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The existence of highly localized multisite oscillatory structures �discrete multibreathers� in a nonlinear
Klein-Gordon chain which is characterized by an inverse dispersion law is proven and their linear stability is
investigated. The results are applied in the description of vertical �transverse, off-plane� dust grain motion in
dusty plasma crystals, by taking into account the lattice discreteness and the sheath electric and/or magnetic
field nonlinearity. Explicit values from experimental plasma discharge experiments are considered. The possi-
bility for the occurrence of multibreathers associated with vertical charged dust grain motion in strongly
coupled dusty plasmas �dust crystals� is thus established. From a fundamental point of view, this study aims at
providing a rigorous investigation of the existence of intrinsic localized modes in Debye crystals and/or dusty
plasma crystals and, in fact, suggesting those lattices as model systems for the study of fundamental crystal
properties.
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I. INTRODUCTION

Periodic lattices of interacting particles are known from
solid state physics to sustain, apart from propagating vibra-
tions �phonons�, a variety of localized excitations, due to a
mutual balance between the intrinsic nonlinearity of the me-
dium and mode dispersion. Such structures, “traditionally”
sought for and investigated in a continuum approximation
�i.e., assuming that the typical spatial variation scale far ex-
ceeds the typical lattice scale, e.g., the lattice constant r0�,
include nontopological solitons �pulses�, kinks �i.e., shocks
or dislocations�, and localized modulated envelope structures
�envelope solitons�. Various generic nonlinear theories have
been developed in order to investigate their occurrence in
different physical contexts �1�. In addition to these �con-
tinuum� theories, which neglect discreteness for the sake of
analytical tractability, attention has been paid since more
than a decade ago to highly localized vibrating structures
�discrete breathers �DBs� or intrinsic localized modes
�ILMs��, which owe their existence to the lattice discrete-
ness. Following some pioneering ILM related works in the
late 1980’s �see, e.g., in Refs. �2–6��, the breakthrough in the
theoretical study of DBs took place with the appearance of
the first rigorous proofs of discrete breather existence, fur-
nished independently by MacKay and Aubry �7� �who intro-
duced the notion of continuation from a suitable anticontinu-
ous limit� and Flach �8� �using a homoclinic orbit approach�.
The former method was later extended later in Ref. �9�. The
discrete vibrational state in which the energy of a localized
excitation is concentrated in more than one sites is called a
multibreather. An extensive study on the existence and sta-
bility of multibreathers can be found in Refs. �10–14�, while

as regards the homoclinic method approach on the same sub-
ject one is referred to Refs. �15,16�. A large number of note-
worthy detailed studies have appeared, elucidating various
aspects involved in the spontaneous formation, mobility and
interaction of DBs, both theoretically and experimentally;
see, e.g., Refs. �17–21� for a review.

Recent studies of collective processes in a dust-
contaminated plasma �DP� �22–24� have revealed a variety
of new linear and nonlinear collective effects, which are ob-
served in laboratory and space dusty plasmas. An issue of
particular importance in DP research is the formation of
strongly coupled DP crystals by highly charged dust grains,
typically in the sheath region above a horizontal negatively
biased electrode in experiments �22,25�. Low-frequency os-
cillations are known to occur in gas-discharge experiments
�25� involving these mesoscopic dust grain quasilattices, in
the longitudinal �in-plane, acoustic mode�, horizontal trans-
verse �in-plane�, and vertical transverse �off-plane� directions
�22–25�. Here, we shall only focus on the latter �transverse�
degree of freedom, which was first predicted in Refs. �26,27�
�also see Ref. �28�� and later experimentally observed.

Nonlinearity is an intrinsic feature of dust crystal dynam-
ics. It may be due either to inter-grain �Debye-type, screened
electrostatic� nonlinear interactions, or to geometric effects,
i.e., to coupling among different modes �29�. Finally, and
rather importantly, nonlinearity is also due to the plasma
sheath environment, which provides the electric �25� and/or
magnetic �30� forces ensuring equilibrium by suspending the
crystal at a levitated position above the negative electrode;
thus, the electric/magnetic forces in the sheath provide a
“substrate” potential which is intrinsically anharmonic �see
discussion below�. From the point of view of nonlinear sci-
ence, therefore, DP crystal dynamics provide a blend of an-
harmonic on-site potential and coupling nonlinearity, ac-
counting for a unique hybrid among nonlinear Klein-Gordon
type and, say, Fermi-Pasta-Ulam �FPU� type theories �see the
discussion in Ref. �31��. Despite this fact, present day knowl-
edge of nonlinear mechanisms related to dust lattice modes is
admittedly still in a preliminary stage. Small amplitude lo-
calized longitudinal excitations �described by a Boussinesq
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equation for the longitudinal grain displacement u or a
Korteweg–de Vries equation for the density �u /�x� were
considered in Refs. �32� and generalized in Ref. �33�. Also,
the amplitude modulation of longitudinal �34,35� and trans-
verse �vertical, off-plane� �36,37� dust lattice waves �LDLW,
TDLW, respectively� was recently considered. A model for
nonlinear DP lattice dynamics taking into account transverse-
to-longitudinal mode coupling was suggested in Ref. �29�.
Those studies were recently extended to diatomic-like Debye
�bi�crystals �38� and eventually extended to more realistic,
hexagonal crystalline geometries �39�. All of these studies
have relied on a quasicontinuum description of dust lattice
dynamics. The discrete character of dust-lattice oscillations
has, to our best knowledge, not yet been studied, apart from
a recent first investigation which was restricted to single-
mode transverse dust breathers �40�. That study has exam-
ined the properties of vertical �off-plane, transverse� dust lat-
tice vibrations, from first principles. A description of such a
system, using the homoclinic method approach, was formu-
lated in Ref. �41�, providing some results on breathers in
Debye crystals. The existence of breathers associated to lon-
gitudinal �in-plane, acoustic� charged particle motion in a
Debye crystal was discussed in Ref. �31�, although a detailed
investigation from first principles �which would be the ana-
log of the Fermi-Pasta-Ulam problem, tailor-fit to Debye or
dust crystals� is still missing.

Most interestingly, the transverse �linear� dust lattice
mode is known to obey an inverse dispersion law: therefore
the group velocity vg=���k� and the phase velocity vph

=� /k point towards opposite directions. The anharmonic
character of the vertical on-site potential �confirmed experi-
mentally �42,43��, in combination with the high discreteness
of dust crystals, clearly suggested by experiments �44,45�,
may play an important role in mechanisms such as energy
localization, information storage, and response to external
excitations. Although all of the ingredients prescribing the
occurrence of discrete breathers in DP crystals seem to be
present, rather surprisingly, this aspect of DP dynamics still
remains essentially unexplored.

From a fundamental point of view, crystalline arrange-
ments of charged particles �Debye crystals and/or dusty
plasma lattices� provide an excellent toy model for the study
of nonlinear excitations in atomicscale lattices, or in ionic
scale crystalline structures �e.g., ultracold plasmas �UCPs��,
since they mimic atomic chain dynamics at a scale which is
appropriate for human observation �dust crystals can even be
filmed and analyzed via simple and inexpensive video image
processing; see, e.g., in Ref. �25��. Here, we aim to stress
that, as regards Discrete Breather excitations, such lattices
may provide a convenient mesoscopic analogue of atomic
chains, which should allow for direct observation of local-
ized excitations and eventually in situ confirmation of ana-
lytical theories, via purpose-built experiments. To our best
knowledge, no other mesoscopic or macroscopic system per-
mitting such experimental modeling freedom exists.

In this study, we are interested in investigating the condi-
tions for the occurrence of discrete multisite lattice excita-
tions �multibreathers� in a nonlinear �infinite sized� Klein-
Gordon-like chain, which is characterized by an inverse
dispersion law. Nonlinearity is supplied by a �nonharmonic�

on-site potential, while interparticle interactions are taken to
be linear. A negative coupling coefficient �“spring constant”�
value is assumed, in account of an inverse dispersion. Our
results are applied in a description of real transverse dust-
lattice excitations, as observed in plasma discharge experi-
ments. The formalism, the analytic tools and the numerical
methods used in the present study are described in Refs.
�11,13,14� and allow us to evaluate the range of values of
relevant physical parameters which may account for breather
formation.

II. EXISTENCE AND STABILITY OF MULTISITE
INTRINSIC LOCALIZED MODES

Our aim is to prove the existence of multibreather excita-
tions in Debye crystals. The method we adopt is based on the
continuation of a specific state of a suitable anticontinuous
limit, as, e.g., in Refs. �7,9�. The formalism used is described
in Ref. �11�. A brief outline of the method is provided in the
following.

Consider the Hamiltonian describing a chain consisting of
infinitely many identical nonlinear oscillators, with displace-
ment xi and on-site potential V�xi�, possessing a stable equi-
librium at xi=0, i.e., V�i�0�=0 and V�i�0�=�p

2 �0 �unit mass
is assumed in the notation�, coupled through a coupling con-
stant �

H = H0 + �H1 = �
i=−�

� �1

2
pi

2 + V�xi�� +
�

2 �
i=−�

�

�xi+1 − xi�2.

�1�

The corresponding equations of motion are

ẍi = − V��xi� + ��xi+1 − 2xi + xi−1� ∀ i � Z . �2�

This is the classical Klein-Gordon chain, which is well
known to support multibreather solutions. Note that, the
multibreather existence theorems, based on a continuation
from a suitable anticontinuous limit �10,11� hold for an �
neighborhood around zero, and are thus valid either for �
�0 or for ��0, provided that ����1.

Consider the integrable anticontinuous limit ��=0�, i.e.,
the chain is consisting of uncoupled oscillators. In this limit
we consider the state where all the oscillators lie in equilib-
rium apart from n+1 “central” ones which lie on periodic
orbits satisfying the resonance condition

�0

k0
= ¯ =

�n

kn
= �, ki � Z . �3�

This state is time periodic with period T=2� /� and trivially
space localized. We seek the conditions under which this
state will be continued for ��0 by keeping the previously
mentioned attributes, providing this way a multibreather. At
this limit, the motion of the central oscillators is described by

wi = �it + 	i,

Ji = const, i = 0, . . . ,n ,

where �wi ,Ji� are the action angle-variables of the uncoupled
oscillators, 	i are the initial angles, and �i are the corre-
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sponding angular frequencies. The T-periodic motion, which
is described by Eq. �3�, can be continued for ��0 small
enough, to form a T-periodic �n+1�-site breather, provided
that the following conditions hold.

�1� The anharmonicity condition of the individual oscilla-
tors, i.e., d�i /dJi�0, at least in the neighborhood of the
specific periodic orbit.

�2� The nonresonance condition �p�m�, ∀m�N, where
�p denotes the linear frequency of the single oscillator. How-
ever, even if both of these conditions hold, not all the states
of the anticontinuous limit will be continued to a multi-
breather. In addition, the phases of the oscillators in this limit
must be such that the system of equations

�	H1

�
i

= 0, i = 1, . . . ,n �4�

has simple zeros, i.e., it is also required that
det��2	H1
 /�
i�
 j��0, where 
i=ki	i−1−ki−1	i is a gener-
alization of the notion of phase difference between the suc-
cessive oscillators, in order to include resonances other that
the 1:1. Here,

	H1
 = �
0

T

H1dt �5�

is the average value of the perturbative term of the Hamil-
tonian calculated along a periodic orbit of the uncoupled
system over a time period.

Since we consider identical oscillators, as it is thoroughly
explained in Ref. �14�, Eq. �4� can be written as

�	H1

�
i

= 0 ⇔ �
m=1

�

mAkim
Aki−1m sin m
i = 0, �6�

where Aj is the jth Fourier coefficient of the single oscillator.
From Eq. �6�, we conclude that 
i=0 and 
i=� always sat-
isfy Eq. �4� while, if special symmetry conditions hold, one
could also obtain additional solutions which would be time
nonreversible, following the terminology of Ref. �7�.

If the action-angle canonical transformation is known, one
could search for these solutions in Eq. �4� or its equivalent
�6�. However, in the generic case where the explicit form of
the action-angle variables is not known, a method to calcu-
late the necessary quantities has been developed in Ref. �13�.
According to this method, the system of Eq. �4� is equivalent
to the following one:

�
0

T �H1

�xi
pidt = 0, i = 1, . . . ,n . �7�

This system can easily be solved numerically, as will be later
shown in a specific example.

In addition to the existence of the multibreather solutions,
the phase difference between the oscillators also determines
its linear stability, as shown in Refs. �12,14�. The linear sta-
bility of a periodic orbit �which in the specific case is the
anticipated multibreather�, is defined by the eigenvalues of
the corresponding Floquet matrix �i �called also Floquet
multipliers�, see, e.g., Ref. �17�. If all these eigenvalues lie
on the unit circle of the complex plane then the periodic orbit

is linearly stable, while if an eigenvalue lies outside the
circle the orbit is unstable. Note that for every eigenvalue we
also have its reciprocal and its complex conjugate, because
of the Hamiltonian structure of the system �i.e., for every �i,
there are also �i

−1, �i
*, and �i

*−1�. So, we cannot have just one
eigenvalue outside the unit circle but only an even number of
them. For �=0, the abovementioned eigenvalues lie in two
complex conjugate bundles at e±i�pTb, except the 2n+2 ei-
genvalues which correspond to the n+1 central oscillators
which lie at unity. For ����0�1, the eigenvalues of the non-
central oscillators move along the unit circle being of the
same Krein kind, forming this way the phonon band, while
the ones of the central oscillators are given by

�i = e�iT, �8�

where �i are the corresponding 2n+2 characteristic expo-
nents. As it was proven in Ref. �10� �and also stated, within
the present formalism, in Ref. �11��, these exponents are
given in the leading order of approximation by

�i
2 = ��i1

2 + O��3/2� , �9�

where �i1
2 coincide with the n+1 eigenvalues of the stability

matrix

E = − A · B ,

with

A = � �2	H1

�	i�	 j

�, B = � �2H0

�Ji�Jj
� .

Therefore, if the various values of �i1
2 , i.e., the eigenvalues of

E, are distinct, and the product ��i1
2 is negative, then the

corresponding characteristic exponents �i are imaginary up
to leading order terms and distinct, which results in eigen-
values �i on the unit circle and the multibreather is linearly
stable. If there are no other solutions than the standard ones
the corresponding linear stability is well defined by the
knowledge of the resonant angles 
i, the kind of potential
anharmonicity—i.e., hardening ���i /�Ji�0� or softening
���i /�Ji�0�—and the sign of �. Let us now apply this
method in a specific example, namely, the equation of trans-
verse dust grain motion in a dust crystal.

III. TRANSVERSE PARTICLE MOTION IN DEBYE
CRYSTALS AND DUSTY PLASMA CRYSTALS

We shall consider the vertical �off-plane, �ẑ� charged par-
ticle displacement in a crystal �assumed quasi-one-
dimensional, of infinite length: identical grains of charge q
and mass M are situated at xi= ir0, where i= . . . ,−2 ,
−1 ,0 ,1 ,2 , . . ..�, by taking into account the intrinsic nonlin-
earity of the sheath electric �and/or magnetic� potential. The
in-plane �longitudinal acoustic �x̂ and shear �ŷ� degrees of
freedom are assumed suppressed; this situation is indeed to-
day realized in appropriate experiments �44,45�, where a la-
ser impulse triggers transverse dust grain oscillations, while
a confinement potential ensures the chain’s in-plane stability.
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A. Equation of motion

The vertical grain displacement obeys an equation in the
form �22,36,37,40�

d2zn

dt2 + �
dzn

dt
+ �0

2�zn+1 + zn−1 − 2zn� + �g
2zn + ��zn�2

+ ��zn�3 = 0, �10�

where zn�t�=zn�t�−z0 denotes the small displacement of the
nth grain around the �levitated� equilibrium position z0, in
the transverse �z� direction. The characteristic frequency �0

= �−q���r0� / �Mr0��1/2 results from the dust grain �electro-
static� interaction potential ��r�, e.g., for a Debye-Hückel
potential �46,47� �D�r�= �q /r�e−r/�D, one has �0,D

2

=q2 / �Mr0
3��1+r0 /�D�exp�−r0 /�D�, where �D denotes the ef-

fective DP Debye radius �22�. The damping coefficient �
accounts for dissipation due to collisions between dust grains
and neutral atoms. The gap frequency �g and the nonlinear-
ity coefficients � ,� are defined via the overall vertical force
F�z�=Fe/m−Mg−M��g

2zn+��zn�2+��zn�3�+O��zn�4�,
which has been expanded around z0 by formally taking into
account the �anharmonicity of the� local form of the sheath
electric �follow exactly the definitions in Ref. �36�, not re-
produced here� and/or magnetic �48� field�s�, as well as, pos-
sibly, grain charge variation due to charging processes �37�.
Recall that the electric and magnetic levitating force�s� Fe/m
balance�s� gravity at z0. Notice the difference in structure
from the usual nonlinear Klein-Gordon equation used to de-
scribe one-dimensional oscillator chains—see, e.g., Eq. �1�
in Ref. �5�: TDLWs �phonons� in this chain are stable only in
the presence of the field force Fe/m.

For convenience, the time and vertical displacement vari-
ables may be scaled over appropriate quantities, i.e., the
characteristic �single grain� oscillation period �g

−1 and the
lattice constant r0, respectively, viz. t=�g

−1� and zn=r0qn;
Eq. �10� is thus expressed as

d2qn

d�2 + ��qn+1 + qn−1 − 2qn� + qn + ��qn
2 + ��qn

3 = 0,

�11�

where the �dimensionless� damping term, now expressed as
�� /�g�dqn /d����q̇n, will be henceforth omitted in the left-
hand side �assuming ���1�. The coupling parameter is now
�=�0

2 /�g
2, and the nonlinearity coefficients are now: ��

=�r0 /�g
2 and ��=�r0

2 /�g
2. All quantities in Eq. �11� are di-

mensionless �50�.

B. Linear transverse dust-lattice waves

Retaining only the linear contribution and considering os-
cillations of the type, zn�exp�i�knr0−�t��+c.c. �complex
conjugate� in Eq. �10�, one obtains the well known transverse
dust lattice �TDL� wave optical-mode-like dispersion rela-
tion

�2 = �g
2 − 4�0

2 sin2� kr0

2
� �12�

or

�̃2 = 1 − 4� sin2�k̃/2� . �13�

See that the wave frequency �� �̃�g decreases with in-

creasing wave number k=2� /�� k̃ /r0 �or decreasing wave-
length ��, see Fig. 1, implying that transverse vibrations
propagate as a backward wave: the group velocity vg
=���k� and the phase velocity �ph=� /k have opposite direc-
tions �this behavior has been observed in recent experi-
ments�. The modulational stability profile of these linear
waves �depending on the plasma parameters� was investi-
gated in Refs. �36,37�. Notice the natural gap frequency
��k=0�=�g=�max, corresponding to an overall motion of
the chain’s center of mass, as well as the cutoff frequency
�min= ��g

2−4�0
2�1/2��g�1−4�2�1/2 �obtained at the end of

the first Brillouin zone k=� /r0 �49�� which is absent in the
continuum limit, viz. �2�g

2−�0
2k2r0

2 �for k�r0
−1�; obvi-

ously, the study of wave propagation in this �k�� /r0� re-
gion invalidates the continuum treatment employed so far in
literature. The essential feature of discrete dynamics, to be
retained here, is the �narrow� bounded TDLW �phonon� fre-
quency band, limited in the interval �� ���g

2−4�0
2�1/2 ,�g�;

note that one thus naturally obtains the stability constraint:
�0

2 /�g
2=��1/4 �so that ��R ∀k� �0,� /r0��.

We need not go into further details concerning the linear
regime, since it is covered rather extensively in the literature
�22�. We shall, instead, see what happens if the nonlinear
terms are retained, in this discrete description.

C. Multibreathers in Debye crystals and Dusty plasma crystals

Equation �11� can be generated by a Hamiltonian of the
form �1� by considering a quartic on-site �sheath� polynomial
potential of the form

TABLE I. Experimental data: Sets I, II, and III of sheath poten-
tial anharmonicity values, as obtained from the data in Ref. �43�.
Column IV provides the data in Ref. �42�.

Ref. �43� Ref. �42�

I II III IV

�� 0.02 0.016 −0.27 −0.5

�� −0.16 −0.17 −0.03 0.07

FIG. 1. The dispersion relation of the TDL excitations: fre-
quency square �normalized by �g

2�, as given by �12�, vs �reduced�
wave number kr0. The value of �0 /�g �� coupling strength� in-
creases from top to bottom. Note that upper �less steep, continuous�
curve is more likely to occur in a real �weakly coupled� DP crystal.
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V�xi� =
1

2
xi

2 +
��

3
xi

3 +
��

4
xi

4, �14�

and considering negative values of � �in account of inverse
dispersion�. Note that, henceforth x stands for q of Eq. �11�,
i.e., describes the normalized vertical displacement from the
equilibrium.

The values of the anharmonicity parameters �� and ��
may be deduced from dusty plasma experiments on nonlin-
ear vertical dust lattice oscillations �42–45�. For instance, the
Kiel �Germany� experiment by Zafiu et al. �43�—using a
laser to trigger nonlinear vertical dust grain oscillations—has
provided the values � /�g

2= +0.02; +0.016;−0.27 �mm−1�
and � /�g

2=−0.16;−0.17;−0.03 �mm−2� �successively, by
gradually increasing the diameter of the dust grains; see
Table 1 in Ref. �43��. In our notation, this implies ��
� +0.02; +0.016;−0.27, and ���−0.16;−0.17;−0.03 �for a
lattice spacing of the order of r0�1 mm�. Note that damping
was very low ����0.02�, thus a posteriori justifying our ne-
glecting it.

The experiment on anharmonic single grain oscillations
by Ivlev et al. �42�, carried out in Garching �Germany�, pro-
vides curve fitting data for ��z�, i.e., � /�g

2=−0.5 mm−1 and
� /�g

2=0.07 mm−2. One thus deduces ��−0.5 and ��
0.07 �for a lattice spacing, say typically, of the order of
r01 mm�. Note that the damping coefficient � was as low
as � /2��0.067 s−1, so that �with �g /2��17 s−1� one has
��=� /�g�0.004 �the pressure in that experiment was kept
as low as 0.5 Pa; see the original paper for technical details
on the experimental device�. The sets of anharmonicity val-
ues are shown together in Table I, for reference.

The results of the experiment on linear TDLWs by
Misawa et al. �44� allows for a rough estimation of the cou-
pling strength �still for low pressure; see details in Ref. �44��:
�g�155 s−1 and �0�19.5 s−1 �derived from Fig. 3�a�
therein�, which give ��0.016. Note that the effective damp-
ing term was kept as low as ��0.239 s−1, i.e., ��=� /�g
�0.00154.

We will first examine the system provided by Zafiu et al.
in Ref. �43�. Since the first three sets of values presented in
Table I provide similar results we shall consider only the
results in the third column, i.e., ��=−0.27 and ��=−0.03.
The on-site potential V�x� as a function of the vertical dis-
placement x is depicted in Fig. 2�a�. The frequency � depen-
dence on the maximum displacement of the free oscillator
xmax is shown in Fig. 2�b�, while its dependence on the action
J is shown in Fig. 2�c�. Note that, since there is a one to one
correspondence between xmax and J, Figs. 2�b� and 2�b� are
equivalent. Due to the form of the potential V�x�, the region

(a)

(b)

(c)

FIG. 2. �a� The on-site potential is depicted against the vertical
displacement x. �b� The frequency � is depicted against the ampli-
tude of the oscillation xmax. �c� The frequency � is depicted against
the action variable J. All the figures have been obtained by using
the set of values III in Table I.

(a)

(b)

FIG. 3. F�x20� for the 1:1 and 2:3 resonances.
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of motion is restricted to the region from x�−1.55 to x
�2.82. Let us remark, in passing, that this potential form
essentially accounts for crystal dissociation �melting�, which
occurs when vibrating particles overcome the finite potential
barrier. We note that ��J� is a decreasing function of J, so
the anharmonicity condition �� /�J�0 is satisfied every-
where in the allowed region of motion. The computations of
��x� and ��J� has been made numerically since the explicit
action-angle transformation is not known; for a more de-
tailed description, see Ref. �13�. In Fig. 2, ��J� together with
the potential function of the specific choice of coefficients
are shown. We consider the anticontinuous limit of only two
oscillators moving in resonant periodic orbits with frequen-
cies �1 and �2 and the rest in the equilibrium. We examine

the 1:1 and 2:3 cases, i.e., the cases with �=�1=�2 and �

=
�1

2 =
�2

3 . We are thus simply left with the task of choosing
appropriate values of the amplitude xmax, corresponding to
the two values of the frequency �1 and �2, which should
fulfil the resonance condition and, at the same time, the fre-
quency � should not be close to the harmonic vibration fre-
quency �p �here 1, i.e., the linear frequency in the absence of
coupling�. This is easily accomplished upon simple inspec-
tion of Fig. 2�b� or 2�c�. Note that we have to avoid a neigh-
borhood of values around �p, since for ��0 a phonon band
will be formed instead of the single frequency �p and pos-
sible resonance of the breather frequency with this band will
end up in energy loss via the excitation of linear waves, so
that localized discrete modes will be destabilized. By fixing

(a)

(b)

(c)

(d)

(e)

(f)

=-0.001 =-0.030

=-0.016 =-0.037

=-0.022 =-0.041

, ,

,

,,

,

FIG. 4. �Color online� The destabilization sce-
nario represented by the eigenvalues of the Flo-
quet matrix for growing values of ���.
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the orbits of the two oscillators we determine at the same
time the energy of the orbits at the anticontinuous limit as
well as the period T of the produced multibreather. We now
have to check which phase difference the central oscillators
must have in order to form a multibreather for ��0.

We now have to check condition �4�. Since we consider
two oscillators in the anticontinuous limit there is only one
angle 
 and, as already shown above, the 
=0,� solutions
always exist. Since the action-angle transformation is not
analytically known, in order to check for extra solutions, one
has to solve the equivalent equation �7�, i.e., for i=2,

�
0

T �H1�x1,x2�
�x2

p2dt = 0. �15�

Note that all of the above calculations are made in the anti-
continuous limit ��=0�. Since the periodic orbits are given,
the above equation defines a relationship between the initial
conditions of the two orbits x10, p10, x20, p20. We fix x10=0
and choose the value of p10�0 which is specified by the
periodic orbit. So, the only free variable is x20, since p20 can
be accordingly calculated from the equation of energy. Equa-
tion �15� now leads to �13�

F�x20� = �
0

T

x1p2dt = 0. �16�

This equation is two branched, i.e., yields one branch for
each choice of sign for the momentum p20. In Fig. 3, these
two branches are presented together in the same diagram for
the 1:1 as well as for the 2:3 resonance.

For the 1:1 resonance we see that F�x20� has two roots,
which correspond to the standard breather solutions 
=0,�.
As for the stability of these solutions, following the argu-
ments in Refs. �12,14�, the solution with z=0 will be the
linearly stable one among these two and, since there are no
other solutions besides the ones already mentioned, this will
be the only linearly stable solution. In particular, in Ref. �14�
it is shown that �11 in Eq. �9� is given by

�11
2 = −

��

�J
�
m=1

�

m2Am
2 cos m
 , �17�

which for 
=0, ��
�J �0 and ��0 provides imaginary charac-

teristic exponents ±�1 up to O���� and consequently linearly

stable multibreather, which confirms what has been claimed
above. Note that Eq. �17� �in combination with Eq. �9�� is
essentially equivalent �for 
=0 and 1:1 resonance� to the
simple stability criterion

�
��

�J
� 0. �18�

We have computed this solution for only two central os-
cillators, but the procedure would be exactly analogous for
any number n of central oscillators since, as shown in Ref.
�13�, the system consists of independent equations. In that
case, the only linearly stable solution would be 
i=0, for i
=1, . . . ,n.

The abovementioned solution is proven to be linearly
stable for values of the coupling parameter � close enough to
zero. However, as the absolute value of � increases, the cen-
tral oscillators eigenvalues move along the unit circle, while
the noncentral oscillators eigenvalues will also move along
the opposite direction, forming this way the phonon band. As
the value of ��� is increasing, at some point the central oscil-
lator eigenvalue will penetrate the phonon band and, since
they are of opposite Krein sign, they can leave the unit circle
forming a complex quadruple �see, e.g., Ref. �17��; the multi-
breather thus becomes unstable, since there will be four ei-
genvalues outside the unit circle. By further increasing ��� the
eigenvalues will return to the unit circle restabilizing the
multibreather, which remains stable until the eigenvalues
collide at −1 and leave the unit circle along the real axis
causing a period doubling bifurcation and consequently, the
final destruction of the breather. This destabilization scenario
is shown in Fig. 4.

Anticipating an experimental confirmation of our results,
the experimentally measured value of the coupling constant �
should be inside the stability regions. By choosing the am-
plitude of the oscillation at the anticontinuous limit to be
xmax�1.51, a stable multibreather is achieved for �=0.016,
as it can be seen in Fig. 4; this fact confirms that this kind of
motion can be supported by the specific model. The time
evolution of the resulting two-breather is depicted in Fig. 5.

Let us examine the 2:3 resonance now. Note that, in Fig. 3
the curve F�x20� crosses the x axis four times. These four
roots correspond to only two values of 
 only, namely, the
trivial ones 
=0 and �. The resulting multibreathers, which

FIG. 5. �Color online� Time evolution of a 1:1 two-breather for
�=−0.016.

FIG. 6. �Color online� Time evolution of a 2:3 two-breather for
�=−0.003.
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have the form of Fig. 6, are very quickly �for small values of
�� destabilized so they are physically meaningless and will
not be examined any further.

Consider now the nonlinearity values given by Ivlev et al.
in Ref. �42�. The corresponding potential and frequency
functions are shown in Fig. 7. In this case, the frequency
��J� is not everywhere a monotonous function of J but pre-
sents a minimum at J�2.3. If we constrain the allowed re-
gion of motion up to the minimum of �, then we obtain
similar results to the abovementioned. So, we can obtain
stable 1:1 symmetric multibreathers. However, if we extend
the allowed region of motion, we can consider a 1:1 anticon-
tinuous limit with the oscillators moving with different am-
plitudes but the same frequency. This limit is continued for
��0 to provide a nonsymmetric 1:1 2-breather as it is shown
in Fig. 8.

IV. CONCLUSIONS

This study was devoted to an investigation, from first
principles, of the existence of discrete multisite lattice exci-

tations �multibreathers� in a Debye �e.g., dusty plasma� crys-
tal. Relying on the analytical and numerical methodology
established in Refs. �11,13,14�, we have shown that Debye
crystals may, indeed, support multisite highly localized os-
cillatory motion �multibreathers�. In particular, employing
nonlinearity parameters provided by plasma discharge ex-
periments �42,43�, we have established that 1:1 symmetric
and nonsymmetric multibreathers should be expected, while
multibreathers having other resonances are expected to be
unstable and thus physically meaningless.

The methodology which was used to extract these results
is quite general and is directly applicable to a wide variety of
systems. It was shown that the relative strength of electro-

(a)

(b)

(c)

FIG. 7. �a� The on-site potential is depicted against the vertical
displacement x. �b� The frequency � is depicted against the ampli-
tude of the oscillation xmax. �c� The frequency � is depicted against
the action variable J. All the figures have been obtained using the
set of values IV in Table I.
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FIG. 8. �Color online� Snapshots of an nonsymmetric multi-
breather for four successive time moments.
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static interparticle coupling as compared to the substrate po-
tential harmonicity, here expressed by the parameter �, may
play a �de�stabilizing role vis-a-vis discrete breather excita-
tions. In discharge experiments, the parameter � may be
tuned by adapting the coupling �e.g., via the grain surface
potential, which determines the charge state Z� and the
sheath electrostatic potential �by modifying plasma param-
eters such as density or pressure�. Therefore, the results of
our study may straightforward be tested �and will hopefully
be confirmed� by appropriate experiments.

From a purely fundamental point of view, one of the prin-
cipal aims of this work was to stress the fact that Debye
lattices �today realized as dust-lattices in simple experimen-
tal devices� provide a flexible test field, available at a con-
venient mesoscopic or macroscopic level, for various theo-
retical and computational predictions now available
concerning oscillatory motion in discrete systems.

Further extensions of our study should take into account
dissipation �here neglected� and/or higher dimensionality ef-
fects �e.g., triangular two-dimensional configurations, as ob-

served in experiments �25��. Studies in this direction are un-
der way, and will be reported soon.
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