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ABSTRACT. The kernel of the ZZ Dirac-Dunkl operator is examined. The
symmetry algebra A, of the associated Dirac-Dunkl equation on S*~! is de-
termined and is seen to correspond to a higher rank generalization of the
Bannai-Ito algebra. A basis for the polynomial null-solutions of the Dirac—
Dunkl operator is constructed. The basis elements are joint eigenfunctions of
a maximal commutative subalgebra of A, and are given explicitly in terms of
Jacobi polynomials. The symmetry algebra is shown to act irreducibly on this
basis via raising/lowering operators. A scalar realization of A, is proposed.

1. INTRODUCTION

The goal of the present paper is to examine the kernel of the n-dimensional Dirac—
Dunkl operator with Z5 reflection group and to study the corresponding Dirac—
Dunkl equation on the (n — 1)-sphere. The invariance algebra A, of this equation
will be obtained and identified as a higher rank generalization of the Bannai-Ito
algebra (see Definition 1). Basis functions for the space of homogeneous polynomial
null solutions of the Dirac—Dunkl operator will be constructed using a Cauchy—
Kovalevskaia extension theorem and will be given explicitly in terms of Jacobi
polynomials. This set of basis functions, characterized as the joint eigenvectors of
a maximal commutative subalgebra of A,,, will be shown to transform irreducibly
under A,, through the action of raising and lowering operators.

1.1. The Zj Laplace—Dunkl operator on R". Dunkl operators are families of
differential-difference operators associated with finite reflection groups. Introduced
in [6], these operators appear in many areas: they are at the core of the study
of multivariate special functions associated with root systems [7, 18], they arise
in harmonic analysis and integral transforms [3, 20], they are closely related to
representations of double affine Hecke algebras [5], they are at the origin of Dunkl
processes [14], and they play a central role in the analysis of Calogero—Sutherland
systems [22]. Consider the Abelian reflection group Z% = Zg X - - - X Zg; the corre-
sponding Dunkl operators T1,...,T, acting on R™ are defined as follows:

Ti=0p + 21 —r),  i=1,...n,

3
where 1, ..., up with p; > 0 are real parameters, 0y, is the partial derivative with
respect to x; and where r; is the reflection operator in the x; = 0 hyperplane, i.e.

rif(z;) = f(—=z;). It is obvious that one has T;T; = T,T; for all ¢,5 € {1,...,n}.
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The Laplace-Dunkl operator A associated to Z% is defined by

A= ZTQ
i=1

1.2. The Z% Dirac—Dunkl operator on R". The Clifford algebra C¥,, of negative
signature is generated by the elements ey, ..., e, which satisfy the defining relations

(1) {61‘,6]‘}:—2(5”‘7 i,jE{l,...7n},
where {z,y} = xy + yz stands for the anticommutator and where §;; is the Kro-

necker delta. The Dirac-Dunkl operator D on R™ associated to the reflection group
Z7% and the position operator z are respectively defined as

(2) Q:ieﬂ%, z:iem.
i=1 i=1

The Dirac-Dunkl operator D squares to the Laplace-Dunkl operator; indeed, it is
verified that D* = —A. One has also 2% = —||z[|?, where ||z|> = Y/, 2?. The
“intermediate” Dirac operators and position operators are defined as follows. Let
A C [n], where [n] = {1,...,n}, and define

(3) Dy=Y eTi,  zp=) em.

i€A icA
In similar fashion, define

Aa=) T  fealP =) a7
icA icA
In this notation, the “full” n-dimensional Dirac-Dunkl operator D given in (2) can
be written as Dy similarly, one has z = Z,)- For ¢ < n, we shall also use the
notation Dy, and zyy for Dy 4y and 2y 4y, respectively.

1.3. The Z% Dirac—Dunkl operator on S" !. The Dirac-Dunkl operator on
the (n — 1)-sphere and its “intermediate” analogs are most naturally defined in
the context of the osp(1|2) realizations generated by the intermediate Dirac-Dunkl
operators and position operators D 4 and x 4. These realizations, which occur for
any root system, are due to [19] (see also [3]). For the particular case of Z%, one
has the following.

Proposition 1 ([3]). For A C [n], the operators D, and x4 generate the Lie
superalgebra osp(1|2) with defining relations

{424} = —2H9UA||2 {Da, Dy} =244
{z4,Dp} = —2(Ea +74) [Da,Ea+74] =Dy
(4) (D, zall’] = 224 Ea+7a.24] =24

[
[AAagA}:QQA [AAJEA—F’YA}:QAA
[Aa, zall’] = 4(Ea +74) [

where Eq = 37, 4 20, is the Euler operator for the set A, [x,y] = xy — yx stands
for the commutator and where

(5) va= 1Ay >

=5 ‘
€A

Ex + 74, [zall’] = 2]zl
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The sCasimir operator S 4 for the osp(1]2) realization (4) is defined as [17]

1
(6) Sy = §<[§AaQA] - 1>~
As follows from (4), this operator satisfies the anticommutation relations
(7) {Sa, D4} =0, {Sa,za}=0.

The Dirac-Dunkl operator on S*~!, which will also be referred to as the spherical
Dirac-Dunkl operator, will be denoted by I'f,. It is defined as

n

(8) F[n] = ﬁ[n] H Ti.

=1

Since one has {[[;cs7is2a} = {Il;ca7iDat = 0, it follows from (7) that '
commutes with the full Dirac-Dunkl operator D and position operator x; that is

(9) [F[n]7Q] =0, [F[n]’g] =0.

Since I'[,) also commutes with the Euler operator Ef,) on R", it has a well defined
action on the (n — 1)-dimensional sphere. Similarly, the intermediate spherical
Dirac-Dunkl operators I'4 for A C [n] are defined by

(10) FAZEAHTi.
i€EA

1.4. Dunkl monogenics and the spherical Dirac-Dunkl equation. Consider

P(R"™) = R[z1,...,zy], the ring of polynomials in the variables z1,...,z,. One has
P(R") = Pry Pr(R"), where Pi(R™) is the space of homogeneous polynomials
of degree k in x1,...,x,. Let V be a representation space for C¢,,, fixed once and

for all. For example, one could fix V' as the spinor space or as the Clifford algebra
itself. The space My (R™; V) of Dunkl monogenics of degree k associated with the
reflection group Zy is defined as

MER™;V)=Ker D N (P(R") @ V).

Similarly, the space Hy(R™) of Dunkl harmonics of degree k is defined as Hj(R™) =
Ker A N P, (R™). The space of V-valued Dunkl harmonics of degree k decomposes
as follows [19]:

Hk(Rn) ®RV = Mk(Rn; V) (&) QMkfl(Rn; V).
This leads to the Fischer decomposition of V-valued homogeneous polynomials.
Proposition 2 ([19]). The space Pr(R™)QV of V-valued homogeneous polynomials

of degree k has the direct sum decomposition

k
'Pk(Rn) RV = @Qj Mk_j(Rn; V).

J=0

The next proposition states that the space of Dunkl monogenics My (R™; V) is
an eigenspace for the spherical Dirac-Dunkl operator I'[,;. This means in particular
that Dunkl monogenics of degree k satisfy a Dirac-Dunkl equation on S™~!.
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Proposition 3. Let U € My (R™; V) be a monogenic polynomial of degree k, then
W satisfies the spherical Dirac—Dunkl equation

(11) Ppy Ur = (= 1) (k + ) — 1/2) Wi,
where ) is as in (5).

Proof. By a direct calculation, one finds

(—1)* (—1)*
LW = 5= (@ Dy = D) = 1) Wr = == (= Dy — 1) i
(_1)k (_1)k+1

= (= 24 Dypy = Dipjgey = 1) Vs = —5—

2
(_1)k+1 k
= (=2 + ) + 1) ¥ = (=D)*(k + vy — 1/2) Wy,

where we successively used the definition (8), the relation (]_[;L:1 ri)p = (=1)*p
valid for p € Pr(R™), the kernel property DW; = 0, the osp(1]2) relations (4) and
the relation Ef,)q = k ¢ valid for ¢ € P(R"). O

One of the main results of this paper is the presentation and characterization
of the symmetry algebra of the Dirac-Dunkl equation (11) associated with the
kernel of the n-dimensional Dirac-Dunkl operator D. This novel abstract structure,
defined in Section 2, will be identified as a higher rank generalization of the Bannai-
Ito algebra. Let us now introduce the basics of this algebra in the rank-one case.

1.5. The Bannai—Ito algebra. The Bannai-Ito algebra was originally introduced
in [21] as the algebraic structure underlying the bispectral property of the Bannai—
Ito polynomials, which sit atop of the hierarchy of “—1” orthogonal polynomials
[9, 21]. This algebra has generators A, Az, A3 and defining relations

(12)  {A1, Ao} = Az + a3, {A2, A3} = A1 + aq, {A3, A1} = As + g,

where aq, a9, a3 are central elements. The algebra (12) has appeared in [11] as
a duality algebra for the Racah problem of osp(1|2) (then called sl_1(2)) and in
[10, 12] as an invariance algebra for superintegrable systems with reflections; when
a; =0, it can be viewed as the ¢ — —1 limit of U,(s0(3)) [8]. Recently, it has also
been recognized that the Bannai—Ito algebra corresponds to a degeneration of the
rank-one double affine Hecke algebra of type (Cy,Cy) [13].

In the paper [2] by the authors, it was shown that the Bannai-Ito algebra is the
symmetry algebra of the Dirac-Dunkl equation on the 2-sphere associated to the
73 reflection group. In that context, relevant finite-dimensional representations of
(12) were constructed, explicit formulas for the basis vectors of these representations
were found, and a connection with the Bannai-Ito polynomials was established.

1.6. Goal and outline. The main goal of the present paper is to extend the results
of [2] to arbitrary dimension. As shall be seen this extension is involved, and yet the
results are instructive and lend themselves to an elegant presentation. The outline
is as follows. In Section two, the symmetry algebra of the Dirac—Dunkl equation is
investigated. In Section three, an explicit basis for the space of Dunkl monogenics
is constructed. In Section four, the higher rank Bannai-Ito algebra obtained in
Section two is shown to act irreducibly on the basis found in Section three. In
Section five, a scalar version of the model is presented. A short conclusion follows.
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2. SYMMETRY ALGEBRA OF THE DIRAC-DUNKL OPERATOR

In this section, the joint symmetries of the Dirac—Dunkl and spherical Dirac—
Dunkl operators are obtained. These symmetries are shown to close under anti-
commutation. The resulting invariance algebra A,, is interpreted as a higher rank
extension of the Bannai-Ito algebra. Two Casimir operators are exhibited.

Let us begin by showing that the intermediate spherical Dirac-Dunkl operators
I'4 for A C [n] introduced in (10) are in fact symmetries of D and I'f,;.

Lemma 1. For A C [n], the operator T 4 defined in (10) satisfies

i) [Ta,D]=[Ca,z]=0
i) L4, Tyl =0

where D and x are as in (2).

Proof. For A C [n], one has D = D 4 + D\ 4 and & = 24 + Zp,p 4. Consequently,
one can write

where the relations (1) and the property (7) were used; the result for z is proven
in a similar fashion, yielding 7). In view of the definition (10) of "4, 4i) is seen to
follow directly from 7). O

Remark 1. When A =) or A = {k}, it follows from the definition (10) that

(13) Lo =—35, Cipy = g

For two distinct subsets A, B C [n], it is seen that the operators I'y and I'p
will generally not commute. The symmetries 'y for A C [n] hence generate the
non-Abelian invariance (or symmetry) algebra of the Dirac-Dunkl and spherical
Dirac—Dunkl operators. For concreteness, we give below the explicit expression for
the intermediate spherical Dirac-Dunkl operators. For A C [n], I'4 has the form

(14) Ly = (ZM@‘ + |A|2_ o Zﬂkrk) 11

{i,5}CA keA i€A

where the first summation is performed on all 2-subsets of A and where M;; reads
(15) M;; = eiej(xT; — x;T5).

As is seen from (14), I'4 is invariant under permutations of the indices.
We now prove a series of lemmas unveiling the commutation relations between
the symmetry operators I" 4.

Lemma 2. For AC [n], j € A and k ¢ A, one has
(16) 4Tt = Lavppiy + 20 avp + 2 mlag)-

Proof. The proof of (16) follows by a direct calculation using (14). For simplicity,
one can perform the calculation with A = [¢] and {j,k} = {1,¢+ 1} and extend the
result by symmetry. Proceeding with this calculation, it is useful to observe that

{MijTiTj, Mjkrjrk} = (1 + Q,LLjTj)MikTi’l“k, 7 75 k.
[l
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Lemma 3. For AC B, BC A or ANB =1, one has
[[4,T'p] =0.

Proof. When A C B or B C A, the result follows directly from lemma 1, with D,
z and T'[,) replaced by Dpg, x5 and I'p or Dy, x4 and I'4, respectively. When
AN B =), the result is directly obtained using the explicit expression (14) for the
intermediate spherical Dirac—Dunkl operators. O

Lemma 4. For A, B C [n] such that AN B = {k}, one has
(17) {T4.Tp} =Tavnn ) + 20 Taus + 204y (i Doy gy -

Proof. By induction on |B|. When |B| = 1, the result follows from (13). When
|B| = 2, the result holds by Lemma 2. Suppose that the result holds for |B] = n
and consider the set B = BU{z} with 2 ¢ A, ANB = {k} and |B| = n. Let y € B
with y ¢ A, it follows from Lemma 2 that

1
(18) g = 2%, ({FBvF{w,y}} ~Tay — 2NwFB\{y}) .

Using the fact that [T'4,I'; 1] = 0 and the identity {A,{B,C}} = {{A,B},C}
which holds when [A4, C] = 0, one can write
1
(19) {FA7 Fg} = ﬂ ({{FA, FB}, F{Ly}} — {FA, FE\{y}} — 2/141{FA» FB\{y}}) .
Y

Each anticommutator appearing in the above expression can be evaluated using the
induction hypothesis. Upon expanding the result, one directly finds (17) with B
replaced by B. This completes the induction. ([l

Lemma 5. For A, B C [n] such that AN B # 0, one has
(20) {T4, T} =TauBnns) + 2T ansTaus + 2T 4\ (anB)['B\(4nB)-

Proof. By induction on |A N B|. When |A N B| = 1, the result holds by virtue of
Lemma 4. Suppose that (20) holds at level n and consider the set B= BuU{z} with
x € A and |[AN B| =n. Consider y € AN B; one can write I' as in (18). Since
z,y € A, I'4 commutes with I'g, ,; and one can write {I'4,I'5} as in (19), the only
difference with (19) being that 2,y € A. Upon applying the induction hypothesis,
one finds (20) with B replaced by B after a straightforward calculation. ]

The results of the five preceding Lemmas can now be combined to give the
complete set of relations between the symmetries I' 4.

Proposition 4. The symmetries ' 4 with A C [n] of the Dirac—-Dunkl and spherical
Dirac—Dunkl operators satisfy the anticommutation relations

(21)  {Ta.T} =T(au)(anB) + 2T anBTauB + 2T 4\ (anm) LB\ (4nB)-
Proof. The proposition follows from the combination of Lemmas 2—5. O

This result motivates the following definition for the abstract symmetry algebra
of the spherical Dirac-Dunkl operator I'f,;, which shall be denoted by A,,.

Definition 1. Let n > 3 and A C [n]. Call A,, the abstract associative algebra
with generators I'4 and defining relations (21).
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Remark 2. It is visible from Definition 1 that one has A, C A, 1. That is A, is
a subalgebra of A, 1.

We now show that operators of the form I'y; j, are sufficient to generate the
entire invariance algebra .

Lemma 6. The set of operators T'p for which B is a 2-subset of [n] constitutes a
generating set for A,.

Proof. First observe that any generator I'y with |A| = m where m > 2 can be
written as a polynomial in generators I'a/,T' 4 with |4’ = m — 1 and |A”| = 2.
This can be done (non uniquely) by choosing two sets C' and D with |C] =m — 1
and |D| = 2 such that CUD = A and C' N D = {k}, and using the relation

1
F'a=Tcup = T ({Te. T} —Tcupp(cnp) — 2Ternenpy I oy b)) -

Applying this procedure recursively, one can write any generator I'4 with |A| > 2
as a polynomial in generators I'g with |B| = 2. O

Remark 3. The algebra A, can be considered as a higher rank generalization of the
Bannai-Ito algebra (12). To see this, consider the case n = 3. The symmetry alge-
bra As of the spherical Dirac-Dunkl operator in three dimensions I'(3] is generated
by the operators K3 = I'f; 9y, K1 =I'j23y and K3 = I'y; 33 with relations

{K1, K>} = K3+ ws, {K2, K3} = K1 + wi, {K3, K1} = Ky + wa,
where w1, we, w3 are given by
w1 = 21U gp + 2p0p3, w2 = 2u2l3) + 213, w3 = 203l (3) + 201 p12.

It is clear that wy, we and w3 are central elements. Moreover, if one considers the
realization of the algebra on the space of Dunkl monogenics My, (R3; V), one can
use the eigenvalue equation (11) to obtain R-valued w;’s. For a detailed analysis of
the n = 3 case, the reader can consult [2].

The algebra A,, has an important Abelian subalgebra )),,. This subalgebra is
generated by the (n — 2) pairwise commuting elements

(22) V= Tapy -+ -5 Tn—1)-

Given that [n — 1] C [n], the commutativity of ), follows directly from Lemma 3.
Note that Iy, ') and I',; are not included in the generating set of V), as they
are central in A,. It is manifest from the defining relations (21) that ), is the
largest possible Abelian subalgebra of A,. Thus, borrowing from the terminology
of Lie algebras, one can say that the algebra A,, has rank (n—2). Observe that one
can easily define another maximal Abelian subalgebra by applying a permutation
of S, on YVy; this is done by taking 7Y, = (I'zj2), i3, - - -, [rn—1]) for 7 € S, For
example, applying the permutation 7 = (123---n) on ), gives an algebra that we
shall denote by Z,

(23) Zn = (T2sy, D24y Ti2s,n})-

Remark 4. While Az coincides with a degenerate double affine Hecke algebra of
type (C1, C1) [13], it appears that .4,, does not coincide with the higher rank version

of this degenerate double affine Hecke algebra of type (C),—2, Cy,—2), which has been
investigated in [15, 16].
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We shall now exhibit two non-trivial central elements of the algebra A,,. These
two elements, which shall be referred to as Casimir operators, are expressed as
quadratic combinations of the generators.

Lemma 7. Let Q) be the element of A, defined as
2
(24) Q= X Tiisy
{i.3}Clnl
Then for A C [n] one has [Qpn), T'a] = 0.
Proof. In view of Lemma 6, it suffices to prove that @, commutes with every

generator of the from I'f; ;. Using the commutator identity [A?,C] = [A, {4, C}]
and the relations (21), one finds

[Q[n]7 F{z’,k}] = Z ([F%i,j}vr{i,k}] + [F%j,k}yr{i,k}])
J€[n]
JFkFi

=Y (T Tym) + Tyay Tipl) =0.

J€[n]
JFEkF

Since A,, C A,11, the previous can be equivalently formulated as follows.

Lemma 8. Let Q4 be the element defined as
_ 2
(25) QA - Zr{i)j}a
{i,j}CA
one then has [Qa,T'g] =0, for all B C A.

In the realization (14), the Casimir operator @ 4 is related to the spherical Dunkl-
Dirac operator I' 4. The result is as follows.

Lemma 9. For A C [n], one has
1
(26) QA:Fi+ﬂAﬁfm§:u?*gﬂA%*U@M*Q)
icA
Proof. The result is proved by a direct calculation using the explicit expression (14)
for the operators I' 4. On the one hand, one has

Ty = M5 + Mij + (piri + pyrj +1/2)%,
which gives
Al(JA]—
o7) Q= X5 [V M ]+ (A1) )+ A0
{ij}cA i€A

On the other hand, one has
FQ = Z |:M22J + Z (%[{MU’ Mlk} + {Mij, Mjk‘}] + QﬂkMika)}

{i,j}CA keA
k#ij A1 )
+ (A= 1) My + B+ ]
{i,j}CA keA
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Since {M;;, Mir} = —(1 4 2p;R;) My, one obtains

(28) = Z (MZZJ + Mij) + (|A|2_1 + Z Mk?”k)z.

{ig}CA keA

Upon expanding the last term on the right-hand side of (28) and comparing with
(27), one readily finds (26). O

When n > 4, one more Casimir operator of A,, can be identified.

Lemma 10. Let Cy,) be defined as
Ciay = D Py linngigy = (0 =2) Y mi T gay-
{i,5}Cln] i€[n]
For A C [n] one has [Cp),T'a] = 0.

Proof. In view of Lemma 6, it suffices to prove that CJ,) commutes with any gen-
erator I'y with |A| = 2. One has

[Cop Tgiy) = DTy T a3 Tiiky] + [Ty Do Gy Ty ]
j€n)
J'j#i;zk
— (n = 2)pi T qays Tgaky] — (0 = 2) e [Cppgxy> T gigey )-

Using the identity [AB,C] = A{B,C} — {A,C} B and (21), one finds

(Crnpy Tgiiy] = —(0 = 2) i [Cpap gy Tpaey] — (0= 2) e [Cpnpgay> Uik
2pi Z Py Uingigmy T TGm TGy — Dasm D gay — wlmng.e
J’J;i[;]k
+ 20 ) Ll giawy + L ngy — Do Dol g — 8 mgagy
j];i[;]k
Recalling that

1
Tones = 90 [{F[n]\{i’j}f{j,k}} =Ll gimy = 205 ik |5
one can write

Hi
5 2 Mgy Ty b Pyl
e
J€[n]

J#iF#k
With the help of the identity [{A, B},C]| = [A,{B,C}] + [B,{A4, C}] and the rela-
tions (21), one finds

(n = 2)pi[Cpp (i3> Caky] =

(n = 2) [Ty iy Ty = 10 DTt o5y Tty + Loy Ty (-
j€n]
jj;éi#k
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Using this result, one finds

[Crnpy Tiky] =
1y AT Gy Loy} = D Tt it} + 20 5y T iy — 205Dt 5.0
J’j;i[;]k
e Y AT Ty} = sy Do D+ 20 Dot ok — 205 il )
J’j;i[;]k
Using (21) one last time confirms that [Cp,;,T'a] = 0 when |A| = 2, and thus that
[Crny; Ta] for all A C [n]. O

The previous Lemma is equivalent to the following.

Lemma 11. Let C'4 be defined as
Ca= Tuplavig — (A1 =2) D milag.
{i,5}CA i€A
For B C A one has [Ca,T'p] = 0.

In the realization (14), the operator C'4 can also be expressed in terms of T' 4.

Lemma 12. For A C [n], one has

) o (A=Y,

Proof. The proof proceeds by a direct calculation using the realization (14) of the
operators I' 4. The main observation is that for a given set A, one has

S>> MM =0.

{i,j}CcA {kJ(}CA
{k,e}#{i.5}

This result follows directly from the Clifford relations (1) and the definition of the
operators M;; given in (15). Using this result and combinatorial arguments yields
the expression

> TunTavig =

{i,j}CA
{W ZM” + (|4} = 2) Zﬂi Z Mpe + 2(]A] - 2) Zuiujrim
{i,j}CA €A {iz,ee};A {i,j}CA
4 LADEIALZS) § AAD0AID) T] 5,
jEA i€A

Upon expanding the second term » ;. 4 p1; I' 4\ g3y of the operator C4 using (14), a
straightforward calculation shows that one has indeed (29).
O
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3. A BASIS FOR THE SPACE OF DUNKL MONOGENICS

In this section, a basis for the space My(R™; V) of polynomial null-solutions
of the Dirac-Dunkl operator Dy, is constructed and explicitly presented in terms
of Jacobi polynomials. The construction proceeds from a Cauchy-Kovalevskaia
(CK) extension theorem and from the Fisher decomposition. It is shown that the
basis functions stemming from that construction are joint eigenfunctions for the
generators of the Abelian subalgebra ),, and the corresponding eigenvalues are
computed explicitly. Another basis for My (R™; V') corresponding to the Abelian
subalgebra Z,, defined in (23) is introduced. We conjecture that the expansion
coefficients between the two bases are given in terms of some multivariate Bannai-
Ito polynomials.

3.1. Basis functions and the CK isomorphism. There is an isomorphism
CK? : Py (RI"1) @V — My, (R7; V) between the space of V-valued k-homogeneous
polynomials in x,...,2;_1 and the space of k-homogeneous Dunkl monogenics in
Z1,...,%;. The mapping between the two spaces is as follows.

Proposition 5 ([2]). The isomorphism between P;(RI™1) @ V and My(R?;V)
denoted by CK‘;J’ is explicitly defined by the operator

. 1
(30) CKZ? =T'(u; +1/2) w—l/z(%Db 1])+§€jf¢jD[J 1]1 sr172(xi D)) |

with T(z) = (2)*I,(z) and I (z) the modified Bessel function [1].

Remark 5. When p; = 0, CK{? reduces to CK,; = exp(e;jx;Dj;_q;) which corre-
sponds to the well-known CK extension operator for the standard Dirac operator,
as determined in [4].

Consider p € Pr(R7~1) ® V; the CK map can be written explicitly as

5]
, I'(pj +1/2)
1) CK"%(p) = J
(31) = () ; 20N T (0 + iy + 1/2) 9

2@
3D p

L5+
€T Ly;) Dl +1/2) a0 o
D .
T ; PUT(+ g1y + 3/2)" 3 -1 P

The CK map can be combined with the Fischer decomposition to construct an
explicit basis for the space My(R™; V). Let {vs} for s € I = {1,...,dimV} be a
set of basis vectors for the representation space V' of C¢,,. One has the following
tower of CK extensions and Fischer decompositions

k
MR V) = CKL» [P(R™) @ V] = CKA» [P 2, 7 M, (R V)]
7=0
k
(32) ~ CK!7 [ @ a7, CKi = [P (R ) @ V]|
7=0

k J
gCKg;[O e G 26? MR V)| 2
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until one reaches P;, (R) ® V. Since the latter space is spanned by the basis vectors
x]'vs with s € I and j; € N, one concludes the following.

Proposition 6. Let j be defined as j = (1,2, n—2,Gn-1 = k— 22:12 ji) where
J1s- 5 Jn—g are non-negative integers such that Z?;f ji < k. Consider the set of
functions W5 (x1, ... ,2y) defined by

(33) Wi(w1,...,2n) =

CK/;: |:xjn1]CK/Ln_1 {xjnfz [ . CK/IL;“? [Q{S}CKgg [lel]ﬂj| Vs,

[n—1 Tn—1 |F[n—2]

with s € I. Then the functions U5 form a basis for the space M (R™; V) of k-
homogeneous Dunkl monogenics.

Proof. The result follows from the application of the tower (32). (]

Remark 6. As we shall always work at a given value k of the degree, the dependence
on k of the multi-index j is kept implicit.

Let us now present a Lemma which characterizes the action of the operators D
and z on the space of Dunkl monogenics.

Lemma 13. Let My € My(R™; V). Then for non-negative integers j, k such that
7 <k one has

22K (k + €+ )
(k—)HT(k—j7+0+ ’}/[n])
22T (k + € + )
(k—j—-1DIT(k—j —|—€—|—7[n])
25D (k + L4 ) + 1)
(k— )T (k =7+ L+ + 1)}

QQjQQkMZ — |: :| QQk_QjMZ

Q2j+1£2kME — |: :| £2k_2j_1M[

l'2k_2j+1Mg

D% g2k 10, = [

2j+1
D2j+1x2k+lM£ _ [2 J+ ET(k+ 0+ Vin] + 1)} x2k72jM£.
- (k=)Tk =7+ L+vm)]
Proof. The Lemma easily follows from induction and from the relations (4) O

In view of (31) and Lemma 13, one can expect the wavefunctions (33) to have
an explicit expression in terms of hypergeometric functions. It turns out that this
is indeed the case. To present the result, we introduce the following notation

Gl =gi+je+- 4 lzlP=a+ 422
Proposition 7. The basis functions \IIJS have the expression
—

3

(34) \I/js(ml’ ) = (H) Qjef1 (wlvg[é—l])mh (z2,71)0s,

l=n
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where
BYlzel*
(35) Qjoy (e, zp_y) = 7 — 5
e =7 (e + 1/2) 5
(Ge—2|+7ve—1)=1,me=1/2) (@2 —|lzo—y|? .
P,B e—2|+ve—1—1,pe (wg H‘alcﬁl"’lu ) je—1 =28
Tz, g P(Ije—2\+’7[e_1],uz+1/2) 2 — ||l ]?
A B-1 lze 2
X
je—2|+Yre—17,me—1/2 2_ 412 .
T PB(W Pt (L u!ﬁﬂflu jeo1=28+1
. B+lje—2|+7e—1) (lJe—2l+ve—1)—Lope+1/2) (a2 —||zo_1|?
eele (7ﬁ+m+1/2 ) Py el
and

(—1)°B!(2? + 23)”
(n2 +1/2)p
PB(M1—1/2,M2—1/2) (@) =28

w%ﬂ—a:g
__€e2e1T2% P[g“1+1/2’“2+1/2) (fg_z? )
—1 )

2.2 22
Ty +T5 T +T;

(36) myj, (x27$1) =

xlpéltl+1/2,uz—1/2) z3—a] j1=28+1

3.2
xi+Ts

Btpm+1/2 (11—=1/2,p2+1/2) (@5—a]
+ (ﬁ+u;+1/2) €2€112 Pﬁ <r§+mé

In (35) and (36), P,(La’ﬁ)(m) are the Jacobi polynomials with P(O{’B)(w) = 0 and

(a)n = % the Pochhammer symbol [1].

Proof. The result follows from a long but straightforward calculation using (31)
and Lemma 13. See also [2], where a similar calculation was performed. O

Let us now show that the basis functions given by (33) are joint eigenfunctions
of the generators of the maximal Abelian subalgebra ), defined in (22).

Proposition 8. The wavefunctions V5 € M (R™; V) satisfy

(37) Lig¥i(z1, . m0) = M) 5 (21, -+ o, 20),
where the eigenvalues are given by
(38) Ae(d) = (DI (oo |+ — 1/2).

Proof. For £ = n, the result is equivalent to Proposition 3. For ¢ < n, observe that
[T, D) = [Cigs zgy] = 0 for all j > £. As a result, I'y) commutes with CK}? for
j— 12> ¢ and one can write

T W (@1, 2n) = CKLr [+ T CKE [ CKE2 ] ]] o,
As CKY![--- CK!2 [z{l]]vs € My, ,|(R% V), the result once again follows from
Proposition 3. (]

Remark 7. Tt is easily verified from (33) that for fixed k and s, the dimension of the
space spanned by the eigenfunctions \IJJZS(:le7 cey Xp) 18 ("‘H,:_Q), as expected from
the isomorphism between Py (RI~1) ® V and My (R7; V).
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Remark 8. If desired, the wavefunctions (34) can be normalized to satisfy an or-
thogonality relation of the form

/dxl coday, [\I/;,/(:cl,...,a:n)]* U (21, Tn) = G Ossrs
Sn—l

where * denotes complex conjugation and where - stands for an appropriately de-
fined inner product on the representation space V. One should also take e} = —e;
for the Clifford generators and set (ab)* = b*a* for a,b € Cf,. The normalization
coefficients were given in [2] for the n = 3 case and are readily generalized for n > 3.
The orthogonality property can be proven directly by induction on n and follows
from the well-known orthogonality relation satisfied by the Jacobi polynomials [1].

From the common eigenfunctions ¥{(z1,...,,) of the Abelian subalgebra V,,
one can easily construct a set of joint eigenfunctions for the Abelian subalge-
bra 7),, where m is a permutation of S,. Indeed, it is directly verified that

' (z1,...,2,) are common eigenfunctions for 7)), where the permutation 7 acts
on U} (z1,...,2y) by simultaneously permuting the variables z1, . .., z,, the Clifford
generators ey, ..., e, and the parameters u1,..., ty,. In light of this observation,

consider the functions defined as

(qu/(fl:lv-.-7xn):ﬂ'\pjs/(x17...,1'n) 77:(12371),

which are common eigenfunctions for Z,, as defined in (23). It is manifest that the
functions <I>J?‘/(:L‘1, ..., &) also form a basis for M (R™; V). As both @5, (X1, 2n)
and ¥§(z1,...,2,) can be normalized to form finite-dimensional orthonormal bases
for My (R™; V), there exists a unitary transformation, or intertwining operator,
connecting these two bases. In [2], the matrix elements of this intertwining operator
were seen to involve the Bannai—Ito polynomials. In the n-dimensional case, one can
expect that the unitary transformation between @3, (1,...,2,) and L4 (1, ,Zn)
involves multivariate polynomials, which could be viewed as multivariate analogs
of the Bannai—Ito polynomials. Since a theory of Bannai—Ito polynomials in many
variables is yet to be worked out, we formulate the following as a conjecture.

Conjecture 1. The matriz elements of the intertwining operator between the basis
functions W§ (x1,...,2,) and <I>J“?,(z1, ...,y are expressed in terms of orthogonal
polynomials which could be taken to define the multivariate extension of the Bannai—
Ito polynomials.

4. ACTION OF THE SYMMETRY ALGEBRA

In this section, the action of the symmetry algebra A, on the basis functions
\Iljs(ycl7 ..., Zp) is studied. A set of raising and lowering operators is introduced and
their actions are computed explicitly. Using these results, it is observed that A,
acts irreducibly on the space My(R4~1; V) of k-homogeneous Dunkl monogenics.

For ¢ € [n — 2], consider the set of operators K lft defined as

(39) Ki =
(Cge1,e42y T Ppopop go41y) Cperr) F1/2) = (Cpogoy £ Tpega) (Tig £ Tiogny)-
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For simplicity, we write K Ei = A}t + Bét with
A7 = (Tog1,042) £ Tperopgery) Tpesyy F 1/2),
Bf = —(Piey2y £ Tieye) (T £ Tagry)-

The operators K li have nice covariance properties with respect to the Abelian
subalgebra )),,. These properties are described in the following proposition.

Proposition 9. Let j € [n] and £ € [n —2]. One has
(K5, T;] =0, AL+ 1.
Conversely when j = £+ 1 one has
{KF Ty} = £K7

Proof. The first relation follows immediately from the definition of K f and from
Lemma 3. For the second identity, one has
{K T} = 2By Tiog) + {T 1,042y £ Dpeap geays Dy (Tpen) T 1/2)

= 2B T ey £ A7 +2(Tig £ Tpi1y) Cpeaay = Tiega) sy F 1/2)

= 2B Tippq) + Af — 2B (Tpeqq T 1/2) = K7,
where the relations (21) were used. O

In order to characterize the action of the operators K lft on the basis functions
\I/;(xh ..., y), we shall need the following technical Lemma.

Lemma 14. One has the identity
(40)  T{ria 042y + Dforop sty = Dlowey = Doy + g + Doy + Dony — 1/4

Proof. The proof follows from the application of Lemma 9. One first writes

2 2
Plore2y + Dlgopqeg1y =

2 2 2 2 2 2
(Clesrerzy + D Tlorsny + Diapqenny) — Q_ Ty +Tfy) + Ty
i€l i€[(]

To get the result, one first uses (26) on the first two terms. Applying (26) again on
the result and simplifying the expression yields (40). |

Quite strikingly, the squares of the operators Klft have an exact factorization.
Proposition 10. One has

(K12 = (Ceyey — Diega) £ Dperay £ 1/2)(Doga) + Dpega £ Dpogay 7 1/2)

X (g = Ty £ Dpegry £1/2)(Cg + Cpogr) £ Ty F1/2).
Proof. Since AE‘E and Bjt commute with one another, one has
(K7)? = (A7)* + (Bf)* + 2A7 B
Upon observing that one has
(Ties1) F 1/2)(Cger1,e42) £ Diegapge1y) = —A7 — 2B,

which follows directly from the commutation relations (21), one can write

(41) (KF]? = (BF)? — (Dgesn ooy = oo ger1y) > Cpesen) F 1/2)
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Using (40), one has

(Tiesr,e02y £ Dperop fe13)° = Ciopoy £ er2))?
+ (T £ Tgegay)? = Cpen) F1/2)%
Upon inserting the above expression in (41), one gets
(K71 = [(Crerg) £ Tpenny)® = Ty F 1/2)%]
X [(Fm + F{g+1})2 — (F[@_;'_l] F 1/2)2] .
Factoring each term gives the anticipated result. O
Lemma 15. The action of (K;5)? on the UL (21,. .., ) is given by
2 S M S
(Klft) s (T1,...,2p) = ozft(.])\l'j (T1,. s ZTn),
where
ol (§) = Mer2(3) = A1 () + preya £ 1/2)Aeya(3) + A1 (§) £ per2 71/2)
X (Ae(G) = Ae1(G) £ per £ 1/2)(Ae(G) + A1 () £ per F1/2).

The coefficients afh (j) are non-negative for all admissible j. In particular, they are
non-zero except in the following cases

(42)

0
0
je =0 and |jo41] even =/ (j) =0

Jer1 =0 and |jo| even = o’ (j
¢

)
(43) Je+1 = 0 and |j¢| odd :>a+(j§

joe =0 and |jos1| odd = o’ (j) =0

Proof. The eigenvalue follows from the combination of Propositions 8 and 10. The
vanishing of the coefficients aft (j) is determined directly with the help of the formula
(38) for the eigenvalues. The fact that they are positive everywhere else follows from
the fact that the indices j, are non-negative integers and from the assumption that
i > 0. ([

We now derive the action of the operators K| tft on the basis functions. To describe
the result, we introduce the following notation. Let h; = (0,...,1,—1,...,0) be
the vector with n — 1 entries that has a 1 at position ¢, a —1 at position ¢ 4+ 1, and

zeros elsewhere. We also define h; = (0,...,1,...,0), where the 1 is at position i.
Proposition 11. The action of the operators Klft on the functions \Iqu(xl, ey Ty)
of Mg (R™; V) is as follows. For £ € {1,2,...,n — 3}, one has

U ey ji| is odd
(44) KU (ay,...,2,) iih‘(xl @) L!ll o

Wiy, (@1, zn) (3] s even
while for { =n — 2, one has

ve - T1,...,% ji| s odd
(45) K U5 (z1, ..., 2p) o thH( g |, | , :

ij}—ln72(x1, cosy)  lji| is even

Proof. Consider the case where ¢ € [n — 3]. Since K lft commutes with I'f; for
i = 1,...,¢, it preserves the quantum numbers ji,jo,...,Jr—1. Since KZi also
commutes with I'y for £ = £+ 2,...,n, it must preserve the sum js + joi+1, the

individual quantum numbers jyyo, ..., jn—2 and the total degree k& which implicitly
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appears in the quantum number j,_;. Thus, Klft can only act on W (T1,...,2n)
by changing j, and j,11 while preserving the value of their sum. Furthermore, it
follows from Propositions 8 and 9 that

F[e+1]KEt‘I/jS($1,~~,$n) = [{F[eﬂ],Két} - Kétr[éﬂ]}‘l’jq(xlv .
= [:l: 1-— /\g+1(j)]Kf\I/Js(x1, ven ,.Ifn).

The above equation means that Klft A (z1,...,2,) is an eigenfunction of the opera-
tor 'y 4] with eigenvalue [£1 — Agy1(j)]. Upon examining the explicit form (38) of
the eigenvalues Asy1(j) while taking into account that only j, and jyyq are allowed
to change, one writes

[1 .Y 1(j)] _ A1+ ]:lg) lje| odd
' Aey1( = he)  |je| even

f[l + N 1(j)] _ Ae1(J — 1:14) lje| odd
' Ae+1(J + he)  [jel even

which yields (44). The proof of (45) proceeds similarly, with the difference of
notation coming from the special role played by the component j,_1. (I

Remark 9. The exact proportionality factor in (44) and (45) is not needed for
our purposes. This factor can be evaluated explicitly in terms of the coefficients
a‘.(j) and is non-zero in view of Lemma 15. This could be done, for example, by
demanding that the operators K gt be skew-hermitian in the orthonormalized basis
arising from the wavefunctions ¥§ (z1,...,2y); this is a natural choice if one wishes

to interpret the symmetry operators I'4 as quantum mechanical observables.

Remark 10. As can be seen from (37), (44), and (45), the quantum number s
is not associated to any of the symmetry operators I'4. Since s is tied to the
choice of a basis for the representation space V, the operator associated to this
quantum number depends on that choice. For example, one could take the vectors
vs as eigenvectors of ejes in the representation V. The corresponding symmetry
operator would then be P = ejeariro. Note that the presence of riry is necessary
to ensure that P commutes with every generator of ),.

From the actions (44) and (45) of the raising and lowering operators, the expres-
sion (39) and the eigenvalue equations of Proposition 8, it is apparent that one can
reconstruct the action of any generator I'4 on the basis functions \I!Ji”(acl, cey ).
However, since the relation between raising/lowering operators is quadratic, there
is no systematic way of doing so and the end result is often very involved. We now
present the last proposition for this section.

Proposition 12. For a fixed s, the higher rank Bannai—Ito algebra A, acts irre-
ducibly on the space

M (R™; V) = Span{¥j(z1,...,25)},

with j = (j1,...,Jn), Where j1,...,jn—1 are non-negative integers with j,_1 defined
as jp_1 = k — Z;:f ji and Z?;f ji < k. The space of k-homogeneous Dunkl
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monogenics in R™ splits in dim V' copies of this irreducible subspace

dim V

MLR™V) = P M(R";V)
s=1

Proof. The decomposition of My (R™; V') as a direct sum of M3 (R"; V) is immedi-
ate from remark 10. The irreducibility of the representation is manifest from the
form of the actions (44) and (45). O

5. A SCALAR MODEL OF THE HIGHER RANK BANNAI-ITO ALGEBRA

In this section, an alternative realization of the higher rank Bannai-Ito algebra
is proposed. The model does not involve Clifford generators, and is hence “scalar”.
Let D, X be defined as

D = zn:TzR“ X = zn:XiRiv
i=1 =1

where R; = H;L:i 4174 1t is readily verified that D also provides a factorization of
the Dunkl-Laplace operator; one has indeed

Similarly, one can define intermediate operators in the following way. For A C [n],
we consider

Da=)» DiR;, Xa=)» xR
icA i€A
One can verify that the operators D4 and X4 together with the Euler operator
E 4, the Dunkl-Laplace operator A4 and the square-radius operator |z ||? provide

a realization of the osp(1]2) Lie superalgebra as in (4). Following the steps of the
first section, one can introduce the sCasimir operator

1
Sa= 5([DA,XA] — 1).
which satisfies {Sa, D4} =0 and {S4, X4} = 0. Upon defining,
Ty=Sa]]rs
keA

it follows that [['a, Da] = [C4, X 4] = 0. With these definitions, it can be verified
that the operators I'4 satisfy the commutation relations (21). Moreover, one can
confirm that the realization-dependent values taken by the Casimir operators (26)
and (29) are also identical. Furthermore, it is possible to adapt the CK extension
operator to the scalar case.

Remark 11. The n = 3 case of this scalar model was already examined in [12].

Remark 12. The Proposition 12 and the existence of the scalar realization indicate
that the Clifford algebra representation space V' does not play a significant role.
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Remark 13. One might ask why the focus was put on the Dirac-Dunkl model rather
than the scalar model, which appears simpler. It turns out that the Dirac-Dunkl is
advantageous in the construction of the symmetry algebra. Moreover, this model
can be viewed as a deformation of the classical Dirac equation by Dunkl operators,
and is hence more interesting “physically”. However, let us point out that the scalar
realization is likely to be more adapted for the study of Conjecture 1.

6. CONCLUSION

Summing up, we studied the kernel of the n-dimensional Dirac-Dunkl operator
associated to the reflection group Z3 as well as the corresponding Dirac-Dunkl
equation on the (n — 1)-sphere. We obtained the symmetries of this equation
and shown that they generate a higher rank extension of the Bannai-Ito algebra.
Moreover, a basis for the polynomial null-solutions of the Dirac—Dunkl operator
was constructed explicitly in terms of Jacobi polynomials. Furthermore, the action
of the higher rank Bannai-Ito algebra on this basis was given through raising and
lowering operators for this algebra.

The results of this paper call for a further study of the structure and the proper-
ties of the higher rank Bannai-Ito algebra A4,,. One of the most interesting question
in that regard is that of the classification of its unitary irreducible representations.
This has not been investigated so far, even in the rank-one case, which corresponds
to As. In light of the inclusion A,, C A,,_1, the representations of A,, could be stud-
ied using induction. Another interesting avenue is the analysis of the symmetries
of Dirac-Dunkl operators associated to other reflection groups.
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