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Abstract. Non-conformally �at space-times admitting a non-null Killing spinor

of valence two are investigated in the Geroch-Held-Penrose formalism. Contrary

to popular belief these space-times are not all explicitly known. It is shown that

the standard construction hinges on the tacit assumption that certain integrability

conditions hold, implying two algebraic relations, 𝐾𝑆1 and 𝐾𝑆2, for the spin

coe�cients and the components of the Ricci spinor. An exhaustive list of (conformal

classes of) space-times, in which either 𝐾𝑆1 or 𝐾𝑆2 are violated, is presented. The

resulting space-times are each other's Sachs transforms, in general admit no Killing

vectors and are characterized by a single arbitrary function.

PACS numbers: 04.20.Jb

1. Introduction

The concept of a Killing spinor has its origins in the work of Walker and Penrose [31]

who, in the class 𝒟0 of Petrov type D solutions of Einstein's vacuum �eld equations with

cosmological constant, demonstrated the existence of a valence two symmetric spinor

𝑋𝐴𝐵, satisfying the conformally invariant (twistor) equation

∇𝐴′(𝐴𝑋𝐵𝐶) = 0. (1)

The original signi�cance of such a spinor is that its existence in a space-time (ℳ, g)

determines a constant of the motion along any null geodesic. The existence of this

constant of the motion in 𝒟0 may be equivalently derived from the separability of the

Hamilton-Jacobi equation for the null geodesics therein [5]. Introducing the two-form

𝐷𝑎𝑏 = 𝑋𝐴𝐵𝜖𝐴′𝐵′+�̄�𝐴′𝐵′𝜖𝐴𝐵, called a conformal Killing-Yano (CKY) tensor, the equation

corresponding to (1) reads [12, 29]

∇(𝑎𝐷𝑏)𝑐 =
1

3
∇𝑑(𝑔𝑎𝑏𝐷

𝑑
𝑐 −𝐷𝑑

(𝑎𝑔𝑏)𝑐), (2)

or, equivalently [1],

3∇𝑐𝐷𝑎𝑏 = 3∇[𝑐𝐷𝑎𝑏] − 2∇𝑑𝐷
𝑑
[𝑎𝑔𝑏]𝑐. (3)
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As a consequence these space-times are also frequently called CKY space-times [10].

When the right hand side of (2) vanishes, 𝐷𝑎𝑏 is called a Killing-Yano tensor or a

Penrose-Floyd tensor [25]. This happens if and only if 𝑋𝐴𝐵 satis�es the additional skew

Hermiticity condition

∇𝐵
𝐴′𝑋𝐴𝐵 +∇𝐴

𝐵′
�̄�𝐴′𝐵′ = 0. (4)

A space-time admitting a valence two Killing-Yano tensor will be called a KY space-time:

all these have been determined explicitly [7, 8, 18, 25]. Note that a CKY space-time

is not necessarily conformally related to a KY space-time, as examples in [14] and [20]

show‡. The square 𝐾𝑎𝑏 = 𝐷𝑎
𝑐𝐷𝑐𝑏 of a KY tensor 𝐷 is a Killing tensor (KT), namely a

symmetric tensor satisfying the equation

∇(𝑎𝐾𝑏𝑐) = 0 (5)

and giving rise to a quadratic �rst integral of the geodesic equation. Similarly the

square of a CKY tensor is a conformal Killing tensor (CKT), namely a symmetric

tensor satisfying

∇(𝑎𝐾𝑏𝑐) = 𝑔(𝑎𝑏𝑘𝑐), (6)

where 𝑘𝑐 is obtained by contraction of (6) with 𝑔𝑎𝑏. Conformal Killing tensors are of

interest inasmuch as they give rise to quadratic �rst integrals for null geodesics. For the

sequel it is worth noting that, if 𝐾𝑎𝑏 is a conformal Killing tensor, then so is 𝐾𝑎𝑏 + 𝑓𝑔𝑎𝑏
with 𝑓 an arbitrary function (both de�ning the same �rst integrals of the null geodesic

equation). This implies that one can always assume 𝐾𝑎𝑏 to be traceless, implying

𝑘𝑐 =
1
3
∇𝑚𝐾

𝑚
𝑐. Note that the converse of the property above not necessarily holds: not

every (conformal) Killing tensor is the square of a (conformal) Killing-Yano tensor and

conditions which a (C)KT space-time has to obey in order to be a (C)KY space-time

have been discussed in [4] and [10]. These conditions are satis�ed for example in those

subclasses of the type D vacuum solutions and the aligned non-null Einstein-Maxwell

solutions that admit a Killing tensor [17, 4, 28]. In [3, 11] it was furthermore shown

that every type D CKT space-time with a Killing tensor of Segre type [(11),(11)] is CKY.

The Weyl spinor of a non-conformally �at space-time admitting a non-null valence

two Killing spinor 𝑋𝐴𝐵 is necessarily of Petrov type D with repeated principal spinors

aligned with the principal spinors of 𝑋𝐴𝐵 [27], while the Weyl principal null directions

de�ne geodesic shear-free§ null congruences. Henceforth I will call these KS space-times,

to distinguish them from the more general CKY space-times, for which the Petrov type

also can be N or O. Obviously, as (1) is conformally invariant, KS space-times can

only be determined up to an arbitrary conformal transformation of the metric. KS

‡ to add to the confusion spinors satisfying (1) were termed conformal Killing spinors in [2] and [5],

while the name Killing spinor or Killing spin two-forms was reserved for spinors or their tensor analogues

satifying also (4). As explained in [14] it is better to refrain from this terminology.
§ this property also holds [9, 15] for the two null eigendirections of any (conformal) Killing tensor of

Segre type [(11),(11)]).
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space-times necessarily include all those which are conformally related to the Petrov

type D KY space-times. The inclusion is strict: examples exist which satisfy (1) but

not (4): they appear in the classes 𝒟 and 𝒟0 of solutions of Einstein's electrovac and

vacuum �eld equations with cosmological constant for a non-null aligned Maxwell �eld

as the Kinnersley Case III solutions [5, 6]. A KS space-time always admits a conformal

representant in which the trace of the associated conformal Killing tensor is constant.

In this representant the conformal Killing tensor becomes a Killing tensor, but, by

construction, has two constant eigenvalues (the reason why this is so will become clear

in section 2). As the non-constancy of the eigenvalues plays an essential role in the

construction of appropriate coordinates [15, 14, 23, 24] and in the ensuing separability

properties, one may ask whether a conformal transformation exists which preserves the

existence of the Killing tensor and which leads to non-constant eigenvalues (the so-called

non-singular Killing tensors [16]). In [14] the answer to this question was taken to be

a�rmative, as a consequence of the tacit assumption of two integrability conditions,

introduced in section 2 below as 𝐾𝑆1 and 𝐾𝑆2. The resulting list of canonical line-

elements of KS space-times therefore turned out to be incomplete. This was partially

remedied in [20], where the extra line-elements were constructed which arise in the `I-N

family' of [14], de�ned by the vanishing of one of the spin coe�cients 𝜌 or 𝜇. In the

present paper the extra line-elements are constructed which arise in the general `family

I', de�ned by the non-vanishing of 𝜌, 𝜇, 𝜋 and 𝜏 , and by assuming that only one of the

two integrability conditions 𝐾𝑆1 or 𝐾𝑆2 holds. In order to fully exploit the symmetry

provided by the alignment of the principal null directions of the Weyl and Killing spinor,

the Geroch-Held-Penrose formalism [13] is used throughout: the 𝐾𝑆1 and 𝐾𝑆2 families

are then each other's Sachs transforms [13].

2. Preliminaries

Writing the Killing spinor as 𝑋𝐴𝐵 = 𝑋𝑜(𝐴𝜄𝐵) and using 𝑜, 𝜄 as the basis spinors for the

GHP formalism, the components of (1) imply (see [14] for details)

𝜅 = 𝜎 = 0 (7)

and

Þ𝑋 = −𝜌𝑋, (8)

ð𝑋 = −𝜏𝑋, (9)

together with their `primed versions' and 𝑋 ′ = 𝑋, namely 𝜅′ = 𝜎′ = 0 and Þ′𝑋 = −𝜌′𝑋,

ð′𝑋 = −𝜏 ′𝑋.

From (7), the application of the [ð, Þ] commutator to 𝑋 and the GHP equations

one �nds that the principal null directions of the Killing spinor and the Weyl spinor

are aligned, i.e. Ψ2 is the only non-vanishing component of the Weyl spinor. The

equations (7,8,9) are invariant under conformal transformations 𝑔 → Ω2𝑔, 𝑋 → Ω𝑋
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and a conformal representant (ℳ, 𝑔) can be �xed by imposing ∣�̂�∣ = 1. In the manifold

(ℳ, 𝑔) we have then

𝜌+ 𝜌 = 𝜌′ + 𝜌
′
= 𝜏 + 𝜏

′
= 0, (10)

while in the (ℳ, 𝑔) manifold with 𝑔 = Ω2𝑔 one has Ω2 = 𝑋𝑋. The cases 𝜏 = 𝜏 ′ = 0

and 𝜌 or 𝜌′ = 0 have been discussed in [14] and [20], so henceforth 𝜌, 𝜌′, 𝜏, 𝜏 ′ will be
taken ∕= 0.

De�ning the trace-free tensor 𝑃𝑎𝑏 = 𝑋𝐴𝐵𝑋𝐴′𝐵′ , or, with null vectors ℓ𝑎 = 𝑜𝐴𝑜𝐴′ ,

𝑛𝑎 = 𝜄𝐴𝜄𝐴′ and 𝑚𝑎 = 𝑜𝐴𝜄𝐴′ ,

𝑃𝑎𝑏 =
Ω2

2
(𝑚(𝑎𝑚𝑏) + ℓ(𝑎𝑛𝑏)), (11)

one sees that 𝑃𝑎𝑏 obeys the CKT equation (6). This implies that 𝑃𝑎𝑏 will be the trace-

free part of a Killing tensor 𝐾𝑎𝑏, provided a solution 𝐾𝑎𝑏 = 𝑃𝑎𝑏 +
1
4
𝐾𝑔𝑎𝑏 exists of the

KT equation (5). Contraction implies the necessary and su�cient condition

∇𝑎𝑃
𝑎
𝑐 +

3

4
∇𝑐𝐾 = 0. (12)

In components∥ this becomes

Þ𝐾 − Ω2(𝜌+ 𝜌) = 0, (13)

ð𝐾 + Ω2(𝜏 + 𝜏 ′) = 0. (14)

or, in terms of the eigenvalues 𝑎 = (Ω2 −𝐾)/4 and 𝑏 = (Ω2 +𝐾)/4 of

𝐾𝑐𝑑 = 2𝑎𝑚(𝑐𝑚𝑑) + 2𝑏ℓ(𝑐𝑛𝑑) : (15)

Þ𝑏 = 0, (16)

ð𝑎 = 0. (17)

By (8,9) and Ω2 = 𝑋𝑋 this also implies

Þ𝑎 = −(𝑎+ 𝑏)(𝜌+ 𝜌), (18)

ð𝑏 = −(𝑎+ 𝑏)(𝜏 ′ + 𝜏), (19)

such that (16,17,18,19) alternatively can be written as

d𝑎 = −(𝑎+ 𝑏)[(𝜌+ 𝜌)𝝎4 + (𝜌′ + 𝜌′)𝝎3] (20)

d𝑏 = −(𝑎+ 𝑏)[(𝜏 + 𝜏 ′)𝝎1 + (𝜏 + 𝜏 ′)𝝎2], (21)

which exhibits clearly the relevance of the existence of a Killing tensor with non-constant

eigenvalues for the construction of appropriate coordinates. It also becomes obvious

now, as mentioned in the introduction, that all KS space-times admit at least one

conformal representant (namely (ℳ, 𝑔) or its constant re-scalings) in which a Killing

∥ there is a sign di�erence with [14], which is probably due to the use of a di�erent signature convention;

I use ℓ𝑎𝑛𝑎 = 1 = −𝑚𝑎𝑚𝑎. The correspondence with the Newman-Penrose operators and the basis one-

forms is taken as (𝑚𝑎,𝑚𝑎, 𝑛𝑎, ℓ𝑎) ↔ (𝛿, 𝛿,Δ, 𝐷) and (−𝑚𝑎,−𝑚𝑎, ℓ𝑎, 𝑛𝑎) ↔ (𝝎1,𝝎2,𝝎3,𝝎4)
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tensor exists, but that by (10) this particular Killing tensor has constant eigenvalues.

If one assumes that there is a non-trivial conformal representant in which 𝑎 and 𝑏 are

not both constants, i.e. if one assumes that non-constant solutions exist of the system

(16,17) or (20,21) then extra integrability conditions result (namely dd𝑎 = dd𝑏 = 0). It

is preferable to study these equations in the (ℳ, 𝑔) manifold, where theˆsymbol from

here onwards will be dropped: the remaining spin coe�cients are then 𝜌, 𝜌′ and 𝜏 = −𝜏 ′.
Under the conditions (10) the integrability conditions for the system (8,9) simplify to

Þ′𝜌− Þ𝜌′ = 0, (22)

ð𝜏 ′ − ð′𝜏 = 0, (23)

Þ𝜏 ′ − ð′𝜌 = 0. (24)

The GHP equations, together with the directional derivatives of (10), reduce to the

system

Þ𝜌 = 0, (25)

ð𝜌 = 2𝜌𝜏 + Φ01, (26)

Þ𝜏 = 2𝜌𝜏 + Φ01, (27)

ð𝜏 = 0, (28)

Þ𝜌′ − ð𝜏 ′ = −𝜌𝜌′ − 𝜏𝜏 −Ψ2 − 1

12
𝑅 (29)

and impose the following restrictions on the curvature:

Φ00 = −𝜌2,Φ02 = −𝜏 2. (30)

All these equations are to be considered as being accompanied by their complex

conjugates as well as their `primed versions' (taking into account Φ′
00 = Φ22, Φ

′
02 = Φ20,

Φ′
10 = Φ12 and (10)). The remaining derivatives of the spin coe�cients are related by

(22,23), while (24) becomes an identity under (26, 27'). Also (23) and (29) imply that

the real part of

Ψ2 = 𝐸 + 𝑖𝐻 (31)

can be written as

𝐸 = −𝑅

12
− 𝜌𝜌′ + 𝜏𝜏 ′. (32)

It is advantageous now to introduce 0-weighted quantities 𝑢, 𝑣 (real and with 𝑢′ = 𝑢,

𝑣′ = 𝑣) and 𝜙, 𝜙′ (complex) for the remaining curvature components as follows:

𝑅 = 8(𝑢− 𝑣)− 16𝜌𝜌′, (33)

Φ11 = 𝑢+ 𝑣 − 2𝜌𝜌′, (34)

Φ01 = −3𝜌𝜏 − 2
𝜌

𝜏 ′
𝜙. (35)

Under the ′ operation this also implies Φ21 = −3𝜌′𝜏 ′ − 2𝜌′𝜙′/𝜏 .
The integrability conditions for the system (16,17) become then

𝜌′Þ𝑎− 𝜌Þ′𝑎 = 0 (36)
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and

𝜏 ′ð𝑏− 𝜏ð′𝑏 = 0. (37)

Acting respectively with ð and Þ,Þ′ on (36) and (37) and eliminating the second

order derivatives by means of the [ð(′), Þ(′)] commutator relations, results in two more

conditions,

𝜌′𝜙
′
Þ𝑎+ 𝜌𝜙Þ′𝑎 = 0 (38)

and

𝜏 ′𝜙ð𝑏+ 𝜏𝜙ð′𝑏 = 0. (39)

All further derivatives being identically satis�ed, the necessary and su�cient conditions

for the existence of a non-constant 𝑏 or 𝑎 are now clearly seen to be given by

𝐾𝑆1 : ∃ non-constant 𝑏 ⇐⇒ 𝜙+ 𝜙 = 𝜙′ + 𝜙
′
= 0, (40)

𝐾𝑆2 : ∃ non-constant 𝑎 ⇐⇒ 𝜙+ 𝜙
′
= 0. (41)

The corresponding space-times will henceforth be called𝐾𝑆1 or𝐾𝑆2 respectively. While

the set 𝐾𝑆1 ∩𝐾𝑆2 has been dealt with in [14] (both conditions tacitly being assumed

to be valid), it is at present not known whether or not 𝐾𝑆1 ∪ 𝐾𝑆2 yields the full set

of KS space-times. The purpose of the present paper is restricted to constructing all

space-times in which only one of the two conditions is satis�ed. As a consequence these

space-times should belong to the sub-classes with one constant eigenvalue of the Hauser-

Malhiot CKT space-times [16]. Actually, as it was proven in [3, 11] that every type D

space-time admitting an aligned conformal Killing tensor of Segre type [(11), (11)] is

necessarily CKY, it follows that (𝐾𝑆1 ∖𝐾𝑆2)∪ (𝐾𝑆2 ∖𝐾𝑆1) ought to be exactly the set

of Hauser-Malhiot space-times with one constant eigenvalue. As the metrics found in

paragraphs 3 and 4 below contain only one arbitrary function, this raises some doubts

about the correctness of the results in [16].

Introducing 0-weighted extension variables 𝑈 (real) and 𝑉 (complex), in accordance

with (22), by

Þ𝜌′ = Þ′𝜌 = −𝑖𝑈, (42)

Þ′𝜙 = 𝜌′(2
𝜙𝜙′

∣𝜏 ∣2 + 𝑉 ) + 𝑖
𝑈𝜙

𝜌
, (43)

the Bianchi identities may be succinctly written in the following form:

Þ𝜙 =
2𝜌

∣𝜏 ∣2 (∣𝜏 ∣
4 − ∣𝜙∣2), (44)

ð𝜙 = − 1

𝜏 ′
(2∣𝜏 ∣4 + 𝑖𝜙(𝑈 −𝐻)− 2𝜙2), (45)

ð′𝜙 = −2
∣𝜙2∣
𝜏

− 𝜏 ′(2𝜙+ 2𝜙+ 𝜌𝜌′ − 2𝑣 +
𝑖

2𝜌
Þ𝐻), (46)

Þ𝑢 = 𝜌(𝜙− 𝜙− 3𝑖𝐻), (47)

ð𝑣 =
𝜌𝜌′

𝜏 ′
(𝜙− 𝜙

′
) + 𝑖𝜏(𝐻 + 2𝑈), (48)

ð𝐻 = 2𝑖𝜏(∣𝜏 ∣2 + 2𝑢− 4𝜌𝜌′)− 2𝑖
𝜌𝜌′

𝜏 ′
(2𝜙+ 2𝜙

′
+ 𝑉 ). (49)



Two special classes of space-times admitting a non-null valence two Killing spinor 8

Again these equations are accompanied by their primed versions, taking into account

𝑈 ′ = 𝑈, 𝑉 ′ = 𝑉 and 𝐻 ′ = 𝐻. Applying the commutators involving Þ′𝜌 and using (42)

yields two further relations, namely

Þ𝑈 = 2𝑖𝜌(𝜌𝜌′ + 2𝜙+ 2𝜙− 2𝑣 − 2∣𝜏 ∣2), (50)

ð𝑈 = −2𝑖
𝜌𝜌′

𝜏 ′
(2∣𝜏 ∣2 + 𝑉 ). (51)

Herewith all `�rst level' integrability conditions on 𝜌, 𝜌′, 𝜏, 𝜏 ′ are identically satis�ed.

The next step is to construct the `second level' integrability conditions by applying the

commutators to 𝜙, 𝑢, 𝑣,𝐻 and 𝑈 .

When neither of the conditions 𝐾𝑆1 nor 𝐾𝑆2 hold, carrying out this procedure to

the end results in a Pfa�an system for the involved variables, together with a set of

algebraic relations among the latter. So far it has not been possible to complete the

integrability analysis of this system. In the next two paragraphs all space-times will be

constructed which belong to 𝐾𝑆1 ∖𝐾𝑆2 or to 𝐾𝑆2 ∖𝐾𝑆1.

3. 𝐾𝑆1 ∖𝐾𝑆2

Consider space-times in which condition 𝐾𝑆1 holds, but not 𝐾𝑆2. A tedious but

straightforward calculation, involving successive derivations of (40) and the 'second level'

integrability conditions mentioned above, one obtains the following integrable system:

Þ𝜌 = 0,

Þ′𝜌 =
2𝜌𝜌′

∣𝜏 ∣2 (𝜙+ 𝜙′),

ð𝜌 =
𝜌

𝜏 ′
(∣𝜏 ∣2 − 2𝜙), (52)

Þ𝜏 =
𝜌

𝜏 ′
(∣𝜏 ∣2 − 2𝜙),

ð𝜏 = 0,

ð′𝜏 =
2𝜌𝜌′

∣𝜏 ∣2 (𝜙+ 𝜙′) + 𝑖𝐻, (53)

Þ𝜙 =
2𝜌

∣𝜏 ∣2 (∣𝜏 ∣
4 + 𝜙2),

Þ′𝜙 =
2𝜌′

∣𝜏 ∣2 (∣𝜏 ∣
4 − 𝜙2 + 2𝜙𝜙′),

ð𝜙 =
1

𝜏 ′
[𝑖𝜙𝐻 − 2∣𝜏 ∣4 + 2𝜌𝜌′

∣𝜏 ∣2 (𝜙
2 + 𝜙𝜙′) + 2𝜙2],

ð′𝜙 =
1

𝜏
[𝑖𝜙𝐻 − 2∣𝜏 ∣4 + 2𝜌𝜌′

∣𝜏 ∣2 (𝜙
2 + 𝜙𝜙′) + 2𝜙2], (54)

Þ𝐻 =
2𝜌

∣𝜏 ∣2 [2𝑖𝜌𝜌
′(2∣𝜏 ∣2 + 𝜙𝜙′ − 𝜙2) + 𝜙𝐻 + 4𝑖∣𝜏 ∣4], (55)

ð𝐻 = −8𝑖𝜏(∣𝜏 ∣2 + 𝜌𝜌′)− 4𝑖
𝜌𝜌′

𝜏 ′
(𝜙− 𝜙′)− 6𝑖𝜏𝐸, (56)
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Þ𝐸 = 2𝑖𝜌𝐻 − 8𝜌𝜙− 4
𝜌2𝜌′

∣𝜏 ∣2 (𝜙+ 𝜙′), (57)

(𝜏ð′ − 𝜏 ′ð)𝐸 = 4
𝜌2𝜌′2

∣𝜏 ∣4 (𝜙2 − 𝜙′2) + 2𝑖
𝜌𝜌′

∣𝜏 ∣2𝐻(𝜙− 𝜙′). (58)

Introducing 0-weighted real variables 𝑟 and 𝑚 by

𝑟2 = 𝑄𝜌𝜌′, 𝑚 = ∣𝜏 ∣ (𝑄 = ±1) (59)

and writing 𝜙 = 𝑚2𝑟−2𝜙0, 𝜙
′ = 𝑚2𝑟−2𝜒0, one sees that 𝜙0, 𝜒0 are (imaginary) functions

of 𝑟 given by

d𝜙0

d𝑟
=

d𝜒0

d𝑟
= 2

𝜙0𝜒0 + 𝑟4

𝑟(𝜙0 + 𝜒0)
, (60)

while (52-53) yield the exterior derivatives of 𝑟 and 𝑚 as

d𝑟 = (𝜙0 + 𝜒0)[
𝑚

𝑟
(
𝜏

𝑚
𝝎1 − 𝑚

𝜏
𝝎2) +𝑄

𝑟

𝜌
𝝎3 +

𝜌

𝑟
𝝎4], (61)

d𝑚 =
𝑖

2
(2𝑖𝑄(𝜙0 + 𝜒0)−𝐻)[

𝜏

𝑚
𝝎1 − 𝑚

𝜏
𝝎2] +

2𝑚

𝑟
[𝑄

𝑟

𝜌
𝜒0𝝎

3 +
𝜌

𝑟
𝜙0𝝎

4]. (62)

Note that the denominator in (60) is ∕= 0, as otherwise 𝜙2
0 = 𝑟4 which is in contradiction

with 𝜙0 being imaginary. Integrating (60) yields

𝜒0 = 𝜙0 − 2𝑖𝑐1, (63)

(𝑟2 − 𝑐2)
2 − (𝜙0 − 𝑖𝑐1)

2 = 𝑐21 + 𝑐22, (64)

𝑐1, 𝑐2 real constants with 𝑐1 ∕= 0 and ∣𝑟2−𝑐2∣ <
√
𝑐21 + 𝑐22 in order to have 𝜙, 𝜙

′ imaginary.

By (16,37) one has

d𝑏 = 𝑖(
𝜏

𝑚
𝝎1 − 𝑚

𝜏
𝝎2)𝐵. (65)

and hence

d𝑟 ∧ d𝑚 ∧ d𝑏 = 2𝑖𝐵𝑄
𝑚(𝜙2

0 − 𝜒2
0)

𝑟
(
𝜏

𝑚
𝝎3 ∧ 𝝎4 ∧ 𝝎1 − 𝑚

𝜏
𝝎3 ∧ 𝝎4 ∧ 𝝎2) ∕= 0, (66)

showing that one can use 𝑟,𝑚 and 𝑏 as coordinates. As 𝐵 satis�es the same equations

(16,37) as 𝑏, it follows that 𝐵 = 𝐵(𝑏), allowing one to rede�ne 𝑏 such that 𝐵 = 1.

De�ning a fourth coordinate 𝑥 by

1

2
(
𝜏

𝑚
𝝎1 +

𝑚

𝜏
𝝎2) = ℎ1d𝑏+ ℎ2d𝑟 + ℎ3d𝑚+ d𝑥, (67)

the equations (55,56) imply

d𝐻 = Σ1(𝑏,𝑚, 𝑟)d𝑏+ (16𝑄𝑐1𝑚ℎ2 + Σ2(𝑏,𝑚, 𝑟))d𝑟

−(16𝑄𝑐1𝑚ℎ3 − 𝐻 − 4𝑄(𝑐1 + 𝑖𝜙0)

𝑚
)d𝑚− 16𝑄𝑐1𝑚d𝑥, (68)

showing that

𝐻 = −16𝑄𝑐1𝑚𝑥+ 2𝑖𝑄(𝜙0 + 𝜒0) +𝑚𝐻0, (69)

with 𝐻0 = 𝐻0(𝑏, 𝑟,𝑚). It also follows that ℎ2 is a freely speci�able function of 𝑏, 𝑟 and

𝑚 (using a translation of 𝑥). Choosing ℎ2 = −𝑚𝑟/[4𝑄𝑐1(𝑐1 + 𝑖𝜙0)], (68) shows that
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𝐻0 = 𝐻0(𝑏,𝑚), such that ℎ3 can be made 0 by a further (𝑏,𝑚)-dependent translation

of 𝑥. Herewith (68) eventually becomes

d𝐻0 + 𝑢0d𝑏 = 0 (70)

with

𝑢0 = 16𝑄𝑐1ℎ1 − 4𝑢− 1

2
𝐻2

0 + 16𝑄𝑐1𝑥𝐻0 + 6𝑚2 − 128𝑐21𝑥
2 + 12𝑄𝑟2, (71)

showing that 𝐻0 = 𝐻0(𝑏) and 𝑢0 = 𝑢0(𝑏). It remains to determine the function 𝐸 (or

𝑢) from (57,58) in order to obtain ℎ1 from (71). One readily �nds

ℎ1 =
𝑥𝐻0

2
−𝑄(4𝑐1𝑥

2 +
𝑚2

4𝑐1
) + 𝐹, (72)

where 𝐹 = 𝐹 (𝑏) can be made 0 by a 𝑏-dependent translation of 𝑥 and a corresponding

re-de�nition of 𝐻0. This gives the following expression for the dual basis (𝜌, 𝜙0 and 𝜒0

being imaginary):

𝜏

𝑚
𝝎1 = d𝑥+

𝑖𝑄𝑚𝑟

4𝑐1(𝜙0 − 𝑖𝑐1)
d𝑟 + (

𝐻0𝑥

2
− 4𝑄𝑐1𝑥

2 − 2𝑖𝑐1 +𝑄𝑚2

4𝑐1
)d𝑏, (73)

1

𝜌
𝝎3 =

𝑖𝑄

4𝑐1
(
d𝑚

𝑚
− 𝜙0

𝜙0 − 𝑖𝑐1

d𝑟

𝑟
) + 𝑖(𝑄

𝑟2𝐻0 − 4𝑚𝑖𝜙0

8𝑟2𝑐1
− 2𝑥)d𝑏, (74)

𝜌𝝎4 =
𝑖𝑟2

4𝑐1
(−d𝑚

𝑚
− 𝜒0

𝜒0 + 𝑖𝑐1

d𝑟

𝑟
)− 𝑖[

𝑟2𝐻0 − 4𝑚𝑖𝜙0

8𝑐1
−𝑚− 2𝑄𝑟2𝑥]d𝑏, (75)

implying

𝑅 = −12(𝑄𝑟2 +𝑚2 + 𝐸), (76)

𝐸 = −2𝑚2 − 8

3
𝑄𝑟2 + 32𝑐21𝑥

2 +
1

12
𝐻2

0 −
1

6

𝑑𝐻0

𝑑𝑏
− 4𝑄𝑐1𝑥𝐻0 − 4𝑄

3𝑟2
𝜙0𝜒0, (77)

𝐻 = (𝐻0 − 16𝑄𝑐1𝑥)𝑚+ 2𝑖𝑄(𝜙0 + 𝜒0), (78)

Φ00 = −𝜌2, (79)

Φ22 = −𝑟4

𝜌2
, (80)

Φ11 = −9

2
𝑄𝑟2 − 7

2
𝑚2 − 3

2
𝐸 − 4𝑄𝜙0𝜒0

𝑟2
, (81)

Φ01 =
𝜌𝜏

𝑟2
(2𝜙0 − 3𝑟2), (82)

Φ12 = −𝑄𝜏

𝜌
(2𝜒0 + 3𝑟2), (83)

Φ02 = −𝜏 2. (84)

4. 𝐾𝑆2 ∖𝐾𝑆1

The analysis of the space-times belonging to 𝐾𝑆2 ∖𝐾𝑆1 proceeds along the same lines,

but is greatly facilitated by noticing that the conditions (16,17) are transformed into

each other under the Sachs [13] asterisk operation Þ∗ = ð,Þ′∗ = −ð′,ð∗ = −Þ, ð′∗ = Þ′.
The same of course holds for the pairs of integrability conditions (36,37), (38,39), (40,41).
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This becomes obvious after writing down the Sachs-transforms of 𝜙, 𝜙 and 𝜙′ (recall that
complex conjugation and the Sachs-operation do not commute):

𝜙∗ =
𝜌𝜌′

∣𝜏 ∣2𝜙, 𝜙′∗ =
𝜌𝜌′

∣𝜏 ∣2𝜙
′, 𝜙

∗
=

𝜌𝜌′

∣𝜏 ∣2𝜙
′
, 𝜙

′∗
=

𝜌𝜌′

∣𝜏 ∣2𝜙. (85)

De�ning coordinates 𝑟 and 𝑚 as in (59) one now �nds 𝜙 = 𝜙(𝑚), with

𝜙+ 𝜙 = 2𝑐1 ∕= 0, (86)

and

(𝜙− 𝑐1)
2 − (𝑚2 − 𝑐2)

2 = 𝑐21 − 𝑐22. (87)

Here 𝑐1, 𝑐2 are real constants and ∣𝑚2− 𝑐2∣ <
√

𝑐22 − 𝑐21 in order to obtain (86). Without

further ado the results are presented below (𝜌 and 𝜙− 𝑐1 being imaginary):

𝜏𝝎1 =
𝑚2

4𝑐1
(
d𝑟

𝑟
− 𝜙− 2𝑐1

𝜙− 𝑐1

d𝑚

𝑚
) + [−𝑄

4𝑖𝑄𝑟𝜙−𝑚2𝐻0

8𝑐1
+ 𝑖(𝑟 + 2𝑖𝑄𝑚2𝑥)]d𝑎, (88)

𝑟

𝜌
𝝎3 = −𝑖𝑄d𝑥+

𝑚𝑟

4𝑐1(𝜙− 𝑐1)
d𝑚− 𝑖(

𝐻0𝑥

2
− 4𝑐1𝑥

2 − 𝑟2

4𝑐1
+𝑄)d𝑎, (89)

𝜌

𝑟
𝝎4 = 𝑖d𝑥−𝑄

𝑚𝑟

4𝑐1(𝜙− 𝑐1)
d𝑚+ 𝑖(

𝐻0𝑥

2
− 4𝑐1𝑥

2 − 𝑟2

4𝑐1
)d𝑎, (90)

implying

𝐸 = −2𝑄𝑟2 − 8

3
𝑚2 + 32𝑄𝑐21𝑥

2 +
𝑄

12
𝐻2

0 −
1

6

𝑑𝐻0

𝑑𝑎
− 4𝑄𝑐1𝑥𝐻0 +

4𝑄

3𝑚2
𝜙𝜙, (91)

𝐻 = (𝐻0 − 16𝑐1𝑥)𝑟 + 4𝑖(𝜙− 𝑐1), (92)

Φ11 =
9

2
𝑚2 +

7

2
𝑄𝑟2 +

3

2
𝐸 − 4𝜙𝜙

𝑚2
, (93)

Φ01 =
𝜌𝜏

𝑚2
(2𝜙− 3𝑚2), (94)

Φ12 = −𝑄𝑟2𝜏

𝑚2𝜌
(2𝜙+ 3𝑚2), (95)

with the expressions for 𝑅,Φ00,Φ22 and Φ02 being identical to those of the previous

paragraph.

As the Sachs transform destroys the reality conditions on the null-tetrad, it

is to be expected that the two solution families will be related by a complex

coordinate transformation, in combination with a possible complex transformation of

the parameters and the free functions. Indeed such a transformation exists and one can

verify that the 𝐾𝑆1 line-elements are obtained by applying the following operations to

𝐾𝑆2:

𝑟 → 𝑚𝑄−1/2, 𝑚 → 𝑟𝑞1/2, 𝑎 → 𝑏𝑄1/2, 𝑥 → −𝑖𝑄1/2𝑥+ 𝑔, (96)

𝑐1 → 𝑖𝑄𝑐1, 𝜙 → 𝑞𝜙0, ℎ0 → 𝑄1/2ℎ0 − 16𝑞𝑐1𝑔, (97)

with 𝑔(𝑏) a solution of

2𝑔′ +𝑄1/2 − 𝑖ℎ0𝑔 +
8𝑖𝑐1
𝑞

𝑄−1/2𝑔2 = 0. (98)
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5. Summary

All KS space-times are constructed in which one of the integrability conditions (40,41)

(both of which were assumed to be valid in [14]) are violated. This leads to the

conformal classes of 𝐾𝑆1 and 𝐾𝑆2 space-times discussed in paragraphs 3 and 4. Each

of these classes is characterized by a single arbitrary function (𝐻0). In general none

of the corresponding space-times admits any isometries (when 𝐻0 is constant then a

one-dimensional group of isometries exists), but has a conformal representant (ℳ, 𝑔),

admitting a Killing tensor with precisely one constant eigenvalue. The explicit form

of the resulting space-times raises doubts about the correctness of the Hauser-Malhiot

metrics [16] admitting a conformal Killing tensor with one constant eigenvalue. It is an

open problem whether the classes 𝐾𝑆1 and 𝐾𝑆2, together with the metrics presented

in [14] and [20] exhaust the full set of KS space-times. There is also no guarantee that

the classes 𝐾𝑆1 and 𝐾𝑆2 discussed in the present paper have a conformal representant

possessing any physically interesting interpretation. These issues will be dealt with in

a forthcoming publication.
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