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Modeling the flexibility of metal-organic frameworks (MOFs) requires the computation of me-
chanical properties from first principles, e.g. for screening of materials in a database, for gaining
insight in structural transformations, and for force field development. However, this paper shows
that computations with periodic density functional theory are challenged by the flexibility of these
materials: guidelines from experience with standard solid state calculations cannot be simply trans-
fered to flexible porous frameworks. Our test case, the MIL-47(V) material, has a large-pore and
a narrow-pore shape. The effect of Pulay stress (cf. Pulay forces) leads to drastic errors for a
simple structure optimization of the flexible MIL-47(V) material. Pulay stress is an artificial stress
that tends to lower the volume and is caused by the finite size of the plane wave basis set. We
have investigated the importance of this Pulay stress, of symmetry breaking, and of k-point sam-
pling on (a) the structure optimization, and (b) mechanical properties such as elastic constants and
bulk modulus, of both the large-pore and narrow-pore structure of MIL-47(V). We found that, in
the structure optimization, Pulay effects should be avoided by using a fitting procedure, where an
equation of state E(V) (EOS) is fit to a series of energy versus volume points. Manual symmetry
breaking could successfully lower MIL-47(V)’s energy by distorting the vanadium-oxide distances in
the vanadyl chains and by rotating the benzene linkers. For the mechanical properties, the curvature
of the EOS curve was compared with the Reuss bulk modulus, derived from the elastic tensor in
the harmonic approximation. Errors induced by anharmonicity, the eggbox effect, and Pulay effects
propagate into the Reuss modulus. The strong coupling of the unit cell axes when the unit cell
deforms expresses itself in numerical instability of the Reuss modulus. For a flexible material, it is
therefore advisible to resort to the EOS fit procedure.

I. INTRODUCTION

Metal-organic frameworks (MOFs) present a recent
class of materials which have been receiving growing in-
terest over the last decade.1,2 These materials show prop-
erties akin to both solids and molecular systems since
they consist of inorganic metal clusters, indicated as
nodes, connected through organic molecules, indicated
as linkers. The linker-and-node topology often results
in porous, highly tunable frameworks. Having internal
surface areas of > 1000 m2g−1 and a chemical tunabil-
ity through the choice of nodes and linkers makes MOFs
versatile materials. As such, they attract much interest
for application within catalysis, gas separation and gas
storage.3–10

This interest is clearly mirrored in the large body of
experimental work on these materials, and the steadily
growing body of theoretical work. Due to the size and
complexity of MOFs, theoretical work mostly uses force-
field based methods.5,7,9,11–15 It is very useful to be able
to validate force-field findings with ab initio methods as
these do not depend on the specific choices made in the
force field parametrization. Over the last few years also
the amount of ab initio calculations on MOFs has been
growing, providing detailed insights into the fundamental
physics and chemistry of these materials.9,16–23

An fascinating subclass of MOFs are the so-called
breathing MOFs.23–27 These MOFs show reversible struc-
tural phase transitions that are accompanied by large
variations in unit cell volume (up to 50% and more) under
the influence of thermal, mechanical or chemical stimuli.
This makes them great candidates for sensing applica-
tions. However, to build such applications, the breathing
behavior needs to be thoroughly understood. Because
barriers between the structural phases are rather small,
high-accuracy methods, such as density functional the-
ory (DFT), are required to properly describe the energy-
volume relation governing the structural phase transi-
tion.

DFT has been well established in the solid-state com-
munity for many years, and has been found to accu-
rately handle metallic, semiconducting and insulating
materials, containing all elements of the periodic table.28

Experience with these dense solids has, over the years,
led to some general guiding rules or intuitions regard-
ing what is required for a solid-state calculation to have
a certain level of accuracy. However, in contrast to
these dense compounds, MOFs represent a significantly
different class of materials. The large pores lead to
very open structures and very low densities. In addi-
tion, the combination of metal(-oxide) nodes and organic
linkers may lead to the emergence of low dimensional
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physics.16,20,21,23,29 Furthermore, both covalent and non-
covalent interactions are essential to reproduce the equi-
librium structure and thus also the unit cell. These in-
teractions and the interplay between them are of fun-
damental importance to explain the breathing phenom-
ena of some MOFs.30–33 In case of breathing MOFs, the
structural flexibility gives rise to very flat potential en-
ergy surfaces, making structure optimization highly non-
trivial.

These phenomena make it hard to find a consistent
yet accurate approach to perform DFT calculations for
breathing MOFs. MOFs are extended periodic frame-
works, and hence DFT implementations in periodic codes
is mandatory to construct the potential energy sur-
face accurately. A variety of studies have appeared on
DFT calculations of MOFs using various computational
choices. It is however not fully clear how these choices
influence the overall accuracy. For instance, several au-
thors employ a fairly sparse grid in reciprocal space of
1 × 1 × 1 k-point sampling to keep MOF computations
feasible.18,34,35 Geometry optimizations are another crit-
ical point. Liu et al. optimized MIL-53 with a small k-
point spacing (0.05 Å−1) while keeping the unit cell pa-
rameters fixed, giving a geometry with remaining imagi-
nary frequencies.36 Walker et al., on the other hand, op-
timized MIL-53 using a 4× 4× 4 k-grid and maintained
the crystal symmetry during the optimization process.30

Ortiz et al. published mechanical properties of several
MOFs (among which MIL-47 and MIL-53) using 3×3×3
k-grids.37 Some authors already indicated problems of
numerical sensitivity for porous materials. Sauer et al.,
for instance, investigated the convergence and anhar-
monicity of frequency computations.38

In this work, we revisit guiding rules of standard
solid-state computations, and investigate the influence
of methodological aspects with regard to the accuracy of
(a) structural and (b) mechanical properties of breathing
MOFs such as elastic constants and bulk moduli. Aspects
of interest are real- and reciprocal-space integration grids,
Pulay stresses and symmetry.

As a case study, the MIL-47(V) MOF, will be used,
as shown in Fig. 1a-c.39 This MOF belongs to the sub-
class of breathing MOFs, where it has a somewhat spe-
cial status. Unlike other breathing MOFs with the same
topology (e.g. MIL-53(Al), MIL-53(Cr),...), MIL-47(V)
does not show breathing under thermal stimuli or the
adsorption of gases.25,40,41 In contrast, MIL-47(V) shows
breathing under significant mechanical pressure.23,26 Be-
cause of this more rigid nature than other breathing
MOFs, MIL-47(V) is assumed to be better-behaved in
the computations, and thus more suitable for investigat-
ing methodological aspects.

Section II gives a brief introduction on standard nu-
merical methods used in ab initio solid-state physics,
while Section III provides computational details of this
work. In Section IV, we study the influence of the meth-
ods and aspects discussed in section II on the accuracy
of the structural properties in our case study of the MIL-

47(V) MOF in a large-pore configuration. Guiding rules
are derived for accurate calculation of the properties of
breathing MOFs. These new guiding rules are then ap-
plied in Section V to generate a narrow-pore MIL-47(V)
and allow the comparison of the physical properties of the
large-pore and the narrow-pore configuration. Finally, in
Section VI, the conclusions are presented.

II. METHODOLOGY

A. Solving the Schrödinger equation for solids

Bloch functions and k-points. According to
Bloch’s theorem, the eigenfunctions of the Schrödinger
equation with a periodic potential are Bloch functions,
labeled by the vector k in reciprocal space (a k-point)
and an extra index n for residual degeneracy (band in-
dex),

ψkn(r) = ukn(r)eik·r, (1)

where ukn(r) has the same periodicity as the periodic po-
tential. In crystalline solids, the one-electron orbitals in
the Hartree-Fock or Kohn-Sham formalism need to fulfill
the same type of differential equations as the Schrödinger
equation and can hence be written as Bloch functions as
well. Only the Bloch functions with k originating from
a single Brillouin zone are independent, so the k-vectors
may be limited to the first Brillouin zone.

To compute the physical properties of solids, integrals
over the first Brillouin zone are often required. Such
integrals are in practice approximated by a sum over
discrete k-points, the so-called k-point sampling. The
distribution scheme by Monkhorst and Pack, for exam-
ple, creates an uniformly spaced k-point grid symmetric
around the Γ point and is often used.42 Γ point sam-
pling considers a single Bloch function in the integral
with reciprocal vector k = 0 (1 × 1 × 1 sampling of the
Brillouin zone), while N ×N ×N sampling considers N3

Bloch functions with k-vectors distributed over the first
Brillouin zone. Symmetry allows one to consider only
the symmetry-inequivalent k-points and to write the in-
tegrals over the first Brillouin zone as a weighted sum
of these irreducible k-points. The number of irreducible
k-points Nirr hence determines the computational cost of
a single self-consistent field (SCF) cycle.

Plane wave basis set and Pulay stress. The pe-
riodicity of the material makes the plane-wave (PW)
basis set eiG.r a suitable choice to expand the Bloch
functions. Here the reciprocal wavevectors G are lin-
ear combinations of the reciprocal unit cell lattice vec-
tors (G1,G2,G3). The expansion of the periodic ukn(r)
yields

ψkn(r) =
∑
G

ukn,Ge
i(k+G)·r, (2)

where the coefficients ukn,G are the Fourier transform of
ukn(r).
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FIG. 1. (a,b) Unit cell of the large-pore (LP) and narrow-pore (NP) structure of MIL-47(V), with definition of opening angle
δ. (c) Definition of angles θV and φ. θV is the dihedral angle between the VCV planes of opposite vanadyl chains and is a
measure for their torsion. φ is the dihedral angle between the OCO plane and the terephthalate linker and is a measure for the
planarity of the linker. Color code of atoms: grey (C), red (O), white (H), pink (V).

In practice, numerical applications are limited to a
finite PW basis set eiG·r. The summation over recip-
rocal lattice vectors in Eq. 2 is therefore limited to G
vectors whose length lies below a certain cutoff Gcut,
determined by the cutoff energy: ~2|k + G|2/(2me) ≤
~2G2

cut/(2me) = Ecut, for all G. In this way, Gcut defines

the resolution in real space as λmin = 2π/Gcut; fluctua-
tions of ψkn(r) with shorter wavelengths are not taken
into account in the basis set.

As this practical PW basis set is not complete, nu-
merical inaccuracies appear. Even when the PW is that
large that no effect can be noticed anymore in a static
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FIG. 2. The cutoff energy Ecut determines the number of
plane waves NPW in the basis set, which cover a sphere in
reciprocal space. Shrinking the unit cell in real space makes
the sphere expand. This resembles an increase of the cutoff
energy when NPW is fixed, i.e. the Pulay effect.

energy calculation, the finite size of the PW basis set still
causes an artificial Pulay stress, which affects optimiza-
tions of the crystal volume. As suggested by the name,
Pulay stresses are similar to Pulay forces. The latter are
caused by a finite atom-centered basis set, where basis
functions are attached to the position of the nucleus, and
are dragged along when the nucleus is displaced. If the
basis set has a finite size, this creates an additional force
on the nucleus, the Pulay force. Likewise, the PW ba-
sis set eiG·r is linked to the unit cell dimensions through
G. When the unit cell shrinks (expands), the size of the
first Brillouin zone and the corresponding reciprocal lat-
tice vectors G increase (decrease). The effect is a stress
towards smaller volumes.

This can be understood from Fig. 2. Consider a refer-
ence volume and a PW basis set with NPW plane waves,
which covers a sphere in reciprocal space with a radius
set by the cutoff energy Ecut. A volume contraction in
real space corresponds to an expansion of the sphere in
reciprocal space. This expansion resembles the effect of
an increase in cutoff energy, i.e. as if the basis set were
expanded (assuming for a moment complete k-point sam-
pling). Because of the variational principle, this apparent
basis set expansion will lower the energy. In other words,
a volume contraction tends to lower the energy when the
basis set is fixed. Taking a fixed finite number of plane
waves NPW thus creates an artificial tendency to reduce
the volume in real space. This artifact is known as Pu-
lay stress,43–46 and causes volume optimizations, which
typically operate with constant basis sets, to lead to too
small volumes.

Integration on a real-space grid and eggbox ef-
fect. To combine both the reciprocal- and real-space
parts into one set of Kohn-Sham equations, transfor-
mations between real and reciprocal space are required.
In practice, this is done with a Fast Fourier Trans-
form (FFT), which is an efficient implementation of the
discrete Fourier transform, and which allows moving

back and forth between discrete grids in real and re-
ciprocal space. However, this may introduce numerical
noise, since some high frequencies components, typically
originating from the pseudopotentials and exchange-
correlation potential, cannot be transformed accurately
between the real-space and reciprocal-space grid, as dis-
cussed in more detail in the Supp. Info. As a result, a
small displacement of all atoms with respect to the grid
gives a subtle change of the wavefunction, energy and
forces. Only for a displacement over an entire grid spac-
ing do these results remain invariant. Such periodic rip-
ples as a function of the atomic shift are suitably named
‘eggbox effect’, after the periodic layout of cardboard
boxes used to transport eggs.

B. Structural properties of solids

Equation of state. One of the key structural prop-
erties of a solid is its response to volume change. The
energy profile as a function of volume is constructed in
the following way. First, a series of starting structures is
generated by uniformly straining the unit cell vectors to
impose volume increments and decrements of up to a few
percent of the reference volume. Each of these starting
structures should be optimized while keeping the volume
fixed; the ion positions and the unit cell shape are opti-
mized. The resulting energies are gathered as the E(V )
profile (energy E is expressed per unit cell).

Next, an equation of state (EOS) model EEOS(V ) is
fitted to the computed E(V ) curve using a least-squares
criterion. The commonly used Birch-Murnaghan EOS is
only applicable to moderate volume changes, because it is
derived from a third-order expansion of the free energy
with respect to Lagrangian strain.47 For materials like
soft MOFs, whose flexibility implies significant anhar-
monicity, we use the Vinet EOS, which is known to rep-
resent compression features much better (see discussion
and Fig. S2 in Supp. Inf.).48,49 It is based on the universal
binding-energy relation for solids (UBER)50 and depends
on four material parameters: the minimum energy Emin,
the bulk modulus B0, the derivative of the bulk modulus
with respect to pressure B′0 = ∂B0/∂P , and the volume
Vmin; all evaluated at the minimum energy point, at zero
external pressure and zero temperature. If the cube root

of the volume ratio V/Vmin is denoted as η = 3

√
V

Vmin
, the

Vinet EOS reads

EEOS(V ) = Emin+
2B0Vmin

(B′0 − 1)
2

[
2− (5 + 3B′0(η − 1)− 3η)

× exp

(
−3

2
(B′0 − 1)(η − 1)

)]
(3)

Using such an EOS fit makes it possible not only to de-
termine elastic properties like B0 (see further in Eq. 11)
but also to determine Vmin avoiding Pulay effects.

Finally, once Vmin is found from the fit, the correspond-
ing unit cell shape and ion positions are determined by
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optimizing the ion positions and unit cell shape while
keeping the volume fixed at Vmin. This final structure
will be referred to as the EOS structure. Its energy is
denoted as Ẽmin and can slightly differ from the fit value
Emin.

Gamma-point phonons and thermodynamical
quantities. To verify whether a geometry is a local
minimum on the energy surface, a normal mode analy-
sis (NMA) can be performed based on the Hessian. The
Hessian matrix has dimension 3Nat × 3Nat (Nat num-
ber of atoms) and contains the second derivatives of the
energy with respect to ion displacements evaluated at a
stationary reference point on the energy surface,51

Hij =

(
∂2E

∂xi∂xj

)
0

, (4)

where i, j = 1, . . . , 3Nat. NMA is equivalent with a frozen
phonon calculation: the Hessian equals the dynamical
matrix when the periodicity of the phonons is set to one
unit cell (also called Γ-point phonons). When the Hes-
sian is a positive semidefinite matrix and the energy gra-
dient is zero, the structure is a local minimum on the
energy surface. On the other hand, when the Hessian
has n imaginary eigenvalues (frequencies), the structure
is an n-fold saddle point, and a distortion of the reference
geometry along the corresponding eigenvectors (normal
modes) may push the structure towards a local minimum.

The phonon frequencies also serve as input in the vi-
brational partition function, from which several thermo-
dynamic quantities may be derived, e.g. the zero-point
energy (ZPE) and the vibrational finite-temperature cor-
rections to the internal energy, entropy, and free energy.52

Stiffness tensor. The stiffness tensor C is a general-
ization of the force constant k in Hooke’s law F = k∆x to
three-dimensional solids. In the linear regime it describes
the stress response to strain of the unit cell,

¯̄σ = C · ¯̄ε, (5)

where ¯̄σ is the Cauchy stress tensor and ¯̄ε the strain ten-
sor. We follow the definitions of the tensors as described
in Ref.53. In the harmonic approximation, the clamped-
ion stiffness tensor

Cclamp
kl =

1

V0

(
∂2E

∂εk∂εl

)
0

(6)

is computed. It has dimension 6×6 in Voigt notation and
contains the derivatives of the energy with respect to the
elements of the strain tensor ¯̄ε, evaluated at a reference
point with volume V0, while keeping the atomic fractional
coordinates fixed (hence the name clamped-ion). It can,
for example, be computed by numerical differentiation
of the stress tensor ¯̄σ at some strained structures, while
keeping the fractional coordinates of the ions unaltered.
An alternative method is energy-based and involves fit-
ting the energy of strained structures to polynomials of εi,
similar to how an EOS is determined, and taking the sec-
ond derivative of the polynomials at the reference point.

Cclamp overestimates the rigidity of the material, be-
cause, in reality, the ions will relax when the material is
strained. The relaxed ion tensor Crelax is therefore com-
puted too, by relaxing the ion positions. This can be done
manually, by optimizing the ion positions at each strained
structure separately. It includes the anharmonicities of
the ion response. Alternatively, the ion response correc-
tion can also be applied to Cclamp in the harmonic ap-
proximation, neglecting anharmonicities, in the following
procedure. First, the ‘extended Hessian’ with six addi-
tional rows and columns is computed. It contains the
Hessian H and Cclamp as diagonal blocks and the force-
response internal strain tensor B as off-diagonal block,53

Bi,k =

(
∂2E

∂xi∂εk

)
0

, (7)

where the mixed partial derivatives in this 3Nat × 6 ma-
trix are evaluated at the reference structure. B is, for
example, computed by numerical differentiation of either
the forces in a strained cell (with constant fractional co-
ordinates), or the stresses due to displaced ions (in a
constant cell). Averaging over these two approaches can
improve numerical accuracy. Next, this ionic response is
added as a correction term53 to Cclamp, yielding Crelax,
denoted in short as C,

C = Crelax = Cclamp − 1

V0
BT ·H− ·B (8)

where H− is the pseudo-inverse of the Hessian.53 This
expression resembles the general principle of Vibrational
Subsystem Analysis (VSA), where the subsystem de-
grees of freedom relax adiabatically along the normal
modes when the environment degrees of freedom are
manipulated.54–56 The correction term in Eq. 8 may be
regarded as an application of VSA: the unit cell param-
eters are subsystem coordinates, and the ionic positions
are environment coordinates. A note of caution is in or-
der, however: the accuracy of Crelax is particularly sensi-
tive to the low eigenvalues of the Hessian because of the
appearance of its pseudo-inverse in Eq. 8.

The elements of the stiffness matrix represent the resis-
tance of the material to different deformations in different
directions. On the other hand, it can also be useful to
consider the eigenvalues of C. The lowest and the high-
est eigenvalue indicate the easiest (so-called ‘soft mode’)
and hardest deformation mode, respectively.37,57,58

Bulk modulus. The bulk modulus describes the over-
all resistance to strain or stress. Several definitions ex-
ist, because volume change may be realized in several
ways. Close to the reference volume, bulk moduli can
be computed from the stiffness tensor, giving ‘harmonic’
estimates. Alternatively, the bulk modulus directly re-
lates to the second derivative of the equation of state
curve EEOS(V ), giving the EOS estimate. As non-cubic
unit cells are much less commonly discussed in literature
than cubic systems, we briefly revisit different measures
of the bulk modulus and their interpretation.
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(1) The Voigt modulus KV is an average of the upper
left corner of the stiffness tensor,

KV =
1

9

3∑
i,j=1

Cij

=
1

9
(C11 + C22 + C33 + 2C12 + 2C13 + 2C23). (9)

It describes the average response of the linearly elastic
tensile stress to isotropic volumetric strain (¯̄ε → ¯̄σ =
C · ¯̄ε).

(2) The Reuss modulus KR relates to the inverse of the
average of the upper left corner of the compliance matrix
S (S = C−1),

KR =

 3∑
i,j=1

Sij

−1
= (S11 + S22 + S33 + 2S12 + 2S13 + 2S23)−1. (10)

It corresponds to volume changes induced by isotropic
pressure under the assumption of a linearly elastic mate-
rial (¯̄σ → ¯̄ε = S·¯̄σ) and follows from imposing an isotropic
stress tensor σij = σδij . The Reuss modulus may also
be derived using the generalized VSA principle56 (see
discussion Eq. 8) by projecting out deformation modes
that keep the volume V constant. This shows that the
Reuss modulus may indeed be interpreted as the response
to a volume change without specifying how it is real-
ized, allowing changes in cell shape to reduce anisotropic
stresses.

(3) In the Vinet EOS, Eq. 3, B0 expresses the resis-
tance of the material against volume change and can be
calculated analytically as

B0 =

(
V
∂2E

∂V 2

)
min

= −Vmin

(
∂P

∂V

)
min

, (11)

evaluated at the minimum-energy volume Vmin. How the
volume change is realized, e.g. by isotropic stretch or uni-
axal stretch, is not specified, only that the minimum-
energy geometry is taken at each volume. In the case of
our ab initio calculations of with periodic boundary con-
ditions representing a single crystal, B0 should therefore
be compared with the Reuss modulus KR.

III. COMPUTATIONAL DETAILS

Calculation of properties of MOFs with plane-wave
DFT is prone to numerical inaccuracies and requires ex-
treme care to obtain reliable results. In Secs. IV and V,
we demonstrate this for MIL-47(V). The starting struc-
tures are taken from the CIF database of the Cam-
bridge Crystallographic Data Centre.59 For the large-
pore phase, we use the structure with CCDC code 846906
(dubbed ‘geom1’), derived from a combined experimen-
tal/theoretical study by Maurin and co-authors,26 and

the open structure (CCDC code: 166785, ‘geom2’) mea-
sured from the empty material by the group of Férey.39

For the narrow-pore phase, we use the closed form of
Maurin and co-authors (CCDC code: 846907, ‘geom3’).26

Table I lists the cell parameters. Each unit cell contains
72 atoms in total. Energies will be expressed per unit
cell.

All calculations are performed using the projector aug-
mented wave (PAW) method as implemented in the Vi-
enna Ab Initio Simulation Package (VASP). For the C
and O atoms, the 2s and 2p electrons are considered
as valence electrons, while for the V atoms, the 3p,
3d and 4s electrons are considered as valence electrons.
The exchange and correlation behavior of the electrons
is modeled with the Generalized Gradient Approxima-
tion (GGA) functional constructed by Perdew, Burke and
Ernzerhof (PBE),60 which is known to provide reliable
predictions for a wide range of solids and properties.61

Dispersion interactions between the organic linkers are
well known to be of importance to correctly describe
the MOF structure.30,62 Van der Waals interactions are
modeled using the Grimme DFT-D3 corrections63 with
Becke-Johnson damping64 and a cutoff radius of 50 Å.
Spin polarization is taken into account, and the total
magnetic moment per unit cell is set to 4, as every vana-
dium atom has one unpaired electron.

Although subsequent sections discuss the sensitivity of
the results to a number of numerical parameters, there
are also some common settings. First, the kinetic energy
cutoff Ecut is set to 500 eV, corresponding to a largest
wavevector Gcut = 11.0 Å−1, and the criterion for energy
convergence for a single SCF cycle is put at 10−8 eV.
A Gaussian smearing scheme with a smearing factor of
σ = 0.05 eV is used. The number of grid points NFFT

in the FFT is set to twice the number of plane waves
in each direction to avoid FFT wrapping errors in recip-
rocal space. Finally, when optimizing the geometry, an
energy convergence criterion of 10−7 eV is used, leading
to the largest forces being only a 3.2 meV/Å or less after
optimization.

For phonon calculations, ionic displacements of 0.01 Å
are applied, while for the determination of elastic con-
stants, the strain tensor elements are set to 1 %. The
energy profile, on the other hand, is generated by chang-
ing the equilibrium volume up to ±4 % in steps of 1 %,
to which a Vinet EOS is fitted.

IV. STRUCTURE DETERMINATION OF
MIL-47(V)

Because of their particular bonding character and the
small energy differences involved in their structural trans-
formations, breathing MOFs are strongly sensitive to nu-
merical effects that do not play a significant role in other
types of materials. The particular morphology of breath-
ing MOFs gives rise to relatively flat potential energy
surfaces. Different structural configurations barely dif-
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TABLE I. Starting structures of MIL-47(V) for its large-pore
shape (geom1 and geom2) and narrow-pore shape (geom 3):
lattice constants (in Å), lattice angles (in ◦), volume (in Å3),
and symmetry.

geom1 geom2 geom3
a 16.6568 16.1433 21.117
b 13.5806 13.9392 6.710
c 6.7393 6.8179 6.717
α 90◦ 90◦ 90◦

β 90◦ 90◦ 114.41◦

γ 90◦ 90◦ 90◦

V 1524.5 1534.2 866.7
space group Imma Pnma C2/c
CCDC 846906 166785 846907

fer in energy and are separated by low energy barriers,
which are prone to large inaccuracies. These structural
conformations and barriers serve as input in thermody-
namic models for describing the breathing behavior,14,65

so their accurate determination is essential. In contrast,
in other materials with a more coarsely shaped energy
surface, the errors have less impact on the processes oc-
curing on the potential energy surface. We will demon-
strate how numerical inaccuracies may have an effect on
the overall behavior of the breathing MOF. MIL-47(V)
is a good prototype for this type of investigation, as it
shows all features inherent to a flat energy surface as
sketched above. In the following subsections the sensi-
tivity of properties of the large-pore MIL-47(V) phase
will be discussed.

A. Energy convergence test (single point)

In Table II, static energy calculations are performed on
the two geometries geom1 and geom2 of Table I as a func-
tion of the k-point set. Since our interest in the energy
is mainly limited to geometry optimizations and crystal
deformations, we particularly require energy differences
to be well converged. When only considering N ×N ×N
k-grids, a 6× 6× 6 k-point set allows convergence up to
0.1 meV at a cost of 27 irreducible k-points, which may
serve as the reference in Table II. According to this con-
vergence test, the Γ-point set (1×1×1) performs poorly
both in absolute energy and in energy difference between
geom1 and geom2, indicating that errors do not cancel
out.

Since the a and b lattice vectors are longer than the c
vector, we also consider some choices Na×Nb×Nc with
Na = Nb < Nc to ensure a constant k-point density in
each direction: ∆k ≈ 2π/a/Na ≈ 2π/b/Nb ≈ 2π/c/Nc

(a ≈ b > c for MIL-47). We moreover require a very
stringent convergence of energy differences (up to a few
times 0.1 meV per unit cell at most), since the large and
narrow pore structure are separated by a small energy
barrier. With six or more k-points along the shortest
axis c = 6.9 Å, the energy is converged within 0.1 meV.

Because the other lattice constants a and b are larger
than c, a k-point set of 2×2×6 provides an accurate ap-
proximation of the reference 6× 6× 6 energy at a much
lower computational cost, and we therefore use this k-
grid in the remainder of this work for the geometry op-
timization, phonon calculation, and flexibility analysis.
For the interested reader, we provide computed data in
the Supplementary Information for the smaller k-point
sets 1× 1× 1 and 2× 2× 2.

The eggbox effect gives energy fluctuations as a func-
tion of the real space grid position. As shown in the
Supporting Information, the 2 × 2 × 6 energy fluctuates
by about 0.1 meV, which represents the limit of the the
energy accuracy.

B. Structure optimization

In this discussion, structure geom1 is selected as the
starting structure of the geometry optimization, because
it has a lower energy than geom2. A material has not
only 3Nat coordinates describing the ion positions but
also six coordinates (a, b, c, α, β, γ) describing the unit
cell shape and volume. These degrees of freedom can be
relaxed stepwize, by first relaxing the ion positions only,
then also the unit cell shape, and finally the unit cell vol-
ume as well. The effect of the relaxation on the energy
is visualized in Fig. 3a and values are given in Table III.
Starting from the initial structure geom1, the ion geom-
etry optimization–where only the ion coordinates are al-
lowed to relax–lowers the energy with several tens of eV.
In the shape optimization, wherein besides the ion posi-
tions the shape of the unit cell is relaxed as well while the
cell volume is kept fixed, the energy is further reduced
by a few tens of meV. In the fully relaxed optimization,
the volume is relaxed as well, thus relaxing all 3Nat + 6
degrees of freedom. We observe that in this case the MIL-
47(V) structure shrinks to its NP shape. This is caused
by the Pulay stress, as the optimization employs a con-
stant yet finite basis set, pushing the structure towards
smaller volumes (see also further).

To avoid these Pulay effects and retrieve a local min-
imum for the LP phase, the EOS profile can be con-
structed manually. A series of structures at distinct vol-
umes is created with a shape optimization (i.e., keeping
the volume fixed), as described in Section IIB. Fitting the
Vinet equation of state (value of four parameters avail-
able in the Supporting Information) and reoptimizing at
fixed volume indeed predicts a local minimum in the LP
shape at Vmin = 1554.1 Å3 and Ẽmin = −539.9326 eV,
which lies several meV below the shape structure.

In the following, three effects are discussed that in-
fluence the geometry optimization: the abovementioned
Pulay stress, k-point sampling, and symmetry breaking.
We moreover briefly discuss EOS fitting errors.

(a) Pulay stress. It is remarkable that the fully
relaxed optimization yields a NP structure with higher
energy than the shape optimized LP structure. This
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TABLE II. Energy convergence with increasing k-point set for two geometries (geom1 and geom2) and their difference in
energy (diff). The van der Waals corrected ground state energy E is expressed with respect to the 6 × 6 × 6 reference value:
δEgeom1 = Egeom1 − Egeom1

666 and δEgeom2 = Egeom2 − Egeom2
666 . For the set labeled with a star, the SCF did not converge after

200 cycles. Nirr is the number of irreducible k-points, with symmetry turned on (sym) or off (nosym) in VASP.

k-points Nirr δE (meV)
sym nosym geom1 geom2 diff

1 × 1 × 1 1 1 2216.7 1406.1 810.6
2 × 2 × 2 1 4 -28.1 -27.5 -0.5
3 × 3 × 3 8 14 17.8 2.0 15.8
4 × 4 × 4 8 32 0.7 -0.2 0.9
5 × 5 × 5 27 63 0.0 0.0 0.1
6 × 6 × 6 27 108 0 0 0
1 × 1 × 2 1 1 -24.4 -19.2 -5.2
2 × 2 × 4 2 8 0.9 -0.1 1.1
3 × 3 × 6 12 27 0.0 0.1 -0.1
1 × 1 × 3 2 2 44.5* 9.9 34.6
2 × 2 × 3 2 6 17.9 2.0 15.9
2 × 2 × 6 3 12 0.0 -0.1 0.2

6 × 6 × 6 Egeom1
666 (eV) Egeom2

666 (eV) diff (eV)
-533.2859 -529.6710 3.6148

TABLE III. Geometry optimizations of the LP unit cell, starting from geom1. The energy (in meV) is expressed with respect

to the EOS energy with 2×2×6 k-points: δE = E− Ẽ226
min with Ẽ226

min = −539.9326 eV. It was verified whether the geometry is a
local minimum (min) or a saddle point (sp) by computing and diagonalizing the Hessian. The volume is given per unit cell (in
Å3), the unit cell lengths a,b,c (in Å), the vanadyl chain angle θV (in ◦), and the benzene rotation angle φ (in ◦); see definition
in Fig. 1. Unit cell dimensions as used by Ortiz et al. in the CRYSTAL package are given for comparison.37 The upper table
displays the effects of successive optimization steps, while the lower table highlights three effects on the optimization: Pulay
stress (fully relaxed), imposing symmetry, and k-point set.

Successive optimizations
k-points δE V a b c θV φ

geom1 2 × 2 × 6 6 646.3 1524.5 16.657 13.581 6.739 0 0
ion 2 × 2 × 6 46.5 sp 1524.5 16.657 13.581 6.739 0 0
shape 2 × 2 × 6 9.7 min 1524.5 16.865 13.241 6.827 8 1-8
EOS 2 × 2 × 6 0 min 1554.1 16.394 13.854 6.842 8 1-7
Ortiz37 3 × 3 × 3 1524.1 16.05 13.98 6.79

Effects on optimizations
effect k-points δE V a b c θV φ

Pulay stress fully relaxed 2 × 2 × 6 82 sp 859.9 19.662 6.435 6.797 12 12
symmetry EOS sym 2 × 2 × 6 338 sp 1506.9 17.062 13.162 6.710 0 0
k-points EOS 1 × 1 × 1 870 min 1594.9 15.504 14.588 7.052 10 18-22

EOS 2 × 2 × 2 -84 min 1547.5 16.342 13.889 6.818 0 2
EOS 2 × 2 × 6 0 min 1554.1 16.394 13.854 6.842 8 1-7

means that the conjugate gradient optimizer was able
to climb a slope and overcome the barrier in the E(V )
profile between the LP and NP structures. The PW ba-
sis set depends on the unit cell dimensions. Following
the Hellmann-Feynman theorem, the energy change due
to straining the unit cell has then two components, one
originating from the derivative of the Hamiltonian, and
another one originating from the change in basis set when
the plane waves in the basis set are strained. The latter
is the Pulay stress. All computed stresses are distorted
by the Pulay stress, which is an artificial stress towards
smaller volumes (see Section II A). While we would nor-
mally expect that a fully relaxed optimization invokes a
very small volume change with respect to the shape op-
timization, we observe here that MIL-47(V) undergoes a

drastic transformation from the LP to the NP shape with
a significant volume drop.

This drastic effect is visualized in Fig. 4. According
to the EOS optimization, the LP is a minimum energy
structure of the E(V ) profile, which corresponds to a zero
pressure at the LP volume. In Section V, the NP is shown
to be a minimum energy structure of the E(V ) profile as
well. The energy profile must therefore have two minima
separated by a barrier, at which the pressure P is zero
(see Fig. 4). The fully relaxed optimization is driven by
pressure, which is unfortunately affected by the Pulay
stress. This Pulay stress, which varies only slightly as
a function of volume46, shifts the pressure curve P (V )
downwards, such that the apparent pressure is no longer
zero at the LP structure. Pulay stress thus seems to elim-
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FIG. 3. Structure optimization of MIL-47(V). (a) Energy
and volume of the starting geometries geom1 and geom2, ion
optimization, shape optimization, fully relaxed optimization
(blue squares). The Vinet EOS is fit (black line) to a set of
E(Vi) points (red diamonds), see Section IIB. Energy scale is
linear (bottom part) and logarithmic (top part). (b-d) The
EOS is fit (lines) to a set of strained structures (symbols).
Effect of Pulay stress, symmetry, and k-point sampling: on
the energy Emin (b), on the volume prediction Vmin (c), and
on the curvature B0 (d).

FIG. 4. In a fully relaxed optimization, Pulay stress pushes
the structure out of the LP phase towards the NP phase.
The energy profile E(V ) has two minima and a barrier, corre-
sponding to zeros of the pressure profile P (V ). Pulay stress,
approximately a constant, shifts the pressure profile down-
wards, such that the LP volume is no longer detected as a
local minimum in the pressure-driven fully relaxed optimiza-
tion.

inate the existence of the shallow LP minimum, pushing
the system towards the NP structure.

The Pulay stress tensor is accessible by performing a
stress calculation at the predicted EOS minimum-energy
structure Vmin, where the stress tensor should be zero
in the infinite basis set limit. The deviation from zero
is the Pulay stress tensor, and in the case of LP MIL-
47(V), it is found to be isotropic, lying between −0.10
and−0.14 GPa, depending on the symmetry and the used
k-point set. For the EOS structure with a 2 × 2 × 6 k-
grid, the Pulay stress amounts to−0.125 GPa. This value
is of the same order of magnitude as calculated transi-
tion pressures between the large- and narrow-pore phase
from literature (82-125 MPa),23 which indeed supports
the proposed mechanism shown in Fig. 4.

An additional note must be made about the accuracy
of the found narrow-pore structure. At first sight, the
fully relaxed structure with a volume of 859.9 Å3 suggests
that this NP shape is a second meta-stable state of MIL-
47(V) that has not been observed experimentally under
ambient conditions. However, the comparison is of lim-
ited value because of the temperature difference between
calculations (at T = 0 K) and experiments (at finite tem-
perature). Moreover, the fully relaxed optimization has
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been performed with the 2×2×6 k-point set, which was
only proven to be adequate for the description of the LP
shape (Table II). As the unit cell dimensions of the NP
shape are approximately 19.7× 6.4× 6.8 Å3, the number
of two k-points along the b-axis is probably too low, and
needs to be enlarged. Our results based on the 2× 2× 6
k-point set are thus not accurate enough to associate the
NP shape to a local minimum or the global minimum at
0 K. This item will be further addressed in Section V.

(b) k-point set. To highlight the sensitivity of the
structure optimization to k-point sampling, the EOS pro-
files are constructed for the 1×1×1 and 2×2×2 k-point
sets as well. Fig. 3b confirms that the energy is not con-
verged with these limited k-point sets, as the curves do
not coincide with the reference 2×2×6 k-point set. This
poor performance was to be expected from our k-point
convergence test in the previous subsection (Table II).
Moreover, the predicted volume deviates, as visualized
in Fig. 3c, and the curvature (cf. bulk modulus) of the
EOS profile is not well reproduced with limited k-point
sets either, as shown in Fig. 3d. Apparently, one cannot
rely on cancelation of errors when using too limited k-
point sets in structure optimizations on such a shallow
energy surface. The k-point convergence test for the en-
ergy gives a guideline for the minimal k-point set, here
2×2×6, and this set should be used when doing a struc-
ture optimization as well.

(c) Symmetry breaking. Exploiting symmetry re-
duces the number of irreducible k-points from 12 to 3
when using a 2 × 2 × 6 k-grid for MIL-47(V) (Table II)
and considerably lowers the computational cost of the
optimization (except for the subsequent phonon calcula-
tion using finite differences, as symmetry is then broken
during ion displacements). However, imposing symmetry
may also lead to an incomplete scanning of the potential
energy surface, overlooking lower-symmetry structures.
The effect of symmetry is therefore tested by imposing
the initial geom1 symmetry (Imma) in the 2× 2× 6-sym
optimization.

Imposing a symmetry constraint shifts the resulting
2 × 2 × 6-sym EOS profile 338 meV above the reference
profile (see Fig. 3b, Table III). The reason is that the
symmetry constraint prevents linker rotation and vana-
dium chain twists to occur during the optimization: the
predicted 2 × 2 × 6-sym EOS has all vanadiums aligned
and highest symmetry for the linkers. The structure is
not a true minimum but a saddle point with some imag-
inary frequencies (Section IIB). Visualization of the cor-
responding eigenmodes indicates that these saddle point
frequencies would induce a zig-zag in the vanadium chain
and slightly tilted linkers, thus breaking the Imma sym-
metry.

Moreover, the 2×2×6-sym profile predicts a deviating
volume in Fig. 3c and deviating curvature in Fig. 3d.
This is an indication that linker mobility and vanadyl
chain distortions should be taken into account when the
prediction of accurate energy curves is the objective.

Note that allowing symmetry breaking in the optimiza-

tion run not necessarily implies that the implemented ge-
ometry optimizer will break symmetry; even without im-
posing the initial symmetry, the structures remain highly
symmetric in most cases. In our shape optimization, for
instance, a first run gave a saddle point with imaginary
frequencies representing linker rotations, despite not hav-
ing constrained the symmetry. Ions were distorted man-
ually along the lowest eigenmodes to create the starting
structure of the second run, which ultimately led to a
structure without any imaginary frequencies. Getting
stuck in a saddle point is hard to avoid in gradient based
geometry optimizers. The force along the imaginary fre-
quency displacement vector is zero in a saddle point, and
an the implementation based on symmetry will not even
generate any numerical noise on this force that could
make the linkers rotate, such that the starting symmetry
is maintained during the whole geometry optimization.

The change in symmetry through linker rotations is
observable when measuring the dihedral angles θV and
φ (definition in Fig. 1). These dihedral angles are pla-
nar in the initial structure geom1. The angles can re-
main zero in the optimization to a saddle point, but to
find a true minimum state, these dihedral angles need
to deviate slightly from zero. Moreover, not all dihedral
angles in a given structure are exactly equivalent: de-
spite the topological equivalence of linkers and V-chains,
their optimized dihedral angles are not all equal, mean-
ing that even more symmetry has been broken. On the
other hand, the unit cells in Table III are all orthorhom-
bic (with deviations of less than 1 ◦), so the symmetry of
the Bravais lattice remains. Symmetry breaking through
vanadyl chain distortions in the narrow-pore shape of
MIL-47(V) will be discussed in Section V.

(d) EOS fitting errors. We finally assess the influ-
ence of the quality of the Vinet fit on the EOS parameter
estimations. The fit to Eq. 3 is performed by minimizing
the root mean square deviation (rmsd) between the com-
puted VASP energies E(Vi) and the EOS model energies
EEOS(Vi) at a series of volumes Vi,

rmsd =

√∑i=9
i=1 (E(Vi)− EEOS(Vi))

2

9
. (12)

Taking into account 9 volume points Vi, the rmsd is found
to vary between 0.2 and 1.7 meV, depending on the num-
ber of k-points and the symmetry constraint (values in
Table S3 of Supp. Inf.). We therefore conclude 1 meV to
be a typical error on the EOS energy.

The quality of the computed energies E(Vi) is affected
by noise from several phenomena, such as the incomplete-
ness of the basis set, k-grid, or internal computational
routines. To estimate the effect of this noise on the four
EOS parameters (Vmin, Emin, B0, B

′
0 in Eq. 3), we apply

uncorrelated random offsets to each of the energy data
points E(Vi), with the offsets uniformly distributed be-
tween ±1 meV. The resulting changes in the four EOS
parameters are then representative for the uncertainty
caused by the noise. 105 such datasets with random off-
sets are generated, and the standard deviation on each
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EOS parameter is taken as estimate for the error bar.
These error bars vary between ±0.3 and ±1.4 Å3 for the
equilibrium volume Vmin and between±0.1 and±0.2 GPa
for the bulk modulus B0 depending on the number of k-
points and the symmetry constraint (values in Table S3
of Supp. Inf.). Most differences in volume (see Table III)
and bulk modulus (see Section IV C) caused by varying
symmetry or k-point settings are therefore significant.
Symmetry and k-point convergence appear to affect the
equation of state in a systematic way, changing the shape
of the curve as a whole rather than randomly distorting
each data point. Indeed, 1 meV error bars would be neg-
ligible on Fig. 3b. Our error analysis therefore shows
that differences in Vmin and B0 values are not due to
our fitting procedure, but entirely due to the numerical
convergence phenomena that are the focus of this paper.

C. Elastic constants and bulk modulus

Table IV compares the computed stiffness tensor for
the shape and EOS structures. The elasticity tensor
C has been directly obtained from the extended Hes-
sian, using numerical differentiation of stresses and forces
(Eq. 8). The lowest and highest eigenvalue of the stiffness
tensor are listed, whose corresponding eigenvectors rep-
resent the easiest and most difficult deformation mode,
respectively.37,57,58 The Voigt modulus KV and Reuss
modulus KR are compared to the fitted bulk modulus
B0. All values are compared with those reported by Or-
tiz et al.37

We find the use of an EOS -optimized reference state
to be crucial. The volume is not relaxed in the shape
optimization, which leads to significantly different elastic
constants. This means that the shape structure is already
out of the linear elasticity regime; otherwise it would
have identical elastic constants as the EOS structure.
The EOS values, on the other hand, are in reasonable
agreement with the values by Ortiz et al., despite the
difference in functional and computational choices. The
present work is based on the PBE functional with a 2×
2× 6 k-point set, while the results of Ortiz et al. employ
the B3LYP functional66 with a 3 × 3 × 3 k-point set in
CRYSTAL09.

More disturbing is the large difference between the
Reuss modulus KR (Eqs. 8-10) and the fitted bulk mod-
ulus B0 (Eq. 11) for the same EOS structure. Both KR

and B0 represent the response of the material to isotropic
stress, and should in principle be identical. We posit
three reasons for the discrepancy between KR and B0.

First, KR is a linear response quantity, where the en-
ergy is assumed to depend quadratically on all degrees
of freedom, i.e. both the ion positions and the unit cell
dimensions. KR assumes the structure to be in the lin-
ear elasticity regime and assumes harmonic ion response.
The KR value is thus the harmonic estimation, neglecting
anharmonicities. In contrast, B0 is based on the anhar-
monic Vinet expression EEOS(V ), where moreover the

ion positions and unit cell shape are completely relaxed
at every volume point. The B0 value thus incorporates
anharmonicities.

Second, the eggbox effect can introduce some noise
in the elements of the Hessian. Errors in the Hessian
propagate into errors in the relaxed-ion stiffness tensor
C because of Eq. 8, and subsequently in KR because of
Eq. 10. The energy oscillates with an eggbox amplitude
of approximately 0.1 meV over a grid spacing of approx-
imately 0.13 Å (see Supporting Information). This gives
errors on the Hessian elements of roughly 0.5 kJ/mol/Å2

per atom. Adding random uncorrelated uniform noise of
±0.5 kJ/mol/Å2 to the Hessian elements gives, through
Eq. 8, a small yet non-negligible standard deviation on
the relaxed-ion stiffness tensor. For instance, the C11

tensor element is affected by ±0.46 GPa.

Third, the Pulay effect can affect the clamped-ion elas-
tic constants. Errors in Cclamp directly propagate into er-
rors in C because of Eq. 8. In our VASP calculations, the
elastic constants are retrieved from a numerical differenti-
ation of the stress tensor, which is calculated analytically
for a number of deformed unit cells. These stress tensors
are computed with a constant basis set. However, the
desired stress tensor has a constant cutoff energy, and
the difference is Pulay stress. The effect on the elastic
constants is equal to the Pulay stress PPulay, as it can be
regarded as evaluating the elastic constants of a material
under stress. The error in C elements is thus -0.125 GPa.
Moreover, the used VASP routine restarts each calcula-
tion of a deformed unit cell from the wavefunction of the
undeformed cell without updating the PW basis set size.
Although this is much more efficient than re-initializing
the wavefunction from scratch, it will change the appar-
ent cutoff energy, which is another undesired basis set
effect.

We illustrate these Pulay effects with the Cclamp
11 el-

ement, which is not affected by anharmonicities of the
ions as the ions are not relaxed. The EOS reference
structure is strained in the [100] direction by ±1 %. In
the energy-based approach, a parabola is fit through the
three energies, and its curvature gives 98.4 GPa. This
approach is free from any Pulay effect. Next, the stress
tensor is constructed at every strained structure while
re-initializing the wavefunction, in order to update the
basis set between these strained structures. Its numeri-
cal differentiation gives a value of 98.3 GPa. This value
is only affected by the Pulay stress, which indeed ex-
plains the difference of about 0.1 GPa. Finally, the stress
tensor is constructed at every strained structure without
re-initializing the wavefunction, to simulate the VASP
routine. A value of 100.1 GPa is found, which incorpo-
rates both Pulay stress and other basis set effects due to
the change in apparent cutoff energy between the strained

structures. In conclusion, the error in the Cclamp
11 element

is of the order of 2 GPa.

Unfortunately, numerical inaccuracies in Hessian and
stiffness tensor elements are enhanced due to numerical
instabilities in the calculation of the Reuss modulus. KR
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TABLE IV. Elastic constants for MIL-47 (in GPa): relaxed-ion elastic tensor Cij , minimum and maximum eigenvalue c1 and
c6 of the C tensor, Voigt modulus KV , Reuss modulus KR, and EOS bulk modulus B0. The CRYSTAL values of Ortiz et al.
are included for comparison37.

structures k-points C11 C22 C33 C44 C55 C66 C12 C13 C23 c1 c6 KV KR B0

shape 2 × 2 × 6 76.8 27.6 35.0 40.4 6.1 7.8 44.2 15.0 8.5 1.6 107.2 30.5 19.4
EOS 2 × 2 × 6 67.6 34.0 35.4 44.2 6.7 8.7 46.0 15.2 10.2 1.8 104.7 31.1 13.6 6.1

Ortiz37 3 × 3 × 3 62.6 36.2 40.7 50.8 7.8 9.3 47.0 12.6 9.3 0.9 96.6 30.8 9.7

involves both a pseudo-inverse of the Hessian to com-
pute the relaxed-ion stiffness tensor C (Eq. 8) as well as
the inversion of C to construct the compliance tensor S
(Eq. 10). For the particular case of MIL-47(V), the in-
version of C is numerically very sensitive. Indeed, the
condition number (the ratio c6/c1 of the highest/lowest
eigenvalues of C) amounts to fairly high values of 57 and
176 for our 2× 2× 6 EOS structure and for the structure
of Ortiz, respectively. The Pulay effects of the order of
2 GPa then make all the difference: lowering only the C11

element by 2 GPa (3 %), for example, yields a decrease in
KR of 19 %. In comparison, it yields a decrease in KV of
only 0.7 %, since the Voigt modulus does not require the
inversion of C and is therefore fairly insensitive to errors
in C. The physical origin of the numerical instability of
KR is specific to the flexible framework MIL-47(V): it is
due to the strong coupling between the a and b directions.

Based on this analysis of the stiffness tensor, we con-
clude that numerical differentiation of stresses at de-
formed unit cells is not suitable to determine the com-
pliance tensor or the Reuss modulus of breathing MOFs,
even if it is a cheap and easily implementable method-
ology. It suffers from Pulay effects which are enhanced
dramatically due to the coupling between the unit cell
axes. Numerical differentiation of energies to construct
C can limit Pulay effects. When aiming for single crystal
values, and as long as computational resources permit,
we advise to construct a series of E(Vi) points and to fit
an equation of state, as we regard the fitted bulk mod-
ulus B0 to be the least error prone, and in addition, B0

takes care of anharmonicities of the ions.

V. LARGE PORE VERSUS NARROW PORE OF
MIL-47(V)

A. Structure comparison

The MIL-47(V) MOF is a special case in the family
of breathing MOFs. In contrast to other members of
this family (e.g. MIL-53(Al)), it only shows breathing
behavior under the application of a significant external
pressure.23,26 Using the insights and methodology devel-
oped in the previous sections, the narrow-pore (NP) ver-
sion of the MIL-47(V) will now be investigated (Fig. 1b).
As initial geometry, we start from the structure provided
in literature26 with lattice parameters presented in Ta-
ble I (geom3), showing an almost 50% reduction in unit
cell volume. A k-point convergence test for this struc-

ture yields results comparable to those observed for the
large-pore MIL-47(V) (see Supporting Information). A
Γ-centered 2 × 6 × 6 k-point set corresponds to 40 irre-
ducible k-points and offers a trade-off between accuracy
and computational cost.

Using a fit to the Vinet equation of state (Eq. 3), the
equilibrium volume is found, and calculation of the fre-
quencies shows no imaginary frequencies to be present
for this NP structure. Table V shows the optimized fit-
ting parameters. A measure for the overall quality of
the fit is given by the rmsd (Eq. 12). Using an uncor-
related uniform noise distribution of ±1 meV, error bars
are calculated on all fitting parameters from 105 noisy
data sets. The equilibrium energy Emin and volume Vmin

show only a very small error bar for both the LP and NP
structure. The derivative of the bulk modulus B′0 is most
error prone.

The equilibrium volume of the NP structure is
904.8 Å3, about 42% smaller than that of the LP struc-
ture. This value is in fairly good agreement with the
experimental NP volume of 947 Å3 for MIL-47(VIV)26

and 908Å3 for MIL-47(VIII)25. Energetically, i.e. without
taking into account temperature effects, the NP structure
is only 13.8 meV less stable than the LP structure.

In Table V, the fitted bulk modulus B0 roughly halves
when going from the LP to the NP form. This may ap-
pear strange at first, but is in line with the strongly neg-
ative value of the pressure derivative of the bulk modulus
B′0. The latter shows that increasing the pressure on the
MIL-47(V) LP structure leads to a significant decrease in
its bulk modulus, while decreasing the pressure increases
the MIL-47(V)’s resistance to deformation. In case of the
NP structure, B′0 is much weaker and shows an opposite
sign. As such, the resistance to deformation of the NP
structure will increase with increasing pressure, i.e., it
will be harder to compress the NP structure further.

The structural differences between LP and NP are
mainly in the overall unit cell volume and shape with lim-
ited internal reorganization. The a and b lattice vectors
change significantly, leading to a reduction of the pore
opening angle δ from 80◦ to 39◦. The obtained lattice
parameters are in good agreement with the experimental
values for NP MIL-47(VIII) and MIL-47(VIV).25,26 In ad-
dition to the volume change, the symmetry reduces from
an orthorhombic cell for the LP structure to a mono-
clinic cell for the NP structure. Our computed β lattice
angle of 112.4◦ is in good agreement with the experimen-
tal values25,26 of 114◦ for NP MIL-47(VIV) and 104–115◦

for NP MIL-47(VIII).
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TABLE V. Comparison of the LP (2 × 2 × 6 k-points) and NP (2 × 6 × 6 k-points) structures of MIL-47(V). (1) Different
parameters of the Vinet EOS (Eq. 3) are tabulated with the error bars assuming a noise of ±1 meV. The rmsd of the fit is
also given (Eq. 12). (2) Structural parameters of the two structures: lattice parameters a, b, and c; lattice angle β (the two

other lattice angles α = γ = 90.0◦); opening angle δ of the pore; vanadium-oxide bond lengths rlongVO and rshortVO along the
vanadyl chain; octahedral backbone angle τ ; superexchange angle σ; offset bVV along the b-direction between neighboring V
atoms in a vanadyl chain. (3) Elastic constants of the relaxed-ion stiffness tensor C, Voigt modulus KV , Reuss modulus KR.
(4) Vibrational contributions at 300 K: zero-point energy (ZPE), vibrational internal energy Evib, vibrational entropy (TSvib),

vibrational Helmholtz free energy Fvib, total Helmholtz free energy F = Ẽmin + Fvib, and vibrational heat capacity CV,vib.

(1) Vinet EOS fit parameters

Ẽmin [meV] Vmin [Å3] B0 [GPa] B′ [-] rmsd [meV]

LP -539 932.6 (±0.3) 1554.1 (±0.6) 6.09 (±0.12) -55.0 (±2.1) 0.472

NP -539 918.8 (±0.3) 904.8 (±1.4) 2.84 (±0.18) 15.9 (±10.1) 0.046

LP-NP -13.8 (±0.6)

(2) Structural parameters

a b c β δ rlongVO rshortVO τ σ bVV

[Å] [Å] [Å] [◦] [◦] [Å] [Å] [◦] [◦] [Å]

LP 16.394 13.854 6.842 90.19 80 2.08 1.66 175. 133. 0.31

NP 21.115 6.840 6.776 112.39 38 2.06 1.67 171. 133. 0.43

(3) Elastic constants and bulk modulus [in GPa]

C11 C22 C33 C44 C55 C66 C12 C13 C23 KV KR

LP 67.6 34.0 35.4 44.2 6.7 8.7 46.0 15.2 10.2 31.1 13.6

NP 198.6 6.4 41.4 7.3 1.7 20.6 12.3 37.6 3.5 39.2 5.7

(4) Thermal contributions at 300 K

ZPE Evib TSvib Fvib F F CV,vib

[meV] [meV] [meV] [meV] [meV] [kJ/mol] [meV/K]

LP 12 050. 13 347. 2 502. 10 845. -529 088. 8.164

NP 12 073. 13 340. 2 366. 10 974. -528 945. 8.152

LP-NP -23. 7. 136. -129. -142. -13.3 0.012

FIG. 5. Definition of structural parameters for Table V: vanadium-oxide distances rshortVO and rlongVO offset bVV, octahedral
backbone angle τ , and superexchange angle σ.

In both the LP and NP structure, the VO6 octahedra
are asymmetrically distorted, as was already previously
reported for the LP structure23,67. The structural param-
eters describing these distortions are defined in Fig. 5.
The compressed apex rshortVO of the octahedron is indica-

tive of a double bond (V=O). The elongated apex rlongVO

is indicative for a trans bond (V· · ·O).68 The octahe-
dral backbone angle τ (angle O=V· · ·O) is expected to
be 180◦ in a perfect octahedron, but it is distorted to
175◦ for the LP structure and 171◦ for the NP structure.
In contrast, the superexchange angle σ is the angle be-
tween subsequent octahedra in the vanadyl chain and re-
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FIG. 6. Comparison of the phonon frequency spectrum of the
LP (black curves) and the NP (red dashed curves) structures
of MIL-47(V). A Gaussian smearing with a standard deviation
of 8 cm−1 was applied to the computed frequencies. The inset
zooms in on the low frequency region (0–400 cm−1).

mains identical between the LP and NP structures. The
distortions in the τ angle and the compressed/elongated

vanadium-oxygen distance rshortVO rlongVO results in a zig-zag
configuration of the vanadiums in a single vanadyl chain.
The offset bVV in the b-direction between neighboring
vanadiums is 0.31 and 0.43 Å for the LP and NP struc-
ture, respectively. Such a symmetry breaking in the
VO6 octahedra has previously been shown to be ener-
getically more favorable than a vanadyl chain of perfect
octahedra.23

B. Temperature effects

Based on the computed phonon frequencies, a rough
estimate of temperature effects can be made. This is
very interesting for the system at hand, since finite tem-
perature contributions to the (Helmholtz) free energy F
could shift the relative stability (of only 13.8 meV at 0 K)
of the LP and NP structure. This is the case for other
breathing MOFs; however, for the MIL-47(V) such ther-
mally induced breathing has not been observed and is
thus not expected.

At 0 K, vibrational contributions to the free energy
are limited to the zero-point energy (ZPE). As shown
in Table V, the ZPE of the LP and NP structures dif-
fers by only 23 meV, and this difference stabilizes the LP
structure further in comparison to the NP structure. At
300 K, the vibrational entropic contribution −TSvib to
the Helmholtz free energy favors the LP structure signifi-
cantly (by 136 meV). The LP structure is indeed expected
to have more freedom than the compact NP structure.
A similar entropic stabilization of the LP was computed
for other materials, for instance for the MIL-53(Ga) and
MIL-53(Al) materials by Boutin et al.69 Overall, the to-

tal Helmholtz free energy F = Ẽmin + Fvib of the LP
structure is 142 meV more stable than the NP structure
at 300 K. Thermal contributions thus stabilize the LP
shape, which is in accordance with the LP MIL-47(V)
structure being experimentally observed at finite tem-
perature.

The phonon frequency spectrum in Fig. 6 is very sim-
ilar for the LP and NP structure. Frequencies below
400 cm−1 show the largest differences (see inset of Fig. 6).
The lowest non-zero frequency is as low as 18.6 and
13.1 cm−1 for the LP and NP, respectively. These and
other low frequency motions describe twisting of the
vanadyl chains with respect to each other and similar
coherent large-scale motions involving a lot of mass.

Other particularly interesting frequencies are those
that describe the linker flexibility. The terephthalate
linkers are suspected to be able to rotate as hindered
rotors. To investigate their behavior, the Partial Hessian
Vibrational Analysis (PHVA) combined with the Mo-
bile Block Hessian (MBH) approach is employed, i.e. the
PHVA/MBH approach as proposed by Ghysels et al.70

In this combined approach, the terephthalate rings are
treated as four mobile blocks that may translate and/or
rotate without changing their internal geometry, while
the other framework atoms are given an infinite mass
such that they remain immobile in the vibrational anal-
ysis. This limits the degrees of freedom to only 24 fre-
quencies, i.e. six per mobile block. The frequencies are
identified to represent linker rotations by computing the
variance in dihedral linker angles along the corresponding
modes, which is also verified by visualization.

For the LP structure, these linker rotations (wag-
ging) have the four lowest frequencies in the combined
PHVA/MBH spectrum and are quasi-degenerate, corre-
sponding to symmetric and asymmetric motions of the
four linkers. The degeneracy implies that the individ-
ual benzene rotations are motions that couple little with
each other. This is in line with the previously noted 1-D
nature of this material, showing the vanadyl chains to
be uncoupled.23 The linker rotations have a frequency
of 42 cm−1 (energy 5.2 meV), which is in perfect agree-
ment with the first peak at 5.2 meV in inelastic neutron
scattering experiments at 200 K.34

The benzene rotation frequencies ω may be linked to
force constants by using the principal inertia moments I
of benzene. The force constant for the benzene rotation
φ is estimated with Iω2 and is found to be approximately
1.3 kJ/mol/rad2. For the NP structure, the degeneracy
of the linker rotations is broken, giving four different fre-
quencies: 49.0 and 63.3 cm−1 for asymmetric rotations of
pairs of benzenes, and the higher frequencies 116.8, and
125.5 cm−1 for symmetric rotations. This is seen in the
inset of Fig. 6, which shows a suppression of the feature
around 40-50 cm−1 in favor of a feature around 100 cm−1.
The degeneracy is probably broken due to symmetry re-
duction of the unit cell to a monoclinic structure rather
than an orthorhombic structure, in addition to symmetry
breaking in the linker orientations of the NP structure.
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All four frequencies are higher for the NP than for the
LP structure, indicating that linker mobility is reduced
in the NP structure because of steric hindrance.

VI. CONCLUSION

Modeling of flexible materials requires the computa-
tion of mechanical properties from first principles, e.g. for
screening of materials in a database, for gaining insight
in structural transformations, and for force field devel-
opment. However, this paper shows that computations
with periodic density functional theory are challenged by
the flexibility of these materials: guidelines from expe-
rience with standard solid state calculations cannot be
simply transferred to flexible porous frameworks.

The MIL-47(V) material has a large-pore and a
narrow-pore shape and is used to illustrate the effect of
k-point sampling in reciprocal space, symmetry effects,
and the effect of Pulay stress. A k-point convergence
test should preceed any computational study. The k-
point set should be sufficiently dense in reciprocal space
in each unit cell axis direction. An energy convergence
of 1 meV was reached for the MIL-47(V) material with
the 2× 2× 6 k-point set for the large-pore and 2× 6× 6
k-point set for the narrow-pore structure.

Symmetry breaking had to be imposed by manually
distorting the structure along its imaginary frequency
eigenmodes. MIL-47(V) could successfully lower its en-
ergy by distorting the vanadium-oxide distances and an-
gles in the vanadyl chains and by rotating the benzene
linkers.

Pulay stress is an artificial stress that tends to lower
the volume and is caused by the finite size of the plane
wave basis set. During structure optimization, Pulay
stress made MIL-47(V) leave its large-pore stable shape
to collapse into the narrow-pore shape. As an im-
proved optimization scheme, we propose to optimize sub-
sequently the ion positions and the unit cell shape in a
first step. In the next step, an energy-versus-volume pro-
file E(V ) should be constructed, where the energies are
computed by fixing the volume at discrete points and
optimizing the ions and shape at each chosen volume.
An equation of state model can then be fit through the
computed energies. Finally, based on this EOS fit, the
minimum energy and corresponding volume may be pre-
dicted. The volume prediction in this procedure is not
affected by Pulay stress.

For the mechanical properties, the bulk modulus was
computed in VASP using the harmonic approximation.
It is based on numerical differentiation of the ion forces
and the stress tensor. The clamped-ion stiffness tensor
is corrected with an extra term for the response of the
ion positions, to obtain the relaxed-ion stiffness tensor
C. The Reuss modulus follows from taking the inverse
of C. It describes the resistance of a single crystal to
isotropic pressure, and it should in principle be identical
to the volume derivative of the pressure, i.e. the curva-

ture of the EOS E(V ) curve. The harmonic approach can
however differ from the EOS approach for three reasons:
anharmonicity, eggbox effect, and Pulay effects. These
errors propagate into the Reuss modulus. Indeed, the a
and b axis of MIL-47(V) are strongly coupled when the
unit cell deforms, which expresses itself in numerical in-
stability in the inversion of C. The computed MIL-47(V)
Reuss modulus is extremely sensitive to these effects. For
a flexible material, it is therefore advisible to resort to the
EOS fit procedure.

Lastly, the EOS structure optimization procedure has
been repeated for the NP structure of MIL-47(V), and
mechanical and thermal properties of the LP and NP
structure have been compared. The predicted volumes
lie fairly close to the experimental values. Energetically,
the entropic contribution to the free energy favors the
LP phase by 136 meV at 300 K, and overall the LP is
computed to be more stable than the NP by 142 meV
at 300 K. Symmetry breaking is again necessary to find
a stable equilibrium point: the unit cell is monoclinic,
degeneracy in linker rotation frequencies is removed, and
vanadium-oxide distances are not all equivalent.

In summary, anisotropic flexibility makes a structure
optimization of MOF materials a delicate task. We ex-
pect that equal caution should be taken for other mate-
rials with strong coupling between the lattice vectors, as
is here the case for the a and b direction of MIL-47(V).
Symmetry breaking should be allowed in the optimiza-
tion, and the EOS procedure should be used to avoid the
effects of Pulay stress inherent to a finite basis set. Fur-
ther research may include the accurate characterization
of the (free) energy barrier, which is essential in force-
field development.

SUPPORTING INFORMATION

The supporting information includes 1) visualization
of eggbox effect for the large-pore (LP) structure, 2) k-
point convergence of the energy for the narrow-pore (NP)
structure, similarly to Table II, 3) bulk moduli computed
for LP structures with various computational settings, 4)
comparison of Vinet EOS to Birch-Murnaghan EOS, 5)
parameters obtained from EOS fit, and 6) Pulay stress
tensor with various computational settings, 7) Hirshfeld-I
charges. The LP and NP structure from the EOS opti-
mization procedure with 2× 2× 6 and 2× 6× 6 k-points
respectively are available in the database of the Cam-
bridge Crystallographic Data Centre (CCDC 1419980 for
LP, CCDC 1419981 for NP).
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