 APPLICATION A – A COMPOSITE COLUMN 

4.1 The application and inputs 
The first application is adopted from the German DIN National Annex CC of EN 1992-1-2, 
Example no 11 [8]. It is a composite column with a steel section partially encased in concrete. The 
column is 4 m long. The square cross section has a width b = h = 300 mm. The steel profile is a 
HEB 300 in S235. The section is reinforced with 4 Φ28 rebars in hot-rolled B500 steel, with an axis 
cover of 50 mm. The concrete is a C25/30 with 3% humidity per mass. The column is axially 
loaded with a compressive load of 1700 kN in the fire situation. Both ends are fixed in rotation. The 
column is subjected to ISO standard fire exposure on four sides. The thermal-mechanical response 
of the column under applied gravity loading and fire exposure is simulated in the non-linear finite 
element software SAFIR [4]. For the thermal analysis, the cross-section is modelled with 2,686 
triangular finite elements. For the structural analysis, the column is modelled in 2D, with strong 
axis orientation, using 10 BEAM elements of equal sizes. 
First, a deterministic analysis is conducted as a reference case. The deterministic analysis uses the 
characteristic values for the material properties (fck = 25 MPa, fsk,20 = 500 MPa, fyk,20 = 235 MPa). 
The material models SILCON_ETC [9], STEELEC2EN and STEELEC3EN are used in SAFIR 
with the temperature-dependent reduction factors from Eurocodes. The applied load is 1,700 kN 
and the maximum amplitude of the geometric imperfection is 4 mm. This deterministic analysis 
predicts a failure time of 93 min based on the last converged step of the simulation, for which a 
runaway failure is observed. This is in very good agreement with the value of 92 min given in the 
DIN [8]. 
Secondly, probabilistic analyses are performed with the objective of establishing the PDF for failure 
time of the column under ISO fire. Stochastic variables are as defined in Section 3. The mean 
values of the material strengths at ambient temperature are evaluated from the characteristic values 
given above and as discussed in Table 2. This yields fc,mean = 35.7 MPa, fs,mean = 560.0 MPa, and 
fy,mean = 273.3 MPa. At high temperature, reduction factors ky,T, ks,T, and kc,T are applied to the material 
strengths using models discussed in Table 2. The mean value of the applied load in the fire situation 
is estimated as 1,390.6 kN with Gmean = 1,275 kN and Qmean = 85 kN (Qk = 425 kN). Note: that the 
nominal case (obtained using the mean values for the random parameters) differs from the 
deterministic case. In the nominal case, the fire resistance time obtained with SAFIR is 136 min. 
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4.2 ME-MDRM Results and Monte Carlo validation 
The variability of the fire resistance time tR is evaluated probabilistically, using on the one hand 
1,500 Monte Carlo simulations (MCS), and on the other hand the ME-MDRM procedure of Section 
2. With 8 stochastic variables, the ME-MDRM procedure requires only 33 model evaluations. 
Furthermore, the feasibility of using a lognormal distribution (LN) for describing tR is evaluated, 
using on the one hand the 1,500 MCS to estimate the parameters of the LN, and on the other hand 
estimating the parameters by estimating the moments of the lognormal distribution through Eq. (4), 
i.e. applying the ME-MDRM procedure of Section 2 from step 1 to step 4, followed by application 
of Eq. (4) and assuming the LN distribution. This last methodology has been named the MDRM-G 
in [2]. Results are visualized in Fig. 1, demonstrating: 

i) The excellent performance of the ME-MDRM in approximating the histogram and 
observed cumulative frequency of the fire resistance time. Special emphasis is placed on 
the excellent match of the CDF estimate for low quantiles of tR. The (seeming) upper 
bound for tR in the MCS at about 200 minutes is not captured by the ME-MDRM, but 
low probability upper bounds to tR are of minor practical relevance relative to lower 
bounds. 

ii) The reasonableness of the lognormal approximation for this specific case, matching both 
the histogram shape and the ME-MDRM estimated curve. Furthermore, the LN with 
parameters estimated through the reduced methodology of the MDRM-G (33 model 
evaluations) quasi-perfectly matches the LN approximated using the 1,500 MCS. 

iii) The feasibility of using the ME-MDRM to extrapolate to low occurrence frequencies, 
e.g. a lower bound fire resistance time with a probability of only 10-4 of being exceeded. 

 
Fig. 1 Fire resistance time tR for composite column. Comparison of 1500 MCS with ME-MDRM (33 simulations) and 

lognormal approximations. (a) PDF; (b) CDF and complementary CDF. 

5 APPLICATION B – A SLAB PANEL  

5.1 The application and inputs 
The second application is a partially protected steel-composite slab panel undergoing tensile 
membrane action (TMA) (Fig. 2). The typology is inspired by a FEMA reference archetype 
structure, on which a performance-based SFE design has been performed [10]. The ambient 
temperature design is according to ASCE 7-10 and the AISC Steel Construction Manual. The panel 
is 9.14 m by 9.14 m in plan. The floor slab is a steel deck of 38.1 mm topped by a concrete slab of 
63.5 mm (Fig. 2a). The girders are W21x44, while the boundary beams and central beams are 
W18x35 (Fig. 2b). The slab contains a single layer of reinforcing mesh with 503 mm²/m in each of 
the two orthogonal directions. The rebars are cold-worked class B steel, fsk,20 = 416 MPa, and 
located at mid-height of the slab. The steel beams have a yield strength fyk,20 of 345 MPa, whereas 
the concrete compressive strength fck,20 is 28 MPa. The uniformly distributed load is 5.4 kN/m² in 
the fire situation. The girders and boundary beams are protected with 2.06 and 2.22 cm of Spray-
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Applied Fire Resistive Material (SFRM), a dry mix CAFCO Blaze-Shield II from Isolatek, for a 2 h 
fire resistance rating. The fire resistive performance of the entire floor system, on the other hand, is 
based on the consideration of the structural fire behavior and the development of TMA.  

 
 

Fig. 2 Steel-concrete floor: (1) cross section; (2) 3D view of the SAFIR numerical model. 

The thermal-mechanical response under applied gravity loading and ISO fire exposure is simulated 
in SAFIR. For the structural analysis, 576 shell elements are used for the slab, while 24 elements 
are used for each beam and girder. First, a deterministic analysis is conducted as a reference case. 
For the thermal analysis, a key parameter are the properties of the SFRM. The following properties 
are assumed as a reference (constant with temperature): conductivity 0.12 W/m.K, specific heat 
1,100 J/kgK, dry specific mass 240 kg/m³, water content 16.5 kg/m³, coefficient of heat transfer by 
convection 25 W/m²K (hot) and 4 W/m²K (cold), and emissivity 0.8. The deterministic analysis 
uses the characteristic values for the material properties (fck,20 = 28 MPa, fsk,20 = 416 MPa, fyk,20 = 
345 MPa). The material models SILCOETC2D [9], STEELEC2EN and STEELEC3 are used in 
SAFIR with the temperature-dependent reduction factors from Eurocodes. With an applied load of 
5.4 kN/m², the deterministic analysis predicts a failure time of 108 min based on the last converged 
step of the simulation; at that time failure occurs by yielding of a boundary beam. Secondly, 
probabilistic analyses are performed. In contrast to the composite column application earlier, Monte 
Carlo simulations are too computationally expensive to allow for a direct assessment of the 
histogram. 7 stochastic variables are introduced, comprising the materials strengths at ambient and 
elevated temperature and the thermal conductivity kp of the protection layer. The material strengths 
are treated in a similar way as for the first application. For the SFRM conductivity, the model listed 
in Table 2 is used where the mean value is 0.07 W/mK at 20°C but the conductivity increases 
significantly with temperature. In the nominal case (using mean values for all random parameters), 
the fire resistance time obtained with SAFIR is 75 min; this time is shorter than in the deterministic 
case because the SFRM conductivity increases with temperature. The ME-MDRM is used to 
establish the PDF of the failure load for a 90 minutes of standard fire exposure, giving insight into 
the distribution of the maximum load level which can be sustained for a given fire severity. 

5.2 ME-MDRM Results 
To assess the PDF of maximum supportable load after 90 minutes of standard fire exposure, the 
ME-MDRM procedure of Section 2 is applied. Considering 7 stochastic variables, only 29 model 
evaluations are required. (Note: that finding the distributed load resulting in structural failure after a 
given time, through a transient finite element analysis, is an iterative process - for any given set of 
values of the stochastic variables a number of simulations are needed varying the load until failure 
occurs at 90 minutes). Results are visualized in Fig. 3. Comparing the unbiased ME-MDRM results 
with a lognormal approximation based on the MDRM-G methodology discussed earlier, it is clear 
that a lognormal distribution can be used to model the load bearing capacity of the fire exposed slab 
system, taking into account tensile membrane action. For this case, the performance of the ME-
MDRM cannot reasonably be validated in this case using MCS, but the stand-alone application is 
exactly the intended use for the ME-MDRM. As illustrated in Fig. 3, potentially valuable 
information on the lower bound of the load bearing capacity is obtained through the applied 
methodology, while requiring only limited model evaluations. Notably, Fig. 3 (b) indicates there is 
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approximately a 1.5% probability that the load bearing capacity at 90 min ISO 834 exposure is 
lower than 2 kN/m2. 

 
Fig. 3 Uniformly distributed load resulting in structural failure for 90 minutes ISO 834 exposure. Comparison of ME-

MDRM (29 simulations) and LN approximation (MDRM-G). (a) PDF; (b) CDF and complementary CDF. 

6 DISCUSSION AND CONCLUSIONS 

6.1 Discussion of inputs 
Previous sensitivity analyses confirm the importance of the random variables that are included in 
this study and their effect on fire safety [12]. However, there is no well-established set of models to 
quantify uncertainty in parameters at elevated temperatures. This section discusses the assumptions 
that are made in the adapted probabilistic models discussed in Section 3. When developing a 
probabilistic model for material strength, it is preferable to adapt a model that is compatible with 
normal structural reliability calculations at ambient temperatures, while capturing the variation in 
temperature dependent material properties at elevated temperatures. In this paper, the random 
variables for yield strength of steel and concrete compressive strength are first generated based on 
their characteristic values and variance at the ambient temperature. The logistic functions, as 
discussed in Section 3, are then used to capture variance at elevated temperatures. However, it 
should be noted that the logistic functions are derived by a Bayesian-based fit to a set of 
experimental data that include points at ambient temperature. Therefore, the extent to which the 
approach taken in capturing uncertainty at ambient temperature is redundant requires further 
investigation. In addition, the adapted model for yield strength of steel is based on EC3 [7], which 
provides reduction factors for 2% strain, rather than the convention of 0.2% offset at room-
temperature. In quantifying uncertainty in the applied gravity load, the part that is characterized as 
imposed is time-dependent. In this study, a 5-year reference period has been assumed, thus 
implicitly modelling the load as an intermittent wave process with a 5-year return period. The 
implications of this also warrants further investigation. 

6.2 Discussion on the effectiveness of the ME-MDRM and limitations 
For the example cases presented, a lognormal approximation was found to give a very accurate 
approximation of the ME-MDRM output. In this situation, the unbiased nature of the ME-MDRM 
may seem superfluous, but it must be emphasized that the distribution shape of a given parameter in 
structural fire engineering problems is not known beforehand in general. Examples of calculations 
resulting in non-traditional distribution shapes, for example considering the bending moment 
capacity for fire exposed concrete slabs have been described in [2]. The ME-MDRM, however, also 
has its limitations. Considering Eq. (1) and the Gauss integration applied in Eq. (4), non-traditional 
distribution types for the input variables can be expected to result in difficulties for the ME-MDRM 
evaluation. This is especially the case for truncated, non-continuous and multimodal distributions. 
Further limitations relate to the scalar nature of the output variable. However, when applied with 
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care, the ME-MDRM can provide valuable support to probabilistic structural fire engineering. 
Importantly, the examples elaborated in the current paper demonstrate the feasibility of combining 
the ME-MDRM with highly regarded dedicated structural fire engineering software that is 
commonly used to support performance based designs. 

6.3 SFE & PRA – Conclusions & a forward look 
Realising exceptional buildings necessitates that an adequate level of fire safety be explicitly 
demonstrated. This requires an evaluation of all foreseeable consequences, and the probability of 
their manifestation. This is only readily achievable through PRA methods [13]. To date, the 
application of PRA in structural fire engineering has been limited to single element or simple 
assembly applications. That is, the full realisation of PRA in SFE has been hindered by the lack of 
an efficient unbiased calculation methodology. Herein, two finite element applications have been 
presented applying the ME-MDRM to provide an estimation of the PDFs of failure time and load, 
under standard fire conditions. Both were achieved with a limited number of SAFIR model 
realisations – 33 and 29 model realisations, respectively. This contrasts with MCS alternatives, 
where the required number of model realisations are of the order of 103 – 105. It has been concluded 
that identifying a robust suite of probabilistic material properties is central to realising the full 
benefits of the ME-MDRM. This will be subject to future research. 
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