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A new semi-analytical mean-field model is proposed to rationalize breathing of MIL-53 type materials. The
model is applied on two case studies, the guest-induced breathing of MIL-53(Cr) with CO2 and CH4, and
the phase transformations for MIL-53(Al) upon xenon adsorption. Experimentally, MIL-53(Cr) breathes upon
CO2 adsorption, which was not observed for CH4. This result could be ascribed to the stronger interaction
of carbon dioxide with the host matrix. For MIL-53(Al) a phase transition from the large pore phase could

be enforced to an intermediate phase with volumes of about 1160 − 1300 Å3, which corresponds well to the
phase observed experimentally upon xenon adsorption. Our thermodynamic model correlates nicely with the
adsorption pressure model proposed by Coudert et al. Furthermore the model can predict breathing behavior
of other flexible materials, if the user can determine the free energy of the empty host, the interaction energy
between a guest molecule and the host matrix and the pore volume accessible to the guest molecules. This
will allow to generate the osmotic potential from which the equilibria can be deduced and the anticipated
experimentally observed phase may be predicted.

Keywords: Thermodynamic model, osmotic ensemble, breathing, flexible frameworks, metal-organic
frameworks

1 Introduction

Breathing materials are a fascinating class of flexible porous frameworks. They may undergo
a substantial volume change up to 40 % under influence of external stimulus such as temper-
ature, mechanical pressure, or gas adsorption, meanwhile maintaining their crystallographic
connectivity[1–4]. An exemplary breathing metal-organic framework (MOF) is the MIL-53
family of materials, first synthesized in 2002 in the Férey group.[5] The network of metal
clusters (MIII=Al, Cr, V, Fe, . . . ) and terephthalate linkers forms one-dimensional channels
(see Fig. 1).

Within the family of MIL-53 materials, a number of systems have been studied with variations
in the metal at the nodal points, the type of linker, . . . Depending on the specific nature of the
material, various stimuli were found to induce the breathing such as temperature[6–8], pressure[7,
9], guest molecules[5, 7, 10], . . . . Furthermore some materials were found not to breathe such as
MIL-53(Fe)[11]. An overview of some of the materials and the conditions to induce breathing can
be found in Refs. 3, 4. Figure 1 illustrates the various phases that are involved in the breathing
processes of MIL-53(Al) and MIL-53(Cr).
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Figure 1. Illustration of the various phases involved in the breathing processes of MIL-53(Cr) and MIL-53(Al). The arrows
indicate the phases and corresponding volumes that are accessible for the material during a specific breathing process
(denoted above or below the arrow).

MIL-53(Cr) is found in its large-pore shape at low pressure and ambient temperature.
Mechanical pressure can induce a transition to its narrow-pore (np) shape[7]. Gas adsorption
can also cause an lp to np transition and, surprisingly, subsequently an np to lp transition
at higher gas pressures. Not all gases induce the breathing behavior and the phenomenon is
usually only observed in a specific temperature range. For instance, CO2 makes MIL-53(Cr)
breathe with hysteresis between the adsorption and desorption isotherm, while CH4 does not
cause a transition at 300 K.

MIL-53(Al) is a material for which a transition between the large and narrow pore was ob-
served experimentally for the empty material and under the influence of temperature as sole
stimuli[6]. As a result this material received also considerable interest from theory. Various stud-
ies appeared on the intrinsic bistable behavior of the framework and the occurrence of two
minima on the potential energy surface. Walker et al. indeed found two minima on the potential
energy surface provided that dispersion interactions were taken into account in the first princi-
ple energy calculations[12]. Fig. 1 schematically shows the large pore (lp) and narrow pore (np)
of the empty host. In 2012, some of the present authors derived a first principle flexible force
field for MIL-53(Al), which was able to reproduce an energy profile exhibiting two minima in
terms of the breathing angle[13]. Furthermore, the force field was used to succesfully reproduce
the pressure-induced breathing of the empty framework[9]. Several other force fields also exist
that present two distinct minima for the chromium variant of MIL-53.[7, 14] These theoretical
calculations gave seminal insight into the nanoscale interactions enforcing breathing. One must
however be careful when rationalizing breathing solely on basis of potential energy curves at 0
K. The occurrence of certain macroscopically observed phases is a result of a thermodynamic
process and thus one should describe the phenomenon in the correct thermodynamic ensemble.
Boutin et al. studied the breathing behavior of MIL-53(Al) upon Xenon adsorption and found
breathing transitions in the measured adsorption isotherms in the temperature range 195− 323
K[15]. They also developed a thermodynamic model to explain the observed behavior of the
material. Under influence of Xe-adsorption, the materials shrinks to a phase with a volume in
between those of the empty narrow pore and large pore. To be consistent with Bousquet et
al.[16]we denote this as an intermediate phase (int on Fig. 1).

A multitude of theoretical papers appeared using various thermodynamic models to rationalize
the breathing. It is impossible to give a complete overview here, but for the readability of the
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current paper, some landmark papers are highlighted hereafter. Coudert et al. described the
structural transitions in MIL-53(Al) by comparing the grand potential in the osmotic ensemble
in the large and narrow pore based on experimental data[17]. They later used the same
model to derive a generic temperature-loading phase diagram[18]. Neimark et al. developed a
stress-based model by defining an osmotic stress which initiated the transition[19]. Triguero
et al. proposed a deformation mechanism of the transition that occured by a layer-by-layer
shear and thus subsequent two-dimensional layers were not in the same form[20]. Previous
molecular explanations of the phase transition were based on the free energy comparison of
two distinct phases. In 2012 Bousquet et al. introduced a Wang-Landau based Monte Carlo
sampling method which allowed an efficient sampling of the osmotic ensemble, which thus also
allowed to study the free energy landscapes as function of the volume[21]. Recently some of
the presenting authors introduced a generic free energy model for MIL-53(Cr) and adsorbed
gases[22], which included three contributions: the host free energy, the guest-guest interactions
and the host-guest interactions. As a result the free energy landscape could be constructed
scanning all shapes and a variable amount of adsorbed guest molecules. We were able to
determine which shapes are the most stable in terms of control variables such as the adsorbing
gas chemical potential and the external pressure. The phase behavior of MIL-53 for a given
(µ, P ) could be predicted by minimizing the osmotic potential X̃ with respect to volume and
number of adsorbed guest particles. Increasing the chemical potential of CO2 was seen to
destabilize the lp shape, since the increasing amount of adsorbed CO2 gradually favored the
interaction in the np shape, resulting in the lp→np transition. In accordance with experiment
the lp→np transition followed at increasing the chemical potential of CO2, when the lp shape
is favored because of its more spacious pore volume accomodating more particles.

In this paper we present a new semi-analytical mean-field model to predict and understand the
breathing phenomenon in flexible materials. The model is based on the free energy of the empty
host profile, the free energy among guest particles and the interaction free energy between the
guest and the host material. A semi-analytical procedure is presented to minimize the osmotic
potential, in which all contributions have an analytical functional form and the minimization is
done numerically. The osmotic ensemble with a constant number of MOF unit cells (n), varying
number of guest molecules (N) controlled by the external chemical potential (µ), varying cell
volume (V ) controlled by the external mechanical pressure (P ) and temperature (T ), is the
thermodynamic ensemble that resembles a standard adsorption experiment the closest. The
phase behavior of a flexible material can be predicted by minimizing the osmotic potential X̃
as function of the volume V and the number of adsorbed guest particles N . The minimizations
towards volume and number of adsorbed particles are not performed simultaneously but in
two subsequent steps, allowing to compute intermediate volume-dependent contributions to the
osmotic potential and unravel the physical processes that lie at the basis of breathing. The
semi-analytical model is tested on two well known case studies : the MIL-53(Cr) for which a
phase transition was observed upon adsorption of CO2 at room temperature while this was
not the case for CH4 and MIL-53(Al) for which recently new data appeared on the breathing
behavior upon Xenon adsorption[15].

In our earlier thermodynamic model, the osmotic potential X̃ was minimized with respect
to the volume and the number of guest molecules numerically. The free energy expression was
written in an analytical form. The minimization boils down to imposing two minimization
conditions, namely the derivatives with respect to volume and number of particles needs to be
zero. This results in an equilibrium condition for the chemical potential and for the pressure.
In this work the equilibrium condition for the chemical potential is solved as far as possible
analytically, which allows to interpret important thermodynamic variables in a physically
founded way. A key quantity that will be introduced is the fill factor which describes the density
of guest molecules in the pores. Almost all thermodynamic quantities will be interpreted in
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terms of this fill factor.

The semi-analytical model is tested on the well studied MIL-53(Cr) system and for this
material the here presented study is an extension of our earlier theoretical model. Our second
case study concerns MIL-53(Al) adsorbed with Xenon guest particles. For this system, all input
quantities are derived from first principles, thus no empirical input was used. The free energy
profile of the empty host was determined on the basis of molecular dynamics (MD) simulations
in an ensemble that keeps the volume fixed but for which simultaneously volume-conserving
deformations of the unit cell are allowed. The molecular dynamics simulations are performed
using our own first principle flexible derived force field[13]. This test case illustrates how guest
adsorption may create an additional equilibrium volume under specific conditions that lies
intermediate between the lp and np shape.

The study as presented here gives a complementary insight into the breathing behavior of
flexible materials. In principle it is applicable to other materials and should allow to predict
under which conditions a material would breathe. The remainder of this paper is organized
as follows. In Section 2 all contributions to the free energy are introduced as well as how to
calculate them. The Legendre transform to the osmotic ensemble, the resulting equilibrium
conditions and how to solve them are also explained in Section 2. The computational details
are outlined in Section 3. In Section 4, the presented model is applied to methane and carbon
dioxide adsorption in MIL-53(Cr) and to xenon adsorption in MIL-53(Al). Finally, the main
conclusions are formulated in Section 5.

2 Methodology

The methodology section consists of two parts, first the expression of the Helmholtz free energy
is introduced and second a Legendre transform is conducted to transform the free energy towards
the thermodynamic potential X̃ in the osmotic ensemble. This last step is necessary to connect
the theoretical model with the experimental conditions for describing the adsorption-induced
breathing. The innovative aspect of our semi-analytical model must be sought in the method to
minimize the osmotic potential in a semi-analytical way.

2.1 Free energy model

The starting point for the thermodynamic analysis is the Helmholtz free energy F of the system
as a function of the following macroscopic parameters: number of host unit cells n, number of
adsorbed guest molecules N , host unit cell volume V and temperature T . This means that our
system is originally described in the (n,N, V, T ) ensemble, which is ideally suited to deduce
molecular level properties. Afterwards a transformation will be conducted towards the osmotic
ensemble, i.e. the (n, µ, P, T ) ensemble (see 2.2).

The free energy of the entire system, i.e. host framework with adsorbed guest molecules, can
be written as:

F (n,N, V, T ) = Fhost (n, V, T ) + Fguest (n,N, V, T ) + Fint (n,N, V, T ) (1)

Fhost is the free energy of the empty host, i.e. in absence of guest molecules. Fguest is the free
energy of the guest molecules, which interact among each other but are confined in the pore
volume of the host framework without interacting with the framework. Finally, Fint consists
of the remaining contribution, which is the interaction of the guest molecules with the host
framework.
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In this paper, the thermodynamic limit is used, assuming a large sample of framework unit
cells: n → +∞ and N → +∞ with N

n = cte. In this limit, the total free energy becomes
linear in the number of host unit cells (see Section 2 in the Supporting Information). Hence, the
framework can be restricted to a single unit cell n = 1 if all extensive observables are interpreted
as being defined per unit cell. For example, the free energy F and number of adsorbed molecules
N represent the free energy and number of adsorbed molecules per unit cell respectively. From
now on, n is set to 1 and is dropped from the equations. Furthermore, the system is studied at a
fixed temperature of 300 K. Hence, temperature will be a fixed parameter in all equations. Eq.
(1) now becomes:

F (N,V ) = Fhost (V ) + Fguest (N,V ) + Fint (N,V ) (2)

The remaining part of this subsection is devoted to discussing all three contributions and how
to compute them from molecular simulations.

2.1.1 Host free energy: Fhost

The first contribution Fhost to the free energy in our thermodynamic model is that of the
empty host framework as a function of the unit cell volume V . For the MIL-53(Cr) system, the
same Fhost is taken as in Ref. 22 for the sake of comparison.

For MIL-53(Al) the free energy profile Fhost(V ) is determined using thermodynamic integration
and molecular dynamics simulations. Molecular dynamics simulations are performed at a series
of fixed volumes, while allowing unit cell shape fluctuations. Indeed, metal-organic frameworks
often do not have a cubic unit cell, which implies that both volume and shape are independent
degrees of freedom. The idea is based on rewriting the cell tensor ¯̄h as the product of the volume
V = det(¯̄h) and the cell shape tensor ¯̄h0:

¯̄h = V 1/3¯̄h0 (3)

where det(¯̄h0) = 1. Analogously, the total stress tensor ¯̄σ is rewritten as the product of the
hydrostatic pressure P = Tr(¯̄σ)/3 and a stress anisotropy tensor ¯̄σ0 with Tr(¯̄σ0) = 1, so that

¯̄σ = 3P ¯̄σ0 (4)

Hence, to constrain the volume V without constraining the cell shape ¯̄h0, our MD simulation is
carried out in the (n,V ,¯̄σ0,T ) ensemble. This ensemble can easily be implemented starting from
the hybrid method formulation of the isothermal-isobaric ensemble as introduced by Martyna
et al.[23] by explicitly setting V̇ = 0.

During the MD simulations, the derivative −∂Fhost

∂V
is measured, and its average, which is the

pressure Phost(V ), is integrated numerically to find the profile Fhost(V ):

Fhost(V )− Fhost(Vref) =

∫ V

Vref

(
∂Fhost

∂V ′

)
dV ′ = −

∫ V

Vref

Phost(V
′)dV ′ (5)

The reference volume Vref and its free energy Fhost(Vref) may be chosen arbitrarily, and are
here set such that the free energy of the absolute minimum is zero. To mimic the experimental
conditions, it is assumed that the system is under isotropic stress, i.e. ¯̄σ0 = ¯̄1/3.

One point that needs special attention is the procedure to generate the initial structures
corresponding to the volume grid mentioned earlier. Herefore, an MD simulation in the conven-
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tional (n, P, T ) ensemble is carried out with a certain isotropic pressure P , starting from the
large pore structure, where the cell volume is allowed to fluctuate. When the applied pressure P
is sufficiently high, this large pore structure will collapse into the narrow pore structure, hence
sweeping through all available volumes between Vlp and Vnp. The initial structure corresponding
to a specific volume V0 in the volume grid, is taken as a snapshot from this (n, P, T ) simulation

at the moment where the simulated volume V is within 0.5 Å3 of V0. The remaining mismatch
between V and V0 is removed by rescaling the simulated cell tensor and positions by (V0/V )1/3.

The molecular dynamics simulations for MIL-53(Al) are performed using our in-house
developed flexible force field[13]. The energy expression has a covalent, an electrostatic and a
van der Waals contribution. The covalent terms consist of harmonic bonds, harmonic bends
and single-cosine dihedral terms, which were all fitted to reproduce the ab initio Hessian
and geometry of two well-chosen clusters corresponding to the organic linker and inorganic
metal-oxide respectively. The electrostatic part is described by means of Coulomb interactions
between point charges, which were derived from an Hirshfeld-I scheme applied on the valence
molecular electron density. The van der Waals terms were taken from the MM3 force field of
Allinger et al.[24]; however, they were rescaled with a factor of 0.86 in order to reproduce the
experimental value of the large pore to narrow pore transition pressure of the empty host[9].
Recently we proposed an automated protocol to derive flexible force fields from first principles
for metal organic frameworks[25]. The procedure is called QuickFF as it allows to generate a
reliable force field with a minimal number of manual interventions. QuickFF can be used to
generate force fields for MOFs that can be used to compute the required free energy profiles of
the emtpy host. Several other force field protocols have been developed by other groups, such
as MOF-FF[26], BTW-FF[27] and UFF4MOF[28].

2.1.2 Guest free energy: Fguest

The second contribution to the free energy is that of the guest molecules confined within pores
of the framework without taking into account the interaction with the host. This contribution
can be modeled as a van der Waals gas confined in a volume Vp. The expression for the guest
free energy has the well-known form of a van der Waals gas:

Fguest(N,V ) = kBT lnN !−NkBT ln

[
P0

kBT
(Vp(V )− bN)

]
− aN2

Vp(V )
+Nµ0 (6)

where Vp(V ) is the pore volume as function of the unit cell volume, a and b are the van der Waals

parameters and µ0 = kBT ln P0Λ3

kBT
is a reference chemical potential, representing the chemical

potential of an ideal gas at temperature T and pressure P0 (P0 is arbitrarily chosen). The pore
volume Vp(V ) can be derived from Monte Carlo simulations with Widom insertions for a range
of volumes. To simplify the simulation protocol, we use a rigid framework at each volume with
a shape defined as the zero-kelvin equilibrium at that particular volume and the structures are
the same as used in Ref. 13 to calculate the energy profile at 0 K.

2.1.3 Interaction free energy: Fint

The interaction free energy is the difference between the exact total free energy F and the
sum of the empty host free energy and guest free energy Fhost +Fguest (see Eq. 1). Following the
approach of Ref. 22, the interaction term is computed with a mean field approximation. This
mean field approximation implies three assumptions: the intermolecular interaction energy can
be calculated with a rigid host framework, the interaction free energy of N guest molecules is
equal to N times the interaction free energy of one particle and the interaction entropy of one
particle is negligible. Using these approximations, the interaction free energy becomes (explicit
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proof given in Section 1 of the Supporting Information):

Fint(N,V ) = N ·∆U(V ) (7)

∆U(V ) =

∫
Uint(〈R〉NV T , r)e−βUint(〈R〉NV T ,r)dr∫

e−βUint(〈R〉NV T ,r)dr
(8)

〈R〉NV T is the vector containing the (fixed) coordinates of all host atoms corresponding to the
equilibrium at a temperature T and unit cell volume V . and r is the vector containing the
coordinates of a single guest molecule.

2.2 Legendre transform and osmotic potential

The starting point of our thermodynamic model is the free energy F (n,N, V, T ) in Eq. (1) as
a function of number of host unit cells n, number of adsorbed particles N , unit cell volume V
and temperature T . In an experimental setup to investigate the breathing behavior of a metal-
organic framework, however, one typically controls the mechanical pressure on the MOF, the
chemical potential of the adsorbent species in the environment and the temperature. Usually,
the mechanical pressure is exerted by the adsorbent species surrounding the MOF. This means
that the imposed pressure and chemical potential are coupled by means of the equation of
state P = P (µ) of the adsorbent molecules in the evironment. Hence, the free energy F in the
(n,N, V, T ) ensemble needs to be transformed to the thermodynamic potential X in the osmotic
ensemble (n, µ, P, T ). This transformation is done by means of the Legendre transform:

X(µ, P ) = min
(N,V )

{F (N,V ) + PV − µN} (9)

In Ref. 22, the minimization is performed by computing F + PV − µN on a (N,V ) grid and
finding the minimum. In this work, the minimization is performed in a semi-analytical way as
explained hereafter. First, define an intermediate potential X̃µP (N,V ) = F +PV −µN in which
N and V are treated as independent variables and µ and P as fixed parameters. Next, the
thermodynamic potential X for a certain value of µ and P is defined as the minimum of the
potential X̃µP :

∂X̃µP

∂N
= 0 → ∂Fguest

∂N
+
∂Fint

∂N
= µ (10)

∂X̃µP

∂V
= 0 → −∂Fhost

∂V
− ∂Fguest

∂V
− ∂Fint

∂V
= P (11)

A solution is stable when the matrix of second order derivatives is positive definite. Eqs. (10-11)
represent a balance in chemical potential and pressure terms. When substituting the various
contributions of the free energy F as introduced in the previous section, the chemical and
mechanical equilibrium expressions read, respectively:

µguest(N,V ) + µint(V ) = µ (12)

µguest(N,V ) = kBT ln

(
bN

Vp(V )− bN

)
+

bNkBT

Vp(V )− bN (13)

− 2aN

Vp(V )
+ µ0 − kBT ln

(
P0b

kBT

)
(14)

µint(V ) =
∂Fint

∂N
= ∆U(V ) (15)
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and

Phost(V ) + Pguest(N,V ) + Pint(N,V ) = P (16)

Phost(V ) = −∂Fhost

∂V
(17)

Pguest(N,V ) =

[
NkBT

Vp(V )− bN − a
(

N

Vp(V )

)2
]
∂Vp
∂V

(18)

Pint(N,V ) = −N ∂∆U

∂V
(19)

Solving these equations simultaneously for given (µ, P ) results in the solution of (NµP , VµP ) for

every (µ, P ). This solution can then be substituted in X̃µP , which results in the thermodynamic
potential X(µ, P ). In this work, however, Eqs. (12) and (16) are solved in two subsequent steps.
The solution remains exact, however, it will allow the construction and interpretation of inter-
mediate results that can be usefull to understand the breathing mechanism. First, the chemical
potential equation (Eq. 12) is solved for the number of particles N , which results in the number
of particles as a function of the unit cell volume for every value of the chemical potential Nµ(V ).
Next, this solution Nµ(V ) is substituted in Eq. (16) and solved for the volume, resulting in the
equilibrium volume VµP . The number of particles NµP is then readily available as Nµ(VµP ). As
mentioned earlier, the solution of Eqs. (10) and (11) needs to be stable, i.e. correspond to a
minimum. Hence, the matrix of second-order derivatives is postive definite. When solving the
equations subsequently, this stability criterion is equivalent to expressing stability individually
for both steps (see also Section 4 of the Supporting Information):

∂2X̃µP

∂N2
> 0 (20)

d2

dV 2

[
X̃µP (Nµ(V ), V )

]
> 0 (21)

The two subsequent steps will now be elaborated in the following subsections. The resulting
general procedure to perform this Legendre transformation is illustrated in Fig. 2. The figure
illustrates the required input and resulting output of both the chemical potential equilibrium
(indicated in yellow on the figure) and the mechanical pressure equilibrium (indicated in blue
on the figure). Specific parts of the figure will be explained in the ongoing sections.

2.2.1 The chemical potential equation

Let us first focus on the chemical potential equation (Eq. 12). A new key quantity is introduced,
the fill factor f :

f =
bN

Vp
(22)

As the name suggests, the fill factor represents the degree to which the pores are filled. Suppose
that f = 1, then N = Vp

b , which is the maximum number of particles that fits in the pores
assuming perfect filling, i.e. no empty space between particles. Thus b is the volume taken by
one particle, which also figures in the van der Waals equation of state. Since perfect filling is
impossible, the fill factor will always be smaller than one (0 ≤ f < 1).
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Figure 2. Illustration of the general procedure to perform the Legendre transform from the canonical ensemble to the
osmotic ensemble in two subsequent steps. The yellow part represents the first step of the Legendre transformation, i.e. the
chemical potential equilibrium (section 2.2.1). The blue part represents the second step of the Legendre transformation, i.e.
the pressure equilibrium (section 2.2.2).

A new reference µ′0 for the chemical potential is introduced:

µ′0 = µ0 � kBT ln

(
P0b

kBT

)
= kBT ln

(
Λ3

b

)
(23)
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it represents the chemical potential of an ideal gas at a gas density of one particle per volume
b and a pressure of kBT

b . This new reference is introduced as it allows to separate the terms
independent of f and V into one term. Substituting these quantities in the chemical potential
equation Eq. (12) gives:

µ = kBT ln
f

1− f + kBT
f

1− f − kBT · cf + µ′0 + ∆U(V ) (24)

where the short notation c = 2a
kBTb

is used for the dimensionless ratio of the van der Waals
parameters. The value for c will be determined by the precise nature of the guest molecules.
Thus the derivation presented so far gives a boundary condition for the fill factor f in terms of
the volume V for a given chemical potential µ. After some rearrangements, the previous equation
gives the following expression:

(µ− µ′0 −∆U(V ))

kBT
= A(f) (25)

where A(f) is a dimensionless function of the fill factor f :

A(f) = ln
f

1− f +
f

1− f − cf (26)

µ− µ′0 is the chemical potential of a guest molecule outside the MOF (relative to the reference
µ′0), ∆U is the interaction of a single guest molecule with the host framework and can also be
interpreted as the increase in chemical potential inside the pores due to the interaction, and
kBTA(f) represents the chemical potential of a van der Waals guest molecule inside the pores
(relative to the reference µ′0). Eq. (25) also represents the balance in chemical potential: if the
interaction ∆U decreases (more favorable interaction inside the pores), then in order to balance
with the chemical potential outside the MOF (µ − µ′0), the chemical potential of the van der
Waals particles inside the pores kBTA(f) will increase (more populated pores). For a given
chemical potential (µ) and an interaction profile (∆U(V )), the left-hand-side of Eq. (25) is a
known profile in terms of the volume. As such one can determine the fill factor for each volume
by solving Eq. (25). This means that the volume dependence of the fill factor is determined by
the interaction profile ∆U . The graphical representation of the solution is shown in Fig. 3 for a
couple of c-values.
Solving Eq. (25) gives the fill factor fµ(V ) as a function of volume V , and as a result the number
of particles that adsorb in the pores is found as a function of volume:

Nµ(V ) = fµ(V )
Vp(V )

b
(27)

This first step of the Legendre transformation is indicated in yellow on Fig. 2. Figure 3 shows
the functional dependence of A(f) on the fill factor f . Three distinct situations are plotted:
a low value c = 3, a critical value c = 6.75 and a high value c = 11. To allow a better
interpretation of these numbers, some typical values of c (at 300 K) are: c = 4.3 for methane,
c = 6.89 for carbon dioxide and c = 6.41 for xenon. An important characteristic of the function
A(f) needs to be discussed, which is connected to the behavior of a van der Waals gas. A van
der Waals gas has a critical point, represented by a critical density of ρ = 1

3b (corresponding

to a fill factor of f = 1
3) and a critical temperature Tc. For a temperature above Tc, the van

der Waals particles always behave as a gas. For a temperature below Tc, a phase splitting
occurs according to Maxwell’s rule: part of the fluid is in liquid form (with a density above 1

3b),

while the other part is in gas form (with a density below 1
3b). Due to the connection between

A(f) and the chemical potential of the van der Waals gas inside the pores, one could argue
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Figure 3. Graphical representation of the solution of Eq. (25).

that this behavior can be transfered to A(f). When c has a value below the critical value of
cc = 6.75, Eq. (25) will have a single solution. However, if c > 6.75 the van der Waals particles
inside the pores will be subject to a phase splitting. Part of the particles will be in a phase
with a fill factor of f > 1

3 and the other part will be in a phase with a fill factor of f < 1
3 .

However, Maxwell’s rule is not validated for van der Waals particles confined in such small
volumes as in the pores of a MOF. Therefore, the occurence of phase splitting is not warranted.
Instead, the particles could still be in a single phase depending on their history. In this work,
however, we will only study systems with a temperature above the critical temperature.
The mathematical description of this behavior is included in Section 3 of the Supporting
Information. To satisfy this condition, we slightly decreased the van der Waals parameter a of
carbon dioxide from 611.9 kJ mol�1 Å�3 to 599.5 kJ mol�1 Å�3 so that its critical temperature
decreases from 306.1 K to 299.9 K, which is just below 300 K. For the reader’s convenience
we mention the that the critical temperature of methane is 192.5 K and that of xenon is 285.0 K.
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2.2.2 The pressure equation

The solution Nµ(V ) can now be substituted in the pressure equilibrium condition (Eq. 16):

P = Phost(V ) + Pguest,µ(V ) + Pint,µ(V ) (28)

Phost(V ) = −∂Fhost

∂V
(29)

Pguest,µ(V ) =
kBT

b

[
fµ(V )

1− fµ(V )
− c

2
f2
µ(V )

]
∂Vp
∂V

(30)

Pint,µ(V ) = −fµ(V )
Vp(V )

b

∂∆U

∂V
(31)

Eq. (28) is solved graphically for the volume by finding the intersect of the total pressure
Phost(V ) + Pguest,µ(V ) + Pint,µ(V ) with a horizontal line at pressure P , i.e. the external con-
trol pressure. This results in the equilibrium volume VµP for a certain value of the chemical
potential and pressure. Substituting this equilibrium volume in Eq. (27) gives us the equilibrium
number of particles:

NµP = Nµ(VµP ) = fµ(VµP )
Vp(VµP )

b
(32)

The stability condition (Eq. 21) can graphically be interpreted in two ways: the thermodynamic
potential X̃µP (Nµ(V ), V ) should have a minimum at VµP or the total pressure Phost(V ) +
Pguest,µ(V ) + Pint,µ(V ) should have a negative slope at VµP . This second step of the Legendre
transformation is indicated in blue on Fig. 2.

3 Computational details

In this paper two case studies will be considered: the MIL-53(Cr) upon adsorption with CO2

and CH4 and the MIL-53(Al) upon adsorption with xenon.

3.1 Input parameters for MIL-53(Cr) with CO2 and CH4:

For MIL-53(Cr) all input parameters were taken similar as in our previous study for the sake of
comparison[22]. The free energy profile of the empty host was postulated in that paper on basis
of a careful comparison with experimental data. The pore volume and interaction energy were
calculated in the same way as in this work. More information about the computational details
of those calculations can be found in Ref. 22. For the transparency of the current paper the host
profile is shown in Fig. 4.

3.2 Input parameters for MIL-53(Al) with Xe:

All required input was obtained from molecular simulations with our in-house developed
simulation code YAFF[29] using our own force field[13]. The free energy profile of the empty
host at the required temperatures is generated using the procedure described in section 2.1.1,
which relies on MD simulations in the (n, V, ¯̄σ0, T ) ensemble. To this end MD simulations
are carried out of 800 ps with a Verlet integration time step of 0.5 fs using our own flexible
force field with a rescaling factor of 0.86 for the van der Waals interactions. This factor
was determined to obtain a quantitative agreement for the transition pressure observed in
compression–decompression cycles for MIL-53(Al)[9]. A simulation cell containing 152 atoms
(two conventional unit cells) is created by doubling the unit cell along the axis of the metal
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Figure 4. The host free energy as function of unit cell volume for MIL-53(Cr) from Ref. 22.

oxides. Electrostatic contributions are efficiently calculated using the Ewald summation and a
real-space cutoff radius of 15 Å. The correct temperature distribution at 300 K is ensured via a
Nosé–Hoover thermostat chain with three beads and a coupling time constant of 0.1 ps. This
combination of parameters is shown to yield the desired distribution, and does not suffer from
a lack of ergodicity.[30]

The desired pressure distribution is achieved by applying the barostat suggested by Martyna,
Tobias, Tuckerman and Klein with a coupling constant of 1 ps.[23] For the simulation in the
(n, P, T ) ensemble, a hydrostatic pressure of 1 MPa is imposed, while for the simulations in the
(n, V, ¯̄σ0, T ) ensemble, only the requirement of a hydrostatic pressure is imposed.

To obtain the pore volume and the interaction energy of a single xenon atom with the MIL-
53(Al) host, Monte Carlo simulations with Widom insertions are performed. A guest atom is
inserted at 105 uniformly distributed positions in the unit cell of rigid host structures. The
Buckingham terms in the van der Waals part of the force field were converted to Lennard-Jones
terms to avoid the unphysical region of the Buckingham potential at small interatomic distances.
The conversion was implemented by imposing that the depth and position of the minimum for the
Lennard-Jones potential should be identical to that of the Buckingham potential. The interaction
energy Uint can be obtained from the simulation by applying Eq. (8), while the pore volume Vp
is obtained from the Widom insertion method using a helium probe. The Rosenbluth factor is
adjusted with a Heaviside function to avoid that negative interaction energies result in prefered
regions of space (due to a Boltzmann factor larger than 1):

Vp =
V

NMC

NMC∑
i=1

e�βUint(ri)H[Uint(ri)] (33)

with NMC the number of insertions. All the required input data, i.e. the empty host free energy,
the pore volume and the interaction energy, are calculated on a discrete grid of the unit cell
volume. However, for the thermodynamical analysis, we require all the free energy contributions
as analytical functions of unit cell volume. Therefore, the discrete grid data are fit to high-order
Taylor expansions in terms of the unit cell volume. More details can be found in Section 4 of
the Supporting Information.
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4 Results and Discussion

4.1 Case study I: methane and carbon dioxide in MIL-53(Cr)

In this section the model is applied to MIL-53(Cr) with methane and carbon dioxide. In principle,
the chemical potential and mechanical pressure are independent thermodynamic variables. How-
ever, in an adsorption/desorption experimental setup, the guest molecules in the environment
of the MOF exert a mechanical pressure on the MOF, and this is the only source of pressure.
This means that the chemical potential µ and mechanical pressure P are coupled through the
equation of state P = P (µ) of the gas.

4.1.1 Number of adsorbed particles from the chemical potential equation

As outlined in the Methodology section, the first step is to solve Eq. (25) for the fill factor f .
As a result the number of particles can be computed as a function of the volume. In Fig. 5 the fµ
and Nµ curves are plotted for several values of the chemical potential µ. In this work, whenever
an observable is denoted with a symbol containing µ and/or P in the subscript, it indicates
the solution of the chemical potential and/or mechanical pressure equation. For clarity of the
interpretation, the chemical potential must be interpreted as the potential felt by the particles
outside of the material. Since particles favor regions of low chemical potential, this means that
more negative values of the chemical potential result in particles that prefer to reside outside
of the host material. The figure clearly shows a peak that starts to grow at low volumes for
both gases, which demonstrates that both gases initially adsorb more in the narrow pore than
in the large pore. However, closer inspection of the chemical potential for both gases, clearly
reveals that carbon dioxide starts to fill up the pores at much lower chemical potentials than
methane (filling starts at −74 kJ mol−1 for carbon dioxide versus −57 kJ mol−1 for methane).
These results confirm earlier observations that both gases prefer to adsorb in the narrow pore
and carbon dioxide interacts more strongly with the framework than methane. At this point it
is interesting to correlate these results to the earlier equations that we derived. Indeed, it was
found that the function A(f) depends on the difference between the chemical potential (relative
to a reference value µ′0) and the interaction potential. Thus the stronger the particle interacts
with the material, the larger the driving force for being adsorbed in the material. Finally, the
results show that the pores can be filled up to a maximum fill factor of around f = 0.9− 0.95,
suggesting that there is around 5− 10 % of empty space between the molecules.

4.1.2 Adsorption isotherm from the pressure equation

After solving the chemical potential equation, the solution for the number of particles Nµ(V )
as function of volume is substituted in the pressure equation. Upon solving this pressure equation
(Eq. 28), one obtains the number of adsorbed particles NµP and the unit cell volume VµP as
a function of chemical potential and pressure. At this point, the set of control variables (µ, P )
is reduced to a single variable, either being µ or P . As in experiments, the chemical potential
and pressure are assumed to be coupled by means of the equation of state P = P (µ), meaning
that the pressure can be interpreted as the vapor pressure outside the MOF. From now on
most of our results will be given in terms of the vapor pressure outside the MOF, although
an equivalent interpretation could be given in terms of the chemical potential. The resulting
adsorption isotherms (not shown) are identical to the ones reported in our previous work[22]. A
full discussion of the isotherms may be found there.

4.1.3 Connection with the osmotic potential

Using the computed profile of the number of particles, one can construct the osmotic potential
X̃µP (Nµ(V ), V ) as a function of volume (see Fig. 6).

This osmotic potential is the important quantity as stable thermodynamic equilibria cor-
respond to minima of this potential. It can be observed that several local minima may exist
at different volumes for the same chemical potential. Thermodynamically, only the absolute
minimum is the stable solution. However, a phase transition of the material is the result
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Figure 5. The fill factor fµ (top) and number of particles Nµ (bottom) as function of unit cell volume for several values of
the chemical potential for carbon dioxide (left) and methane (right) in MIL-53(Cr). The chemical potentials µ are indicated
in kJ mol � 1.

of a collective transition. Indeed, one can assume that no individual unit cell transitions of
the unit cell volume are allowed and that the entire framework must undergo any unit cell
transformation in a collective fashion. This assumption of collective behavior implies that even
the slightest barrier in the osmotic potential of a single unit cell translates in a huge barrier for
the entire system, which can never be overcome through thermal fluctuations. This means that
if the system is in a state represented by a (local) minimum in the osmotic potential, it will
stay in that state as long as there is a non-zero barrier separating it from a lower minimum.
Therefore, a transition will only occur when a local minimum disappears. More information on
the collective phase transitions can be found in Ref. 22 and references therein. Keeping this
in mind, one can deduce whether or not adsorbed species will induce breathing in MIL-53(Cr)
upon adsorption or not.

Suppose the empty MOF is prepared in the large pore (ca. 1480 Å3). In the case of methane
adsorption, it is observed that the large pore minimum never disappears. There are intermediate
values for the chemical potential for which the narrow pore minimum occurs and is even more
stable than the large pore minimum, but due to the non-vanishing barrier and local minimum
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pane indicate the expected phase during adsorption (arrows pointing down) and desorption (arrows pointing up).

for the large pore, the phase transition will not occur. As such, methane will not induce a
breathing transition to the narrow pore upon adsorption. For carbon dioxide on the other hand,
the lp minimum vanishes at a pressure of approximately 3.8 · 10−2 bar. These observations are
in agreement with experiments[31].

4.1.4 Connection with adsorption stress

At this point it is interesting to compare our model to earlier proposed theoretical models
to explain the conditions for breathing. Neimark et al.[19] introduced the so-called adsorption
stress, to rationalize the underlying driving force for breathing. This is the stress (or pressure)
the guest molecules inside the pore exert on the host framework. It corresponds to the picture
that the pore represents a container with interacting molecules. In this work, the adsorption
stress naturally follows from the separation of the free energy profile in the three different
parts (Eq. 28) and the mean-field approximation for the interaction. The adsorption stress
is in our model due to the guest-guest interaction (Eq. 30) and the guest-host interaction (Eq. 31):

Pads,µ(V ) = Pguest,µ(V ) + Pint,µ(V ) (34)

Fig. 7 shows Pads,µ profiles for several values of the chemical potential. Very small volumes

(smaller then 1000 Å3) typically have a large positive adsorption stress. This means that
particles adsorbing in these small unit cells (2 − −3 particles as can be seen in Fig. 5) exert a
large pressure trying to expand the unit cell. The repulsion between the guest particles, i.e. the
Pguest contribution, resists the tight confinement in the pores.
The behavior at larger unit cells is more complicated. Two regimes can be identified: at low
chemical potential or low vapor pressures the large pore (around 1480 Å3) has negligible
adsorption pressure because no particles will adsorb in the large pore (see lower panes of Fig.
5), while at higher chemical potential (or higher vapor pressure) the large pore has a negative
adsorption pressure due to the interaction of the adsorbed particles with the MOF framework,
i.e. the Pint contribution. It is exactly this negative adsorption pressure that may induce
breathing.

Furthermore, following the work of Neimark et al.[19], the condition for a lp to np transition
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(Blue) The total pressure Phost + Pads,µ for carbon dioxide for a vapor pressure of 3.8 · 10−2 bar.

can be formulated in terms of this adsorption stress. First, the pressure equilibrium equation is
rewritten in terms of the adsorption stress:

P = Phost(V ) + Pads,µ(V ) (35)

The left hand side of this equation is the external mechanical pressure exerted on the framework.
As was mentioned before, this mechanical pressure is related to the chemical potential by means
of the equation of state of the adsorbent species in the environment. In all common experimental
setups, this pressure will only amount to an order of magnitude of 1 bar. The pressure of the
empty host profile is shown in Fig. 8. The typical order of magnitude for this pressure amounts
to about 1000 bar for unit cells with a volume of 1420 Å3 and thus on this scale the external
mechanical pressure is negligible. To deduce a quantitative criterion for a phase transition, one
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could approximate this external pressure to be zero. This assumption was also applied by Coudert
et al. who omitted the PV term in the osmotic potential[17]. At this point one can solve Eq. (35)
and determine the appropriate volume for several values of the chemical potential (and resulting
vapor pressure). The solution is found at the intersect of the Phost(V ) + Pads,µ(V ) curve with
the horizontal P = 0 line.
Following observations can be made :

• At low chemical potential, the pores of the framework are empty since the driving force for
adsorption is too low and the adsorption stress will be zero, which means we need to look for
the solution of Phost(V ) = 0. From Fig. 8 one can see that this means that Eq. (35) will only

have one solution at V ≈ 1480 Å3, which is also stable (because it has a negative slope) and
thus the system will reside in the large pore phase.

• When the chemical potential increases, the adsorption stress will become non-zero and obtain
a negative value at high volumes. As a result the curve of Phost(V ) + Pads,µ(V ) will shift to

lower pressures at high volumes (1100 − 1500 Å3). This is illustrated for CO2 for a pressure
of 2.0 · 10−1 bar (blue curve on Fig. 8) and for CH4 at a pressure of 3.8 · 10−2 bar (orange
curve in Fig. 8). As was mentioned before in Section 4.1.3, for a breathing transition to occur
in a concerted fashion, a local minimum of the osmotic ensemble X̃µP must disappear. This
condition can be translated in terms of the pressure Phost(V )+Pads,µ(V ): an intersect with the
horizontal P = 0 (with negative slope) must disappear. Hence, when the maximum of Phost

located at 1420 Å3 shifts down below zero under the influence of the adsorption stress Pads,µ,
no intersect with P = 0 will exist anymore at the large pore, and the system will be forced
to transform to the narrow pore (where there is an intersect). Indeed for CO2 the blue curve
shifts completely below zero, while for CH4 this is not the case. This is in agreement with the
experimental observation that MIL-53(Cr) breathes under influence of CO2 but not for CH4.

Finally, the condition for a lp to np transition under influence of adsorption can be formulated
as follows. The framework exhibits a lp to np transition if there exists a value for the chemical
potential for which the adsorption stress at 1420 Å3 is lower than −1100 bar. The most negative
value of the adsorption stress at 1420 Å3 for methane is approximately −1000 bar (at a vapor
pressure of 2.0 · 10−1 bar) and for carbon dioxide it is approximately −1700 bar (at a vapor
pressure of 3.8·10−2 bar). Previous rationalization shows that our model confirms the qualitative
model predicted by Coudert et al. to predict the conditions for breathing.

4.2 Case study II: adsorption of xenon in MIL-53(Al)

4.2.1 Free energy profile of MIL-53(Al)

Using the methodology outlined in Section 2.1.1, the free energy Fhost is computed of the empty
MIL-53(Al) framework (Fig. 9). An average error is estimated at 0.16 kJ mol−1 by running two
distinct molecular dynamics simulations with slightly different initial conditions. This profile
illustrates the bistability of this MOF: two stable structures exist, characterized by minima in
the free energy profile. The volume of the large pore structure is seen to be Vlp = 1450 Å3,

while the narrow pore corresponds to a volume of Vnp = 820 Å3, which corresponds to a relative
contraction of 43% (see also Fig. 1). These values compare well with experimental values of 1424–

1428 Å3 (lp) and 860–900 Å3 (np)[6, 9]. Moreover, it is seen that the np minimum is more stable
than the lp minimum, corresponding to a difference in free energy of 26.5 kJ mol−1. Keeping in
mind the collective behavior (see Section 4.1.3), which implies not even the smallest barrier can
be overcome, the lp structure will not collapse to the np structure without any external stimuli
due to the presence of a small barrier of ∼2 kJ/mol at 300 K. This is in agreement with the
experiments done by Liu et al.[6]: a temperature of 300 K is still in the region of hysteresis,
where both lp and np structures can be observed depending on their history. However, due to an
overestimation of the dispersion interactions, it may be that the free energy difference between
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np and lp is overestimated as well. Indeed, already at 0 K, the energy difference between np and
lp is very sensitive to the magnitude of the van der Waals interactions[13].
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Figure 9. (Top) The host free energy as a function of unit cell volume for MIL-53(Al) at 300 K. The average error on the
free energy is 0.16 kJ mol � 1. (Bottom) The corresponding pressure profile of the emtpy host as function of unit cell volume
for MIL-53(Al).

The pressure of the empty host Phost (Eq. 17) is plotted in the bottom pane of Fig. 9 and can
be used to deduce transition pressures. Assume a sample is prepared in lp. The maximal pressure
for which the material remains in the lp structure hence corresponds to the local maximum in the
pressure profile close to the large pore. From Fig. 9 we can deduce that this transition pressure is
expected to be 310 bar, in good agreement with the experimental transition pressure of 130 to 180
bar[9]. Likewise, a transition pressure for the expansion of the np to lp structure corresponds to
the minimum in the vicinity of the np structure. Based on our simulation, this transition pressure
amounts to �1830 bar, an order of magnitude larger than the lp to np transition pressure. This
negative np-lp transition pressure is not observed experimentally[9], because the experimental
setup is not able to apply negative pressure. The fact that the np-lp transition is experimentally
not observed at a positive pressure, and hence has to be at a negative pressure, confirms that
the np is still represented by a local minimum in the free energy profile.

4.2.2 Xenon adsorption in MIL-53(Al)

In this section our model is applied to study the adsorption of xenon in MIL-53(Al). The
results of the Monte Carlo calculations of the pore volume and the interaction energy can be
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found in Section 7 of the Supporting Information. The workflow to study phase transitions under
the stimulus of adsorbed guest molecules is similar as for MIL-53(Cr). The chemical potential
and pressure equation are solved under the assumption that the external pressure is exerted
by the gas only, as in an experimental setup. P and µ are thus coupled by the van der Waals
equation of state of xenon.

800 1000 1200 1400 1600 1800

Unit cell volume V [Å3]
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adsorption (arrows pointing down) and desorption (arrows pointing up).

The osmotic potential X̃µP as a function of unit cell volume is shown in Fig. 10. Three types
of (meta)stable equilibria emerge :

(1) The first is the empty np phase (indicated by a cross on Fig. 10) with a volume of

Vnp = 820 Å3. At every value of the chemical potential/vapor pressure, the empty np
phase remains a (meta)stable equilibrium. This np phase corresponds to the narrow pore
as observed by Liu et al.[6] of the empty host and identified by our force field calculations
in an earlier work[13].

(2) The second type of equilibrium is a large pore structure (indicated by a circle on Fig.

10) with a volume similar to the empty lp phase (Vlp = 1400− 1460 Å3), but which does
include adsorbed particles.

(3) The third type of equilibrium is an intermediate structure (indicated by a triangle on Fig.

10), with a volume within a wide range (Vint = 1170− 1300 Å3) and which also includes
adsorbed particles. We will compare our results with the experimental and theoretical
study of Boutin et al.[15], in which this phase is denoted as np. However we will denote
this phase as int, to make the distinction with the empty np phase and to be consistent
with the work of Bousquet et al.[16][15]. Boutin et al.[15] used the thermodynamic model
of Coudert et al.[17] to determine the relative stability of two phases with a well defined

volume: a large pore with a volume Vlp = 1419 Å3 and a intermediate pore with a volume

that is 23.5 % smaller than the lp volume (Vint = 1085 Å3).

We will now discuss the relative stability of these phases. If the sample was initially prepared
in np, our model predicts that it will stay in np, whatever the applied pressure, and hence it
will not adsorb any xenon. This is due to xenon being simply to big to fit in the np structure.
In other words, a sample prepared in the np phase appears to be non-porous for xe-adsorption.
To the best of our knowledge, this behavior has not been tested experimentally. In most
experimental setups so far, the sample is prepared in the lp phase as the material will be
outgassed at high temperature. In that case, our model does predict adsorption of xenon and
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breathing. Indeed starting at low vapor pressure yields the large pore phase. From a pressure of
5.2 · 10−2 bar (or the dark green curve in Fig. 10), the lp minimum disappears and a new phase
is predicted to occur, the intermediate phase (int)[15]. Care must be taken that this phase has a
larger volume than the empty np and contains adsorbed xenon and is thus different from the np
phase of the empty host. Further increasing the pressure maintains the int phase up to pressures
lower then 8.2 · 10−1 bar where the int phase minimum disappears and the system goes back to
the lp phase, containing adsorbed xenon atoms. Our model further predicts that a desorption
experiment starting from this lp phase, would induce a transition to the int phase at 0.82− 2.06
bar and would transform to the empty np when lowering the pressure even further. The system
would not return to the lp phase as a small but non-negligible barrier remains between int and lp.

An intermediate result of Boutin et al. is an estimation of the difference in free energy between
these two phases based on experimental isotherms[15]1: ∆Fhost = Flp − Fint≈ −8 kJ mol−1.
Furthermore, Devautour-Vinot et al[32]. estimated a value of ∆Hhost ≈ 20 kJ mol−1, also based
on experiments, which results in ∆Fhost ≈ −2.2 kJ mol−1. In our model, the difference in free
energy can be determined from Fig. 9. Taking into account the range of volumes for both the lp
and int phases, we arrive at a free-energy difference between −2.0 and 0.1 kJ mol−1, which is in
good agreement with the previously reported numbers.
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Figure 11. Number of adsorbed particles (left) and unit cell volume (right) as a function of vapor pressure for xenon
adsorption in MIL-53(Al). The circles and triangles represent the equilibrium phases in which particles can adsorb, i.e. the
lp and int phases respectively. When a circle/triangle is filled red, the lp/int is the most stable adsorbed state. When the
circle and triangle are not filled, both adsorption states are (meta)stable at that pressure. The black crosses represent the
empty state np, which cannot accommodate any guest molecules, but is a (meta)stable equilibrium at every vapor pressure.

The adsorption isotherm NµP and the unit cell volume VµP is plotted in Fig. 11 as a function
of pressure P . One can clearly identify two transitions on the adsorption isotherm. The phase
transitions throughout the adsorption/desorption process can be summarized in the following

1Strictly speaking, Boutin et al. determined ∆G. However, at the low pressures involved in adsorption experiments the
difference between free enthalpy and free energy is neglegible.



April 29, 2015 17:51 Molecular Simulation main

22

scheme:

adsorption: lp (1450 Å3) → int (1170− 1300 Å3) → lp (1400− 1460 Å3)

desorption: np (820 Å3) ← int (1170− 1300 Å3) ← lp (1400− 1460 Å3)

All transitions represent first-order transitions with hysteresis. The first transition occurs at
0.006 − 0.04 bar, while the second transition occurs at 2.0 − 2.5 bar. As such, the model is
able to confirm that xenon adsorption induces breathing behaviour in MIL-53(Al), as is also
observed experimentally[15]. In those experiments, the first transition occurs at 0.2−0.5 bar for
292 K, while the second transition was not observed within a range of 0− 1.5 bar. Similarly as
for carbon dioxide adsorption in MIL-53(Cr) in Ref. 22, our model predicts transition pressures
that are too low. The number of particles that adsorb in the int phase is around two particles,
in good agreement with the experiments of Boutin et al. A last observation concerns the end
state of the desorption branch. In the scheme above, the final state of the desorption branch
is identified as the np phase, i.e. the narrow pore equilibrium of the empty framework. The
underlying reason is clearly visible on a plot of the osmotic potential (see Fig. 10). When the
chemical potential is decreased, starting from the filled lp at large vapor pressure, one can see
the material transforming back to the filled int state. Decreasing the chemical potential even
further, one can see that the barrier in the osmotic potential that separates the int from the lp
never vanishes. On the other hand, the barrier separating the int from the np phase does vanish.
Hence, the model predicts that every desorption experiment will leave the material in the empty
np phase. This observation cannot be verified by means of the result of Boutin et al., because
the accuracy on the measured number of particles is too low to distinguish between int and
np. Furthermore, no information on the unit cell volume of the several phases is available. This
peculiar behavior is a prediction of the model that, to the best of our knowledge, has not yet
been observed experimentally. It can, however, be linked with the thermodynamic investigation of
Bousquet et al.[16] They introduced the so-called most comfortable state (MCS) which represents
the state of the MOF in which the guest molecules have the most attractive interactions and are
hence in their most comfortable state. In the case of xenon in MIL-53(Al), the MCS is located
between the np minimum and the local maximum in the free energy profile, but closest to the
maximum. As such the np and int states are well separated with a non-zero barrier in between
and once the MOF reaches np, it will stay there due to this barrier.

5 Conclusions

In this paper we proposed a semi-analytical model to unravel and predict the breathing
behavior of flexible materials. All input parameters can be determined from molecular dynamics
simulations. However to compare with experimental adsorption–desorption isotherms, it is
essential to describe the thermodynamics of the system in an osmotic ensemble in terms of
the chemical potential of the adsorbant species, the mechanical pressure and the temperature.
The original free energy is transformed to the osmotic ensemble using a Legendre transform. In
this work a semi-analytical solution is proposed to determine the equilibrium conditions for the
chemical potential and pressure. A new quantity is introduced, the fill factor, which represents
the degree to which the pores are filled. Our equilibrium conditions and osmotic potential can
be expressed in terms of this easy to interpret fill factor.

The new model is tested on adsorption of CO2 and CH4 in MIL-53(Cr) and adsorption of
xenon in MIL-53(Al). The first case study is used as a proof of concept study as it has been
examined by various authors in the past. Our model confirms the results found earlier in
literature: MIL-53(Cr) shows a breathing behavior upon adsorption of CO2 whereas it remains
in its large pore shape during an adsorption-desorption experiment with CH4. Conditions for
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breathing were earlier proposed by Coudert et al. and rationalized in terms of an adsorption
pressure. This last quantity directly follows from our model and indeed confirms the hypothesis
put forward by Neimark et al.[19]

For MIL-53(A), a slightly different behavior is found. First, all input parameters required
for our semi-analytic thermodynamic model are determined using no empirical input but
solely from molecular simulations. The host free energy profile was determined from molecular
dynamics simulations where the volume was fixed but for which the shape could still vary. The
interaction of the particles with the host matrix was determined from Monte Carlo simulations.
The osmotic potential indeed confirms the experimentally observed behavior. When starting
from a lp phase the structure switches to a intermediate phase form for a higher vapour pressure
of the gas molecules. Upon increasing the vapour pressure even more, the system switches
back to the lp form. In a consecutive desorption experiment, the system first reverts to the
intermediate phase after decreasing the vapour pressure and finally switches to an empty narrow
pore instead of an empty large pore. When one would start an adsorption-desorption cycle from
the np form, our model predicts that the material would not breathe, indicating that breathing
depends on the history of the system.

The proposed theoretical model gives complementary insights into the breathing behavior and
has the potential to be applied to other flexible materials. The user needs to be able to determine
the separate contributions to the free energy of the system.
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