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Abstract—Transient scattering of electromagnetic fields by
perfect conductors is described by the time domain electric
field integral equation (TD-EFIE). Discretizing this equation
using a space-time Galerkin method results in a system of
equations that can be solved by the marching on in time
(MOT) algorithm. Unfortunately, the solution is plagued by
spurious static currents (DC instability). In this contribution,
a spatial Galerkin discretization is first applied to the TD-EFIE.
Then, the discrete loop and star components of both basis and
testing functions are separated using projection operators (thus
avoiding the construction of a loop-star basis). The loop and
star components are then rescaled with respect to each other by
differentiating or integrating one of these components. This has
the effect of removing the possibility for a DC signal to pollute
the solution. A temporal Galerkin method then leads to a system
that can be solved by the marching-on-in-time algorithm.

Index Terms—time domain, electric field integral equation, DC
instability.

I. INTRODUCTION

The electric field integral equation (EFIE) models elec-
tromagnetic scattering by perfectly conducting objects. The
EFIE can be formulated in either the frequency domain (FD-
EFIE) or the time domain domain (TD-EFIE). The former is
applicable when the conductor is excited by a harmonic-in-
time incident field, whereas the latter is applicable when an
incident field of any temporal signature is used as excitation.

The TD-EFIE can be discretized in time using either collo-
cation or Galerkin techniques. The discretization scheme is
usually chosen such that the resulting system of equations
is causal, and can be solved by the marching-on-in-time
(MOT) method [1], [2]. Stable and accurate simulations are
obtained by choosing suitable basis and testing functions [3]–
[6], complemented by accurate integration techniques [7]–[10].

To the best of our knownledge, all previously proposed
TD-EFIE formulations suffer from DC instabilities [11], [12]:
the solution of the discrete equation can contain spurious
static loop currents that are not present in the exact solution.
These currents are regime solutions to the TD-EFIE and, once
excited, persist throughout the rest of the solution.

In [13], a loop-tree decomposition is applied to the TD-
EFIE. By differentiating one component with respect to the
other, the regime solutions could partly be eliminated. How-
ever, the explicit construction of a loop-tree (or loop-star) basis
becomes computationally expensive for large and multiply
connected geometries [14].

The loop and star components of an RWG expansion
coefficient vector can also be generated without resorting to
an explicit construction of the loop-star basis, by employing
the projection operators introduced in [15]. Not only does
this avoid the introduction of the notoriously unstable basis
of loops and stars, it also removes the need for global
loop detection. Global loop detection is a computationally
expensive process that is nevertheless required when modeling
scattering by multiply connected surfaces.

In this contribution, the projection operators are applied to
both the spatial basis and testing functions of the TD-EFIE.
The resulting quasi-Helmholtz components are then tempo-
rally rescaled by integrating or differentiating one component
with respect to the other. This yields an equation which does
not possess a static regime solution and is therefore immune
to DC instability, and is solvable by the MOT algorithm.
Additionally, this equation does not require the computation of
the temporal integral of the current divergence (i.e. the charge),
leading to simpler implementation.

This paper is organized as follows. In Section II, the
temporal Galerkin discretization of the TD-EFIE is presented.
In Section III, the new modified equation is derived. Finally, a
numerical example that testifies to the power of the modified
equation is presented in Section IV

II. THE TIME DOMAIN EFIE
Consider a perfectly conducting body Ω, whose boundary is

denoted Γ. For t > 0, an incident electric field ei(r, t) induces
a surface current j(r, t) on Γ, which satisfies the time domain
EFIE

η (T j) (r, t) = −n̂× ei(r, t) ∀r ∈ Γ, t > 0 (1)

where the electric field integral operator (EFIO) T is defined
as

(T j) (r, t) = Tsj(r, t) + Thj(r, t) (2)

(Tsj) (r, t) = −1

c
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4πR
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µ0/�0, c = 1/
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�0µ0, R = |r − r�|, τ = t − R/c,

and n̂ is the exterior normal vector to Γ. Define ∂−1
t f(t) =� t

−∞ f(τ)dτ .



The surface Γ is now approximated by a triangle mesh on
which NS Rao-Wilton-Glisson (RWG) functions fm(r) are
defined [16]. These functions are used to spatially expand the
current j(r, t):

j(r, t) =

NS�

m=1

jm(t)fm(r). (5)

Next, (1) is spatially tested with the rotated RWG functions
n̂× fm(r), m = 1, 2, ..., NS :

�

Γ

(n̂× fm(r)) · (Eq. (1)) ds (6)

leading to
Z j(t) = −e(t) ∀t > 0 (7)

where

Z = Zs + Zh (8a)
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[e(t)]m =

�

Γ

fm(r) · ei(r, t) ds. (8d)

Equation (7) is now temporally discretized using a Galerkin
method (as opposed to the widely spread collocation-in-time
method). The RWG expansion coefficients jm(t) are tempo-
rally expanded in pulses p(t− iΔt)

j(t) =

NT�

i=1

ji p(t− iΔt) (9)

p(t) =

�
1 t ∈ (−Δt, 0)

0 otherwise
(10)

and (7) is tested with pulses p(t− jΔt):
�

R
p(t− jΔt) (Eq. (7)) dt j = 1, 2, 3, ..., NT (11)

leading to

j�

i=0

Zijj−i = −ej j = 1, 2, 3, ..., NT (12)

where
ej =

�

R
p(t− jΔt) e(t)dt (13)

[Zi]mn = η

�

R
dt p(t− iΔt)

�

Γ

(n̂× fm(r)) ·

T {fnp} (r, t)ds (14)

which can be computed numerically using techniques outlined
in e.g. [7]–[10]. The system of linear equations (12) can be
written as

−Z0ji =
i�

j=1

Zj ji−j + ei (15)

which is then successively solved for ji, i = 1, 2, ..., NT . This
is the marching-on-in-time (MOT) method.

The continuous TD-EFIE operator T has a static null space
consisting of constant solenoidal currents. This property is
conserved by the discretization scheme, in the sense that
constant RWG loop currents are annihilated by the convolution
operator Z. These currents are theoretically not allowed due
to the fact that j−1 = j−2 = ... = 0. However, the finite
accuracy of the numerical scheme allows static loop currents
to emerge [12]. These currents are regime solutions to the
source-free TD-EFIE and can therefore persist throughout the
simulation. This phenomenon is termed DC instability [11].
It is exacerbated by the common practice of solving the
differentiated TD-EFIE. In this case, not only constant, but
also linear loop currents can appear in the solution.

Furthermore, when minimizing the problem by using the
non-differentiated EFIE, there are an unlimited number of
matrices Zi �= 0 because of the presence of the integral
of the divergence of the current. The resulting unbounded
summation in the right hand side during marching-on-in-time
can be avoided by introducing the charge as an additional
variable, see e.g. [6] or [17]. This however leads to overhead
in both memory requirements and computation time, and as
will be shown in the following, needlessly complicates the
implementation.

III. THE MODIFIED TD-EFIE

A. Loop-Star Decomposition

In [13], a loop-tree decomposition was applied to the
differentiated TD-EFIE in order to eliminate the linear (but
not the constant) regime solutions of the discrete system.
The explicit construction of the loop-tree basis is however
inefficient for large and multiply connected geometries [14].

In [15], the loop and star components of the FD-EFIE are
separated not by explicitly constructing a loop-star basis, but
using projection matrices denoted PΛH and PΣ (see [15] for
the definition), which project a vector of RWG expansion
coeffients onto the space of loops and stars, respectively.
Using these projectors, the spatial discretization Z of the time
domain electric field integral operator can be rewritten as

Z =
�
∂tP
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�
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�
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(16)
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(17)

where the property PΛHZh = ZhP
ΛH = 0 was used. The

semi-discrete TD-EFIE (7) is equivalent to

Z �y(t) = −
�
∂−1
t PΛH + PΣ

�
e(t) (18)



where the auxiliary unknown y(t) is defined as

y(t) =
�
∂−1
t PΣ + PΛH

�
j(t). (19)

The operator Z � is discrete in space but continuous in time.
Static loop currents do not reside in its null space, and it
does not involve a temporal integration. In order to construct a
numerical solution to (18), it needs to be discretized such that
these favorable properties are conserved, and a stable MOT
scheme is obtained.

B. Temporal Discretization
In the previous section, j(t) is assumed to be piecewise

constant. In order to maintain this order of regularity, y(t) is
expanded as

y(t) =

NT�

i=1

�
p(t− iΔt)PΛH + h(t− iΔt)PΣ

�
yi (20)

h(t) =





1 + t
Δt t ∈ (−Δt, 0)

1− t
Δt t ∈ (0,Δt)

0 otherwise
. (21)

The TD-EFIE is tested with piecewise continuous temporal
testing functions. The same order of regularity is obtained by
testing the modified TD-EFIE (18) as follows
�

R

�
δ(t− jΔt)PΛH +

1

Δt
p(t− jΔt)PΣ

�
(Eq. (18)) dt

(22)
for j = 1, 2, ..., NT , where δ(t) is the Dirac delta distribution.
Again, a MOT equation is obtained:

−Z�
0yj =

j�
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Z�
iyj−i + e�j (23)

where the matrices Z�
i are constructed from four components:

Z�
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PΛH PΣ
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�
(24)

as defined in equations (25a) – (25d) on top of the next page.
The excitation vector e�j is given by

e�j =
�

R

�
δ(t− jΔt)∂−1

t PΛH +
1

Δt
p(t− jΔt)PΣ

�
e(t) dt.

(26)
Note that this system does not allow constant regime

solutions. Indeed, the off-diagonal blocks contain derivatives
and disappear when applied to constant solutions, while the
diagonal blocks that remain do not contain any derivatives
and are known to be invertible on their corresponding spatial
subspaces.

Once the expansion coefficients yi are found, the physical
current j(r, t) on Γ is given by

j(r, t) =

NS�

m=1

NT�

j=1

jm,j p(t− jΔt) fm(r) (27)

jm,j =

�
PΛHyj + PΣ 1

Δt
(yj − yj−1)

�

m

. (28)

In this temporal discretization scheme, the loop and star
components of the unknown are expanded in different basis
functions, and the loop and star components of the equation
are tested with different testing functions. If only one set of
basis functions (p(t− iΔt) or h(t− iΔt)), or only one set of
testing functions (δ(t− iΔt) or p(t− iΔt)) is used, the MOT
algorithm becomes unstable.

In addition, the absence of temporal integration implies that
the number of non-zero interaction matrices is finite and that
there is no need for auxiliary variables to store cummulative
values.

IV. NUMERICAL EXAMPLE

Consider a perfectly conducting torus with outer radius
0.8 m and inner radius 0.2 m (Fig. 1). The torus is illuminated
by a Gaussian pulse

ei(r, t) =
4A

w
√
π
p̂ exp

�
−
�
4

w

�
c(t− t0)− k̂ · r

��2
�

(29)
with amplitude A = 1 V , polarization p̂ = 1̂x, direction k̂ =
1̂x, width w = 10 m and time of arrival t0 = 100 ns.

The torus is approximated by a triangle mesh on which
NS = 918 RWG functions are defined. The time step is chosen
as 0.83 ns (or cΔt = 0.25 m). The scattering problem is
treated using the standard TD-EFIE (Section II), and using
the modified TD-EFIE (Section III).

The resulting currents on the edge indicated by the arrow
in Fig. 1 is shown in Fig. 2, as well as the difference between
them. In the beginning of the simulation (ct < 75 m), the
two simulations match very well. However, the standard TD-
EFIE simulation ends in a constant loop current, whereas with
the modified TD-EFIE, the current expansion coefficient goes
down to 10−14, at which point the finite numerical precision
comes into play. This shows that the modified TD-EFIE is
immune to the DC instability that plagues the standard TD-
EFIE.

The stability of the two schemes can also be compared in
more detail, using the eigenvalue analysis technique outlined
in [11]. The stability of a MOT system with system matrices
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Fig. 1. Triangle mesh for a torus. The arrow indicates the edge on which
the current is observed in Fig. 2.
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Fig. 2. Current on the torus (Fig. 1), obtained by both the standard TD-EFIE
and the modified TD-EFIE.

Z0, Z1, Z2, ... is determined by the eigenvalues λi of the
companion matrix




−Z−1
0 Z1 −Z−1

0 Z2 · · ·
1 0 · · ·
0 1 · · ·
...

...
. . .


 . (30)

Eigenvalues that are located outside the unit circle (|λi| >
1) indicate an unstable system. Eigenvalues that are located
on the unit circle (|λi| = 1) indicate that the MOT system
supports sourceless regime solutions. Static regime solutions
correspond to eigenvalues equal to 1.

The results of this eigenvalue analysis are plotted in Fig. 3.
Both the standard TD-EFIE (left) and the modified TD-EFIE
(right) do not exhibit eigenvalues outside the unit circle. The
companion matrix of the standard TD-EFIE has an eigenvalue
equal to 1, with multiplicity equal to the number of RWG
loops. This corresponds to the DC instability which was also
observed in Fig. 2. For the modified TD-EFIE, however, there
are no eigenvalues equal to one. This further proves that the
proposed modified TD-EFIE formulation effectively eliminates
DC instability.
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Fig. 3. Eigenvalue analysis of the stability of the standard TD-EFIE (left)
and the modified TD-EFIE (right), applied to the torus in Fig. 1.

V. CONCLUSION

In this contribution, a modified TD-EFIE formulation was
proposed which is immune to DC instability. This is achieved
by separating the loop and star components using projection
operators, which does not require the explicit construction of
a loop-star basis. A judicially constructed space-time Galerkin
method then results in a system of linear equations which can
be solved using the marching-on-in-time algorithm.
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