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Abstract

For every octonion division algebra O, there exists a projective
plane which is parametrized by O; these planes are related to rank
two forms of linear algebraic groups of absolute type E6. We study all
possible polarities of such octonion planes having absolute points, and
their corresponding Moufang set.

It turns out that there are four different types of polarities, giving
rise to (1) Moufang sets of type F4, (2) Moufang sets of type 2E6,
(3) hermitian Moufang sets of type C4, and (4) projective Moufang
sets over a 5-dimensional subspace of an octonion division algebra.
Case (3) only occurs over fields of characteristic different from two,
whereas case (4) only occurs over fields of characteristic equal to two.
The Moufang sets of type 2E6 that we obtain in case (2) are exactly
those corresponding to linear algebraic groups of type 2E29

6,1; the explicit
description of those Moufang sets was not yet known.

Keywords: Moufang sets, projective planes, polarities, linear algebraic
groups, 2E6, octonion algebras, Albert algebras.
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1 Introduction

Moufang sets were introduced by Jacques Tits in [14] as an axiomization of
the isotropic simple algebraic groups of relative rank one, and they are, in
fact, the buildings corresponding to these algebraic groups, together with
some of the group structure (which comes from the root groups of the al-
gebraic group). In this way, the Moufang sets are a powerful tool to study
these algebraic groups.

In this paper, we study Moufang sets arising from polarities of Moufang
planes P2(O), with O an octonion division algebra. (A polarity is a duality
of order two, i.e. an incidence-preserving but not type-preserving automor-
phism of P2(O) whose square is the identity.) Both F.D. Veldkamp [15], and
more recently N. Knarr and M. Stroppel [6, 7] studied these polarities.
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Veldkamp gave a classification of all polarities with absolute points in
characteristic different from two. He showed that there are only three dif-
ferent types of polarities:

(1) the standard polarity;
(2) a polarity that only exists if the center E of O is a separable quadratic

extension of some smaller field k; and
(3) a polarity arising from an automorphism of order 2 fixing a sub-quaternion

algebra (which relies explicitly on the fact that the characteristic is dif-
ferent from two).

On the other hand, N. Knarr and M. Stroppel give a full classification of
all polarities of octonion planes in all characteristics. It turns out that the
first two types described by Veldkamp exist as well in characterstic two, but
there is also an additional polarity that only exists when the characteristic
is equal to 2. (The paper [7] also deals with polarities having no absolute
points or exactly one absolute point, but these cases do not give rise to
Moufang sets.) At the end of [7], two open questions appear; one of them
is to determine the centralizer in Aut(P2(O)) for each of the polarities they
describe. This question is closely related to determining the Moufang sets
corresponding to these polarities.

Our goal is to describe all the Moufang sets that arise from these po-
larities, thereby answering this question. More specifically, we obtain these
Moufang sets by looking at the natural action of the centralizer of the polar-
ity in the automorphism group of the octonion plane. We find that the two
types of polarities that do exist in all characteristics give rise to Moufang
sets of type F4 —arising from the standard polarity, as described by T. De
Medts and H. Van Maldeghem [2]— and (new) Moufang sets of type 2E6,
corresponding to forms of algebraic groups of type 2E29

6,1. The polarity only
existing in characteristic different from two corresponds to a class of her-
mitian Moufang sets, while the polarity only existing in characteristic two
induces projective Moufang sets over a 5-dimensional subspace of O.

In this paper, we first give two different descriptions of octonion planes.
In the next section we describe the (already known) types of Moufang sets
that correspond to these polarities. Next, we give a general procedure how to
construct these Moufang sets from polarities of the Moufang plane. Finally,
we discuss for each of these polarities what their corresponding Moufang set
is and construct an isomorphism between already existing types of Moufang
sets. We find that one of the polarities results in a new type of Moufang
sets, and we show that these Moufang sets are of algebraic origin. More
specifically, we obtain that the centralizer of the polarity is an algebraic
group of type 2E29

6,1.
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2 Octonion planes

We start by explaining the basic objects that we will use, namely projective
planes coordinatized by an octonion division algebra. We will refer to such
planes as octonion planes or as Moufang planes. (The latter terminology is
perhaps somewhat ambiguous, since there are of course many other projec-
tive planes with the Moufang property, but it is customary to refer to the
non-desarguesian projective planes with the Moufang property as Moufang
planes.)

We describe octonion planes P2(O), where O is an octonion division al-
gebra with center k, in two different ways as a point-line incidence geometry
(P,L, ∗).

The first way is the most natural way to describe octonion planes. The
point set P consists of three different types of points. Points of the first type
are elements of the form (a, b) with a, b ∈ O, points of the second type are
(c) with c ∈ O and the last type is only one point which we denote by (∞).

Similarly, there are three types of lines. The first type consists of the
elements [m,k] with m,k ∈ O, lines of the second type are elements [l] with
l ∈ O, the third is the line [∞].

The incidence relation ∗ between points and lines is as follows:

(a, b) ∗ [m,k] ⇐⇒ ma+ b = k,

(a, b) ∗ [l] ⇐⇒ a = l,

(c) ∗ [m,k] ⇐⇒ c = m,

(c) ∗ [∞] for all c ∈ O,

(∞) ∗ [l] for all l ∈ O,

(∞) ∗ [∞].

For the second description of the octonion plane, which we denote by
P̂
2(O) to avoid confusion, we define O3 as the vector space of 3× 3 matrices

with entries in O. The set H(O3) is then defined as the subspace of O3

consisting of elements x of the form

x =





α1 −a3 a2
a3 α2 a1
a2 −a1 α3





with αi ∈ k and ai ∈ O for all i ∈ {1, 2, 3}. We will often abbreviate the
matrix element x as (α1, α2, α3; a1, a2, a3). The space H(O3) is a cubic norm
structure, with norm N : H(O3) → k given by

N(α1, α2, α3; a1, a2, a3)

= α1α2α3 + α1N(a1)− α2N(a2) + α3N(a3)− T (a1a2a3),
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trace T : H(O3)×H(O3) → k given by

T
(

(α1, α2, α3; a1, a2, a3), (β1, β2, β3; b1, b2, b3)
)

=
∑3

i=1 αiβi − T (a1b1) + T (a2b2)− T (a3b3),

and with adjoint map ♯ : H(O3) → H(O3) given by

(α1, α2, α3; a1, a2, a3)
♯

=
(

α2α3 +N(a1), α1α3 −N(a2), α1α2 +N(a3);

− a2a3 − α1a1, a3a1 − α2a2,−a1a2 − α3a3
)

,

where on the right-hand side N and T are the norm and trace map of
O. Together with the quadratic maps Ux : H(O3) → H(O3) (for each x in
H(O3)) given by

Ux(y) = T (x, y)x− x♯ × y,

the space H(O3) becomes a quadratic Jordan algebra over k, which we will
denote by J(H(O3)).

We will now describe the projective plane P̂
2(O). The set of points P̂

consists of elements (x) with x ∈ H(O3), x 6= 0 and x♯ = 0. The line set
L̂ consists similarly of elements [x], with x ∈ H(O3) different from 0 and
satisfying x♯ = 0.

We define an incidence relation ∗̂ by

(x) ∗̂ [y] ⇐⇒ T (x, y) = 0.

Next, we define a map φ between the point and line sets of P2(O) and P̂
2(O):

(a, b) 7→ (N(b),−N(a), 1; a, b, ba)

(c) 7→ (N(c),−1, 0; 0, 0,−c)

(∞) 7→ (1, 0, 0; 0, 0, 0)

[m,k] 7→ [−1, N(m),−N(k);−mk, k,m]

[l] 7→ [0, 1,−N(l);−l, 0, 0]

[∞] 7→ [0, 0, 1; 0, 0, 0]

One can show that φ is an isomorphism of projective planes. For a more
detailed description, we refer to [2, Section 3].

3 Moufang sets

In this section, we recall some of the basics of Moufang sets, and we refer to
[1] for more details.

A Moufang set M =
(

X, (Ux)x∈X
)

is a set X together with a collection
of groups Ux ≤ Sym(X), such that for each x ∈ X:
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(1) Ux fixes x and acts sharply transitively on X \ {x};
(2) Uϕ

x = Uxϕ for all ϕ ∈ G := 〈Uz | z ∈ X〉.

The group G is called the little projective group of the Moufang set.

A typical example is given by the group G = PSL(2, k) acting on the
projective line X = P

1(k) = k ∪ {∞}.

3.1 An explicit construction of Moufang sets

We will now explain how any Moufang set can be reconstructed from a single
root group together with one additional permutation [3].

Let (U,+) be a group, with identity 0, and where the operation + is not
necessarily commutative. Let X = U ∪ {∞}, where ∞ is a new symbol. For
each a ∈ U , we define a map αa ∈ Sym(X) by setting

αa :

{

∞ 7→ ∞

x 7→ x+ a for all x ∈ U.
(3.1)

Let
U∞ := {αa | a ∈ U} .

Now let τ be a permutation of U∗ := U \{0}. We extend τ to an element of
Sym(X) (which we also denote by τ) by setting 0τ = ∞ and ∞τ = 0. Next
we set

U0 := U τ
∞ and Ua := Uαa

0 (3.2)

for all a ∈ U , where Uϕ
x denotes conjugation inside Sym(X). Let

M(U, τ) :=
(

X, (Ux)x∈X
)

(3.3)

and let
G := 〈U∞, U0〉 = 〈Ux | x ∈ X〉 .

Then M(U, τ) is not always a Moufang set, but every Moufang set can
be obtained in this way. Note that, for a given Moufang set, the map τ
is certainly not unique: different choices for τ can give rise to the same
Moufang set.

3.2 Projective Moufang sets

The simplest class of examples of Moufang sets are the projective Moufang
sets PSL2(D), which we now describe; we refer to [1, Section 5] for more
details.

Let (D,+, ·) be an alternative division ring, i.e. a not necessarily asso-
ciative ring (with 1) such that for each a ∈ D∗ there exists some element
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a−1 ∈ D∗ for which a · a−1b = b = ba−1 · a for every b ∈ D. By the Bruck–
Kleinfeld theorem, every alternative division ring is either associative (hence
a skew field), or it is an octonion division algebra.

Now let U = (D,+) be the additive group of D, and define the following
permutation on U∗:

τ : U∗ → U∗ : x 7→ −x−1.

Then M(U, τ) is a Moufang set, which we will denote by M(D), and which
is often referred to as the projective Moufang set over D or the projective
line over D.

This construction can be generalized to arbitrary Jordan division alge-
bras [3], but we will not need this here.

3.3 Hermitian Moufang sets

Let K be a field or a skew-field, let σ be an involution of K, let V be a right
vector space over K and let

K−
σ = {a− aσ | a ∈ K}.

A map q from V toK is a hermitian pseudoquadratic form on V with respect
to σ if there is a form h on V which is hermitian with respect to σ such that
q and h satisfy

(i) q(a+ b) ≡ q(a) + q(b) + h(a, b) mod K−
σ ,

(ii) q(at) = tσq(a)t mod K−
σ

for all a, b ∈ V and t ∈ K. We say that q is anisotropic if

(iii) q(a) ≡ 0 mod K−
σ only if a = 0.

Let (T, ·) denote the group with underlying set

{(a, t) ∈ V ×K | q(a)− t ∈ K−
σ }

with (a, t) · (b, u) := (a + b, t + u + h(b, a)). Define a permutation τ on T ∗

by setting
τ(a, t) = (at−1, t−1). (3.4)

ThenM(T, τ) is a Moufang set. Moufang sets obtained in this way are called
hermitian Moufang sets. For a more detailed description, we refer to [13,
(11.15), (11.16) and (16.18)].

3.4 Moufang sets of type F4

Let O be an octonion division algebra over a commutative field k. Let x 7→ x
be the standard involution, N the multiplicative norm with N(x) = x · x
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and T the trace map T (x) = x+ x on O. We define a set U with

U := {(a, b) ∈ O ×O | N(a) + T (b) = 0}

and the following (non-abelian) group operation on U :

(a, b) + (c, d) := (a+ c, b+ d− c · a)

for all (a, b), (c, d) ∈ U . Define a permutation τ on U∗, by setting

τ(a, b) = (−a · b−1, b−1)

for all (a, b) ∈ U∗. Then M(U, τ) is a Moufang set, which we call a Moufang
set of type F4 since it is the Moufang set arising from a linear algebraic
group of relative rank one which is of absolute type F4. We refer to [2] for
more details.

4 The polarities of P2(O) and P̂
2(O)

In this paragraph, we investigate all polarities of P̂2(O) (and thus of P2(O) as
well) having at least three absolute points. Our goal is to describe each type
of polarity together with the associated Moufang set. We were inspired by
an article of Veldkamp [15], which considers polarities with absolute points
together with their associated groups (over fields of characteristic different
from 2). We will extend these results to include fields of characteristic 2,
and we will translate some of his result into the more modern language of
Moufang sets. We first give a general approach for constructing Moufang
sets from polarities of Moufang planes. We will use a similar method as in
[2, Section 5].

4.1 Recovering Moufang sets from polarities of the Moufang

plane

Definition 4.1. Let ∆ be a projective plane (or more generally, a general-
ized polygon) with point set P and line set L. A map Ψ: P ∪L → P ∪L is
called a polarity of ∆ if:

• Ψ(P) = L and Ψ(L) = P;
• Ψ preserves incidence, i.e. p∗L ⇐⇒ Ψ(L)∗Ψ(p) for all p ∈ P, L ∈ L;
• Ψ2 = 1.

An element x ∈ P ∪ L is called absolute if x ∗Ψ(x). Similarly, a flag (p, L)
with p ∗ L is called an absolute flag if L = Ψ(p) (and consequently also
p = Ψ(L)).
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Now suppose Ψ is a polarity of P
2(O) having at least three absolute

points and G is the little projective group of P
2(O), i.e. the subgroup of

Aut(P2(O)) generated by the root groups (or equivalently, generated by all
elations).

First, we determine the set X of absolute points and the subgroup
CentG(Ψ) of G, which is the group of all elements of G that commute with Ψ.
For every element σ ∈ CentG(Ψ) and every x ∈ X, the image σ(x) is again
an absolute point. In this way, we obtain a natural action of CentG(Ψ) on
the set of all absolute points (or equivalently, of all absolute flags) of the
polarity Ψ. As the following result shows, this gives rise to a Moufang set.

This result seems to be well known, and is used in [8] for instance, but
we could not find a proof in the literature. It turns out that the details are
somewhat more intricate than one would expect; we are grateful to Hendrik
Van Maldeghem for discussing the details with us.

Proposition 4.2. Let ∆ be a Moufang n-gon, and let G be a subgroup of
Aut(∆) containing all root groups. Let Ψ be a polarity of ∆, and let X be
the set of absolute flags of Ψ; assume that |X| ≥ 3. Let C = CentG(Ψ); then
C acts on X. Let K be the kernel of this action, and let C = C/K. Then:

(i) For each x ∈ X, let Ux be the intersection of C with the unipotent
radical U+ = U1 · · ·Un of ∆ with respect to the pair (Σ, x), where Σ is
an (arbitrary) apartment of ∆ containing x. Then

(

X, (Ux)x∈X
)

is a
Moufang set; its little projective group is a normal subgroup of C.

(ii) If either n is even, or n = 3 and each non-absolute line through a
given absolute point of ∆ contains a second absolute point, then K =
1, and hence the little projective group of X is a normal subgroup of
C = CentG(Ψ) itself.

(iii) If ∆ is a Moufang polygon arising from a linear algebraic group of
relative rank two, then X is the Moufang set of a linear algebraic group
of relative rank one.

Proof. Notice that the absolute flags of ∆ with respect to Ψ are two by two
opposite, i.e. they lie at maximal distance.

(i) Choose two arbitrary elements x and y ofX, and let Σ be an apartment
containing the flags x and y. Label the roots of Σ in such a way that
the root groups U1, . . . , Un are precisely those fixing the flag x. Then
for each i ∈ {1, . . . , n}, the conjugate UΨ

i is precisely Un+1−i, so in
particular U+ is normalized by Ψ.
We now claim that V+ := U+ ∩C acts sharply transitively on X \ {x}.
To show that it acts transitively, let z ∈ X \ {x} be arbitrary. By [13,
(4.11) and (5.3)], there exists an element u ∈ U+ mapping z to y. It
follows that [u,Ψ] = u−1uΨ is an element of U+ fixing y, but then this
element fixes Σ pointwise. This can only be true if [u,Ψ] = 1, and
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hence u ∈ V+. This shows that V+ acts transitively on X \ {x}. Since
no non-trivial element of U+ fixes y, we conclude that V+ acts sharply
transitively, as claimed.
Similarly, the group V− := U− ∩C obtained by interchanging the roles
of x and y, acts sharply transitively on X \ {y}. Moreover, note that
U+ is normalized by every element of G fixing the flag x, and hence
V+ is a normal subgroup of StabC(x). This shows that 〈V+, V−〉 is the
little projective group of a Moufang set with underlying set X. Finally,
observe that every element of C conjugates root groups to root groups,
and hence 〈V+, V−〉 is a normal subgroup of C.

(ii) If either n is even, or n = 3 and each non-absolute line through a given
absolute point of ∆ contains a second absolute point, we will show
that every element of G fixing all elements of X fixes all elements
of ∆, implying that the kernel K of the action is trivial.
Assume first that n = 3, and that (p, pΨ) is an absolute flag with the
property that every line through p contains a second absolute point
(and hence every point on the line pΨ is contained in a second absolute
line). If g ∈ G fixes all absolute points and all absolute lines, then it
has to fix all points on the line pΨ and all lines through the point p,
and at least one additional point q not on the line pΨ. This can only
be true if g = 1.
Assume next that n is even. Then the absolute flags of Ψ form an
ovoid-spread pair. (Indeed, observe that every non-absolute flag (p, pΨ)
induces an absolute flag in the middle of the unique minimal path
connecting p and pΨ.) A collineation fixing all points of an ovoid is
trivial, which proves the claim.

(iii) In the case that ∆ arises from a linear algebraic group of relative rank
two, the group U+ is the unipotent radical of a minimal parabolic k-
subgroup of G with respect to a fixed maximal k-split torus T ; the
choice of this torus corresponds to the choice of the apartment Σ. The
root group U∞ of the Moufang set X is then obtained by intersecting
U+ with the centralizer in G of Ψ.

Remark 4.3. The additional condition when n = 3 in part (ii) of the
previous Proposition is necessary, as is illustrated by the polarities of type
IV, for which all absolute points lie on a single line of P2(O) (see section 5.5);
in this case, the action of C on X is not faithful.

We will now make this result explicit in our situation where ∆ is the
projective plane P

2(O), following the approach of [2, Section 5].

We choose an arbitrary element of X, and denote it by ∞; the corre-
sponding flag of P2(O) is denoted by ((∞), [∞]). Next, we choose an apart-
ment Σ, for instance the apartment through (0), (0, 0) and (∞), through
the flag ((∞), [∞]). The corresponding unipotent radical U+ is the product
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U1U2U3 of the three root groups through (X, ((∞), [∞])). The first root
group U1 is the group of collineations fixing all the points on [0] and the
lines through (∞), the second group U2 fixes all lines through (∞) and all
points on [∞] while U3 fixes all points on [∞] and all lines through (0). We
find that these root groups have the following action on P

2(O):

U1 := {x1(M) |M ∈ O} where x1(M) :

{

(a, b) 7→ (a, b−Ma),

[m,k] 7→ [m+M,k],

U2 := {x2(B) | B ∈ O} where x2(B) :

{

(a, b) 7→ (a, b+B),

[m,k] 7→ [m,k +B],

U3 := {x3(A) | A ∈ O} where x3(A) :

{

(a, b) 7→ (a+A, b),

[m,k] 7→ [m,k +mA].

Therefore, an arbitrary element of U+ is of the form

x(A,B,M) :

{

(a, b) 7→ (a+A, b+B −Ma),

[m,k] 7→ [m+M,k +B +mA+MA].

The root group U∞ can now be obtained as the subgroup of U+ consisting
of those elements that map X to itself.

Finally, we have to find a permutation τ of U∗
∞. Therefore, it suffices to

find a collineation σ of P2(O) that commutes with Ψ and interchanges the
points (0, 0) and (∞). Let τ be the restriction of σ to X; then U τ

∞ will be
a root groop and therefore will coincide with the root group U(0,0) of the
Moufang set. This implies that M(U∞, τ) is the Moufang set obtained from
Ψ as in Proposition 4.2 above.

4.2 Description of the different types of polarities

We describe all different types of polarities of the Moufang plane with at
least three absolute points. In characteristic different from two this was
already done by Veldkamp in the late sixties [15]. He used the description
of the octonion plane we defined as P̂

2(O) and showed that in this case
there only exist three types of polarities. On the other hand, N. Knarr and
M. Stroppel described all the polarities in characteristic two on P

2(O). It
turns out that also in this case, there are three types of polarities; the first
two coincide with two of the polarities found by Veldkamp, but the third
type is a polarity that only exists in the characteristic two case.

Remark 4.4. All the polarities we present can be seen as the composition
of some standard polarity and a collineation on the Moufang plane; see [6,
Theorem 3.4]. Furthermore, we may assume (by conjugating the polarity
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if necessary) that this collineation is induced by an automorphism of the
octonion division algebra O; see [6, Theorem 3.6]. Such a collineation is easy
to write down explicitly, both in P

2(O) and in P̂
2(O): for P2(O), it suffices

to apply the automorphism on its coordinates; for P̂
2(O), the collineation

is given by applying the automorphism on each of the entries of the matrix
for each point and each line.

By Remark 4.4, it suffices to go over the different types of automorphisms
on O in order to describe all possible polarities with at least three absolute
points.

4.2.1 Polarities of type I – the standard polarity

We define a natural polarity π on P̂
2(O):

π : P̂2(O) → P̂
2(O) : (x) 7→ [x].

It is easy to see that this indeed forms a polarity; we refer to [2, Theorem 4.5]
for a proof that this polarity has enough absolute points. For obvious rea-
sons, we call this polarity the standard polarity.

We use the isomorphism φ between P̂
2(O) and P

2(O) to transform the
above polarity into the following polarity of P2(O):

(a, b) ↔ [−ab−1,−b−1]

(a, 0) ↔ [a−1]

(0, 0) ↔ [∞]

(c) ↔ [c−1]

(0) ↔ [0]

(∞) ↔ [0, 0]

An easy transformation (see [2, Section 4.5] for more details) reduces these
polarities to the following more elegant form:

(a, b) ↔ [a,−b]

(c) ↔ [c]

(∞) ↔ [∞].

Taking into account the remarks we just made about the form of a general
polarity, we find that each polarity of P2(O) is conjugate to a polarity of the
following form, for some η ∈ Aut(O):

(a, b) ↔ [η(a),−η(b)]

(c) ↔ [η(c)]

(∞) ↔ [∞].

(4.1)
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4.2.2 Polarities of type II

This type of polarity only exists if the center E of the octonion division
algebra O is a separable quadratic extension of a subfield k andO is obtained
by extending scalars from an octonion division algebra over k. So let Ok

be an octonion division algebra over k, and assume that E/k is a separable
quadratic extension such that O = Ok ⊗k E remains division. Let γ be
the non-trivial element of Gal(E/k); then γ is an involution on E, which
extends to a non-linear automorphism η of O by applying the involution to
each coefficient with respect to a basis of Ok. This automorphism gives rise
to a polarity described in equation (4.1), and we will refer to this class of
polarities as the polarities of type II.

4.2.3 Polarities of type III

The third type of polarity only exists if the characteristic of the center k
of O is different from two. (More precisely, when char(k) = 2, it coincides
with the standard polarity.) Let D be an arbitrary quaternion subalgebra
of O. Then O decomposes as the direct sum of D and D⊥, and the map

η : O → O : d+ d′ 7→ d− d′,

for all d ∈ D and d′ ∈ D⊥, is an automorphism of O.

Again, such an automorphism induces a polarity by equation (4.1). We
will refer to this class of polarities as the polarities of type III.

4.2.4 Polarities of type IV

In contrast with the polarities of type III, we will now describe a type of
polarity (or automorphism) that only exists when the characteristic of the
field is two. The reason for this is the following: in characteristic two,
all octonion division algebras possess a totally singular subalgebra D of
dimension 4. If such an algebra exists, one can show it is in fact a subfield
of the octonion division algebra; see [4, Theorem 4.11].

We will show explicitly how such an algebra is naturally contained in
an octonion division algebra in characteristic two. For this, we rely on
the fact that each octonion algebra in characteristic two has a so-called
symplectic basis. This is a basis of the form e, a, b, ab, c, ac, bc, (ab)c with
N(a)N(b)N(c) 6= 0, such that

〈e, a〉 = 1, 〈b, ab〉 = N(b), 〈c, ac〉 = N(c), 〈bc, (ab)c = N(b)N(c)〉,

and all other inner products between distinct basis vectors are zero; see [11,
Section 1.6]. Now let D be the subspace of O spanned by the vectors e, b,
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c and bc; then D is a totally singular subalgebra, which is a 4-dimensional
subfield of the octonion algebra.

It is easy to see that for each element z ∈ O\D, there is a decomposition
O = D⊕Dz. Furthermore, we can choose this element z in such a way that
T(z) = 1, or equivalently, such that z = z + e. The map

η : O → O : d+ d′z 7→ d+ d′z

for all d, d′ ∈ D, is an automorphism of order two on O. The polarities of
type IV are now those induced by such an automorphism.

5 Description of the Moufang sets

In the previous section we described all different types of polarities with at
least three absolute points that can occur on a Moufang plane. Each of these
polarities now induces a certain type of Moufang set. In this subsection we
give a detailed description of all these Moufang sets. In most of the cases we
can identify the Moufang sets we find with some known algebraic Moufang
sets. Polarities of type II on the other hand result in Moufang sets that
have not yet been described in literature. We will show that this type of
Moufang set is also of algebraic nature; more specifically, these Moufang
sets arise from algebraic groups of type 2E29

6,1.

5.1 General method

For each of the four types of polarities described in section 4.2, we compute
the Moufang set corresponding to such a polarity Ψ with the methods dis-
cussed in section 4.1. Let η ∈ Aut(O) be the automorphism of the octonion
algebra O corresponding to the type of Ψ. Then the set of absolute points
of Ψ is

X = {(a, b) ∈ O ×O | η(a) · a+ η(b) + b = 0} ∪ {∞}.

Notice that the flag (0, 0) ∗ [0, 0] is fixed under the action of Ψ, so for an
arbitrary element x(A,B,M) of U∞, the flag

x(A,B,M)(0, 0) ∗ x(A,B,M)[0, 0] = (A,B) ∗ [M,B +MA]

has to be fixed under Ψ. Since

Ψ((A,B) ∗ [M,B +MA]) = [η(A), η(B)] ∗
(

η(M ), η(B +MA)
)

,

this implies A = η(M ) and η(B) = B + MA. Because A and B alone
determine the element x(A,B,M) completely, we will denote this element
by x(A,B).

13



The composition of two arbitrary elements x(A,B) and x(C,D) has the
same action on X as the element x

(

A + C,B +D − η(C)A
)

. This implies
that the group (U,+) of the Moufang set we are describing is

U =
{

(a, b) ∈ O ×O | η(a) · a+ η(b) + b = 0
}

, (5.1)

with the group operation + on U given by

(a, b) + (c, d) =
(

a+ c, b+ d− η(c) · a
)

for all (a, b), (c, d) ∈ U .

We determine an appropriate permutation τ on U∗. Therefore we need
a collineation on P

2(O) commuting with Ψ. Inspired by [2], we find that the
following collineation σ has the desired properties:

σ :

{

(a, b) 7→ (−ab−1, b−1)

[m,k] 7→ [k−1m,k−1].
(5.2)

The permutation τ can be defined as the restriction of σ to X, and is thus
defined by

τ(a, b) = (−ab−1, b−1) (5.3)

for all (a, b) ∈ U∗.

5.2 Polarities of type I – Moufang sets of type F4

The polarities of type I are exactly those described in [2]. There, it is shown
that the Moufang sets corresponding to the standard polarity are precisely
the Moufang sets of type F4 or thus Moufang sets arising from an algebraic
group of type F 21

4,1.

5.3 Polarities of type II – Moufang sets of type 2
E6

Assume now that Ψ is a polarity of type II. We will prove that in this case,
the Moufang set arises indeed from a linear algebraic group of type 2E29

6,1

over k. Therefore we rely on a paper by S. Garibaldi [5] dealing with the
algebraic structure of the linear algebraic group in terms of elements of an
Albert algebra. In [loc. cit., section 2], he gives a description of the linear
algebraic groups of type 2E29

6,1 over fields of characteristic not 2 or 3; the
argument given in the proof of [2, Theorem 4.1] (which is based on results
by J. Faulkner [4]) shows that this description remains valid over fields of
arbitrary characteristic.

Recall from section 4.2.2 that O = Ok ⊗k E, where Ok is an octonion
division algebra over k. Let J := J(H((Ok)3)) be a quadratic Jordan algebra
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over k with corresponding norm and trace maps N and T, and define the
groupM1(J) as the group of isometries on J . Every element g of M1(J) has
a natural action on P̂

2(Ok); more precisely, g induces a collineation ρ(g) on
the Moufang plane by defining

ρ(g) :

{

P → P : (x) 7→ (g(x))

L → L : [y] 7→ [g†(y)],

where g† is the unique element of M1(J) such that T(g(x), g†(y)) = T(x, y)
for all x, y ∈ J . Moreover, the map ρ is a k-isomorphism between M1(J)
and the little projective group G generated by all elations of the Moufang
plane.

Furthermore, we define a map τ as

τ : J → J : (ǫ1, ǫ2, ǫ3; c1, c2, c3) 7→ (ǫ1, ǫ3, ǫ2; c1, c3, c2)

for all a = (ǫ1, ǫ2, ǫ3; c1, c2, c3) ∈ J .

We now construct the twisted algebraic group 2M1(J) corresponding to
M1(J). This is an algebraic group such that 2M1(J)⊗k E ∼=M1(J)⊗k E ∼=
M1(J ⊗E), this last group being the group of all similarities of J ⊗k E that
preserve the extended norm N ⊗k E.

The non-trivial element η of the Galois group Gal(E/k) acts differently
on the groups M1(J) and 2M1(J). Indeed, the non-twisted action on an
element of M1(J)(E) :=M1(J)⊗k E which we denote by ι, is as follows:

ι : M1(J)(E) →M1(J)(E) : g ⊗ ℓ 7→ g ⊗ η(ℓ)

for all g ∈ M1(J), ℓ ∈ E. On the other hand, the twisted Galois action on
M1(J)(E) is given by

ι∗ : M1(J)(E) →M1(J)(E) : g ⊗ ℓ 7→ τ ◦ [ι(g ⊗ ℓ)]† ◦ τ−1,

where τ and † are the natural extensions to M1(J)(E) of the equally named
maps on M1(J); see [5, Section 2]. We will also write ι ∗ g for ι∗(g).

We conclude that the corresponding groups over k are given by

M1(J) = {g ∈M1(J)(E) | ι(g) = g} and
2M1(J) = {g ∈M1(J)(E) | ι ∗ g = g}.

For a more general and detailed description on the process of twisting of
linear algebraic groups, we refer for instance to [9, Kapitel I, §3] or [10,
Section 5.3].

Next, we define the following map ψ on P̂
2(O), the Moufang plane

over O := Ok ⊗k E:

ψ : P → L : (x) 7→ [(τ ◦ η̃)(x)],
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with η̃ := idJ ⊗ η. It is easy to check this map induces a polarity of the
Moufang plane P̂

2(O).

Observe that the isomorphism ρ from M1(J) to G extends naturally to
an isomorphism fromM1(J)(E) to G(E). The following theorem shows that
under this extended isomorphism, the elements of the twisted group 2M1(J)
are mapped to elements of G(E) commuting with the polarity ψ.

Theorem 5.1. The map ρ induces a k-isomorphism between the group
2M1(J) of elements g ∈ M1(J)(E) such that ι ∗ g = g, and the group
CentG(E)(ψ) of elements of G(E) that commute with the polarity ψ.

Proof. Since we have already a k-isomorphism betweenM1(J)(E) and G(E),
it suffices to prove that ψ ◦ ρ(g) = ρ(g) ◦ ψ if and only if ι ∗ g = g.

Write E = k(δ); an arbitrary element g ∈M1(J)(E) can then be written
in the form

g = g1 ⊗ 1 + g2 ⊗ δ,

with g1, g2 ∈M1(J).

Let a = x1⊗m1+ · · ·+xs⊗ms ∈ JE with xi ∈ J , mi ∈ E be an element
with a♯ = 0; then

ψ
(

ρ(g){(a)}
)

= ψ{(g(a))} = [τ η̃g(a)]

while
ρ(g)

(

ψ{(a)}
)

= ρ(g)([τ η̃(a)]) = [g†τ η̃(a)].

We conclude that ψ ◦ ρ(g) = ρ(g) ◦ ψ if and only if τ η̃g = g†τ η̃.

Next, we verify when ι ∗ g = g or equivalently if (ι ∗ g)† = g†. First, we
show that (ι ∗ g)† = τ [ι(g)]τ . We compute

T(τx, τy) = T(x, y)

= T
(

(ι ∗ g)x, (ι ∗ g)†y
)

= T
(

τ [ι(g)]†τx, (ι ∗ g)†y
)

= T
(

ι(g)†τx, τ(ι ∗ g)†y
)

= T
(

τx, [ι(g)]−1τ(ι ∗ g)†y
)

,

for all x, y ∈ JE . Since the trace T is non-degenerate, we can conclude that
τ = [ι(g)]−1τ(ι ∗ g)†.

The problem is reduced to proving that τ [ι(g)]τ = g† if and only if
τ η̃g = g†τ η̃, or equivalently, that ι(g)η̃ = η̃g. Notice that

ι(g) = g1 ⊗ 1 + g2 ⊗ η(α),
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and hence

ι(g)η̃(xi ⊗mi) = ι(g)
(

xi ⊗ η(mi)
)

= g1(xi)⊗ η(mi) + g2(xi)⊗ η(α)η(mi)

= η̃
(

g1(xi)⊗mi + g2(xi)⊗ (αmi)
)

= η̃
(

g(xi ⊗mi)
)

;

it follows that ι(g)η̃(a) = η̃g(a) for all a ∈ JE .

In order to able to invoke Proposition 4.2, we have to check the condition
in part (ii) of that proposition.

Lemma 5.2. Let P
2(O) and Ψ be as above. Every non-absolute line [a]

through the point (∞) contains an absolute point of the form (a, b).

Proof. We have to check that for every a ∈ O, the equation

η(a) · a+ η(b) + b = 0

has a solution b ∈ O. Since η(a) ·a is fixed by the map x 7→ η(x), this follows
immediately from [7, Proposition 3.2].

It now follows from Proposition 4.2 that the Moufang set corresponding
to Ψ has a little projective group which is a normal subgroup of the cen-
tralizer CentG(Ψ) of the polarity. If we can show that this polarity Ψ gives
rise to the same Moufang set (up to isomorphism) as the Moufang set we
obtained from the polarity ψ, then it will indeed follow from Theorem 5.1
that the Moufang set corresponding to Ψ arises from a twisted algebraic
group of type 2E29

6,1.

We calculate what this polarity ψ looks like on P
2(O), and we find

(a, b) 7→ [−η(b̄)−1,−η(ab−1)]

(a, 0) 7→ [−η(a)]

(0, 0) 7→ [0]

(c) 7→ [0,−η(c̄)−1]

(0) 7→ [∞]

(∞) 7→ [0, 0]

for all a ∈ O and all b, c ∈ O \ {0}. All that is left now is to construct an
incidence preserving coordinate transformation mapping Ψ to ψ. After some
calculations, we find that the following transformation T : P2(O) → P

2(O)
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does the job:

(a, b) 7→ (b,−a)

(c) 7→ (−c−1)

(0) 7→ (∞)

(∞) 7→ (0)

[m,k] 7→ [−m−1,−m−1k]

[0, b] 7→ [b]

[a] 7→ [0,−a]

[∞] 7→ [∞]

for all a, b, k ∈ O and all c,m ∈ O \ {0}. The existence of such a transfor-
mation proves that both Moufang sets are indeed isomorphic. We obtain
the following result:

Theorem 5.3. The Moufang set M(U, τ) obtained from a polarity of type II,
given by equations (5.1) and (5.3), is the Moufang building associated to a
twisted linear algebraic group of type 2E29

6,1. Conversely, every Moufang set

corresponding to such an algebraic group of type 2E29
6,1 can be obtained from

a polarity of type II and is therefore of the form M(U, τ), with U and τ as
in equations (5.1) and (5.3), and with η as in section 4.2.2.

5.4 Polarities of type III – Moufang sets of hermitian type

We reconstruct the Moufang structure on X arising from of a polarity Ψ of
type III, and we will prove that the Moufang set we obtain is indeed a her-
mitian Moufang set (of type C4), by constructing an explicit isomorphism.

First, we determine the structure of the Moufang set obtained by the
polarity of the octonion plane. We begin in the same fashion as in section 5.1;
in particular, the group U is given by equation (5.1). However, in order to
simplify our proof of the isomorphism with the hermitian Moufang set, we
will choose a slightly different τ , as follows. Instead of the collineation σ
given by equation (5.2), we choose the following collineation σ (which still
commutes with the polarity Ψ):

σ :

{

(a, b) 7→
(

−η(ab−1), η(b)−1
)

[m,k] 7→
[

η(k−1m), η(k)−1
]

.

(Recall that η ∈ Aut(O) is as in section 4.2.3.) The corresponding permu-
tation τ on U∗ is thus defined by

τ(a, b) =
(

−η(ab−1), η(b)−1
)

(5.4)

for all (a, b) ∈ U∗.

Theorem 5.4. Let k be a field with char(k) 6= 2, and let O be an octonion
division algebra over k. Consider a decomposition O = D ⊕ cD with D a
quaternion subalgebra of O and some c ∈ D⊥ with β = N(c) 6= 0. Let

η : O → O : a1 + ca2 7→ a1 − ca2,
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and let
h : O ×O → D : (a1 + ca2, b1 + cb2) 7→ a1b1 + βa2b2

for all a1, a2, b1, b2 ∈ D. Then:

(i) h is a hermitian form on O (considered as a 2-dimensional right vector
space over D);

(ii) the Moufang set corresponding to h (as defined in section 3.3) is iso-
morphic to the Moufang set M(U, τ) arising from the polarity Ψ cor-
responding to η, with U given by equation (5.1) and τ given by equa-
tion (5.4);

(iii) M(U, τ) arises from a linear algebraic group of type C4.

Proof. (i) This is obvious from the definitions. Note that the correspond-
ing hermitian pseudoquadratic form q is equal to 1

2NO:

q(a1 + ca2) =
1
2

(

N(a1) + βN(a2)
)

.

(ii) We will denote an element a1 + ca2 ∈ O as (a1, a2), where a1, a2 ∈ D.
Observe that the multiplication inO with respect to this decomposition
is given by

(a1, a2)(b1, b2) =
(

a1b1 − βb2a2, b1a2 + a1b2
)

.

Now let a = (a1, a2) and b = (b1, b2); then the condition

η(a) · a+ η(b) + b = 0

occuring in equation (5.1) can be rewritten as the system of the fol-
lowing two equations:

a1 · a1 − βa2 · a2 + b1 + b1 = 0 and

a1a2 + b2 = 0.

Now consider the group T = {(a, t) ∈ O×D | q(a)−t ∈ D−
σ } as defined

in section 3.3, with group operation (a, t)·(b, u) := (a+b, t+u+h(b, a)).
Since char(k) 6= 2, the space D−

σ is precisely the subspace of trace zero
elements of D, and hence

T =
{

(a1, a2, t) ∈ D ×D ×D | N(a1) + βN(a2) = T(t)
}

,

with

(a1, a2, t) · (b1, b2, u) =
(

a1 + b1, a2 + b2, t+ u+ b1a1 + βb2a2
)

.

It turns out that the map

χ : T → U : (a1, a2, t) 7→
(

(a1, a2), (−t+ β N(a2),−a1a2)
)
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is a group isomorphism.
It remains to check that the map τ given by equation (5.4) corresponds
to the map τ given by equation (3.4) under the isomorphism χ. This
follows from another short calculation, keeping in mind that

N
(

−t+ β N(a2)
)

+ βN
(

−a1a2
)

= N(t)

for all (a1, a2, t) ∈ T . We leave the details to the reader.
(iii) By (ii), this now follows, for instance, from [12, p. 56].

5.5 Polarities of type IV

We finally assume that Ψ is a polarity of type IV; in particular char(k) = 2.
Again, U and τ are given by equations (5.1) and (5.3), respectively. In this
case, however, the group U takes a very simple form. Indeed, it follows from
[7, Theorem 7.3] that

U =
{

(0, y) | y ∈ O, η(y) = y
}

,

and hence U becomes an abelian group, with

(0, y1) + (0, y2) = (0, y1 + y2)

for all (0, y1), (0, y2) ∈ U . The map τ is now simply given by

τ(0, y) = (0, y−1)

for all (0, y) ∈ U .

Suppose D is the 4-dimensional subfield of O fixed by η. Then [7, The-
orem 3.1] tells us that the set of elements fixed under x 7→ η(x) is the set
Fix(η) ⊕ kz = D ⊕ kz, with z as in section 4.2.4. Observe that the map τ
does indeed preserve the subset U∗.

We conclude that the Moufang set associated to Ψ is (isomorphic to) a
Moufang subset of the projective Moufang set M(O) over the octonion divi-
sion algebra O, as defined in section 3.2; the root groups are 5-dimensional
subspaces of the 8-dimensional vector space O over k.
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