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DISCRETE CHARACTERIZATIONS OF WAVE FRONT SETS OF
FOURIER-LEBESGUE AND QUASIANALYTIC TYPE

ANDREAS DEBROUWERE AND JASSON VINDAS

Abstract. We obtain discrete characterizations of wave front sets of Fourier-
Lebesgue and quasianalytic type. It is shown that the microlocal properties of
an ultradistribution can be obtained by sampling the Fourier transforms of its
localizations over a lattice in Rd. In particular, we prove the following discrete
characterization of the analytic wave front set of a distribution f ∈ D′(Ω). Let
Λ be a lattice in Rd and let U be an open convex neighborhood of the origin
such that U ∩Λ∗ = {0}. The analytic wave front set WFA(f) coincides with the
complement in Ω× (Rd \ {0}) of the set of points (x0, ξ0) for which there are an
open neighborhood V ⊂ Ω∩ (x0 +U) of x0, an open conic neighborhood Γ of ξ0,
and a bounded sequence (fp)p∈N in E ′(Ω∩ (x0 +U)) with fp = f on V such that
for some h > 0

sup
µ∈Γ∩Λ

|f̂p(µ)||µ|p ≤ hp+1p! , ∀p ∈ N.

1. Introduction

In this article we provide discrete characterizations of wave front sets of various
types. We shall show that the microlocal properties of (ultra)distributions are com-
pletely determined by the decay properties of the restrictions of Fourier transforms
of their localizations to an arbitrary lattice in Rd. To this end, we also study Fourier
series expansions of ultradistributions. The paper refines and extends earlier results
on toroidal wave front sets from [19, 30].

Wave front sets play a fundamental role in the analysis of propagation of singu-
larities of solutions to partial differential equations. The classical wave front set,
originally introduced by Hörmander [13], is defined with respect to C∞-smoothness,
but this concept can be refined to include wave front sets with respect to other
smoothness scales, such as Denjoy-Carleman classes and, in particular, analyticity
[14, 18, 27]. More recently, wave front sets with respect to Fourier-Lebesgue spaces
and other classes of Banach and Fréchet spaces have been introduced and stud-
ied in [6, 7, 24, 25]. All of these variants have been systematically applied to the
study of regularity properties of various classes of pseudo-differential operators and
semilinear equations. The notion of wave front set has also relevant applications in
mathematical physics, see the expository article [5] for an overview.

The question of whether the wave front set of a distribution can be described in a
discrete fashion goes back to Ruzhansky and Turunen [30]. Naturally, this is a very
important question from a computational point of view. Their work is motivated by
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2 A. DEBROUWERE AND J. VINDAS

the study of (global) quantization of periodic pseudo-differential operators through

Fourier series [30, 31]. Denoting as WF Td(f) the (C∞) toroidal wave front set of
a distribution f on the d-dimensional torus Td, they have established the equality
[30, Sect. 7]

(1.1) WF Td(f) = WF (f) ∩ (Td × Zd),
where WF (f) stands for the classical Hörmander wave front set when regarding f
as a distribution on Rd. The latter equality further extends to Sobolev-type and
Gevrey wave front sets, as recently shown in [8, 19]. It should also be mentioned
that Rodino and Wahlberg [28] and Johansson et al. [15] have investigated discrete
definitions of microregularity properties of distributions via Gabor frames.

Our goal here is to generalize (1.1) in several directions. On the one hand, we
prove that the equality (1.1) remains valid for wave front sets of Fourier-Lebesgue
and quasianalytic types. On the other hand, we replace Zd in (1.1) by an arbitrary
lattice in Rd. Since we will actually reformulate the equality (1.1) in slightly dif-
ferent terms, namely, in terms of discretized estimates for Fourier transforms, the
arbitrariness of the lattice strengthens the potential computational content of the
results.

We now briefly describe the content of the paper and state some samples of our
results. We mention that we will work with both the Beurling-Björck [3] and the
Komatsu [17] approach to the theory of ultradifferentiable functions and ultradis-
tributions (see the preliminary Section 2 for the notation). It turns out that many
of the arguments employed in the article depend upon the use of Fourier series of
ultradistributions with respect to a lattice. In the case of ω-ultradistributions, to
the best of our knowledge, this topic is not available in the literature. Section 3
gives a concise presentation of the theory of Fourier series expansions of periodic
ultradistributions.

Section 4 is dedicated to discrete characterizations of the Fourier-Lebesgue wave
front set of a non-quasianalytic ω-ultradistribution with respect to a so-called ω-
moderate weight. In particular, our considerations apply to the wave front sets
WF(ω) and WF{ω}. It is worth mentioning that the latter two classes of wave front
sets have been recently studied by Albanese et al. [1] and Fernández et al. [9] in
connection with regularity of solutions to linear PDE. Note that wave front sets with
respect to Fourier-Lebesgue spaces were originally introduced in [16, 24, 25], but we
remark that here we allow weights with much larger growth than those considered
in the forementioned works. In addition, our results apply to more general classes
of ultradistributions. The authors believe that the Beurling-Björck theory is the
most natural framework for microlocal analysis based on Fourier-Lebesgue spaces.

Our results from Section 4 already include discrete characterizations of Gevrey
{s}- and (s)-microregularity for s > 1 [27]. Moreover, they also contain the case
of microregularity with respect to certain classes of non-quasianalytic weight se-
quences. In Section 5 we further extend our analysis to weight sequences satisfying
milder assumptions. In the non-quasianalytic case, we shall show the following the-
orem. A lattice Λ in Rd is simply a discrete subgroup of Rd which spans the real
vector space Rd. The dual lattice of Λ is the discrete group Λ∗ = {µ∗ ∈ Rd : µ ·µ∗ ∈
Z, ∀µ ∈ Λ}.
Theorem 1.1. Let (Mp)p∈N be a weight sequence satisfying the conditions (M.1),
(M.2)′, and (M.3)′ and having associated function M (see Subsection 2.2). Suppose
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that Λ is a lattice in Rd and let U be an open convex neighborhood of the origin such
that U∩Λ∗ = {0}. The Roumieu wave front set WF{Mp}(f) (the Beurling wave front

set WF(Mp)(f)) of an ultradistribution f ∈ D(Mp)′(Ω) coincides with the complement
in Ω× (Rd \ {0}) of the set of all points (x0, ξ0) for which there exist an open conic
neighborhood Γ of ξ0 and ϕ ∈ D(Mp)(Ω ∩ (x0 + U)) with ϕ ≡ 1 in a neighborhood of
x0 such that for some r > 0 (for every r > 0)

sup
µ∈Γ∩Λ

|ϕ̂f(µ)|eM(rµ) <∞.

Our main result from Section 5, Theorem 5.2, actually covers quasianalytic wave
front sets. Specializing Theorem 5.2 to the analytic wave front set of a distribution,
one obtains:

Theorem 1.2. Let Λ be a lattice in Rd and let U be an open convex neighborhood
of the origin such that U ∩ Λ∗ = {0}. The analytic wave front set WFA(f) of a
distribution f ∈ D′(Ω) coincides with the complement in Ω× (Rd \{0}) of the set of
points (x0, ξ0) for which there are an open neighborhood V ⊆ Ω∩ (x0 +U) of x0, an
open conic neighborhood Γ of ξ0, and a bounded sequence (fp)p∈N in E ′(Ω∩(x0 +U)),
with fp = f on V for all p ∈ N, such that for some h > 0

sup
µ∈Γ∩Λ

|f̂p(µ)||µ|p ≤ hp+1p! , ∀p ∈ N.

2. Preliminaries

In this section we fix the notation and explain the spaces of ultradifferentiable
functions and ultradistributions needed in this article.

2.1. Spaces defined via weight functions. We start with the Beurling-Björck
approach to ultradistribution theory via weight functions [3] (see also [4]). A weight
function on Rd is simply a non-negative measurable function. Throughout the
article we shall always assume that ω is an even weight function satisfying ω(0) = 0
and the following three conditions:

(α) ω(ξ1 + ξ2) ≤ ω(ξ1) + ω(ξ2), ∀ξ1, ξ2 ∈ Rd,

(β)

∫
|ξ|>1

ω(ξ)

|ξ|d+1
dξ <∞,

(γ) there exist a ∈ R and C > 0 such that ω(ξ) ≥ a+C log(1 + |ξ|), ∀ξ ∈ Rd.

It should be noticed that measurability and subadditivity, namely, condition (α),
ensure that ω is locally bounded [2, 12].

Let Ω ⊆ Rd be open, K b Ω (a compact subset in Ω) and λ > 0. The Banach
space Dλω(K) consists of those ϕ ∈ L1(Rd) such that suppϕ ⊆ K and

‖ϕ‖λ = ‖ϕ‖ω,λ := sup
ξ∈Rd
|ϕ̂(ξ)|eλω(ξ) <∞.

Set further
D(ω)(Ω) = lim−→

KbΩ

lim←−
λ→∞
Dλω(K).

Condition (γ) yields D(ω)(Ω) ⊆ D(Ω). Its dual D′(ω)(Ω) is the ultradistribution

space of class (ω) (or Beurling type). We define E(ω)(Ω) as the space of multipliers
of D(ω)(Ω), that is, a function ϕ ∈ E(ω)(Ω) if and only if ϕψ ∈ D(ω)(Ω) for all
ψ ∈ D(ω)(Ω). Its topology is generated by the family of seminorms ϕ → ‖ϕψ‖λ,
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λ > 0, ψ ∈ D(ω)(Ω). Clearly, E ′(ω)(Ω) is the subspace of D′(ω)(Ω) consisting of

ultradistributions with compact support. The space S(ω)(Rd) consists of all those
ϕ ∈ C∞(Rd) such that

sup
x∈Rd
|ϕ(α)(x)|eλω(x) <∞ and sup

ξ∈Rd
|ϕ̂(α)(ξ)|eλω(ξ) <∞, ∀λ > 0, ∀α ∈ Nd;

its Fréchet space topology being defined in the canonical way. We shall fix the
constants in the Fourier transform as

Fϕ(ξ) = ϕ̂(ξ) =

∫
Rd
ϕ(x)e−2πiξ·xdx.

Since the Fourier transform is an automorphism of S(ω)(Rd), it can be extended by
duality to S ′(ω)(Rd), the so-called space of (ω)-tempered ultradistributions.

Naturally, one may also define the spaces of class {ω} (Roumieu type) D{ω}(Ω),
D′{ω}(Ω), E{ω}(Ω), E ′{ω}(Ω), S{ω}(Rd), and S ′{ω}(Rd) by simply switching the universal
quantifier ∀ over λ to an existential one. When considering these spaces, we shall
always assume that ω satisfies a stronger condition than (γ), namely,

(γ0) lim
|ξ|→∞

ω(ξ)

log(1 + |ξ|)
=∞.

For instance,
D{ω}(Ω) = lim−→

KbΩ

lim−→
λ→0+

Dλω(K),

and (γ0) ensures that D{ω}(Ω) ( D(Ω).
Note that if ω(ξ) = log(1+ |ξ|), one then recovers the classical Schwartz spaces as

particular instances of the Beurling case. Another important example of a weight
function is provided by the Gevrey weights ω(ξ) = |ξ| 1s , s > 1; in such a case one
obtains the well known Gevrey function and ultradistribution spaces [27, 16].

We shall also work with weighted Fourier-Lebesgue spaces [3, Chap. II]. A weight
function v is said to be (ω)-moderate ({ω}-moderate) if there are C, λ > 0 (for every
λ > 0 there is C = Cλ > 0) such that

(2.1) v(ξ1 + ξ2) ≤ Cv(ξ1)eλω(ξ2), ∀ξ1, ξ2 ∈ Rd.

The classes of all (ω)-moderate and {ω}-moderate weight functions are denoted by
M(ω) and M{ω}, respectively. Let q ∈ [1,∞]; the (weighted) Fourier–Lebesgue space
FLqv (with respect to v ∈M(ω)) is the Banach space of all f ∈ S ′(ω)(Rd) such that

f̂ ∈ Lqv(Rd), that is, f̂ is locally integrable and ‖f‖FLqv := ‖f̂‖Lqv = ‖f̂ v‖Lq < ∞.
Clearly, if v ∈M{ω}, then FLqv ⊂ S ′{ω}(Rd).

2.2. Weight sequences. Another useful and widely used approach to the theory
of ultradifferentiable functions and ultradistributions is via weight sequences [17].
Let (Mp)p∈N be a sequence of positive real numbers (with M0 = 1). We will make
use of some of the following conditions:

(M.1) M2
p ≤Mp−1Mp+1, p ≥ 1,

(M.2)′ Mp+1 ≤ AHpMp, p ∈ N, for some A,H > 0,
(M.2) Mp ≤ AHp min

1≤q≤p
{MqMp−q}, p ∈ N, for some A,H > 0,

(M.3)′
∞∑
p=1

Mp−1

Mp

<∞.
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The associated function of (Mp)p is defined as

M(t) := sup
p∈N

log
tp

Mp

, t > 0.

Its log-convex regularization is the sequence M c
p = sup

t>0

tp

eM(t)
, p ∈ N, the greatest

log-convex minorant of (Mp)p; note that (Mp)p satisfies (M.1) if and only if (Mp)p =
(M c

p)p (see [17]). As usual, the relation Mp ⊂ Np between two weight sequences
means that there are C, h > 0 such that Mp ≤ ChpNp, p ∈ N. The stronger relation
Mp ≺ Np means that the latter inequality remains valid for every h > 0 and a
suitable C = Ch > 0.

Let Ω ⊆ Rd be open. For K b Ω and h > 0, one writes E{Mp},h(K) for the space
of all ϕ ∈ C∞(Ω) such that

‖ϕ‖E{Mp},h(K) := sup
x∈K
α∈Nd

|ϕ(α)(x)|
h|α|M|α|

<∞,

and D{Mp},h
K stands for the closed subspace of E{Mp},h(K) consisting of functions

with compact support in K. Further on,

D(Mp)(Ω) = lim−→
KbΩ

lim←−
h→0+

D{Mp},h
K , D{Mp}(Ω) = lim−→

KbΩ

lim−→
h→∞
D{Mp},h
K ,

and

E (Mp)(Ω) = lim←−
KbΩ

lim←−
h→0+

E{Mp},h(K), E{Mp}(Ω) = lim←−
KbΩ

lim−→
h→∞
E{Mp},h(K);

their duals are the spaces of Mp-ultradistributions and compactly supported Mp-
ultradistributions of Beurling and Roumieu type, respectively [17].

It is important to point out that under certain circumstances these spaces coincide
with those discussed in Subsection 2.1. For instance, Petzsche and Vogt have shown
[23, Sect. 5] (see also [20, Satz 2.3]) that if the weight sequence (Mp)p satisfies (M.1),
(M.2), (M.3)′, and the condition

(M.4)
Mp

p!
⊂
(
Mp

p!

)c
,

then one can always find a weight function ω fulfilling (α), (β), (γ0), and ω � M ,
such that D(ω)(Ω) = D(Mp)(Ω) and D{ω}(Ω) = D{Mp}(Ω), topologically. Further-
more, they proved, under (M.2), that (M.4) is equivalent to the so-called Rudin
condition:

(M.4)′′ max
q≤p

(
Mq

q!

) 1
q

≤ A

(
Mp

p!

) 1
p

, p ∈ N, for some A > 0.

((M.4)′′ is equivalent to the property that E (Mp)(Ω) and E{Mp}(Ω) are inverse closed,
cf. [29, 26].) Finally, it is worth mentioning that strong non-quasianalyticity (i.e.,
Komatsu’s condition (M.3) [17]) automatically yields (M.4), as shown by Petzsche
[22, Prop. 1.1].
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3. Periodic ultradistributions

Let Λ be a lattice in Rd. An ultradistribution f is said to be Λ-periodic if
f( · + µ) = f for all µ ∈ Λ. We denote as D′pΛ,(ω) and D′pΛ,{ω} the spaces of Λ-
periodic ω-ultradistributions of Beurling and Roumieu type, respectively. We also
consider DpΛ,(ω) = E(ω)(Rd) ∩ D′pΛ,(ω) and DpΛ,{ω} = E{ω}(Rd) ∩ D′pΛ,{ω}, which are

easily seen to be closed subspaces of E(ω)(Rd) and E{ω}(Rd), respectively.
We shall show in this section that every Λ-periodic ω-ultradistribution can be

expanded into a Fourier series. For it, we select a fundamental region IΛ for the
lattice, namely, a connected set IΛ ⊆ Rd with the property that the restriction of
the quotient mapping Rd → Rd/Λ to IΛ is a bijection. The set IΛ is of course a
d-dimensional parallelepiped and Rd =

⋃
µ∈Λ(µ+ IΛ). It can be readily shown that

|Λ| := vol(IΛ) does not depend on the choice of the fundamental region IΛ. As in
the introduction, Λ∗ stands for the dual lattice of Λ. Clearly, Λ = Λ∗∗. Many of our
arguments in this section are based on the Poisson summation formula [14], which
in this context takes the form

(3.1)
∑
µ∈Λ

e2πiξ·µ =
1

|Λ|
∑
µ∗∈Λ∗

δ(ξ − µ∗) in S ′(Rd).

Given f ∈ E ′(ω)(Rd) (or whenever it makes sense), we denote as fpΛ
its Λ-periodization,

that is, the Λ-periodic ω-ultradistribution

(3.2) fpΛ
:=
∑
µ∈Λ

f( · + µ).

We begin with a useful lemma.

Lemma 3.1. There is η ∈ D(ω)(Rd) such that ηpΛ
= 1, namely,

(3.3)
∑
µ∈Λ

η(x+ µ) = 1, x ∈ Rd.

Proof. Fourier transforming (3.3) and employing the Poisson summation formula
(3.1), one obtains that the relation (3.3) would be satisfied if we find η ∈ D(ω)(Rd)
such that η̂(0) = |Λ| and η̂(µ∗) = 0 for every µ∗ ∈ Λ∗ \ {0}. Select d vectors
µ1, . . . , µd that generate the Abelian group Λ and that span Rd, and pick ϕ ∈
D(ω)(Rd) such that

∫
Rd ϕ(x)dx = |Λ|. The function η given in Fourier side as

η̂(ξ) = ϕ̂(ξ)
d∏
j=1

sin(2πξ · µj)
2πξ · µj

satisfies all requirements. �

We employ the notation ey(x) = e2πiy·x, where y is a fixed vector of Rd. Given a
locally integrable Λ-periodic function φ, its Fourier coefficients with respect to the
lattice Λ are given by

(3.4) cµ∗ = cµ∗(φ) =
1

|Λ|

∫
IΛ

φ(x)e−µ∗(x)dx, µ∗ ∈ Λ∗.
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Obviously, the integral in (3.4) does not depend on the choice of IΛ; in fact, these
coefficients can be also computed as

(3.5) cµ∗ =
1

|Λ|

∫
Rd
φ(x)η(x)e−µ∗(x)dx =

1

|Λ|
(̂φη)(µ∗),

where η is as in Lemma 3.1. Note that we thus have cµ∗(eν∗) = δν∗µ∗ , as immediately
follows from (3.5). The next lemma shows that DpΛ,(ω) and DpΛ,{ω} are isomorphic
to t.v.s of ω-rapidly decreasing functions on the dual lattice Λ∗, namely,

S(ω)(Λ
∗) = lim←−

λ→∞
Sλω(Λ∗) and S{ω}(Λ∗) = lim−→

λ→0+

Sλω(Λ∗),

where

Sλω(Λ∗) =

{
(cµ∗)µ∗∈Λ∗ ∈ CΛ∗ : σλ((cµ∗)) := sup

µ∗∈Λ∗
|cµ∗|eλω(µ∗) <∞

}
, λ ∈ R.

(In the Roumieu case we assume that (γ0) holds.)

Lemma 3.2. If φ ∈ DpΛ,(ω) (φ ∈ DpΛ,{ω}), then

(3.6) φ =
∑
µ∗∈Λ∗

cµ∗eµ∗ ,

with convergence in DpΛ,(ω) (DpΛ,{ω}), where the Fourier coefficients cµ∗ are given
by (3.4). Moreover, the mapping φ 7→ (cµ∗)µ∗∈Λ∗ yields the (t.v.s.) isomorphisms
DpΛ,(ω)

∼= S(ω)(Λ
∗) and DpΛ,{ω}

∼= S{ω}(Λ∗).

Proof. Let η ∈ D(ω)(Rd) be as in Lemma 3.1. The relation (3.5) then yields

|cµ∗(φ)| = |Λ|−1
∣∣∣η̂φ(µ∗)

∣∣∣ ≤ |Λ|−1‖ηφ‖λe−λω(µ∗),

which shows the continuity of φ 7→ (cµ∗(φ))µ∗∈Λ∗ in both cases. On the other hand,
if (cµ∗)µ∗∈Λ∗ ∈ S(ω)(Λ

∗) (or (cµ∗)µ∗∈Λ∗ ∈ S{ω}(Λ∗)), F is a finite subset of Λ∗, and
ψ ∈ D(ω)(Rd) (ψ ∈ D{ω}(Rd)), then

‖ψ
∑

µ∗∈Λ∗\F

cµ∗eµ∗‖λ ≤ ‖ψ‖λσ2λ((cµ∗))
∑

µ∗∈Λ∗\F

e−λω(µ∗) .

This proves that
∑

µ∗∈Λ∗ cµ∗eµ∗ is summable in DpΛ,(ω) (in DpΛ,{ω}) and that the

mapping (cµ∗)µ∗∈Λ∗ 7→
∑

µ∗∈Λ∗ cµ∗eµ∗ is also continuous. The convergence of (3.6) is

now a consequence of the injectivity of φ 7→ (cµ∗(φ))µ∗∈Λ∗ , which of course follows
from the case Λ = Zd by a linear change of variables1. Alternatively, this injectivity

can also be established as follows. If φ is such that cµ∗(φ) = |Λ|−1(̂φη)(µ∗) = 0
for every µ∗ ∈ Λ∗, then, for an arbitrary ψ ∈ D(Rd), we have

∫
Rd φ(x)ψ(x)dx =∫

Rd φ(x)η(x)ψpΛ
(x)dx. Hence, by the Poisson summation formula,∫
Rd
φ(x)ψ(x)dx =

1

|Λ|

〈
(̂φη)(−ξ),

∑
µ∗∈Λ∗

ψ̂(ξ)δ(ξ − µ∗)

〉

=
1

|Λ|
∑
µ∗∈Λ∗

ψ̂(−µ∗)(̂φη)(µ∗) = 0.

Therefore, we must have φ = 0. �

1Every lattice in Rd is of the form Λ = T (Zd), where T is an invertible matrix.
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We are ready to deal with Fourier expansions of ω-ultradistributions. The treat-
ment is similar to the distribution case [32], but we give the details for the sake of
completeness. Observe first that a standard argument shows that

S ′(ω)(Λ
∗) = lim−→

λ→∞
S−λω (Λ∗) and S ′{ω}(Λ∗) = lim←−

λ→0+

S−λω (Λ∗).

Lemma 3.2 then yields that the duals of DpΛ,(ω) and DpΛ,{ω} are isomorphic to
these spaces and their elements can be expanded as g =

∑
µ∗∈Λ∗ cµ∗(g)eµ∗ with

(cµ∗(g))µ∗∈Λ∗ being an element of S ′(ω)(Λ
∗) or S ′{ω}(Λ∗), respectively, and

〈g, φ〉(DpΛ,ω
)′×DpΛ,ω

= |Λ|
∑
µ∗∈Λ∗

c−µ∗(g)cµ∗(φ),

where ω stands for either the Beurling case (ω) or the Roumieu case {ω}, respec-
tively.

In the rest of the discussion η stands for a test function as in Lemma 3.1. Given
f ∈ D′pΛ,(ω) (f ∈ D′pΛ,{ω}), we identify it with an element g of the dual of DpΛ,(ω)

(DpΛ,{ω}) as follows:

(3.7) 〈g, φ〉(DpΛ,ω
)′×DpΛ,ω

:= 〈f, ηφ〉D′ω(Rd)×Dω(Rd), φ ∈ DpΛ,ω .

The definition of g is independent of the choice of η, as can be readily verified. The
Λ-periodic ω-ultradistribution f can be recovered on Rd from g as

(3.8) 〈f, ϕ〉D′ω(Rd)×Dω(Rd) = 〈g, ϕpΛ
〉(DpΛ,ω

)′×DpΛ,ω
, ϕ ∈ Dω(Rd).

Using g, one defines the Fourier coefficients of f as

(3.9) cµ∗(f) := cµ∗(g) =
1

|Λ|
〈f, ηe−µ∗〉, µ∗ ∈ Λ∗.

Summarizing, we have:

Proposition 3.3. Every f ∈ D′pΛ,(ω) (f ∈ D′pΛ,{ω}) can be expanded as

(3.10) f =
∑
µ∗∈Λ∗

cµ∗eµ∗ in D′(ω)(Rd) (in D′{ω}(Rd)),

where the Fourier coefficients cµ∗ are given by (3.9). The mapping f 7→ (cµ∗)µ∗∈Λ∗

provides the (t.v.s.) isomorphisms D′pΛ,(ω)
∼= S ′(ω)(Λ

∗) and D′pΛ,{ω}
∼= S ′{ω}(Λ∗).

Proof. Writing g =
∑

µ∗∈Λ∗ cµ∗(f)eµ∗ for the ultradistribution given by (3.7), we
obtain

〈f, ϕ〉 = 〈g, ϕpΛ
〉 = |Λ|

∑
µ∗∈Λ∗

cµ∗(f)c−µ∗(ϕpΛ∗ ) =
∑
µ∗∈Λ∗

cµ∗(f)

∫
Rd
η(x)ϕpΛ

(x)eµ∗(x)dx,

which proves (3.10) because
∫
Rd ϕ(x)eµ∗(x)dx =

∫
Rd η(x)ϕpΛ

(x)eµ∗(x)dx. Note that
the correspondence f 7→ g provides continuous mappings D′pΛ,(ω) → (DpΛ,(ω))

′

and D′pΛ,{ω} → (DpΛ,{ω})
′, as directly follows from (3.7). Their inverse mappings

(cf. (3.8)) are the transposes of the continuous mappings D(ω)(Rd) → DpΛ,(ω) and
D{ω}(Rd)→ DpΛ,{ω} given by ϕ 7→ ϕpΛ

, so they are continuous as well. �
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In view of Proposition 3.3, we can canonically identify D′pΛ,(ω) and D′pΛ,{ω} with

the duals of DpΛ,(ω) and DpΛ,{ω} via the Fourier series (3.10), so that we simply write
D′pΛ,(ω) = (DpΛ,(ω))

′ and D′pΛ,{ω} = (DpΛ,{ω})
′. This convention of course amounts to

the same as the identification f = g by means of (3.7) and (3.8).
We can also define weighted Fourier-Lebesgue spaces with respect to the dual

lattice Λ∗. Let v ∈ M(ω) and q ∈ [1,∞]. The Banach space F lqv,Λ∗ consists of all
f =

∑
µ∗∈Λ∗ cµ∗eµ∗ ∈ D′pΛ,(ω) such that (cµ∗)µ∗∈Λ∗ ∈ lqv(Λ∗), namely,

|f |F lq
v,Λ∗

:= ‖(cµ∗)µ∗∈Λ∗‖lqv(Λ∗) = ‖(cµ∗v(µ∗))µ∗∈Λ∗‖lq(Λ∗) <∞.

Remark 3.4. Analogous results hold for Mp-ultradistributions under the assump-
tions (M.1), (M.2)′, and (M.3)′. In fact, assume that the sequence (Mp)p∈N satisfies

these three conditions and consider D(Mp)
pΛ

′
and D{Mp}

pΛ

′
, the subspaces of D(Mp)′(Rd)

and D{Mp}′(Rd), respectively, consisting of Λ-periodic Mp-ultradistributions. Then,
every Λ-periodic Mp-ultradistribution admits the Fourier expansion (3.10) with con-

vergence in D(Mp)′(Rd) or D{Mp}′(Rd), respectively. Furthermore, f 7→ (cµ∗)µ∗∈Λ∗

also yields t.v.s. isomorphismsD(Mp)
pΛ

′ ∼= S(Mp)′(Λ∗) := lim−→
h→∞
SMp,−h(Λ∗) andD{Mp}

pΛ

′ ∼=

S{Mp}′(Λ∗) := lim←−
h→0+

SMp,−h(Λ∗), where

SMp,−h(Λ∗) =

{
(cµ∗)µ∗∈Λ∗ ∈ CΛ∗ : sup

µ∗∈Λ∗
|cµ∗|e−M(hµ∗) <∞

}
.

The proofs of these assertions can be obtained exactly as for ω-ultradistributions.
We also refer to [11, 20] for studies involving Fourier series of Mp-ultradistributions.

4. Wave front sets of Fourier-Lebesgue type

The aim of this section is to provide a discrete characterization of wave front
sets of Fourier-Lebesgue type. Besides the conditions (α), (β), and (γ), we impose
throughout this section the following additional assumption on ω: The weight ω is
a non-decreasing function of |ξ|, namely,

(α0) ω(ξ) = ω0(|ξ|), ξ ∈ Rd, where ω0 : [0,∞)→ [0,∞) is non-decreasing.

We need to introduce some notation in order to define the Fourier-Lebesgue wave
front set of an ω-ultradistribution. Let v ∈M(ω), let q ∈ [1,∞], and let Γ be a cone
in Rd. If g ∈ S ′(ω)(Rd) is such that ĝ is locally integrable in an open neighborhood
of Γ, we consider the seminorm

(4.1) |g|FLq,Γv := ‖ĝ‖Lqv(Γ) = ‖ĝ 1Γ‖Lqv ,
where 1A stands for the characteristic function of a set A. The seminorm (4.1) is
in particular well-defined if g ∈ E ′(ω)(Rd), but naturally it might become ∞.

Let now f ∈ D′(ω)(Ω). The ω-ultradistribution f is said to be FLqv-microlocally

regular at the point (x0, ξ0) ∈ Ω×(Rd\{0}) if there are an open conic neighborhood
Γ of ξ0 and a test function ϕ ∈ D(ω)(Ω) with ϕ(x0) 6= 0 such that

(4.2) |ϕf |FLq,Γv <∞.

The wave front set WFFLqv(f) consists of all those points (x0, ξ0) ∈ Ω× (Rd \ {0})
such that f is not FLqv-microlocally regular at (x0, ξ0).
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We are now ready to state the main theorem of this section, a discrete charac-
terization of WFFLqv(f) with respect to a lattice.

Theorem 4.1. Let Λ be a lattice in Rd, f ∈ D′(ω)(Ω), v ∈ M(ω), q ∈ [1,∞], and

(x0, ξ0) ∈ Ω × (Rd\{0}). Suppose that U is an open convex neighborhood of the
origin such that U ∩Λ∗ = {0} and x0 +U ⊆ Ω. Then, the following statements are
equivalent:

(i) There are an open conic neighborhood Γ of ξ0 and ϕ ∈ D(ω)(x0 + U) with
ϕ(x0) 6= 0 such that∥∥∥(ϕ̂f(µ))µ∈Γ∩Λ

∥∥∥
lqv(Γ∩Λ)

<∞.

(ii) f is FLqv-microlocally regular at (x0, ξ0).

Part of the proof of Theorem 4.1 is based on the ensuing lemma:

Lemma 4.2.

(i)′ Condition (i) from Theorem 4.1 implies that there are an open conic neigh-
borhood Γ1 of ξ0 and an open neighborhood U1 ⊆ U of the origin such that
for every bounded set B ⊆ D(ω)(x0 + U1)

sup
ψ∈B

∥∥∥(ψ̂f(µ))µ∈Γ1∩Λ

∥∥∥
lqv(Γ1∩Λ)

<∞.

(ii)′ Condition (ii) from Theorem 4.1 implies that there are an open conic neigh-
borhood Γ1 of ξ0 and an open neighborhood U1 of the origin such that for
every bounded set B ⊆ D(ω)(x0 + U1)

sup
ψ∈B
|ψf |FLq,Γ1

v
<∞.

Proof. We only prove (i)′, because the second assertion can be established in a
similar fashion by replacing sums by integrals. Assume condition (i) of Theorem
4.1. We begin by finding suitable Γ1 and U1. Choose an open conic neighborhood
Γ1 of ξ0 such that Γ1 ⊆ Γ ∪ {0}. Let m ∈ Z+ be such that m−1 is smaller than
the distance between ∂Γ and the intersection of Γ1 with the unit sphere, and also
smaller than the distance between ∂Γ1 and the intersection of Rd\Γ with the unit
sphere. Hence ξ ∈ Γ1 and y /∈ Γ imply that |ξ − y| ≥ m−1 max(|ξ|, |y|). As U1 we
select any open neighborhood U1 of 0 such that U1 b U ∩{x : ϕ(x+x0) 6= 0} =: U2.
In addition, pick κ ∈ D(ω)(x0 + U2) such that κ ≡ 1 on x0 + U1. Observe that2

θ := κ/ϕ ∈ D(ω)(x0 + U2). Let now B ⊆ D(ω)(x0 + U1) be a bounded subset.
If ψ ∈ B we have that ψf = ϕψ1f , where ψ1 is an element of the bounded set
B1 := θB ⊆ D(ω)(x0 + U1). Next, notice that there is a fundamental region IΛ∗ of
the dual lattice Λ∗ such that x0 + U ⊆ IΛ∗ . Since for an arbitrary g ∈ E ′(ω)(Rd)
having support in the interior of IΛ∗ we have that the Fourier coefficients of its
Λ∗-periodization (cf. Section 3) are given by (ĝ(µ))µ∈Λ, we obtain

(ϕf)pΛ∗ =
∑
µ∈Λ

aµeµ,

2In fact, Beurling theorem [2, 3] tells us that the condition (β) is equivalent to the regularity of
the Beurling algebras L1

eωλ with weights ωλ(ξ) := λω(ξ). As a consequence of the general theory
of regular commutative Banach algebras [10], one obtains that analytic functions act locally on
each F(L1

eωλ ); in particular, E(ω)(Rd) and E{ω}(Rd) are inverse closed.
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with aµ = ϕ̂f(µ). Furthermore, since (ψf)pΛ∗ = (ϕf)pΛ∗ (ψ1)pΛ∗ , we conclude that

ψ̂f(µ) =
∑
β∈Λ

aβψ̂1(µ− β), µ ∈ Λ.

Thus, by (2.1),∥∥∥(ψ̂f(µ))µ∈Γ1∩Λ

∥∥∥
lqv(Γ1∩Λ)

≤ C

∥∥∥∥∥∥
(∑
β∈Λ

|aβ|v(β)|ψ̂1(µ− β)|eλω(µ−β)

)
µ∈Γ1∩Λ

∥∥∥∥∥∥
lq(Γ1∩Λ)

≤ C(I1(ψ1) + I2(ψ1)), ∀ψ ∈ B,

where

I1(ψ1) =

∥∥∥∥∥∥
( ∑
β∈Γ∩Λ

|aβ|v(β)|ψ̂1(µ− β)|eλω(µ−β)

)
µ∈Γ1∩Λ

∥∥∥∥∥∥
lq(Γ1∩Λ)

,

and

I2(ψ1) =

∥∥∥∥∥∥
 ∑
β/∈Γ∩Λ

|aβ|v(β)|ψ̂1(µ− β)|eλω(µ−β)


µ∈Γ1∩Λ

∥∥∥∥∥∥
lq(Γ1∩Λ)

.

Young’s inequality and the boundedness of B1 imply that

sup
ψ1∈B1

I1(ψ1) ≤
∥∥∥(ϕ̂f(µ))µ∈Γ∩Λ

∥∥∥
lqv(Γ∩Λ)

sup
ψ1∈B1

∑
β∈Λ

|ψ̂1(β)|eλω(β) <∞.

We now estimate I2(ψ1). By Proposition 3.3 and the fact that v is ω-moderate
there exist D,λ0 > 0 such that

(4.3) |aβ|v(β) ≤ Deλ0ω(β), ∀β ∈ Λ.

Since B1 is bounded, we have that for every γ > 0 there exists Cγ > 0 such that

(4.4) sup
ψ1∈B1

|ψ̂1(ξ)| ≤ Cγe
−γω(ξ), ∀ξ ∈ Rd.

Hence

sup
ψ1∈B1

I2(ψ1) ≤ A

∥∥∥∥∥∥
 ∑
β/∈Γ∩Λ

eλ0ω(β)−γ0ω(µ−β)


µ∈Γ1∩Λ

∥∥∥∥∥∥
lq(Γ1∩Λ)

where A = DCγ0+λ. In view of the choice of the cone Γ1 and the constant m, we
have that

sup
ψ1∈B1

I2(ψ1) ≤ A

∥∥∥∥∥∥
e−(γ0/2)ω(µ/m)

∑
β/∈Γ∩Λ

eλ0ω(β)−(γ0/2)ω(β/m)


µ∈Γ1∩Λ

∥∥∥∥∥∥
lq(Γ1∩Λ)

≤ A
∥∥∥(e−(γ0/2)ω(µ/m)

)
µ∈Γ1∩Λ

∥∥∥
lq(Γ1∩Λ)

∑
β∈Λ

e(λ0m−(γ0/2))ω(β/m) <∞,

provided that γ0 is large enough. �

We can now proceed to show Theorem 4.1.
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Proof of Theorem 4.1. Let IΛ be a fundamental region for Λ with 0 ∈ IΛ.
(i) ⇒ (ii): Let Γ1 and U1 be as in the first part of Lemma 4.2. Choose an

open conic neighborhood Γ2 of ξ0 such that Γ2 ⊆ Γ1 ∪ {0} and ψ ∈ D(ω)(x0 + U1)
with ψ(x0) 6= 0. Note that B = {ψt := ψe−t : t ∈ IΛ} is a bounded subset of
D(ω)(x0 + U1). Fix r > 0 such that Γ2 ∩ {ξ ∈ Rd : |ξ| ≥ r} ⊆ (Γ1 ∩ Λ) + IΛ. Set

D = supt∈IΛ e
λω(t). For q <∞ the first part of Lemma 4.2 implies that

∫
ξ∈Γ2

|ξ|≥r

|ψ̂f(ξ)v(ξ)|qdξ ≤
∑

µ∈Γ1∩Λ

∫
IΛ

|ψ̂f(t+ µ)v(t+ µ)|qdt

≤ CqDq
∑

µ∈Γ1∩Λ

v(µ)q
∫
IΛ

|ψ̂tf(µ)|qdt

≤ |Λ|CqDq sup
t∈IΛ

∑
µ∈Γ1∩Λ

|ψ̂tf(µ)v(µ)|q <∞,

while for q =∞ we have

sup
ξ∈Γ2

|ξ|≥r

|ψ̂f(ξ)v(ξ)| ≤ sup
µ∈Γ1∩Λ

sup
t∈IΛ
|ψ̂f(t+ µ)v(t+ µ)|

≤ CD sup
t∈IΛ

sup
µ∈Γ1∩Λ

|ψ̂tf(µ)v(µ)| <∞.

(ii)⇒ (i): The case q =∞ is trivial, so we assume q <∞. Let Γ1 and U1 be as in
the second part of Lemma 4.2 and let ψ ∈ D(ω)(x0 + U1) with ψ(x0) 6= 0. Choose

an open conic neighborhood Γ2 of ξ0 such that Γ2 ⊆ Γ1 ∪ {0} and r > 0 so large
that (Γ2 + IΛ) ∩ {ξ ∈ Rd : |ξ| ≥ r} ⊆ Γ1. Hence

( ∑
µ∈Γ2∩Λ

|ψ̂f(µ)v(µ)|q
)1/q

=

(
1

|Λ|
∑

µ∈Γ2∩Λ

∫
µ+IΛ

|ψ̂f(µ)v(µ)|qdξ

)1/q

≤ |Λ|−1/q(J
1/q
1 + J

1/q
2 ),

where

J1 :=
∑

µ∈Γ2∩Λ

∫
µ+IΛ

|ψ̂f(µ)− ψ̂f(ξ)|qv(µ)qdξ,

and

J2 :=
∑

µ∈Γ2∩Λ

∫
µ+IΛ

|ψ̂f(ξ)|qv(µ)qdξ

≤
∑
|µ|≤r

∫
µ+IΛ

|ψ̂f(ξ)|qv(µ)qdξ + Cq sup
t∈IΛ

eqλω(t)

∫
Γ1

|ψ̂f(ξ)v(ξ)|qdξ <∞.
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We now estimate J1. Set D = supt∈IΛ |t|. Since IΛ is convex and contains the origin,
we have for µ ∈ Γ2 ∩ Λ and ξ ∈ µ+ IΛ that

|ψ̂f(µ)− ψ̂f(ξ)|q ≤ |µ− ξ|q sup
t∈[0,1]

|∇ψ̂f(ξ + t(µ− ξ))|q

≤ Dq sup
y∈IΛ
|∇ψ̂f(ξ − y)|q

≤ Dq

d∑
k=1

sup
y∈IΛ
|F(xkeyψf)(ξ)|q.

Note that the set {xkeyψ : y ∈ IΛ} is bounded in D(ω)(x0+U1) for each k = 1, . . . , d.
Hence part (ii)′ of Lemma 4.2 implies that

J1 ≤
∑
|µ|≤r

∫
µ+IΛ

|ψ̂f(µ)− ψ̂f(ξ)|qv(µ)qdξ

+ CqDq sup
t∈IΛ

eqλω(t)

d∑
k=1

sup
y∈IΛ

∫
Γ1

|F(xkeyψf)(ξ)|qv(ξ)qdξ <∞,

which concludes the proof of the theorem. �

Remark 4.3. Note that if the ultradistribution f ∈ D′{ω}(Ω), then the regularity

requirement on the ϕ used in part (i) from Theorem 4.1 and in (4.2) for the definition
of FLpν-microregularity can be relaxed to: ϕ ∈ D{ω}(x0 + U) and ϕ ∈ D{ω}(Ω),
respectively, because the test function can always be replaced by one belonging to
D(ω)(Ω). In addition, if v ∈M{ω}, Lemma 4.2 can be strengthened: The properties
(i)′ and (ii)′ hold true for bounded subsets B of D{ω}(x0 + U1).

The proof of Lemma 4.2 motives the introduction of the following discrete semi-
norms for Λ∗-periodic ω-ultradistributions. Let Γ be a cone and g =

∑
µ∈Λ cµeµ ∈

D′pΛ∗ ,(ω). In analogy to (4.1), we write

(4.5) |g|F lq,Γv,Λ := ‖(cµ)µ∈Γ∩Λ‖lqv(Γ∩Λ) = ‖(cµ1Γ(µ))µ∈Λ‖lqv(Λ).

Using (4.5), the condition (i) from Theorem 4.1 might be restated as

|(ϕf)pΛ∗ |F lq,Γv,Λ <∞,

and if this is the case we shall say that f is F lqv,Λ-microlocally regular at (x0, ξ0).
The wave front set WFF lqv,Λ(f) can be defined as the complement of the set of

(x0, ξ0) such that f is F lqv,Λ-microlocally regular at (x0, ξ0). With this terminology,
we may then rephrase Theorem 4.1 as the following equality between wave front
sets:

(4.6) WFFLqv(f) = WFF lqv,Λ(f),

for any lattice Λ in Rd.
We now discuss several consequences of Theorem 4.1. Recall that if X is a linear

subspace of D′(ω)(Rd), its associated local space (on an open subset Ω of Rd) is

Xloc(Ω) = {f ∈ D′(ω)(Ω) : ϕf ∈ X, ∀ϕ ∈ D(ω)(Ω)}. Using the Λ-periodization

operator (3.2), one may talk about local spaces with respect to vector spaces of
Λ-periodic ultradistributions. Indeed, if Y is a linear subspace of D′pΛ,(ω), we set
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Yloc(Ω) = {f ∈ D′(ω)(Ω) : (ϕf)pΛ
∈ Y, ∀ϕ ∈ D(ω)(Ω)}. If X and Y are t.v.s.

of ultradistributions, the topologies of Xloc(Ω) and Yloc(Ω) can be defined in the
canonical way. Employing a standard partition of the unity argument, Theorem 4.1
immediately yields:

Corollary 4.4. Let v ∈M(ω). Then, (FLqv)loc(Ω) = (F lqv,Λ)loc(Ω) topologically, for

any lattice Λ in Rd.

It should be pointed out that Corollary 4.4 remains valid even if we remove the
assumption (α0) on ω.

The equality (4.6) can be generalized to wave front sets of sup- and inf-types
[16, 25]. Indeed, let (vj) = (vj)j∈J and (qj) = (qj)j∈J be two indexed families with
vj ∈M(ω) and qj ∈ [1,∞], ∀j ∈ J . The wave front sets of f ∈ D′(ω)(Ω) of inf-type

with respect to the families of Fourier-Lebesgue spaces (FLqjvj)j∈J and (F lqjvj ,Λ)j∈J
are given by

WF inf

(FL
qj
vj

)
(f) =

⋂
j∈J

WFFLqjvj
(f) and WF inf

(F l
qj
vj ,Λ

)
(f) =

⋂
j∈J

WFF lqjvj ,Λ
(f).

On the other hand, the wave front set WF sup

(FL
qj
vj

)
(f) is defined as the complement

in Ω × (Rd \ {0}) of the set of points (x0, ξ0) such that there are an open conic
neighborhood Γ of ξ0 and ϕ ∈ D(ω)(Ω) with ϕ(x0) 6= 0 (both independent of the
index j) such that |ϕf |

FL
qj ,Γ
vj

<∞, for each j ∈ J . A similar definition (employing

the seminorms (4.5)) applies to the wave front of discrete type WF sup

(F l
qj
vj ,Λ

)
(f); in

this case one should also assume that ϕ ∈ D(ω)(x0 + U) where U is as in Theorem
4.1. We obtain that following stronger version of (4.6) as a corollary of the proofs
of Theorem 4.1 and Lemma 4.2.

Theorem 4.5. Let vj ∈ M(ω) and qj ∈ [1,∞], where j runs over an index set J .
For f ∈ D′(ω)(Ω), we have

(4.7) WF inf

(FL
qj
vj

)
(f) = WF inf

(F l
qj
vj ,Λ

)
(f) and WF sup

(FL
qj
vj

)
(f) = WF sup

(F l
qj
vj ,Λ

)
(f),

for any lattice Λ in Rd.

We end this section we a discrete characterization of WF{ω} and WF(ω). If
f ∈ D′(ω)(Ω), these wave front sets can be defined as

WF{ω}(f) = WF inf
(FL∞vλ )(f) and WF(ω)(f) = WF sup

(FL∞vλ )(f),

with the weights vλ(ξ) = eλω(ξ), λ > 0. If (x0, ξ0) /∈ WF{ω}(f) (resp. (x0, ξ0) /∈
WF(ω)(f)), one says that f is {ω}-microlocally regular at (x0, ξ0) (resp. (ω)-
microlocally regular). We point out that when f ∈ D′{ω}(Ω), the ultradistribution

is {ω}-microlocally regular ((ω)-microlocally regular) at (x0, ξ0) if and only if there
are an conic open neighborhood Γ of ξ0 and ϕ ∈ D{ω}(Ω) with ϕ(x0) 6= 0 such that
for some λ > 0 (for every λ > 0)

(4.8) sup
ξ∈Γ
|ϕ̂f(ξ)|eλω(ξ) <∞,

so that our definition agrees with the one used in [9, 25, 27]. Summing up, we
obtain the ensuing result, a corollary of (4.7).
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Corollary 4.6. Let f ∈ D′(ω)(Ω) and let Λ be a lattice in Rd. Suppose that U is an

open convex neighborhood of the origin such that U ∩ Λ∗ = {0} and x0 + U ⊆ Ω.
Then, f is {ω}-microlocally regular ((ω)-microlocally regular) at the point (x0, ξ0) ∈
Ω × (Rd \ {0}) if and only if there are an open conic neighborhood Γ of ξ0 and
ϕ ∈ D(ω)(x0 + U) with ϕ(x0) 6= 0 such that for some λ > 0 (for every λ > 0)

(4.9) sup
µ∈Γ∩Λ

|ϕ̂f(µ)|eλω(µ) <∞.

Moreover, if f ∈ D′{ω}(Ω) the regularity assumption on the ϕ witnessing (4.9) may

be relaxed to ϕ ∈ D{ω}(x0 + U).

Note that if a weight sequence (Mp)p satisfies (M.1), (M.2), (M.3)′, and (M.4),
then Theorem 1.1 from the introduction turns out to be a particular case of Corol-
lary 4.6; we shall however derive the general version of Theorem 1.1 in Section
5, where the quasianalytic case will also be treated. Nonetheless, it is should be
mentioned that Corollary 4.6 already covers important cases such as ω(ξ) = |ξ|1/s,
s > 1, which corresponds to Mp = (p!)s; thus it provides a discrete characterization
of {s}- and (s)-microregularity [27]. Furthermore, Corollary 4.6 also includes re-
sults by Ruzhansky and Turunen on the toroidal C∞-wave front set [30, Thm. 7.4],
while Theorem 4.5 covers all results from [8, 19].

5. Quasianalytic wave front sets

This last section is devoted to wave front sets defined via weight sequences.
We consider two sequences (Mp)p∈N and (Np)p∈N of positive real numbers (with

M0 = N0 = 1). The sequence (Mp)p is assumed to satisfy (M.1), (M.2)′, (M.3)′,
while (Np)p satisfies (M.1), (M.2)′, and in addition

(M.5) p! ⊂ Np in the Roumieu case, or p! ≺ Np in the Beurling case.

The sequence (Np)p may be quasianalytic, namely,
∑∞

p=1Np−1/Np = ∞, and will
be used to measure the microregularity of an Mp-ultradistribution. The functions
M and N stand for the associated functions of (Mp)p and (Np)p, respectively.

We shall follow Hörmander’s approach to quasianalytic wave front sets [14, Sect.
8.4], but we slightly modify it to include wave fronts of Mp-ultradistributions. Let

f ∈ D(Mp)′(Ω). We begin with the Roumieu case. The ultradistribution f is said
to be {Np}-microlocally regular at the point (x0, ξ0) ∈ Ω × (Rd \ {0}) if there are
an open conic neighborhood Γ of ξ0, an open neighborhood V of x0 and a bounded
sequence (fp)p∈N in E (Mp)′(Ω), with fp = f on V for all p ∈ N, such that for some
A,C > 0

(5.1) sup
ξ∈Γ
|f̂p(ξ)||ξ|p < ACpNp, ∀p ∈ N.

The wave front set WF{Np}(f) then consists of all those (x0, ξ0) ∈ Ω × (Rd \ {0})
such that f is not {Np}-microlocally regular at (x0, ξ0). For classical Schwartz dis-
tributions f ∈ D′(Ω), WF{Np}(f) agrees with Hörmander’s notion WFL(f), where

Lp = N
1/p
p (and our assumptions on Np turn out to be the same as those considered

in [14, Sect. 8.4] for Lp). In particular, for Np = p!, we obtain the analytic wave
front set WFA(f) := WF{p!}(f).
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One defines (Np)-microregularity in a similar fashion (namely, by asking that
(5.1) holds for all C > 0 and some A = AC > 0). The definition of the Beurling
wave front set WF(Np)(f) should be clear.

We need the notion of an analytic cut-off sequence [14, 21] in order to move
further. A sequence (χp)p∈N in D(Mp)(Ω) is called an (Mp)-analytic cut-off sequence
supported in Ω if

(a) (χp)p is a bounded sequence in D(Mp)(Ω),
(b) (∃C > 0)(∀h > 0)(∃Ah > 0)

‖χ(α)
p ‖E{Mp},h(L) ≤ Ah(Cp)

|α|, ∀p ∈ N, |α| ≤ p,

where L b Ω is such that suppχp ⊆ L for all p ∈ N. We call (χp)p an analytic
cut-off sequence for K b Ω if

(c) there exists an open neighborhood V of K such that χp ≡ 1 on V for all
p ∈ N.

If K = {x0} is a singleton set, we shall simply say that (χp)p is an analytic cut-
off sequence for x0. Likewise, one may also define an {Mp}-analytic cut-off as a
bounded sequence (χp)p∈N in D{Mp}(Ω) such that the property (b) is asked to hold
just for some h,Ah > 0.

Lemma 5.1. Let K b Rd. For every open neighborhood W of K there exists an
(Mp)-analytic cut-off sequence for K supported in W .

Proof. Set d(K, ∂W ) = 4ε > 0. By [14, Thm. 1.4.2] there is a sequence (χp)p in
D(Rd) and C > 0 such that

‖χ(α)
p ‖L∞ ≤ (Cp)|α|, ∀p ∈ N, |α| ≤ p,

χp ≡ 1 on K+B̄(0, 2ε) and suppχp ⊆ K+B̄(0, 3ε) for all p ∈ N. Let ϕ ∈ D(Mp)(Rd)
with suppϕ ⊆ B(0, ε) and

∫
Rd ϕ(x)dx = 1. It is clear that (χp ∗ ϕ)p satisfies all

requirements. �

We can now state the main result of this section.

Theorem 5.2. Let Λ be a lattice in Rd, f ∈ D(Mp)′(Ω), and (x0, ξ0) ∈ Ω×(Rd\{0}).
Suppose that U is an open convex neighborhood of the origin such that U ∩Λ∗ = {0}
and x0 + U ⊂ Ω. Then, the following statements are equivalent:

(i) There are an open conic neighborhood Γ of ξ0, an open neighborhood V ⊆
x0 +U of x0, and a bounded sequence (fp)p∈N in E (Mp)′(x0 +U), with fp = f
on V for all p ∈ N, such that for some A,C > 0 (for every C > 0 there is
A > 0)

sup
µ∈Γ∩Λ

|f̂p(µ)||µ|p ≤ ACpNp, ∀p ∈ N.

(ii) There are an open conic neighborhood Γ of ξ0 and an (Mp)-analytic cut-off
sequence (χp)p for x0 supported in x0 + U such that for some A,C > 0 (for
every C > 0 there is A > 0)

sup
µ∈Γ∩Λ

|χ̂pf(µ)||µ|p ≤ ACpNp, ∀p ∈ N.



DISCRETE CHARACTERIZATIONS OF WAVE FRONT SETS 17

(iii) There are an open conic neighborhood Γ of ξ0 and an (Mp)-analytic cut-off
sequence (χp)p for x0 such that for some A,C > 0 (for every C > 0 there is
A > 0)

sup
ξ∈Γ
|χ̂pf(ξ)||ξ|p ≤ ACpNp, ∀p ∈ N.

(iv) f is {Np}-microlocally regular ((Np)-microlocally regular) at (x0, ξ0).

If additionally (Np)p satisfies (M.3)′, then these statements are also equivalent to
any of the following two conditions:

(v) There are an open conic neighborhood Γ of ξ0 and ϕ ∈ D(Mp)(x0 + U) with
ϕ ≡ 1 in a neighborhood of x0 such that for some r > 0 (for every r > 0)

sup
µ∈Γ∩Λ

|ϕ̂f(µ)|eN(rµ) <∞.

(vi) There are an open conic neighborhood Γ of ξ0 and ϕ ∈ D(Mp)(x0 + U) with
ϕ ≡ 1 in a neighborhood of x0 such that for some r > 0 (for every r > 0)

sup
ξ∈Γ
|ϕ̂f(ξ)|eN(rξ) <∞.

Observe that both Theorem 1.1 and Theorem 1.2 are contained in Theorem 5.2.
The rest of this section is dedicated to give a proof of Theorem 5.2. We divide its
proof into several intermediate lemmas.

Lemma 5.3. Let (χp)p be an (Mp)-analytic cut-off sequence and B a bounded subset
of E (p!)(Rd). Then,

(∃C > 0)(∀h > 0)(∃Ch > 0)

sup
ψ∈B

sup
ξ∈Rd
|χ̂pψ(ξ)||ξ|peM(|ξ|/h) ≤ Ch(Cp)

p, ∀p ∈ N.

Proof. Let K b Rd be such that suppχp ⊆ K for all p ∈ N. A straightforward
computation yields

(∃C > 0)(∀h > 0)(∃Ch > 0)

sup
ψ∈B
‖(χpψ)(α)‖E(Mp),h(K) ≤ Ch(Cp)

|α|, ∀p ∈ N, |α| ≤ p.

Hence for all p, q ∈ N, ψ ∈ B and h > 0 we have that

|χ̂pψ(ξ)||ξ|p+q ≤ d
p+q

2 |K| sup
|α|=p

sup
|β|=q

sup
x∈K
|(χpψ)(α+β)(x)|

≤ |K|Ch/√d(
√
dCp)phqMq,

where |K| is the Lebesgue measure of K. Consequently,

|χ̂pψ(ξ)||ξ|p ≤ |K|Ch/√d(
√
dCp)p inf

q∈N

hqMq

|ξ|q
= |K|Ch/√d(

√
dCp)pe−M(|ξ|/h).

�
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Lemma 5.4. Condition (ii) from Theorem 5.2 implies that there are an open conic
neighborhood Γ1 of ξ0, an open neighborhood U1 ⊆ U of the origin, and an (Mp)-
analytic cut-off sequence (κp)p for x0 supported in x0+U1 such that for every bounded
set B in E (p!)(Rd) there are A,C > 0 (for every C > 0 there is A > 0) for which

sup
ψ∈B

sup
µ∈Γ1∩Λ

|κ̂pψf(µ)||µ|p ≤ ACpNp, ∀p ∈ N.

Proof. We choose an open conic neighborhood Γ1 of ξ0 such that Γ1 ⊆ Γ∪{0}. Let
0 < c < 1 be smaller than the distance between ∂Γ and the intersection of Γ1 with
the unit sphere. Hence {y ∈ Rd : (∃ξ ∈ Γ1)(|ξ − y| ≤ c|ξ|)} ⊆ Γ. Next, choose an
open neighborhood U1 ⊆ U of the origin such that χp ≡ 1 on x0 +U1 for all p ∈ N.
Let (κp)p be an analytic cut-off sequence for x0 supported in x0 + U1. Let B be a
bounded set in E (p!)(Rd). Since x0 +U is contained in some fundamental region IΛ∗

of the dual lattice Λ∗,we have that for an arbitrary g ∈ E (Mp)′(Rd) having support
in the interior of IΛ∗ the Fourier coefficients of its Λ∗-periodization are given by
(ĝ(µ))µ∈Λ. In particular, using the fact that (κpψf)pΛ∗ = (κpψ)pΛ∗ (χpf)pΛ∗ for all
p ∈ N and ψ ∈ B, we obtain that

|κ̂pψf(µ)| =

∣∣∣∣∣∑
β∈Λ

χ̂pf(µ− β)κ̂pψ(β)

∣∣∣∣∣ ≤ I1,p(µ) + I2,p(µ),

where

I1,p(µ) =
∑
|β|≤c|µ|
β∈Λ

|χ̂pf(µ− β)||κ̂pψ(β)|

and

I2,p(µ) =
∑
|β|>c|µ|
β∈Λ

|χ̂pf(µ− β)||κ̂pψ(β)|.

Due to the fact that the set {κpψ : p ∈ N, ψ ∈ B} is bounded in D(Mp)(Ω), there
exists D > 0, independent of p and ψ, such that

I1,p(µ) =
∑

|µ−β|≤c|µ|
β∈Λ

|χ̂pf(β)||κ̂pψ(µ− β)| ≤ D sup
|µ−β|≤c|µ|

β∈Λ

|χ̂pf(β)|

Since |µ− β| ≤ c|µ| implies |β| ≥ (1− c)|µ|, we have that

sup
ψ∈B

sup
µ∈Γ1∩Λ

I1,p(µ)|µ|p ≤ D sup
µ∈Γ1∩Λ

|µ|p sup
β∈Λ

sup
|µ−β|≤c|µ|

|χ̂pf(β)|

≤ D

(1− c)p
sup
β∈Γ∩Λ

|β|p|χ̂pf(β)|

≤ DA

(
C

1− c

)p
Np.

We now estimate I2,p(µ). The boundedness of (χp)p implies that there are D′, h > 0
such that for all p ∈ N

|χ̂pf(ξ)| ≤ D′eM(|ξ|/h), ∀ξ ∈ Rd.
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Since |µ− β| ≤ (1 + c−1)|β| for |β| ≥ c|µ|, we have that

sup
ψ∈B

sup
µ∈Γ1∩Λ

I2,p(µ)|µ|p ≤ D′ sup
ψ∈B

sup
µ∈Γ1∩Λ

|µ|p
∑
|β|≥c|µ|
β∈Λ

eM(|µ−β|/h)|κ̂pψ(β)|

≤ D′

cp
sup
ψ∈B

∑
β∈Λ

eM((1+c−1)|β|/h)|β|p|κ̂pψ(β)|.

The result now follows from Lemma 5.3, [17, Prop. 3.4], and the assumption (M.5).
�

Proof of Theorem 5.2. The implications (iii)⇒ (iv) and (iv)⇒ (i), (v)⇒ (i), and
(vi) ⇒ (v) are trivial. The proof of (i) ⇒ (ii) is similar to the first part of that of
[14, Lemma 8.4.4], so we omit it. Let us now show (ii) ⇒ (iii). For it, let IΛ be
a fundamental region for Λ with 0 ∈ IΛ and let Γ1 and (κp)p be as in Lemma 5.4.
Choose an open conic neighborhood Γ2 of ξ0 such that Γ2 ⊆ Γ1 ∪ {0}. Fix r > 0
such that Γ2 ∩ {ξ ∈ Rd | |ξ| ≥ r} ⊆ (Γ1 ∩ Λ) + IΛ. Since IΛ is bounded, there is
D > 0 such that |µ + t|p ≤ Dp|µ|p for all p ∈ N, t ∈ IΛ and µ ∈ Λ \ {0}. Hence
Lemma 5.4 and the fact that B = {e−t | t ∈ IΛ} is a bounded subset of E (p!)(Rd)
imply that

sup
ξ∈Γ2,|ξ|≥r

|κ̂pf(ξ)||ξ|p ≤ sup
µ∈Γ1∩Λ

sup
t∈IΛ
|κ̂pf(µ+ t)||µ+ t|p

≤ Dp sup
t∈IΛ

sup
µ∈Γ1∩Λ

|F(κpe−tf)(µ)||µ|p ≤ A(DC)pNp.

It remains to establish (iv) ⇒ (vi) under the additional assumption that (Np)p
satisfies (M.3)′. So assume (iv) and let Γ1 and c be as in the proof of Lemma 5.4. We
use the auxiliary weight sequence Qp = min0≤q≤pMqNp−q, with associated function
Q. A result by Roumieu ([17, Lemm. 3.5]) ensures that (Qp)p satisfies (M.1) and
that Q = M +N ; thus [17, Prop. 3.4] implies that (Qp)p also fulfills (M.2)′. Select
any V1 with V 1 b V and ϕ ∈ D(Qp)(V ) with ϕ ≡ 1 on V1. Furthermore, using the
boundedness of (fp)p, find constants D, h > 0 such that

‖ϕ̂‖L1 ≤ D and sup
ξ∈Rd, p∈N

e−M(|ξ|/h)|f̂p(ξ)| ≤ D.

Set R = max {h−1(1 + c−1), (cC)−1(1− c)}. Reasoning as in the proof of Lemma
5.4, we obtain, for all p ∈ N and ξ ∈ Γ1,

|ξ|p |ϕ̂f(ξ)| = |ξ|p |ϕ̂fp(ξ)|

≤ DA

(
C

1− c

)p
Np +DNp

∫
|η|>c|ξ|

eM(h−1|ξ−η|) |η|p

cpNp

|ϕ̂(η)|dη

≤ D

(
C

1− c

)p
Np

(
A+

∫
Rd
eM(h−1(1+c−1)|η|)+N((cC)−1(1−c)|η|)|ϕ̂(η)|dη

)
≤ D

(
C

1− c

)p
Np

(
A+

∫
Rd
eQ(R|η|)|ϕ̂(η)|dη

)
.

The last integral is finite because of [17, Prop. 3.4] and so sup
ξ∈Γ1

|ϕ̂f(ξ)|eN(rξ) < ∞,

with r = (1− c)/C. �
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We conclude the article with some remarks.

Remark 5.5. Let f ∈ D{Mp}′(Ω) (f ∈ D′(Ω)). Then, the requirements on the
sequence (χp)p and the test function ϕ from Theorem 5.2 can be relaxed to: (χp)p
is an {Mp}-analytic (analytic) cut-off sequence for x0 and ϕ ∈ D{Mp}(x0 + U)
(ϕ ∈ D(x0 + U)). Furthermore, the properties of (fp)p in condition (i) of Theorem
5.2 and in the definition of {Np}- and (Np)-microregularity can be strengthened to:

(fp)p is bounded in E{Mp}′(x0+U) (in E ′(x0+U)) and E{Mp}′(Ω) (E ′(Ω)), respectively.
The proofs of these assertions are straightforward modifications of the arguments
given in this section and are therefore left to the reader.

Remark 5.6. If the sequence (Mp)p additionally satisfies (M.4)′′, then one might

simply ask ϕ(x0) 6= 0 for ϕ ∈ D(Mp)(x0 + U) (ϕ ∈ D{Mp}(x0 + U) if f ∈ D{Mp}′(Ω))
occurring in (v) from Theorem 5.2. In fact, all this is a just consequence of the fact
that E{Mp}(Ω) and E (Mp)(Ω) become inverse closed under (M.4)′′. In particular,
that is the case when (Mp)p fulfills (M.3), as already pointed out in Subsection 2.2.

References

[1] A. A. Albanese, D. Jornet, A. Oliaro, Wave front sets for ultradistribution solutions of linear
partial differential operators with coefficients in non-quasianalytic classes, Math. Nachr. 285
(2012), 411–425.
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[5] C. Brouder, N. V. Dang, F. Hélein, A smooth introduction to the wavefront set, J. Phys. A
47 (2014), 443001, 30 pp.

[6] S. Coriasco, K. Johansson, J. Toft, Local wave-front sets of Banach and Fréchet types, and
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