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Nederlandstalige Samenvatting

- Dutch Summary -

Het werk dat hier voorligt, gaat in op een tweetal onderzoeksgebieden die de laatste decennia
steeds meer aan belang hebben gewonnen, zowel maatschappelijk als industrieel-academisch.
Het eerste domein gaat over het onderzoek naar het beter gebruik van lichtgewicht materialen
zoals composietmaterialen in allerlei veeleisende toepassingen, terwijl het tweede meer handelt
over het gebruik van ultrasone niet-destructieve technieken bij de detectie van materiaalfouten
in deze gelaagde hoogtechnologische materialen. Hoewel beide domeinen sterk verbonden zijn,
worden ze in dit werk grotendeels afzonderlijk behandeld. Vooraleer een samenvatting te geven
van het geleverde werk omtrent deze twee domeinen, zullen we eerst het kader schetsen waarin
dit onderzoek tot stand is gekomen.

Het huidige werk moet gezien worden als een vervolgstudie van een Europees project dat
gëınitieerd werd tijdens het vijfde kaderprogramma van de Europese Commissie. Dat project,
het Optimat Blades project genaamd, had als doelstelling het gebruik van composietmate-
rialen in de constructie van windturbine bladen te optimaliseren. Omdat deze constructies
onderhevig zijn aan een voortdurende windbelasting, waarbij het composietmateriaal met een
zeer typische materiaalopbouw voornamelijk onder een biaxiale toestand wordt belast, lag de
focus van het project op het ontwikkelen van een beter begrip van het biaxiaal vermoei-
ingsgedrag van deze ingewikkelde materialen. Hiermee werd er getracht de betrouwbaarheid
van deze systemen te verhogen. Het consortium dat gevormd werd rond dit project bestond
naast een aantal industriële partners ook uit een reeks academische instellingen. Eén van
de vakgroepen die in dit consortium zaten, was de vakgroep Mechanica van Materialen en
Constructies (MeMC) van prof. Danny van Hemelrijck aan de Vrije Universiteit Brussel
(VUB). Omwille van de jarenlange expertise op het gebied van biaxiaal gedrag van com-
posietmaterialen, lag de taak van deze onderzoeksgroep in het Europees project voornamelijk
in het beproeven, analyseren en optimaliseren van biaxiale proefstukken. Na afloop van het
Europees project in 2005, is er door prof. Danny Van Hemelrijck, in samenwerking met
de onderzoeksgroep Mechanica van Materialen en Constructies (MMC) aan de universiteit
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Gent (UGent) onder leiding van prof. Wim Van Paepegem een vervolgproject ingediend bij
het Fonds voor Wetenschappelijk Onderzoek Vlaanderen (F.W.O-Vlaanderen). Deze vervol-
gstudie ging verder in op de conclusies van het Europees project en trachtte zo het onderzoek
naar het biaxiaal gedrag van composietmaterialen verder uit te diepen. Naast het uitvoeren
van biaxiale proeven en het ontwikkelen van een proefstuk voor biaxiale vermoeiingstesten aan
de VUB, werd de nadruk bij de MMC-UGent voornamelijk gelegd op het numeriek bestud-
eren van het baxiaal gedrag van composietmaterialen. Een belangrijk punt hierbij was het
gebruik van nieuwe ultrasone technieken zoals de phased array om de schadevorming in het
composietmateriaal te bestuderen doorheen de verschillende lagen. Zoals zal blijken uit wat
volgt, legt het onderliggende werk vooral de focus op het gebruik van numerieke methoden
bij zowel het bestuderen van het biaxiaal gedrag van composietmaterialen als voor het onder-
zoek van de interactie van ultrasoongeluid bij het bepalen van materiaalfouten. Dit zal kort
worden uiteengezet in onderstaande samenvatting.

Vertrekkende van de finale resultaten uit het Optimat Blades project, waarbij een optimale
cruciform geometrie werd voorgesteld voor het biaxiaal beproeven van composietmaterialen,
werd duidelijk dat de experimentele resultaten in de middenzone van dit proefstuk een groot
verschil vertoonden met onafhankelijke numerieke simulaties uitgevoerd aan het begin van
het F.W.O-project. De maximale rekken rond de centrale zone van het biaxiale proefstuk
bleken in geval van de experimentele testen significant hoger te liggen dan die bij de nu-
merieke eindige elementen simulaties. Alhoewel de ontwikkeling van een gedetailleerd drie-
dimensionaal eindige elementen model deels het bestaan van dit verschil kon aantonen, bleef
er een significant verschil bestaan in rekwaarden ter hoogte van de biaxiale zone. Om te con-
troleren of deze discrepantie niet kon worden toegeschreven aan het gebruik van een lineair
elastisch materiaal model voor het composiet materiaal, zijn er een aantal stappen uitgevoerd
om materiaalschade te incorporeren in het numeriek model. Dit werd gerealiseerd in vier fasen
waarin de complexiteit van de gesimuleerde schade telkens ingewikkelder werd, eindigend bij
de implementatie van het Puck criterium dat rekening houdt met het progressief karakter van
en de interactie tussen verschillende schademechanismen. Ondanks deze ontwikkelingen kon
nog steeds geen eenduidige verklaring gegeven worden aan het waargenomen verschil in rek-
waarden. Tijdens de herhaling van een aantal experimenten, die de eerdere verschillen tussen
de numerieke en experimentele resultaten bevestigden, werd het duidelijk dat (i) de initiatie
van schade in het kruisvormig proefstuk zeer vroeg optreedt in de belastingcyclus en dat (ii)
de experimentele beelden, die genomen werden met de digitale beeldcorrelatie techniek DIC,
het delamineren van het proefstuk verhulde aan de overgangszone tussen de biaxiale zone en
armen van het proefstuk. Deze bevinding werd ook bevestigd door de eindige elementen sim-
ulaties en door toepassing van de electronische speckle patroon interferentie methode (ESPI).
Dit feit heeft er toe geleid dat de interpolatie tussen de verschillende DIC beelden resulteerde
in onrealistische rekwaarden. Waar de DIC methode uitgaat van continue verplaatsingen,
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leidde de verhulde scheur tot een discontinuiteit in verplaatsingen en daarmee ook tot veel
te grote rekwaarden. Bovendien werd ook ontdekt dat de geometrie van het proefstuk een
niet geringe invloed had bij de ontwikkeling van deze fenomenen. Niet alleen bij het ontstaan
van de delaminaties aan de rand van de middenzone in het biaxiaal proefstuk, maar ook bij
de vorming van spanningsconcentraties aan de overgangszone tussen de biaxiale armen in de
twee orthogonale richtingen waar afrondingen werden aangebracht om de belasting naar de
biaxiale middenzone te leiden. Dit stelde ons in staat om de geometrische invloed van het
huidige proefstuk op de rek distributie te bestuderen. Verder bleek het ook noodzakelijk om
de geometrie van het kruisvormig proefstuk te optimaliseren.

Omwille van het feit dat het manueel modelleren van het kruisvormig proefstuk veel tijd
in beslag nam door telkens een nieuw model te ontwikkelen met kleine aanpassingen in de
geometrische parameters, is er geopteerd om een automatisch optimalisatieproces te ontwikke-
len. De gekozen methode is gebaseerd op de evolutieleer van Darwin, waarbij ouders een deel
van hun eigenschappen doorgeven aan hun nakomelingen in de hoop dat ze kunnen over-
leven. Een analogie van dit concept werd toegepast op het kruisvormig proefstuk, waarbij
elk individu kleine veranderingen in geometrie vertoont ten opzichte van die van zijn oud-
ers. Aangezien het reeds duidelijk was dat het kruisvormig proefstuk uit het Optimat Blades
project een grote invloed had op vorming van spanningsconcentraties aan de arm afrondin-
gen, is eerst getracht om de invloed van de arm geometrie op de rekdistributie in de biaxiale
middenzone te bestuderen. Dit werd uitgevoerd door de arm geometrie te parametriseren in
een aantal beweegbare punten waarbij kleine veranderingen in de positie konden aangebracht
worden. Deze studie resulteerde in een eerste kruisvormig proefstuk waarbij enkel één arm
kromming werd weerhouden. Dit bevestigde de conclusie uit het voorgaande gedeelte dat
het gebruik van een dubbele kromming steeds zal leiden tot spanningsconcentraties aan de
overvang tussen de twee krommingstralen, zoals gebruikt in het Optimat Blades concept. On-
danks deze bevestiging was de bekomen vorm praktisch moeilijk te verantwoorden. Dit was
grotendeels te wijten aan de manier hoe het algoritme omging met de geparametriseerde arm
coordinaten. Wanneer echter kleine aanpassingen werden aangebracht in het algoritme en zo
een grotere bewegingsvrijheid werd gegeven aan de beweegbare punten, is er een tweede vorm
gevonden die fel afweek van de oorspronkelijke vorm. Een uitvoerige literatuurstudie heeft
aangetoond dat naast de beschikbare variëteit in vormen, die weliswaar sterk bleven aanle-
unen aan de vorm uit het Optimat Blades project, ook een tweetal andere vormen werden
gebruikt in twee specifieke gevallen. Deze vormen waren dan ook diegene die het algoritme
heeft kunnen terugvinden. De eerste werd gebruikt als dwarsversterking van betonplaten
boven de ondersteunende kolommen terwijl de tweede vorm ontwikkeld werd door de Engelse
onderneming Qinetiq voor het biaxiaal testen van allerhande composietpanelen. Dit proces
heeft ons ertoe aangezet om alle gevonden vormen in de literatuur onder te brengen in een
tweetal categoriën. De eerste bestond eruit dat bij beperkte mogelijkheid in het aanbrengen
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van grote belastingen aan het proefstuk de noodzaak bestond om de belastingstrajectorie
te bëınvloeden, terwijl in de tweede categorie net het omgekeerde het geval was. Met dit
inzicht zijn de twee aparte methodologieën om de beweegbare coördinaten om te zetten in op-
timalisatie parameters samengebracht in één aanpak. Hiermee werd het mogelijk gemaakt om
beide geometrieën terug te vinden op basis van de variatie van een viertal parameters. Tevens
vereenvoudigde deze aanpak het algoritme in die mate dat het complexe optimalisatieprobleem
gereduceerd werd tot een minimaal concept waarin alle mogelijke kruisvormige proefstukvor-
men vervat zaten. Om dit aan te tonen, is er eerst een manuele screening geweest van alle
mogelijke vormen. Wat er uit deze studie is gebleken is dat de rek- en spanningsverdelingen
in het proefstuk voor wat betreft het eerste type proefstuk, uiterst gevoelig zijn voor kleine
aanpassingen in de geometrie, wat op zijn beurt leidde tot grote verschillen in de faalzones van
het proefstuk. Ook het toevoegen van een eindstuk aan het proefstuk om het vast te klemmen
in een trekbank heeft bovendien ook een niet te onderschatten invloed op de positie van de
faalzone. Deze numerieke resultaten zijn door experimentele validatie op een polycarbonaat
materiaal ook aangetoond geweest, wat duidelijk maakte dat het gebruik van het eerste type
geometrie uiterst ingewikkeld blijkt te zijn voor het uitvoeren van reproduceerbare biaxiale
proeven. Omdat het tweede type proefstuk hiervoor veel minder gevoelig is, lijkt dit proefstuk
veel meer geschikt voor de uitvoering van biaxiale testen. Dit is echter onder voorbehoud,
aangezien het gebruik van een bijkomende versteviging van de armen ten opzichte van de
middenzone of een uitfrezing van de middenzone ten opzichte van de armen niet meegenomen
is in deze studie. Daardoor is het moeilijk om een absolute voorkeur te geven aan een van de
twee geometrieën, zonder bijkomende data omtrent een dergelijke versteviging of uitfrezing.

Nu het inzicht in het biaxiaal gedrag verder is uitgediept, was het interessant om te bestud-
eren hoe andere technieken zoals de ultrasone niet-destructieve methode informatie konden
verschaffen over de schademechanismen die zich voordeden in het Optimat Blades proefstuk.
Aangezien het al duidelijk werd uit de implementatie van het Puck model dat de schade
zich eerst ontwikkelde in bepaalde afzonderlijke materiaallagen en zich hierna progressief ver-
spreidde over het proefstuk, bleek het interessant om dit ook experimenteel aan te tonen.
Zoals voorgesteld in het F.W.O-project kon de aangekochte phased array hierop een antwo-
ord bieden door de onafhankelijke aansturing van de 64 ultrasoonprobes. Vooraleer we konden
verder gaan met de studie van deze nieuwe techniek, diende de phased array gëıntegreerd te
worden in een bestaande opstelling die tot dan gebruikt werd voor conventionele scans waar-
bij één enkele ultrasone transducer geëxiteerd werd door een USIP signaal generator. Deze
syteem integratie was noodzakelijk omdat het nodig was om de ultrasone probe exact boven
het te bestuderen proefstuk te positioneren en zo de data-acquisite van de ultrasoon signalen
te koppelen aan de positie boven het proefstuk. Omdat de seriële busverbinding waarover deze
data-acquisitie verliep te traag was in de bestaande opstelling, is er gekozen voor het opzetten
van een USB-to-CAN communicatie die de snelheid van het scannen sterk verbeterde. Deze
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aanpassing kwam natuurlijk ook ten goede bij het inzetten van de phased array waarbij met
de 64 aanwezige probes het scannen alleen nog maar kon versnellen. Hoewel deze implemen-
tatie heeft geleid tot significante scantijd reducties, is gebleken dat bij het scannen van het
kruisvormig proefstuk er moeilijk een onderscheid kon gemaakt worden tussen beschadigde en
onbeschadigde zones op basis van de scanbeelden. Dit was te wijten aan de ingewikkelde in-
teractie die plaats vond in zowel het composietmateriaal als tussen de gereflecteerde ultrasone
signalen onderling, na interactie met het composieten proefstuk. Dit bleek de interpretatie
van de ontvangen signalen uiterst moeilijk te maken.

Om dit probleem aan te pakken, is er gekozen om het ultrasoon scannen van composietma-
terialen te reduceren tot een aantal basisproblemen. Omwille van de complexiteit van deze
materialen en het feit dat de te bestuderen fenomenen op zich voldoende ingewikkeld zijn, is er
besloten om in de verdere studie de focus te leggen op isotrope materialen. Bovendien is er ook
gekozen voor een numerieke aanpak omdat op deze wijze verschillende interactie fenomenen
afzonderlijk van mekaar konden bekeken worden zonder de interferentie van andere fenome-
nen die de interpretatie in het gedrang konden brengen. Om dit te bewerkstelligen hebben
we gekozen voor het gebruik van de eindige elementen methode als basis voor het bestuderen
van de interactie tussen materialen en ultrasoon geluid. Het doel dat hierbij werd nagestreefd
was de interactie van een ultrasoon bundel met een materiaalscheur te bestuderen. Echter,
vooraleer we dit konden uitwerken, werd de theoretische onderbouw van deze eindige ele-
menten aanpak behandeld. Naast de gebruikte wiskundige methodiek om de interactie tussen
een vloeistof en vaste stof medium tot stand te brengen, werd de aanpak verduidelijkt aan
de hand van een voorbeeld uit de ultrasoon literatuur dat bekend staat als het Schoch ef-
fect. Bovendien worden er ook een aantal technieken behandeld over hoe informatie zoals de
amplitude, de fase en de voorplantingsrichting van een ultrasoon bundel op een eenvoudige
manier kunnen gehaald worden uit de eindige elementen methodiek. Deze ontwikkelingen
hebben uiteindelijk geleid tot een raamwerk waarin ultrasoon interactie fenomenen op een
volledig geautomatiseerde wijze konden bestudeerd worden. Het voordeel van deze aanpak
heeft er toe geleid, zoals later zal blijken, dat de interpretatie van interactie van ultrageluid
en materialen efficiënter kon verlopen.

Vooraleer in te gaan op de studie van ultrageluid met discontinüıteiten, bleek het aangewezen
om eerst een overzicht te geven van de type golven die in dergelijke studies gebruikt worden.
De opwekking van oppervlaktegolven spelen hierbij een bijzondere rol. Het is daarom ook
dat de aandacht in dit werk wat betreft de interactie van ultrasone golven en materiaalon-
regelmatigheden, vooral gericht is op een drietal types oppervlaktegolven. De eerste twee
types zijn Rayleigh en Scholte-Stoneley golven, die ondanks hun grote gelijkenis toch een zeer
karakteristiek interactiepatroon vertonen wanneer ze in aanraking komen met een materi-
aaloneffenheid. Hoewel beide golftypes opgewekt worden aan het oppervlak van dikke platen,
is het derde type golf vooral toepasbaar in dunne platen. Deze golven, die bekend staan als
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Lamb golven, kunnen eerder bekeken worden als plaatvibraties met eveneens een zeer apart
interactiepatroon wanneer ze intrageren met een plaatscheur. Wat betreft de discontinüıteit
waarmee deze golven interageren, is er gekozen om een materiaalscheur te bekijken als een
combinatie van twee plaateinden. Voor elk van de bovenstaande golven is er daardoor een
studie uitgevoerd waarbij de interactie met het uiteinde van een plaat bekeken wordt.

In een tweede fase wordt de studie van scheuren en ultrageluid nog verder uitgebreid. Naast
de interactie met één enkele scheur, is het ook interessant om na te gaan hoe ultrasoon gol-
ven interageren met een reeks scheuren die achter mekaar voorkomen. Deze studie wordt in
dit werk benaderd als de interactie van een ultrasone bundel met een gecorrugeerd opper-
vlak waarbij een aantal eigenschappen zoals de diepte en de periodiciteit van de corrugatie
makkelijk kunnen aangepast worden. Naast de pure interactie met deze periodieke modeller-
ing van een ketting van scheuren, kan deze aanpak ook gebruikt worden voor de opwekking
van Scholte-Stoneley golven aan een dergelijk gecorrugeerd oppervlak. De reden is dat deze
oppervlaktegolven moeilijk te genereren zijn op een vlak oppervlak door gebruik te maken
van een ultrasone bundel. Hierbij wordt aangetoond dat de ontwikkelde eindige elementen
aanpak een veel nauwkeuriger beeld geeft van de interactie van een ultrasone bundel met een
corrugatie, in vergelijking met bestaande wiskundige technieken zoals de Rayleigh decomposi-
tie methode. Een tweede aspect dat ook belangrijk is in de studie van materiaalscheuren met
ultrageluid is de incorporering van het niet-linear gedrag van materialen waarin hoog ampli-
tude ultrasoon bundels zich voortplanten. De toevoeging van deze materiaal niet-lineariteit
leidt in dergelijke studies tot het onstaan van hogere orde effecten die het bestaan van deze
scheuren kunnen weergeven. Een fenomeen dat ook gebaseerd is op de integratie van deze
niet-lineariteiten is de diffractie van twee intragerende geluidsbundels. Het bestaan van het
effect kan toegeschreven worden aan het ontstaan van som en verschil frequenties die in het
gediffracteerd geluid terug te vinden zijn en die op zich te wijten zijn aan de niet-lineaire inter-
actie van de twee invallende geluidbundels. Om aan te tonen dat de huidige numerieke aanpak
ook deze materiaal niet-lineariteiten kan meenemen in de eindige elementen berekeningen is
het bovenstaande fenomeen bestudeerd. Ondanks de jarenlange discussie over het al dan
niet ontstaan van de som en verschil frequenties als gevolg van de diffractie van geluid door
geluid, heeft de ontwikkelde methode de diffractie wel degelijk kunnen aantonen. Dit wijst er
op dat het ontwikkelde raamwerk een krachtige tool kan zijn in de studie van fenomenen die
gerelateerd zijn met het niet-destructief detecteren van scheuren.

Tot slot word ook nog een overzicht gegeven van de conclusies van dit werk. Dit wordt
gedaan voor elk van de behandelde stukken, waarbij telkens de belangrijkste punten worden
samengebracht. Bovendien worden er ook nog een aantal punten opgesomd die van belang
kunnen zijn bij een mogelijke verderzetting van dit werk.
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English Summary

The work presented here examines two research areas which have gained importance in recent
decades, both in a social as well as industrial-academic sense. The first area concerns about
the better use of lightweight materials such as composite materials in various demanding
applications, while the second topic deals with the use of ultrasonic non-destructive techniques
in the detection of material discontinuities in these layered high-tech materials. Despite the
strong link between both areas, they are mainly treated separately in this work. Before a
summary of the work on these two domains is given, the context is described in which the
underlying dissertation was established.

The present work should be seen as a follow-up study of a European project that was initiated
during the fifth Framework Program of the European Commission. That project, called the
Optimat Blades project, had the objective to optimize the use of composite materials in the
construction of wind turbine blades. Because these structures are subjected to a constant
wind load, whereby the composite material with its very specific stacking sequence experi-
ences mainly a biaxial loading, the focus of the project was to develop a better understanding
of the biaxial fatigue behaviour of these complex materials. With this, it was attempted to
increase the reliability of these systems. The consortium formed for this project included
besides some industrial partners also a series of academic institutions. One of the academic
departments involved in this consortium, was the department Mechanics of Materials and
Constructions (MEMC) of prof. Danny Hemelrijck at the Free University of Brussels (VUB).
Because of their long-standing experience in the field of biaxial behaviour of composite mate-
rials, the task of this research group in the European project lay mainly in the testing, analysis
and optimization of biaxial test specimens. After the European project in 2005, prof. Danny
Van Hemelrijck submitted in collaboration with the research group Mechanics of Materi-
als and Structures (MMC) at Ghent University (UGent) under supervision of prof. Wim
Van Paepegem a follow-up project to the Fund for Scientific Research Flanders (F.W.O-
Vlaanderen). This study elaborated further on the conclusions of the European project and
tried to deepen in this way the study of the biaxial behaviour of composite materials. Besides
the execution of biaxial tests and the development of a specimen for biaxial fatigue tests at
the VUB, the focus for MMC-UGent was put on the numerical study of the biaxial behaviour
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of composite materials. An important issue here was the use of new technologies such as the
ultrasonic phased array to study the damage formation through the different layers in the
composite material. As we will see later on, the underlying work puts mainly the focus on
the use of numerical methods in the study of the biaxial behaviour of composite materials as
well as in the examination of the interaction of ultrasound in the determination of material
faults. Both topics will be briefly explained in the summary below.

Starting from the final results from the Optimat Blades project where an optimal cruciform
geometry was proposed for the biaxial testing of composite materials, it became clear that
the experimental results in the central zone of this specimen showed a large difference with
independent numerical simulations performed at the beginning of the F.W.O-project. The
maximum strains around the central area of the biaxial specimen were found to be signifi-
cantly higher in experimental tests when compared with those in the numerical finite element
simulations. Although the development of a detailed three-dimensional finite element model
could partly prove the existence of this difference, a significant mismatch in strain values still
existed near the biaxial zone. To check whether this discrepancy could not be attributed to
the use of a linear elastic material model for the composite material, some steps have been
performed to incorporate material damage in the numerical model. This was achieved in four
phases whereby the complexity of the simulated damage was increased with each phase ending
with the implementation of the Puck criterion that takes the progressive nature of and the
interaction between different damage mechanisms into account. Despite these developments,
still no clear explanation could be given to the observed difference in strain values. During the
repetition of some experiments, which confirmed the earlier differences between the numerical
and experimental results, it became clear that (i) the initiation of damage in the cross-shaped
specimen occurs very early in the loading cycle and that (ii) the experimental images taken
with the digital image correlation technique DIC disguised the delamination of the test piece
at the transition zone between the biaxial zone and the arms of the specimen. This finding
was also validated by finite element simulations and by application of the electronic speckle
pattern interference method (ESPI). As a conclusion it was found that the interpolation be-
tween the DIC images resulted in unrealistic strain values. Where the DIC method assumes
continuous displacements, the concealed crack led to a displacement discontinuity with the
outcome of excessive strain values. Furthermore, it was also discovered that the geometry of
the specimen had a significant influence on the development of these phenomena. Not only on
the existence of the delaminations at the edge of the middle zone in the cruciform specimen,
but also on the formation of stress concentrations at the transition zone between the two arms
in the biaxial orthogonal directions where the roundings were made to lead the biaxial load
to the center zone. This enabled the study of the geometrical effect of the current specimen
on the strain distribution. Furthermore, it appeared necessary to optimize the geometry of
the cross-shaped specimen.
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Because of the fact that the manual modelling of the cross-shaped specimen requires a large
amount of time for the repeated construction of new models with small changes in the ge-
ometrical parameters, we have chosen to develop an automatic optimization process. The
chosen method is based on the evolutionary theory of Darwin, where parents pass a part of
their properties onto their descendants in the hope that they can survive. An analogy of this
concept was applied to the cross-shaped specimen, whereby each individual exhibits small
changes in geometry compared with that of his parents. Since it was already clear that the
cruciform specimen from the Optimat Blades project had a large influence on the formation of
stress concentrations at the arm roundings, we first tried to study the influence of the arms on
the biaxial strain distribution in the middle zone. This was carried out by the parametrization
of the arm geometry in a number of moveable points whereby small changes in their position
could be made. This study has led to a first cross-shaped specimen where only one arm
curvature was retained. This confirmed the conclusion from the preceding section that the
use of a double curvature will always lead to stress concentrations at the transition between
the two radii of curvature as used in the Optimat Blades cruciform concept. Despite this
confirmation, the obtained shape was practically difficult to justify. This was largely due to
the way the algorithm handled the parameterised arm coordinates. However, when minor
adjustments were made to the algorithm and thus more freedom was given to the moveable
points, a second shape was retrieved deviating strongly from the original shape. An exten-
sive literature review showed that in addition to the available variety of forms, which closely
resembled the shape from the Optimat Blades project, also two other geometries were used
in two specific cases. These shapes were surprisingly similar to those found by the algorithm.
The first was used as a transverse reinforcement of concrete slabs above their supporting
columns, while the second form was developed by the British company Qinetiq for the biaxial
testing of all sorts of composite panels. Moreover, the review process allowed us to group all
forms found in the literature in two categories. Whereas the first group contained specimen
designs for which the application of large loads was limited and therefore made it necessary
to influence the load trajectories with the specimen arms, the second category had just the
opposite aim. With this understanding, the two separate methodologies to transform the
movable coordinates into optimization parameters were joined into one approach. This made
it possible to reconstruct the two geometries through the variation of four parameters. This
approach also simplified the algorithm to the extent that the complex optimization problem
was reduced to its minimal concept in which all possible cross-shaped specimen types were
contained. In order to demonstrate this, a manual screening of all types was performed. What
this study showed, is that the strain and stress distributions in the first specimen type are
extremely sensitive to small changes in geometry, which in turn led to large differences in the
failure zones of the specimen. In addition, the extension of the specimen with a clamping arm,
to fix it in a testing machine, showed a considerable influence on the position of the failure
zone. These numerical results are confirmed by experimental validation on a polycarbonate
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material, demonstrating that the use of the first geometry type is extremely complicated to
carry out reproducible biaxial tests. Because the second type of cruciform is much less sen-
sitive, this specimen appears to be more suited for conducting biaxial tests. This is however
a conditional statement, because the study of an additional reinforcement of the arms with
respect to the middle zone or the milling of the middle zone in comparison with the thickness
of the arms is not included in this study. This makes it therefore difficult to give an absolute
preference to one of the two geometries, without additional data on such reinforcement or
milling.

Now the understanding of the biaxial behaviour is further deepened, it was interesting to
study how other techniques such as the ultrasonic non-destructive method could provide
information on the damage mechanisms that occurred in the Optimat Blades specimen. As
it was already clear from the implementation of the Puck model that the damage is first
developed in some individual material layers, whereafter it spread progressively over the
specimen, made it interesting to demonstrate this experimentally. As proposed in the F.W.O-
project, the purchased phased array should be able to offer an answer on this issue through
the independent control of the 64 ultrasonic probes. Before we could continue the study of
this new technique, the phased array was integrated into an existing setup which was till
then used for conventional scans whereby a single ultrasonic transducer was excited by an
USIP signal generator. This system integration was necessary because it is important to
position the ultrasonic probe exactly above the specimen so that the data acquisition of the
ultrasonic signals can be linked to the position of the probe above the specimen. Because
the serial bus connection through which this data acquisition happened was too slow in the
existing setup, it was chosen to set up a USB-to-CAN communication that could improve the
scanning speed significantly. This adjustment was also beneficial for the deployment of the
phased array whereby the 64 probes could accelerate the scanning speed even more. Although
this implementation has led to significant reductions in scanning time, it remained difficult
to make a distinction between damaged and undamaged cross-shaped specimens based on
the phased array images. This was due to the complex wave phenomena that took place
in the composite itself and between the reflected ultrasonic signals after interaction with the
composite specimen. This indicated that the interpretation of the received signals is extremely
difficult.

To tackle this problem, it is chosen to subdivide the ultrasonic scanning of composite materials
into some basic problems. The fact that composites are complex materials and that the
complex phenomena discussed above are sufficiently difficult on their own, it is decided to
focus the further study on isotropic materials. Moreover, a numerical approach has been
chosen because in this way the different interaction phenomena could be treated individually
without being disturbed by other wave phenomena. To achieve this, the finite element method
is employed as a basis for studying the interaction between materials and ultrasound waves.
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The objective pursued here was the interaction study of an ultrasonic beam and a material
discontinuity such as a crack. However, before this could be done, the theoretical basis of
this finite element approach is first discussed. Besides the mathematical methodology used to
achieve the interaction between a liquid and solid medium, the approach is illustrated using
an example from the ultrasound literature that is known as the Schoch effect. Moreover, a
number of techniques are presented on how information such as the amplitude, the phase
and the propagation direction of an ultrasonic beam can be extracted in a simple manner
from the finite element method. These developments have ultimately led to a framework
in which ultrasound interaction phenomena could be studied in a fully automated manner.
The advantage of this approach has led, as will be discussed later on, to the fact that the
interpretation of the interaction of ultrasound waves and materials can be conducted more
efficiently.

Before going into the study of the interaction of ultrasound with discontinuities, it is appropri-
ate to first provide an overview of the wave types used in such investigations. The generation
of surface waves has a special role in this. It is therefore that the focus in this work regarding
the interaction of ultrasound waves and irregularities, is mainly put on three specific wave
types. The first two types are Rayleigh and Scholte-Stoneley waves, which have despite their
strong similarities a very characteristic pattern when they come into contact with a material
irregularity. Although both wave types are generated mainly at the surface of thick plates,
the third wave type is excited in thin plates. These waves, known as Lamb waves, can be
viewed as plate vibrations which also have a very special interaction pattern when interacting
with plate cracks. As for the discontinuity with which these waves interact, it is chosen to
regard a crack as the combination of two plate ends. For each of the aforementioned waves,
a study is therefore conducted whereby the interaction with the extremity of a solid plate is
investigated.

In a second part the study of cracks and ultrasound is further extended. Besides the interac-
tion with a single crack, it is interesting to see how ultrasonic waves interact with a series of
cracks that occur after each other. This study is approached as the interaction of an ultrasonic
beam with a corrugated surface whereby features like the depth and frequency of corrugation
can easily be adjusted. Besides the pure interaction with the modeling of a periodic chain of
cracks, this approach may also be used to study the generation of Scholte-Stoneley waves on
such a corrugated surface. The reason is that these surface waves are difficult to generate on a
flat surface using an ultrasonic beam. It is shown that the developed finite element approach
offers a more accurate image of the interaction of an ultrasonic beam with a corrugation,
compared with existing mathematical techniques as the Rayleigh decomposition method. A
second aspect that is important in the interaction study of material cracks with ultrasound
is the integration of the non-linear behaviour of materials in which high amplitude ultrasonic
beams propagate. The addition of this material non-linearity in such studies leads to the
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generation of higher order effects revealing the existence of such cracks. A phenomenon that
is based on the incorporation of these non-linearities is the diffraction of two interacting sound
beams. The existence of this effect can be attributed to the creation of sum and difference
frequencies in the diffracted sound field which are due to the non-linear interaction of the
two incident sound beam. To demonstrate that the present numerical approach is able to
incorporate these material nonlinearities, the mentioned diffraction phenomenon is studied.
Despite years of debate over whether the sum and difference frequencies are created or not
and whether they are due to the diffraction of the sound by sound, the developed method
could prove this diffraction. This indicates that the developed framework can be a powerful
tool in the study of phenomena related to the non-destructive detection of cracks.

Finally, a brief overview is given of the conclusions of this work. This is done for each of the
discussed chapters whereby the most important points are gathered. Moreover, a number of
recommendations are put forward which could be important in a possible continuation of this
work.
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1
Introduction

This chapter presents a general overview of the underlying work. After a short
introduction of the two main topics, the background and the scope of the work are
highlighted. Moreover, a short list of the research objectives are proposed. Finally
the innovations of the research work are discussed and the academic/industrial
relevance of the work is indicated.
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Chapter 1. Introduction

1.1 Introduction

As the title of this thesis states, the underlying work will focus mainly on the development
of finite element strategies for two research topics that are closely related. The first one is
the study of biaxially loaded composite cruciform specimens, whereas the second topic lies
more in the field of ultrasound inspection of materials. It is clear that with the increasing
use of composite materials in many high-end applications also the demand for nondestructive
measuring techniques such as ultrasound to measure irregularities in these complex materials,
becomes an important issue. However, before going into a more detailed description of these
two fields of research, a brief introduction is given on both of them.

First of all, we would like to mention that whereas composite materials are not widely known
amongst the general public, their applications can be found in almost every industrial sector.
Their high tensile and impact strength properties, weight, corrosion resistance and weather
ability make these materials very attractive for use in specialized applications, mainly in
industries such as aviation, automotive and the energy sector. An example that is directly
related with the composite material studied in this work, is the glass fibre reinforced plastic
used in the windturbine industry for the construction of rotor blades. However, despite the
mentioned advantages, special care should be taken when these materials are used. First of all,
the composite manufacturing process itself can lead to several defects, such as impurities, voids
or even an incorrect lay-up that occurs during the production process. It is also well-known
that these materials are very susceptible to impact damage both at low and high velocity.
Moreover, the damage that occurs in this way can grow gradually during continuous loading
of the material, leading to major failure events. Another issue, which becomes increasingly
important nowadays, is how these materials are characterized. Due to the inhomogeneous
and anistropic behaviour of these complex materials, multi-axial testing programs become
necessary to determine the real material behaviour. It is therefore clear that besides many
other issues which have not been mentioned here, the field of composite materials is an exciting
one where besides extensive research on how to manufacture them also their behaviour under
complex loading conditons should be investigated more extensively.

Regarding the field of ultrasound nondestructive testing, it is clear that these techniques can
offer a possibility for measuring irregularities in materials in general but also in composite
materials in particular. Their ability to determine, in a nondestructive manner, the presence
and localisation of cracks, voids, delaminations and other irregularities that disturb the con-
tinuity of the material is a very valuable characteristic. However, despite the fact that the
technique has been well investigated during many decades, it still remains a complex field of
research when it comes to the interpretation of the results when an ultrasound wave interacts
with the mentioned material flaws. Phenomena such as diffraction, attenuation and other
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very specific interaction issues make this technique a challenging research subject.

The work presented in this dissertation will try to contribute to both fields by developing
numerical strategies for the investigation of the biaxial behaviour of composite materials as
well as for the study of the interaction of ultrasound waves with discontinuities in materials.
How and why this is exactly done will be handled in the coming sections and chapters. For
now, we will start with the framework that led to this work.

1.2 Background and scope

1.2.1 Biaxial testing of composite materials

As generally known, material characterization is not an easy task, especially not in the case
of composite materials. Researchers have tried many years to develop constitutive relations
and failure criteria to make a more widespread use of these materials in different industrial
sectors possible. Unfortunately, the current practice of using uniaxial tests as a basis for
failure prediction of these inhomogeneous and anisotropic materials under multi-axial stress
states has proven to be insufficient. Therefore biaxial and multi-axial tests appeared necessary
to improve our understanding about the mechanical behaviour of these complex materials.

It is therefore that during the last decades many different test setups have been used to
produce biaxial stress states: anticlastic bending tests of rhomboidal composite plates [1–6],
thin-wall tubes subjected to a combination of axial loading, torsion and internal/external
pressure [7–10] and cruciform specimens under in-plane biaxial loading [11–15] are just a
few from a wide variety of testing techniques. Though in theory these tests should give a
significant improvement of our knowledge into this matter, practically it appeared not an
easy task to perform them. Conditions such as the start of failure in the biaxially loaded test
zone or the capability to perform various biaxial stress/strain ratios but also the requirement
that a uniform strain distribution is obtained in the biaxially loaded zone complicate the
achievement of reliable results. To solve these issues, it is clear that additional research is
needed in the area of biaxial characterization of these materials.

An important study carried out within the fifth framework program of the European Commis-
sion and on which we will build further on, is the European Optimat Blades project [16]. The
aim of this project was to improve the reliability of wind turbine rotor blades by investigating
their material behaviour under real-life loading conditions. The large bending and torsion
forces these rotor blades experience in combination with a continuous wind loading, expose
the composite material these structures are made of to a biaxial fatigue loading. However,
the fact that these complex loading conditions were not well-understood, has led traditionally
to an overdimensioning of these structures, forcing the material cost to increase substantially.
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It was therefore important to investigate and predict the behaviour of these materials so that
accurate design recommendations could be formulated for an optimal use of the composite
materials in rotor blade applications.

Amongst a large group of industrial and academic partners that joined this project, the
research group Mechanics of Material and Constructions (MeMC) at the Free University of
Brussels (VUB) of prof. dr. ir. Danny Van Hemelrijck, who is also co-promotor of this work,
was also involved in this project. The task of MeMC, which was taken up by ir.-arch. Arwen
Smits at the Free University of Brussels (VUB), was to provide a material model that could
predict the static behaviour of the glass/fibre reinforced plastic used in the rotor blades.
Besides the proposal of an optimal biaxial shape for performing biaxial tests, also a large
amount of static tests were performed. These will form the starting point of this thesis.

At the end of the mentioned European project, a new joint project between MeMC-VUB
and the research group Mechanics of Materials and Structures (MMC) at Ghent University
(UGent) was proposed to the Fund for Scientific Research - Flanders (F.W.O.-Vlaanderen).
This proposal built further upon the findings from the Optimat Blades project whereby
besides the experimental and theoretical shortcomings encoutered in the European project,
also a strong focus was put on the development of better fatigue models. Moreover, it was
stressed that it is crucial that the current models should not only predict the moment of final
failure, but should also be able to describe the complete life span, from the first initiation
of damage up till final failure. This vision was also confirmed by the recent world-wide
failure exercise that identified the inadequancies in the current research of fibre-reinforced
materials [17]. As a consequence, the following objectives were put forward in the project
proposal:

1. optimization and instrumentation of an experimental setup for biaxial fatigue of fibre-
reinforced composites

2. development of a methodology for the determination of the local stiffness degradation
by inverse methods

3. execution of an extensive test program

4. development and numerical implementation of a damage model to simulate the degra-
dation of these materials under combined fatigue loadings

To achieve these goals, the research groups MeMC-VUB and MMC-UGent joined their com-
petences. The first three points, which cover the experimental aspects of the project, were
assigned to the VUB because of their expertise with the biaxial setup that is located at the
VUB. The last point was attributed to UGent because of their experience in the field of nu-
merical modelling of fatigue behaviour of fibre-reinforced composites. Moreover, as optimal
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instrumentation is essential for fatigue testing, the use of nondestructive techniques was con-
sidered in this project for the development of the damage degradation models. To be able
to develop such models, it is necessary to obtain information about the different composite
layers, when loaded in a biaxial manner. The gradual degradation of these layers requires
besides a continuous monitoring also the ability to determine the loss of stiffness of the sep-
arate layers in a nondestructive manner. For this, the ultrasound technique was proposed to
be used. However, before going into more details, this technique is briefly introduced in the
next paragraph.

1.2.2 Ultrasound nondestructive testing

Ultrasound as a nondestructive technique (NDT) has been used over the last decades for
a vast number of applications. As the name states, the technique can provide information
about an object without damaging it. Moreover, besides the extensive use of the method in
the medical sector as an imaging and therapeutic technique, it has also shown its benefits in
the field of engineering. Evaluation of material properties or detection of material flaws such
as cracks, delaminations or other irregularities are just some examples. The possibilities of
this method of gathering information without causing any further damage has therefore led
to large time and financial savings in the evaluation of products as well as in research and
development. However, whereas a number of other techniques are also interesting for these
purposes, such as the magnetic-particle method, liquid penetrant technique, radiographic
research and eddy-current testing, we will solely focus in what follows on the use of the
ultrasound method.

The research group MMC-UGent has built during the last decade extensive experience in
the field of ultrasound testing of materials. Detection of delaminations by means of C-scans
or identification of the stiffness properties of a composite layer are just two examples. The
technology employed in these cases was mainly based upon the use of a single ultrasonic
probe scanning device which was built in a test setup with five degrees of freedom. The
ultrasound transducer, mounted on a scanning arm and connected to a puls generator, emits
the ultrasound wave towards the test object whereby the wave front can be best approximated
by a spherical wave. Moreover, to allow a large part of the wave energy to interact with the
material a water couplant is used.

As already mentioned briefly in the F.W.O-proposal, the use of a single probe approach to
monitor the degradation of the material properties in the cruciform specimen is not straight-
forward. A more advanced technique which could offer more opportunities for this exami-
nation, is the phased array. This linear one-dimensional array consisting of 64 ultrasound
probes whereby each of them can be steered individually, has for example the ability to scan
the object much faster, to focus on certain depths in the material and also to make the angle
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of incidence of the ultrasound beam change automatically. Moreover, the fact that the speci-
men should not be removed from the clamps of the test machine is an additional adavantage
when trying to measure the degradation of the stiffnesses in the earlier discussed cruciform
specimen. However, before going into a more detailed description of this technique, we present
the objectives that were stated at the start of the F.W.O-project, which form the basis for
this dissertation.

1.3 Objectives

With the approval of the F.W.O-project for the period 01/01/2006-31/12/2009, it became
possible to attract three doctoral researchers at the applicant research groups UGent-MMC
and VUB-MeMC. Two of these researchers, ir. Andreas Makris and ir.-arch. Carla Ramault
started their work around October 2006 at the VUB, whereas the author of this dissertation,
ir. Ebrahim Lamkanfi, began his activities in January 2006 at the UGent. Moreover, the
financial resources for acquiring the phased array were also granted to the research group
UGent-MMC where the ultrasound tests were supposed to take place.

At the beginning of the F.W.O-project, some interpretation problems appeared about the
strain measurements of biaxial tests performed by ir.-arch. Arwen Smits in the framework
of the Optimat Blades project. Moreover, some initial fatigue tests that were performed by
our colleagues at MeMC-VUB, namely ir. Andreas Makris and ir.-arch. Carla Ramault, who
worked with us on the F.W.O-project, showed that damage appeared to be initiated at the
fillet corners of the cruciform specimen and by no means in the central biaxial zone. Moreover,
when trying to analyse this by means of the phased array technique, it was concluded that the
reflected ultrasound waves were very difficult to interpret. This made a confirmation of the
observations difficult. A more thorough investigation of these aspects was therefore necessary,
whereby the following objectives were formulated and became the definitive objectives for this
PhD thesis:

1. understand the origin of the stress/strain fields in the biaxial loaded specimen

2. investigate the influence of the geometry on these strain fields

3. optimize the specimen geometry so that the cruciform design found in the Optimat
Blades project could be better understood in terms of the achievement of an uniform
strain in the central biaxial zone

4. place the optimized specimen amongst a range of other cruciform specimens found in
the literature so that, through comparison, general design reguirements can be deduced

5. construct a fundamental approach for the interaction of ultrasound waves with discon-
tinuities in materials
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1.4 Structure of this work

This dissertation consist of 7 chapters. In the following each of them is discussed briefly.

Chapter 2 starts with presenting a review of the experimental and numerical results found
during the Optimat Blades project by ir.-arch. Arwen Smits. A mismatch between the exper-
imental and numerical results found in the central area of the cruciform where the essential
requirement of a uniform strain distribution in the biaxial zone was not met, formed the
basis for the performed subsequent research in that chapter. Developing a more complicated
three-dimensional model, instead of the limited two-dimensional shell model of the cruciform
specimen, led to the conclusion that the mismatch could solely be attributed to the presence
of geometrical discontinuities such as the milled zones and the fillet corners.

In Chapter 3, the conclusion about the dominant influence of the cruciform geometry on the
strain distribution is tackled by developing an optimization scheme that is based upon the
principles of the survival of the fittest as first explained by Charles Darwin. This approach
confirmed the conclusions of the geometrical discontinuities from Chapter 2 and offered also
new insights in the dominant factors that influenced the retrieval of an optimized cruciform
geometry. Moreover, two well-known geometries have been found as possible optimum shapes
that should be investigated in more detail in the future.

Besides the investigation of the biaxial behaviour of composite materials, also the detection
of damage in these complex materials is an important topic. It is therefore that in Chapter 4
an attempt was made to study the damage that occurs in the cruciform shape when loaded
till final failure. However, before being able to perform these kind of tests, it was decided to
retrofit the existing experimental facility so that the ultrasound scans on the cruciform could
happen in a much more efficient manner. This retrofitting was done on the hardware as well
as on the software side of the existing test setup making a significant increase in the scanning
speed possible. In a second stage, the ultrasound phased array was integrated in the new
test setup so that also more sophisticated beams could be used for the detection of through-
the-thickness damage. Using the phased array to perform a scan on a damaged cruciform
specimen made it clear that the interpretation of the acquired signals is not a straightforward
task. This made us rethink our strategy in order to acquire a deeper understanding of the
damage mechanisms in the composite material.

It is therefore that first in Chapter 5, the mathematical basis for dealing with ultrasound
effects by means of the finite element method, is explained. The theoretical derivations
presented for the chosen approach are clarified by applying the methodology to a widely
discussed phenomenon in the field of ultrasound testing, known as the Schoch effect. This
effect is explained gradually throughout the chapter by elaborating on it step by step. It is
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seen that besides some known features of this effect, which were already reported in several
studies, also new aspects could be discovered. Because this numerical method appeared to
be very promising, it was extended and automated so that more complicated problems could
be investigated.

In the following Chapter 6, the interaction of some important wave types with the edge of
a solid plate is investigated. We mainly focus here on Rayleigh, Scholte-Stoneley and Lamb
waves which are used in the field of nondestructive testing for the detection of surface cracks.
The extremity of a solid plate, as mentioned above, can therefore be idealized as the half of
such a surface crack. First, the origin of the leaky Rayleigh waves is proven by the development
of a mixed experimental-numerical approach. Moreover, different diffraction phenomena for
each of the three surface waves are examined when they interact with the edge of a solid
plate.

In Chapter 7, the developed method in Chapter 6 is extended with two additional studies
that are important in the investigation of real cracks. First, in contrast with the solid edge
approach of Chapter 6, we have chosen here to consider the crack as a repetitive structure
along the surface of a material. This idea can also be seen as a corrugated surface with
which the ultrasound wave interacts. The benefit of this method is also to enable a study
on the generation of the Scholte-Stoneley surface wave, which is an important wave type in
the study of material discontinuities. A second topic that is brought up in this chapter is
the existence of nonlinear effects when an ultrasound beam interacts with a material crack.
The presence of higher order harmonics in the reflected signals makes the crack detectable.
However, whereas the study of this crack-ultrasound interaction lies beyond the scope of this
work, we will handle here the incorporation of nonlinear effects in the finite material model,
so that problems as the ones discussed above can be investigated later on. To prove the ability
of doing this, a problem known as the diffraction of sound by sound which has been disputed
during several decades and can be attributed to the nonlinear behaviour of waves, is tackled
here. Showing the existence of the higher order terms and the generation of the sum and
difference frequencies in this problem acts as a proof of concept for solving future nonlinear
crack problems.

Finally, the conclusions of this work are summarized in the last Chapter 8 where besides the
achievements of this work also some guidelines are given for future research.

1.5 Innovative aspects

The innovation in this work lies in the combination of numerical techniques such as the
finite element method and fourier analysis to solve issues which are difficult to tackle with
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experimental investigations only. This methodology can be found throughout this work,
in understanding mechanical aspects about the cruciform specimen, in the optimization of
its shape and also in the research of interaction phenomena between ultrasound waves and
material discontinuities.

In Chapter 2, we have proven that the requirement of a uniform distributed strain in the
middle of the cruciform specimen is not achieved with the specimen design that came out
of the Optimat Blades project. The main reasons for this were due to the introduction of
geometrical discontinuities such as the fillet corners or the reduced section in the central
zone, which were on the contrary applied for a better load introduction and uniform strain
distribution in the central area of the specimen. It is shown by the development of different
damage models with the finite element method and especially with the implementation of
the progressive Puck model, that damage starts at the fillet corners and grows gradually
towards the milled area, affirming the existence of strain concentrations in the biaxial zone.
Moreover, it is shown that the influence of induced geometrical irregularities leads primarily
to complex stress states that make the cruciform specimen fail prematurely complicating the
determination of the true ultimate biaxial strength of the composite material. These findings
have been presented in two publications in Polymer Testing [18, 19]. As a conclusion it is
therefore argued that a thorough optimization of the specimen is necessary.

In Chapter 3 an innovative approach is chosen for the optimization of the cruciform specimen.
Due to the large number of parameters that could be optimized, a fully automated optimiza-
tion process has been constructed connecting the finite element modelling of the composite
specimen with an optimization algorithm that is based upon the principles of biological evo-
lution. These so-called evolutionary strategies have shown that the conclusions made in the
previous chapter about the use of the rounding radii as a geometrical discontinuity in the
fillet corners should be discouraged in the design of cruciform specimen. Furthermore, this
numerical algorithm brought two specimen designs to our attention which were also published
in the literature. The first design was used by Rochdi et al. whereas the second was employed
by the company Qinetiq for their biaxial tests. Even more important than the retrieval of
these shapes, the algorithm showed also that the loading capacity of the testing equipment
as well as the use of cladding material in combination of one of the two found geometries is
crucial in the development of a suitable cruciform specimen for biaxial testing.

The intermediate Chapter 4 made it clear that a fundamental approach was needed for the
investigation of material discontinuities with the phased array technique. For this, we de-
veloped a methodology whereby the interaction of ultrasound waves with structural features
such as cracks is made possible by means of the finite element method. Besides the explana-
tion of the origin of leaky Rayleigh waves, of which the experimental and numerical evidence
have been respectively published in the Applied Physics Letters [20] and the Journal of Ap-
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plied Physics [21], also some issues that remain unanswered in the investigation of Rayleigh
waves have been solved. Besides a conclusive answer on which part of an incident ultrasound
gaussian beam is most suited for the generation of these waves, also a firm prove is given
about the fact that these surface waves travel around the corner of a solid plate. These latter
conclusions are published in the Journal of Applied Physics [22]. Another accomplishment is
the numerical investigation of Scholte-Stoneley waves with a sharp solid plate edge which is
in clear contrast with the inability of the radiation mode theory to handle these problems.
Moreover, we have also proven the existence of multiple mode interaction phenomena when
a Lamb mode interacts with the edge of a solid plate through combination of the proposed
method and the spatial fourier transform. This study was also accepted for publication in
the Journal of the Acoustical Society of America [23]. We want to stress here that all these
issues could only be reached by the implementation of an overall scheme whereby experimen-
tal experiments could be reproduced with a high accuracy and with almost the same efforts
of execution.

The work developed in Chapter 7 is regarded as a preliminary investigation for other impor-
tant issues in the interaction of ultrasound waves with material irregularities. Besides the
modelling of a series of surface cracks in the form of a corrugation, we also looked at the
incorporation of material nonlinearity in ultrasound-crack interaction studies. Whereas the
research did not reach a point where we could perform real crack studies, we tried neverthe-
less to prove the usefulness of the already developed concepts by revisiting some problems in
the literature where similar problems exist. The first one, is the interaction of an ultrasound
wave with a corrugated surface for the generation of Scholte-Stoneley waves. Application of
the developed technique, showed that the obtained results were much more accurate than
those predicted by the plane wave interaction theory that uses the Rayleigh decomposition
method for incorporating the corrugation geometry. This could mainly be attributed to the
physical implementation of the corrugation in the proposed method, which is not present in
the existing analytical technique. The second problem that is treated lies in the domain of
high amplitude ultrasound waves whereby higher order harmonics are generated due to the
nonlinearity of the material in which these waves propagate. Incorporation of this material
behaviour into the finite element models is necessary in crack detection studies. However,
because the phenomenon of diffraction of sound by sound is also based on the implementa-
tion of this nonlinearity, we tried to prove the existence of this phenomenon. Whereas the
subject has led over the last decades to many disputes on the existence of this diffaction
phenomenon, we have proved its existence by combination of the developed method with the
fourier transform.
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1.6 Academic and industrial relevance

The work presented here seeks to address a number of problems that have been investigated
for quite some time, as the biaxial testing of composite materials and the use of ultrasound
as an NDT technique. First, we tried to understand how the geometry of a biaxially loaded
specimen plays a role in obtaining a uniform biaxial strain distribution in the central area.
The demonstration that the geometry of the specimen, with features such as the fillet corners
and milled area, has a strong influence in obtaining the proper biaxial conditions, points to
the lack of design requirements in the development of suitable biaxial test specimens. It is
therefore shown that biaxial strength properties are very difficult to be obtained from test
pieces with such discontinuities. Whereas the developed optimization process did not lead to
a final design, still some important cruciform design guidelines have emerged from such an
approach. Also additional requirements, such as the use of a cladding, have arose from the
optimization study and should also be taken into consideration. For the field of nondestructive
testing, new aspects have came up which were up till now difficult to retrieve due to inadequate
experimental and numerical techniques. Examples are the origin of leaky Rayleigh wave
and the diffraction properties of surface waves such as Rayleigh, Scholte-Stoneley and Lamb
waves when they interact with the edge of a solid plate. Also some preliminary work has
been conducted on these surface waves and the use of material nonlinearity in the study of
material cracks. The knowledge developed in this way has therefore certainly an academic
value.

As for the industrial relevance of the proposed work, we would like to mention the following.
Where research is a first step in a long chain of processes before they become clearly visibile in
commercial applications, we think to have achieved a modest contribution to the more com-
mon use of composite materials in industrial applications. With this, we mean that the main
difficulties in biaxial material characterization of composite materials are better understood,
which can have an impact in a better use of these materials. Concerning the ultrasound re-
search performed in this work, we should view the results in the same perspective. Although
it is difficult to indicate the direct industrial applications of the investigated phenomena, we
are nevertheless convinced that a better understanding of interaction phenomena of ultra-
sound in general and surface waves in particular, may have a relevance in the understanding
of the material behaviour of composite materials. The industry will also benefit from this on
the long term. Finally, we would like to mention that besides the understanding of compos-
ite materials, the underlying work could also have a strong relevance in the development of
new nondestructive techniques, such as a new concept that is based on a combination of the
phased array technology and the polar scan.
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2
Biaxial modelling of cruciform specimen

This chapter starts with presenting a review of the experimental and numer-
ical results found during the Optimat Blades project by ir.-arch. Arwen Smits.
A mismatch between the experimental and numerical results found in the cen-
tral area of the cruciform where the essential requirement of a uniform strain
distribution in the biaxial zone was not met, forms the basis for the performed
research. Developing a more complicated three-dimensional model, instead of the
limited two-dimensional shell model of the cruciform specimen, led to the conclu-
sion that the mismatch could solely be attributed to the presence of geometrical
discontinuities such as the milled zones and the fillet corners.
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2.1 Introduction

From the early seventies, many attempts have been made by several researchers [1–7] to
perform biaxial tests on different kinds of polymer composites. Tubular specimens were the
earliest geometrical types that were used to obtain a bidirectional stress state. One of the main
reasons why alternative geometries were explored for biaxial testing applications was that the
use of internal pressure, in combination with axial or torsional forces, led to significant built-
up of stresses in the thickness direction [8, 9]. The dominant effect of these thickness stresses
on the overall stress state of the material indicated that these types of tests could only give
an insight in tubular-like applications such as pressure vessels. Consequently, this led to the
fact that in other applications where the through thickness stresses and strains are negligible,
flat specimens would be more suitable to obtain more realistic stress-strain relationships and
therefore also better predictions for failure and strength criteria could be assessed. Besides
the development of a wide range of loading systems, a variety of cross shaped geometries have
been investigated with always the same and obvious requirement in mind: the load has to
be transferred in a proper way to the centre zone of the specimen, where the biaxial loading
state is intended to be built up.

However, it appeared from previous research [7] that this design necessity forms the main
difficulty in the biaxial testing of cruciform specimens. It is therefore pointed out that a
general design philosophy for this type of experiments is difficult to obtain. Nevertheless, one
can divide the existing geometry types in more or less three main categories: the cut type,
the reduced section type and the strip and slot type [10]. Whereas in the cut type (Fig. 2.1a)
the rounding radii are used at the intersection of the arms to increase the load transfer to the
centre zone, the reduced section type (Fig. 2.1b) has the aim to lead the incoming load to the
centre zone where damage is expected to start. The strip-and-slot type (Fig. 2.1c) is mainly
used in metallic alloys where it has the purpose to reduce the effect of load sharing between
the arms. This latter type will not be discussed in the underlying work due to difficulties
one will face when trying to use it with composite materials. Therefore, only the effects
of a combination of the first two types will be discussed in view of the design requirement
mentioned above. The specimen studied in this work belongs as such to a combination of
these two categories and is also a variation on the cruciform geometry used by Welsh shown
in Fig. 2.2 [6].

In this chapter, the behaviour of the cruciform specimen is investigated in the view of obtaining
a biaxial loading condition in the central reduced thickness area. To start, we begin with the
presentation of the research results found by Arwen Smits who worked as a doctoral researcher
at the research group Mechanics of Material and Constructions (MeMC) at the Free University
of Brussels (VUB) under the supervision of prof. Danny Van Hemelrijck. Her work was
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Figure 2.1: Proposed geometry for cruciform type specimen: the cut type (a), the reduced section
type (b) and the strip-and-slot type (c). Picture taken from Ref. [10].

Figure 2.2: Reduced centre section specimen. Picture taken from Ref. [6].

performed in the framework of the European Optimat Blades project and was mainly on the
biaxial characterization of a glass fibre-reinforced plastic having a typical stacking sequence
used in windturbine rotor blades. The two dimensional finite element results that Arwen
Smits developed during her doctoral research will be reproduced in this work as the basis
for subsequent research. Although a good match was found with the numerical simulations
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developed here by means of the ABAQUSTM finite element package, still some important
differences remained with the experimentally determined strains during the Optimat Blades
framework. The largest part of the current chapter is therefore dedicated to the explanation
of this mismatch. Finally, it will become clear that the geometrical design of the cruciform
had a significant effect on the strain differences that occured in the cruciform specimens.

2.2 Review of preceding research results

First, the European project that preceded this work is reviewed by analyzing the retrieved
results. This will be done on the basis of the used material and geometry on the one hand and
the developed experimental and numerical techniques on the other hand. These techniques
will also be extensively employed to sustain the further developments presented in this work.
Subsequently, a two-dimensional model is developed in the commercial finite element package
ABAQUSTM to further deepen the investigation. These results will first be compared with
the two-dimensional results retrieved from the Optimat Blades project which were obtained
by means of the ANSYS finite element package.

2.2.1 Material & geometry

The geometry discussed here has been developed in the European Optimat Blades project [11]
where a broad study was performed on the construction of rotor blades used in the wind
turbine industry. The material investigated in that project was a glass fibre-reinforced plastic
(GFRP) manufactured by LM Glasfiber using the RTM technology. The [(±45◦/0◦)4/±45◦]
stacking sequence shown in Fig. 2.3, with the [0◦] layers aligned along the x-direction of the
global coordinate system, is balanced due to the internal symmetry of the [±45◦] plies. The
orthotropic elastic properties per layer are found in Table 2.1, where the 1 and 2 indices
are according to axes aligned respectively along and transverse to the composite fibre. The
3-direction is the third axis in a right handed coordinate system (1, 2, 3). Furthermore, it is
assumed throughout this work that in case of a biaxial load, the highest force Fx is always
applied in the x−direction. As shown in Fig. 2.3, this direction coincides therefore with the
orientation of the dominant [0◦] layers.

To have an impression of the dimensions of the specimen, some values are depicted in Fig. 2.3
and Fig. 2.4a. The arms have a width of 25 mm and a total length of 250 mm in the two
directions. The thickness of the individual [0◦] layers is 0.88 mm, whereas the [+45◦] and
[−45◦] layers have an equal thickness of 0.305 mm. As one can observe in Fig. 2.4b, each of
the four corners has been cut out with two rounding radii; an inner radius of 25 mm and a
outer radius, nearer to the centre, of 12.5 mm. The intention of these cut-outs lies in the
prevention of a direct transfer of loads from the horizontal arms to the vertical ones due to
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the dominant presence of [±45◦] layers in the stacking sequence. A second type of cut-out can
be found in the centre area of the laminate where one group of [±45◦/0◦] at each side of the
specimen is milled away. This results in a gradual decrease of the total thickness of 6.57 mm
in the arms (zone A) to a thickness of 3.59 mm in the central area (zone B) along a 15◦ skew
edge with the horizontal (Fig. 2.3 and Fig. 2.4). The necessity of this thickness reduction can
be understood from the fact that the centre zone has a greater capacity to endure a larger
stress state because of its biaxial strength compared with that of the arms. Omitting such a
milling-out zone will ultimately lead to failure in the arms.

Table 2.1: Material characteristics for glass fibre-reinforced epoxy.

E11 E22 E33 ν12 ν13 ν23 G12 G13 G23

[GPa] [GPa] [GPa] [−] [−] [−] [GPa] [GPa] [GPa]

39.10 14.44 14.44 0.294 0.294 0.294 5.39 5.39 5.39

Figure 2.3: Stacking sequence (left) and cruciform dimensions (right).

2.2.2 Experimental and numerical techniques

Test setup

The biaxial test setup, as shown in Fig. 2.5, has been developed at the Free University of
Brussels (VUB) and has a capacity of 100 kN in each perpendicular direction. With this
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Figure 2.4: Stacking sequence used in the cruciform specimen with the corresponding thicknesses (a)
and the use of an inner and outer circle at the fillet corner and the milling out of material
in the centre zone (b).

test rig only experiments in tension can be conducted, because hinges were used to connect
the specimen to the load cells and the servo-hydraulic cylinders to the test frame. This is a
necessary measure because when failure or slip occurs in one arm of the specimen, sudden
radial forces could seriously damage the load cells and the servo-hydraulic cylinders. The
applied loads can vary statically or dynamically up to a frequency of 20 Hz. To avoid bending
moments in the specimen the centre point of the cruciform must not move. Otherwise a
non-symmetric strain distribution will be created in the centre zone of the specimen.

Digital image correlation technique

One of the disadvantages of this complex geometry is that the relation between the externally
applied loads in the arms of the cruciform specimen and the resulting stress field in the centre
of the specimen can not be determined in an analytical way. Even the use of experimental
measuring techniques such as strain gauges or extensometers are not sufficient because of
the average value of the deformation along their gauge length. Optical techniques such as
moiré interferometry [12], holography [13] and speckle inteferometry [14] have become there-
fore increasingly important in measuring displacements and displacement gradients (strains).
Also the digital image correlation technique has attracted the necessary attention of many
researchers. Especially its direct sensing capability and the exclusion of any laborious and
time-consuming fringe patterns processing made it a very attractive method in comparison
with the ones mentioned above. This non-contacting optical method will be used in this work
as a precise experimental method to measure the surface strain distribution of the biaxially
loaded centre. The essence of this technique lies in the comparison of surface images taken at
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Figure 2.5: The biaxial test setup at the Free University of Brussels (VUB).

different loading steps. After application of a random speckle pattern onto the surface of the
cruciform, a charge couple device camera, with a maximum resolution of 1040 x 1392 pixels,
captures images from the area of interest in the undeformed and deformed states. This is
done by setting up two cameras near the surface, making it possible to measure in addition to
the in-plane displacements also the out-of-plane deformations. After digitizing the gathered
high resolution images, a correlation algorithm is employed to find the sub-pixel displace-
ments between successive pictures. Here, the commercial LIMESS VIC 3D software package
was used to track the specific movement of these greyscale patterns relative to their original
positions. Once these deformations are obtained, the spatial derivative is applied to calculate
the surface strains. In what follows the following standard values are taken: a subset size of
19 pixels, a step size of 5 pixels and a strain window size of 15 pixels.

Finite element method

The finite element method is employed in this work as a detailed method for the study of the
strain distribution of the cruciform, not only for the surface but also for through-the-thickness
information. In a first stage, a simplified two-dimensional model will enable us to have a
preliminary comparison with the surface strain fields obtained by the digital image correlation
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technique. For a comprehensive investigation of the different load transfer mechanisms and the
through-the-thickness distribution of the strains and stresses, a more accurate 3D numerical
model will be developed. Moreover, this detailed approach will also highlight the benefits
and shortcomings of the two-dimensional model leading to the acceptance or denial of the
computationally less expensive 2D models. However, before developing these models, the
simulations obtained in the Optimat Blades framework by means of the ANSYS commercial
package are discussed after which a comparison is conducted with the first finite element
results with the ABAQUSTM package.

2.2.3 Review and reproduction of the Optimat Blades results

Experimental results at the VUB

Although different geometries were examined in the Optimat blades project, the one discussed
above came out as the most optimal shape for obtaining a biaxially loaded area that is
uniformly distributed over the central zone [15]. This was achieved for a load ratio 3.85/1,
where the force applied to the specimen in the x−direction is 3.85 times larger than the one
used in the y-direction. Static testing of the specimen showed that the biaxial failure load
is reached at 46.2 kN in the x-direction and 12 kN in the y-direction. This paticular load
ratio has been taken from the Optimat Blades project where for a unidirectional laminate the
failure strength parallel to the fibre direction was found to be 3.85 times higher compared to
the failure strength perpendicular to the fibres. With this, both the x- and y-direction are
loaded at the same percentage of their strength. We will therefore maintain the same load
ratio throughout this work to allow a comparison with the results found in the Optimat Blades
project. Moreover, regardless of the fact that a uniaxial (in the x- or the y-direction) or a
biaxial load is applied, the horizontal axis, according to the convention adopted in Fig. 2.4b,
is always the direction of the highest load, only when explicitly stated otherwise.

The experimentally obtained strain fields through application of the digital image correlation
technique [15], taken at the biaxial failure load mentioned above, are shown in Fig. 2.6. One
can easily observe that the border regions remain uncorrelated and therefore no strains are
visible in those zones. Though the latter is an inherent characteristic of the DIC technique,
it will be shown in the next paragraphs by application of the finite element method that the
stresses and strains in these borders reach very high values and play therefore an important
role in understanding the failure mechanisms. At this moment we will try to focus on the area
of the cruciform where reliable correlations are obtained in order to derive the strain fields.
We also would like to stress that these results will form the thread for the rest of this chapter.
When a closer look is taken at the experimental Fig. 2.6a, where the first principal strain is
shown, it is clear that inside the milled area the strain distribution is not uniform. The high
strain values that appear in this region vary around 2.7%. This observation will be important
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to understand some key issues in the biaxial testing of composite specimens and is therefore
investigated into more detail in what follows. Furthermore, it is observed that for the two
orthogonal axes directions, a lower strain value is found right behind the high strain zones in
the x−direction compared with the one in the y−direction. This can be partially attributed
to the fact that the highest load is applied in x-direction which makes this low strain region
even more pronounced. A possible reason for the origin of this zone is explained later on.
Regarding the shear strains in Fig. 2.6b, the values are concentrated around the four fillet
corners due to the dominant presence of the [±45◦] layers in the composite material. Because
the specimen is loaded in the two axial directions, the fibres want to align themselves along
the x− and y−axis, leading to a concentration of high shear strains and stresses at the free
edges where a load transfer exists between the two directions. The resulting shear strains
vary around an absolute value of 1.35%. For completeness, we also mention that these DIC
images are taken from the bottom of the specimen leading to a mirrored image of the shear
strains when compared with those that will be discussed for the finite element results.

Figure 2.6: Digital image correlation results of the first principal strain (a) and the shear strain (b)
for the optimal cruciform geometry. Picture taken from Ref. [15].

Numerical results at the VUB

Modelling the cruciform specimen in the commercial ANSYS package under the same loading
conditions as stated above and with the use of plane 42 stress elements, led to the results as
shown in Fig. 2.7a-b. In the work of Smits et al. [15], it is described that this type of element
is defined by four nodes, each having two degrees of freedom with an element coordinate
system taken parallel to the global coordinate system (X,Y ). When comparing the retrieved
first principal strain values with the experimental results, as shown in Fig. 2.7a, it is seen that
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these are smaller than the ones found above. Moreover, the pronounced regions in the central
region as well as those just right behind them, are also not completely found. It is seen that
the maximum first principal strain values are not only shifted towards the four fillet corners
but also that the nominal strain values in the central area are around 2.1% as opposed to
the 2.7% value found above. Moreover, when looking to the low strain values, it is observed
that they are only clearly visible in the y-direction and not in the horizontal x-direction. As
seen from the shear strains in Fig. 2.7b, the finite element images are taken from above the
specimen due to the mirrored values of the numerical simulations when compared with the
experimental ones above. Apart from this practical issue, the found values for regions away
from the fillet corners, are very similar for the two cases.

Figure 2.7: Finite element results of the first principal strain (a) and the shear strain (b) for the
optimal cruciform geometry. Picture taken from Ref. [15].

Reproduction of numerical and experimental results

At the beginning of the F.W.O-project, it was useful to check whether the results found in
Ref. [15] could be reproduced when repeated in an independent way. It is therefore that the
experiments as well the numerical simulations were reproduced. A small difference with the
results from Smits et al. [15] is that the applied loads on the cruciform specimen are limited
to 80% of the failure load because it is known that when the loading forces are close to failure
loads, total failure of the specimen occurs very suddenly. Therefore, this 80% load level is
chosen so that the failure mechanisms can be controlled more carefully. In essence this is
not a problem because, as will seen below, the mismatch found earlier also appears at the
80% load level. The experiments were performed at the VUB by ir.-arch. Carla Ramault and
ir. Andreas Makris. Their findings on how these experiments were performed and the issues
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that arose there will be discussed in their dissertations. Here only the static experimental
results will be shown in order to have a basis for comparing with the numerical simulations.
As already mentioned in the previous chapter, the work performed at the UGent and also
presented here is primarily focused on the numerical issues. To confirm the results presented
by Arwen et al., a two-dimensional model is developed first in the commercial finite element
package ABAQUSTM .

Experiments In Fig. 2.8a, Fig. 2.8b and Fig. 2.8c the strains εxx, εyy and εxy are respectively
shown along the two orthogonal axes. It can be clearly seen that the accuracy of the results
depends on the quality of the speckle pattern. In the zones where the surface treatment
has a low quality, i.e. the speckle pattern is disturbed by large speckles, no correlation
can be found between the points which results in dead pixel values (left arm of Fig. 2.8a
and Fig. 2.8b). During the experiments it appeared that only trial and error attempts can
provide the necessary experience to obtain sufficiently accurate results. When comparing the
obtained results with the ones found above, it is clear, apart from the fact that the εxx are
shown here instead of the first principal strains, that the values are very much the same for
the εxx and εxy strains, despite of the 20% less applied load. Besides variation of the strain
concentrations εxx in the milled zone around 2.7%, also the lower strain field right behind
the strain concentrations is retrieved. The difference with the first principal DIC strains, is
that the lower strain field in the y-direction dissappears (Fig. 2.6a). This will appear to be in
correspondence with the numerical simulations. Furthermore, for the shear strains, the values
are not completely symmetrical as seen in Fig. 2.8c. The maximum value is somewhat around
1% whereas the minimum one varies around a similar value as found in the DIC results above,
i.e. -1.35%.

Figure 2.8: Strains εxx (a), εyy (b) and εxy (c) on the surface of a biaxially loaded specimen obtained
with the DICT. Biaxial load at 80% of the ultimate load.

Numerical simulations For the finite element simulations, the same geometry, stacking se-
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quence and material characteristics as the ones used above are taken to build up the numerical
model. To determine the lamina stresses for the composite cruciform subjected to a biaxial
in-plane force, the classical lamination theory is used where a homogenization of the mate-
rial parameters is employed. This implies that though no physical layers are modeled, the
contribution of each layer is still taken into account in the global stiffness matrix. Therefore,
it is made possible to obtain besides the averaged stresses and strains for the entire model
also the results in each individual layer. However, the fact that the stresses in between two
adjacent layers (the so-called interlaminar stresses) and the through thickness stresses in the
layers themselves are neglected, is a major drawback of this 2D modeling technique.

The boundary conditions used in this model are depicted in Fig. 2.9a where the displacements
are locked in specific directions. At the left edge of the horizontal arm no displacement in the
x-direction is accepted whereas the opposite edge of the arm is allowed to move freely in the x-
direction. A similar condition is applied at the lower edge of the vertical arm: the displacement
in the y-direction is fixed whereas the one in the x-direction is allowed. Furthermore, the four
ends of the arms are also prevented to move in the z-direction. Also the loads are shown in
Fig. 2.9a. It is our conviction that another choice for the these boundary conditions, such
as fixing the centre point of the specimen and applying a displacement on each arm, would
not affect the results. Moreover, it is obvious that these results obtained by use of this 2D
formulation can only be the in-plane components of the full 3D stress and strain tensors.
For what the applied loads is concerned, the largest edge load is applied in the x-direction
and has a magnitude of 1478,4 N/mm which corresponds to 80% of the 46.2 kN mentioned
above (Fx in Fig. 2.9a), whereas the load in the y-direction is a factor 3.85 lower. For the
discretization, S4R shell elements with 3 translational and 3 rotational degrees of freedom for
each node in combination with a reduced integration scheme have been chosen (Fig. 2.9b).
For completeness it is also mentioned that the skew edges of the milled zone are approximated
here by the use of cylindrical cut-outs which bound the milled zone with vertical edges.

The outcome of the calculations can be found in Fig. 2.10a, Fig. 2.10b and Fig. 2.10c where
respectively the strains εxx, εyy and γxy are shown in the global coordinate system. These
figures can be compared with those in Fig. 2.8a, Fig. 2.8b and Fig. 2.8c as found by the VUB.
One has to pay attention for the shear strains, because they are expressed in the DIC method
as ε12, whereas in the finite element model the engineering strains γxy = 2ε12 are used. From
Fig. 2.10b and Fig. 2.10c, it can be clearly seen that the strains εyy and γxy/2 agree very well
with the corresponding ones obtained with DIC technique (Fig. 2.8b and Fig. 2.8c). However,
for the εxx strains a large difference can be found between Fig. 2.8a and Fig. 2.10a, where a
maximum value of 3% is observed in the biaxial zone with the experimental method whereas
the FEM method only predicts a maximum 1.3% strain value in that region. This mismatch
can be explained by taking the simplifications of the two dimensional model into account
as well as the approximate modelling of the milled zone. To tackle these inadequacies, it is
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Figure 2.9: Applied loads and boundary conditions to the 2D model (a) and the applied S4R mesh
(b).

important that the effort is made to extend the two-dimensional model to a more detailed
three-dimensional one, where the material characteristics through the thickness and also the
geometrical 3D issues are taken into account. This will be done in the next section.

Figure 2.10: Strains εxx (a), εyy (b) and γxy (c) in the global coordinate system for the 2D model.
Biaxial applied load is taken at 80% of the ultimate load.
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2.3 Three-dimensional modelling of cruciform specimen

Due to the complex geometry of the cruciform specimen discussed in this work, it is necessary
to study whether a 3D approach can simulate the interlaminar stresses which exist between
the layers and if this is done correctly, in a second stage, to see whether the mismatch found
above between the experiments and the 2D calculations disappears. For now, we will focus
on incorporating these interlaminar stresses in the calculations by modelling each layer in the
composite cruciform with solid elements. This will be done by regarding each layer as an
independent one which is constrained with a tie to its surrounding layers. However, before
proceeding with the modelling of the cruciform specimen, we will first explain this layer
approach and then examine whether the interlaminar stresses can be captured in a accurate
manner with the proposed method. This will be done by reproducing some well-known results
in the literature for a finite width composite laminate under a uniform axial strain.

2.3.1 Interlaminar stresses

The use of the lamination theory for the in-plane response of laminated composites is based
on the assumption that a plane stress state exists for symmetric laminates under in-plane
traction loads [16]. However, this approach leads to complications in cases where the laminate
is composed of different layers with different fibre orientations. The reason is that the theory
implies boundary tractions on the free edge of the composite material which can not exist
[17–19]. In fact, this inconsistency is related to the lack of incorporating the interlaminar
stresses between the different layers in a two-dimensional approach. We therefore shift in
what follows to a three-dimensional model approach where these interlaminar stresses are
investigated. For building up such a model, different approaches exist. A common one is
modelling the composite material as one part, dividing it in a number of layers and then
assigning the correct layer orientations to each of them. However, with this approach it is
difficult, especially for the cruciform geometry examined in this thesis, to generate a mesh
for the skew zones of the milled area. To ease this mesh generation, we consider therefore
each layer as a separate part that is connected to its surrounding layers by means of a tie
constraint. With this no relative motion is allowed between two adjacent layers, so that all
the layers behave together as one part.

To check now whether the interlaminar stresses can be correctly modelled in such a three-
dimensional approach, we will restrict ourselves to the reproduction of the interlaminar
stresses found by Pipes and Pagano [20] for an axially strained four layer [±45◦] graphite
epoxy laminate. The material properties used for this rectangular system are given in Ta-
ble 2.2. The geometry of the laminate together with the applied uniform axial strain εxx

on two of its opposite end sections, are shown in Fig. 2.11a. The width 2b and the height
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4h0 for the [±45◦]S symmetric laminate are depicted together with the definition of the fibre
orientation in Fig. 2.11b-c. The results found by Pipes and Pagano [20] for the interlaminar
stresses at the interface between the [+45◦] and [−45◦] layers for this laminate, are depicted
in Fig. 2.12. It should be pointed out that these results are given in the Psi stress unit,
making them a factor 6.894 smaller than the ones found later on and where [N ] and [mm]
are respectively taken as the unit for force and length. However, besides the retrieval of
the correct interlaminar stresses, the following study is also useful for investigating the mesh
properties such as the type of elements and also the size of the mesh for the further modelling
of the three-dimensional cruciform specimen.

Table 2.2: Material characteristics for a graphite/epoxy lamina.

E11 E22 E33 ν12 ν13 ν23 G12 G13 G23

[GPa] [GPa] [GPa] [−] [−] [−] [GPa] [GPa] [GPa]

138.00 14.5 14.5 0.21 0.21 0.21 5.9 5.9 5.9

Figure 2.11: Laminate geometry (a) with the definition of the θ-fibre orientation (b) and the stacking
sequence (c).

By modelling the same composite system as the one used by Pipes and Pagano [20] by means
of C3D8R elements and a mesh density of 3 elements per unit of length, the stress distribution
at the z = h0 interface in terms of y/b can be extracted from the finite element results. These
interlaminar curves are depicted in Fig. 2.13 in normalized values with respect to the axial
strain. In the middle of laminate, at y/b = 0, the in-plane components (σxx, σxy, σyy) as well
as the out-of-plane stress components (σxz, σyz, σzz) reach the constant values as predicted
by the classical lamination theory. However, when reaching the edge of the laminate (y/b = 1
or −1), the in-plane stress components (σxx, σxy, σyy) are distorted due to the presence of the
other interlaminar stresses (σxz, σyz, σzz). Moreover, the fact that the in-plane stresses decay
rapidly when approaching the edge, shows that it is justified to claim that the lamination
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Figure 2.12: Complete stress results at the interface z = h0. Picture taken from Ref. [20].

theory can be adequately applied far away from the edge, whereas the other interlaminar
stresses are more edge effects.

Nevertheless, to check how these edge effects are exactly distributed along the edge, it is
necessary to refine the finite element model through a convergence study. A first step is
changing the linear brick C3D8R elements in the model of Fig. 2.13 to quadratic C3D20R
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ones in Fig. 2.14. Here, as seen from the number of plotted dots in these two graphs, the
same mesh density is preserved. The main differences between the two cases are depicted by
the regions A, B, C, D and E, where the curves become more pronounced. The in-plane stress
components (σxx, σxy, σyy) show an additional increase when the edge (y/b = −1 or 1) of the
plate is reached. Especially for the case of the σxz large differences are registered. Changing
the mesh density in the C3D20R case into a finer one, where 7 elements are considered per
unit of length, it is observed in Fig. 2.15 that the peaks at A, B, C are moving towards the
edge of the laminate, spreading the centre value at y/b = 0 over a larger area. The σzz and
σyz values pointed by E are also getting closer to zero, which is confirmed by Kassapoglou et
al. [21]. For the σxz curve around the region depicted by D, a significant increase is retrieved
when the finite element model is refined. This indicates that the results are diverging when
the results are refined, and therefore revealing a singularity in the results.

A possible remark with the tie approach can be that the extracted data points in between two
layers are not exactly taken at the interface between two physical layers because this method
does not bring an additional thickness in between the two layers. The data points that are
plotted in the aforementioned graphs are therefore from the integration points that belong
to one of the two layers. However, to be sure that the extracted interlaminar stresses are
taken nor from the one or the other layer, it is recommended to replace the tie approach by a
cohesive layer approach where an additional layer is put in between the two adjacent layers.
This cohesive layer has than its own traction separation model so that damage could be
induced when a certain traction or shear force is exceeded. With this, it is possible to model
delaminations if necessary. The modelling method of each layer as a separate one becomes
therefore an even more preferable technique than considering the complete composite as one
part where no cohesive layers could be inserted. For completeness, we mention also here that
the elastic behaviour of the cohesive layer can be written in terms of an elastic constitutive
matrix that relates the nominal stresses to the nominal strains across the interface by

t =

tnts
tt

 = Kδ =

Knn Kns Knt

Kns Kss Kst

Knt Kst Ktt


δnδs
δt


When only the diagonal elements are considered in this formulation, whereby Knn = Kss =
Ktt = 14.4GPa is chosen, the same conclusions were retrieved for the interlaminar stresses
(σxz, σyz, σzz) of the [±45◦]S laminate. Also the trend of the σxz to diverge near the edge of
the laminate was found with this technique.

In any case, it is clear that the implementation of a three-dimensional cruciform specimen
is necessary to study the effect of interlaminar stresses on the skew edge mismatch found
above. By incorporating them in the three-dimensional model, it is possible to check whether
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Figure 2.13: Interlaminar stresses in between the [+45◦] and [−45◦] layers of a four layer [±45◦]S
graphite epoxy laminate with C3D8R as chosen element type.

the inconsistencies between numerical and experimental results can be attributed to them.
If this is not the case, it will be necessary to continue the research for other possible causes.
Moreover, for the mesh element size and type it is sufficient to recommend a mesh size of
3 elements per unit of length with the C3D20R elements or in case the less computational
C3D8R elements are used, a finer mesh of around 7 elements per unit of length is advised.
The latter should be certainly the case around the milled central regions and the fillet corners.

2.3.2 Three-dimensional finite element model

For the three-dimensional simulation the same model as the two-dimensional one is conducted
with regard to the lay-up, loads and boundary conditions. For the type of elements, the 20
node brick continuum elements with the reduced integration scheme have been considered.
The results can be found in Fig. 2.16a, Fig. 2.16b and Fig. 2.16c. It appears that the surface
strains are corresponding fairly well with the 2D ones, especially in the arms of the specimen.
This observation justifies the shortening of the arms which leads to a smaller and computa-
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Figure 2.14: Interlaminar stresses in between the [+45◦] and [−45◦] layers of a four layer [±45◦]S
graphite epoxy laminate with C3D20R as chosen element type and the same mesh
density as in Fig. 2.13.

tionally more efficient model in the following paragraphs. Also the results from the layers
different from the surface ones correspond very well with those of the 2D model. This can
be seen for example in Fig. 2.17a where the εxx strains are depicted in the first un-milled
[+45◦] layer in the two-dimensional model and in Fig. 2.17b for the corresponding results
in the 3D model. However, a closer look at the milled zone in Fig. 2.16a reveals the first
anomaly for this cross shaped specimen. Despite the fact that the digital image correlation
technique and the finite element method capture the same εxx strain pattern in the milled
zone, the magnitudes remain much higher (3%) in this area for the DIC method (Fig. 2.8a)
compared with those found in the numerical simulation of Fig. 2.16a (1.318%), particularly
at the transition zone between the skew edges and the milled area. Due to the “half moon”
pattern of the strain intensities εxx in this transition zone, the name “half moons” will be
used in what follows to indicate this strain concentration area.
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Figure 2.15: Interlaminar stresses in between the [+45◦] and [−45◦] layers of a four layer [±45◦]S
graphite epoxy laminate with C3D20R as chosen element type and a denser mesh com-
pared with those taken in Fig. 2.13 and Fig. 2.14.

Figure 2.16: Strains εxx (a), εyy (b) and γxy (c) in the global coordinate system for the 3D model.
Biaxial applied load is taken at 80% of the ultimate load.
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Figure 2.17: Strain εxx in the first un-milled [+45◦] layer for the 2D model (a) and the 3D model
(b).

2.4 Failure mechanisms

Whereas it is clear now that the three-dimensional effects are not the primary cause for the
experimental-numerical mismatch, the next step in the research process is questioning the used
material model. The linear elastic material behaviour that has been assumed till this moment,
excludes the possibility to incorporate any kind of damage that could occur in the physical
experiments. In the following sections, an attempt is made to introduce material failure into
the numerical model by gradually increasing the complexity of possible failure mechanisms.
First, the effect of a certain degradation of the in-plane stiffness values is investigated. This is
mainly interesting due to the fact that the cruciform specimen is loaded in its plane where the
in-plane properties play an important role in the loading bearing capacity of the cruciform
as a whole. In a second stage, a non-linear σxy − εxy relation is implemented by means of
the user subroutine UMAT where the nonlinear shear effects attributed to the presence of
the [±45◦] layers are studied. Next, the Tsai-Wu damage criterion is implemented for the
three-dimensional model developed above. To check whether this is done in a correct way,
the outcome of this approach is then compared with the built-in two-dimensional Tsai-Wu
model in the ABAQUSTM software. In a final step, the progressive Puck damage model is
implemented in order to study the location of damage initiation and its propagation when
loading the cruciform specimen till final failure. As with the previous approaches, we also limit
ourselves here to the in-plane effects which can be certainly extended to a more complicated
three-dimensional formulation in the future.
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2.4.1 Degradation of the in-plane stiffnessess

As the cruciform specimen is loaded in its plane, it is obvious to assume, in a first step, that
the in-plane stiffness values E11, E22 and G12 will exhibit a primary degradation under biaxial
loading. It is indeed true that with this approach no coupling is achieved with the stiffness
properties in the third direction. Whereas in reality a degradation of the in-plane properties
will have an influence on the out-of-plane properties, we have opted here to simplify the
problem in order to obtain a first idea about the influence of the in-plane stiffnesses on the
strain inconsistency. To obtain the correct values for the strains in the middle zone, we have
therefore opted to apply this reduction for a region around the milled zone. In particular,
as depicted in Fig. 2.18, we have chosen to apply this reduction to the area between the
starting position of the inner circle in the four directions. Another argument that pleads for
this approach, is that significant stiffness losses in the 0◦ fibre direction, due to the highest
applied load in the x-direction, can have severe consequences for the load bearing capacity of
the specimen. It is therefore that first a 50% decrease of E11 is investigated, whereafter the
secondary stiffnesses E22 and G12 are studied with a similar reduction in stiffness. To have
an idea about the effect of decrease of these stiffnesses, a comparison is made with the results
for a cruciform specimen where no stiffness reduction is applied. These reference strains εxx,
εyy and γxy are therefore respectively shown in Fig. 2.19a-c. Moreover, because a damage
study is considered here, it is obvious that the load is taken equal to the final failure load.

50% reduction of E11 stiffness

In this case the stiffness in the fibre directions for all 14 layers is reduced with 50% of the
initial value, i.e. from 39 GPa to 19.5 GPa. It is clearly seen in Fig. 2.20 that this approach
has no effect on retrieving the half moons in the centre zone. On the contrary even, these
strain concentrations, which were still seen in Fig. 2.19a, have now completely vanished. The
reason for this is that reducing the E11 stiffness results in a transfer of load to the fillet
corners where a large strain increase is found for the εxx as well as the γxy strains (Fig. 2.20).
For the εxx a change from 2.22% (Fig. 2.19a) to 3.31% (Fig. 2.20a) is registered whereas for
the γxy an increase is found from 2.76% (Fig. 2.19c) to 3.09% (Fig. 2.20c). The strains εyy
remain unchanged as seen from Fig. 2.20b and when compared with the reference strains in
Fig. 2.19b.

50% reduction of E22 and G12 stiffness

When the secondary stiffnesses E22 and G12 are reduced till 50% of their initial values, i.e.
respectively to 7.2 GPa and 2.95 GPa, it is observed from Fig. 2.21 that the strains εxx, εyy
and γxy are all three affected. The half moons in Fig. 2.21a are relatively less pronounced
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Figure 2.18: The area of the cruciform specimen in plane view (a) and through-the-thickness (b) to
which the stiffness reduction is applied.

Figure 2.19: Strains εxx (a), εyy (b) and γxy (c) in the global coordinate system for the 3D model
taken as reference contour plots. Biaxial applied load is taken at 100% of the ultimate
load.

when compared with the other cruciform regions, but in magnitude they preserve their initial
value ranging from 1.8%-2.0%, as seen from Fig. 2.21a. Moreover, the maximum values in
the corner are slightly increased from 2.22% to 2.54%. The εyy and γxy strains are on the
contrary significantly increased. A respective clear increase from 0.62% to 0.76% and from
2.76 to 3.9% is observed. It is therefore concluded that our aim to explain the increase of the
εxx strains in the half moons area is also here not achieved.
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Figure 2.20: Strains εxx (a), εyy (b) and γxy (c) in the global coordinate system for the 3D model
where the E11 stiffness value is reduced till 50% of its initial value. Biaxial applied load
is taken at 100% of the ultimate load.

Figure 2.21: Strains εxx (a), εyy (b) and γxy (c) in the global coordinate system for the 3D model
where the E22 and G12 stiffness values are reduced till 50% of their initial value. Biaxial
applied load is taken at 100% of the ultimate load.

2.4.2 Implementation of a nonlinear τ − γ relation

As seen from above, the implementation of a rough degradation scheme for the dominant in-
plane stiffnesses E11, E22 and G12 does not give a deep insight in possible damage mechanisms.
However, due to the dominant presence of the [±45◦] layers and the large shear strains that
occur in the fillet corners, it is interesting to investigate the nonlinear relation between the
shear strains and the shear stresses. For this, we will implement a nonlinear shear stress-
strain curve for the glass/epoxy material whereby we will examine its influence on the strain
distribution. Before proceeding with this implementation, it is useful to explain some basic
concepts about the programming of a UMAT subroutine.
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Programming a UMAT subroutine

The feature to model a user-defined material behaviour by means of UMAT subroutines is a
powerful tool within the commercial software package ABAQUSTM . With this, the material
model used within the program itself is overruled, forcing the software to call in each integra-
tion point the specified constitutive material model. It is clear that this approach can lead
to numerical instabilities even when the material model is implemented theoretically in the
correct way. Issues as a too large time increment, wrongly chosen integration schemes and el-
ement types can complicate the programming of these material models signficantly. However,
it is important to understand what is really happening within the user subroutine UMAT so
that physical issues can be separated from numerical problems. The UMAT subroutine offers
the possibility to call for each material point at each iteration of every increment parameters
such as the stresses and other variables stored in the previous time step. These are then
updated at the end of the increment through the provided stiffness matrix of the mechanical
constitutive model ∂∆σ/∂∆ε and which gives an increase in the stress value ∂∆σ for an
increase of the strain ∂∆ε. For more information about the use of UMAT, we would like to
refer here to the manual of the software package [22].

Nonlinear σ12 − γ12 relation

The in-plane shear stress-strain response is determined by using the ASTM D3518/D3518M-
94(2001) Standard Test Method for “In-plane shear response of polymer matrix composite
materials by tensile test of a [±45◦] laminate” which is based on the uniaxial stress-strain
response of a [±45◦] laminate that is symmetrically laminated about the midplane. The glass
reinforcement was a unidirectional E-glass fabric (Roviglas R17/475) and the epoxy matrix
Araldite LY 556. The use of this ASTM standard for the thus obtained [±45◦]2S glass fibre-
reinforced epoxy composite, leads to the retrieval of the nonlinear σ12-γ12 response that is
depicted in Fig. 2.22. Programming this nonlinear relation in a UMAT subroutine results
therefore into strain curves for the cruciform specimen which are shown Fig. 2.23a-c. As
seen from Fig. 2.23a, the half moons are still visible, but unfortunately with values that vary
around the same values as the reference case found above. A large difference is obviously seen
for the shear strains γxy where values around 5.4% are retrieved. In normal situations, the
specimen would have been completely damaged when these shear values are reached, however
no damage is incorporated into this model. This will be tackled in the following sections. For
now, the commonly used Tsai-Wu criterion is applied to the specimen, to evaluate the first
damaged zones in the cruciform specimen when loaded till final failure.
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Figure 2.22: Curve for the σ12-γ12 nonlinear behaviour of the glass epoxy with a [±45◦]2S lay-up
during the ASTM Standard tests.

Figure 2.23: Strains εxx (a), εyy (b) and γxy (c) in the global coordinate system for the 3D model
where a nonlinear σxy − γxy relation is implemented. Biaxial applied load is taken at
100% of the ultimate load.

2.4.3 Tsai-Wu failure criterion

The first damage model that is implemented here is well known in the field of composite
materials. The Tsai-Wu failure criterion gives an idea about whether damage in the composite
material has started under a certain loading condition. The criterion can be written as a
quadratic failure surface
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Fiσi + Fijσiσj = 1 (2.1)

in the stress-space, where Fi and Fij are respectively the strength tensors of the second and
fourth rank and (i, j) can take the following values 1, 2, ...6. If Eq. 2.1 reaches the value of one,
failure occurs. This simple strength criterion satisfies the invariant requirement of coordinate
transformation, treats interaction terms as independent components and takes the difference
in strengths due to tensile and compressive stresses into account. When it is written out for
a multi-axial plane stress state, we obtain the following simplified equation

F1σ11 + F2σ22 + F11σ
2
11 + F22σ

2
22 + F66σ

2
22 + 2F12σ11σ22 = 1 (2.2)

with

F1 =
1
Xt
− 1
|XC |

(2.3a)

F2 =
1
Yt
− 1
|YC |

(2.3b)

F11 =
1

Xt · |Xc|
(2.3c)

F22 =
1

Yt · |Yc|
(2.3d)

F66 =
1
S2

(2.3e)

F12 = f∗
√
F11F22 = − 0.5√

Xt · |XC | · Yt |YC |
(2.3f)

in function of the tensile and compressive stress limits Xt and Xc in the 1-direction and the
tensile and compressive stress limits Yt and Yc in the 2-direction, the shear strength S in the
xy-plane and with −1.0 ≤ f∗ ≤ 1.0.

Due to the fact that this criterion is only available for shell models in ABAQUSTM , it is
interesting to implement it also for the three-dimensional cruciform by means of a UMAT
user subroutine. Comparing the subroutine results for the 3D case with those from the built-
in ABAQUSTM code for the same 2D model, the implementation of the Tsai-Wu subroutine
can be validated. It is also important to mention here that when calculating the Tsai-Wu
values, one should know how the output originating from the two-dimensional ABAQUSTM

implementation is related to the Tsai-Wu formulation. The convention described in the
manual [23] uses a failure index R which is a measure of how close the stress condition in one
integration point is located to the Tsai-Wu failure surface. This means practically that the
given output value is a scale factor by which all the stress components in a certain integration
point should be divided to reach the failure surface as defined by Tsai-Wu. This will be
explained by a simple example in the following paragraph.
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First the Tsai-Wu criterium is retrieved for one [90◦] glass epoxy layer with strength param-
eters given in Table 2.3. The dimensions of the layer are given in Fig. 2.24 where the length
is 130 mm, the width 70 mm and the thickness of the layer 2 mm. By applying the correct
boundary conditions where the [90◦] layer is allowed to move in all directions except of the
x-direction, one edge is displaced with 5 mm in the 0◦ direction, i.e. transverse to the fibre
direction. In Fig. 2.25a, the ABAQUSTM failure index R is given, with the simple value of
10.3 meaning that the stress values everywhere in the layer should be divided by 10.30 to
scale them back to the failure surface. In other words, the stresses in the [90◦] layer are
10.30 times higher than actually allowed to prevent failure. Modelling exactly the same [90◦]
layer in a 3D model by means of the Tsai-Wu UMAT subroutine, two roots are found for the
quadratic failure surface. These values are the failure indices R1 and R2, where one represents
the positive and the other the negative root value. The positive value is equal to the failure
index mentioned above which is also found in the 2D calculations. This is indeed the case
as depicted in Fig. 2.25b where the same failure index 10.30 is retrieved. This gives us the
confidence that the Tsai-Wu criterium is correctly implemented and ready to be applied on
the cruciform specimen.

Table 2.3: Strength parameters for the glass epoxy used in the cruciform specimen obtained during
the Optimat Blades project [11].

Xt Xc Yt Yc S f∗

[MPa] [MPa] [MPa] [MPa] [MPa] [−]

827 686 53.9 165 70 −0.5

As seen in Fig. 2.26a-b, the Tsai-Wu results are depicted for the 2D as well as for the 3D
cruciform specimen loaded till 100% of the final failure load. The strength parameters for the
glass epoxy material are equal to those in Table 2.3. When a closer look is taken at the two
models, it becomes clear that both vary around similar failure values. The region with the
highest value for the Tsai-Wu criterium and therefore also the first failure zone, are the fillet
corners where a stress combination is retrieved that is 5 times larger than normally allowed
to prevent failure. It is clear that shear strains have a dominant effect on this failure region
according to the Tsai-Wu criterium. However, the influence on the milled zone is also very
clearly visible with values around 3.2 times higher than the allowed stress combination. This
means that the zone at the skew edge can be assumed to be damaged if the specimen is loaded
till 100% of the failure load. However, despite of this qualitative information, no exact values
can be given about the strain values once failure has occurred in these material points. The
Tsai-Wu criterium predicts only whether damage is expected or not. It is therefore necessary
to deepen these insights with the implementation of a more sophisticated progressive damage
model.
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Figure 2.24: Dimensions of a single 90◦ glass expoxy layer together with the applied Ux displacement.

Figure 2.25: Tsai-Wu contour plot for a two-(a) and three-dimensional finite element model (b) for
a single layer specimen.

2.4.4 Puck failure criterium

One of the most promising failure criteria that came out of the World Wide Failure exercise [24]
is the Puck criterium. This progressive damage model takes multiple damage modes into
account such as fibre failure (FF) and interfibre failure (IFF). For the fibre failure mode, the
fibres can fail in a tension as well as a compression mode. In case of the interfibre failure
mode, which is also known as matrix cracking, three different modes can exist, depending on
whether a tensile or a compression load is applied. An important parameter in the distinction
of these last modes, is the matrix crack angle θ defined as the angle between the normal on the
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Figure 2.26: Tsai-Wu contour plot for a two-(a) and three-dimensional finite element model (b) for
the cruciform specimen.

crack surface and the transversal orthogonal axis with respect to the fibre direction making a
cartesian axis system all together, as shown in Fig. 2.27. When a tension load is applied, the
angle θfp is equal to zero. The same orthogonal crack angle is found in case a compression
load with a magnitude below a certain value is applied. However, when the load level exceeds
that compression threshold level, the matrix crack value θfp takes on a value different from
0◦, leading to a wedge displacement effect between the two sides of the tilted cracks.

Figure 2.27: Three-dimensional stresses on a UD composite element. (x1, x2, x3) coordinate system
is fixed to fibre direction (x1), laminate mid-surface (x2) and thickness direction (x3).
The (x1, xn, xt) coordinate system is rotated by an angle θfp from the x2 direction to the
xn direction which is normal to the fracture plane. The inter-fibre fracture is influenced
by the three stresses (σn, τnt, τn1) only (according to Mohr’s strength theory). Picture
taken from Ref. [25].
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For the implementation of this progressive failure model, together with its modes, in a finite
element model, it comes down to degrade the stiffness values with a certain factor till the
maximum strength is reached. This is discussed in detail in Ref. [25] and will therefore not be
handled here. However, the minimum level of degradation, depends on the numerical insta-
bilities that are invoked. This will be discussed into more detail in the following paragraphs.
It is clear that the advantage of this criterion, in contrast with the previous approaches, is
that some kind of mode interaction can take place. When failure starts in a fibre, the matrix
surrounding it has to bear a higher load. As a consequence, a matrix crack can start to
develop in the neighbouring material points, leading to further weakening of the remaining
fibres. Moreover, the Puck criterium is developed as a complete three dimensional criterion
where interaction between the in-plane and out-of-plane stresses can be incorporated. The
main issue here is assigning realistic values to some parameteric values that are used in this
formulation to take this coupling into account. It is therefore, besides the fact that the cru-
ciform laminate is mainly loaded in its plane, that in this work only the in-plane stiffnesses
are allowed to degrade. With this, no interaction exists between the degradation of the in-
plane stiffness components and the out-of-plane components except that when the maximum
bearing strength of a certain layer is reached, the neighbouring layers will take up some more
load, leading to the degradation of that layer’s properties. Regarding the stiffness reductions
per layer, in the case of fibre failure, the E11 is reduced to a certain percentage of the initial
elastic property and for the interfibre failure modes, E22, G12 and ν12 are reduced in case
of a tension mode whereas only G12 is decreased in case of a compression mode. A detailed
formulation can be found in Fig. 2.28 where the different damage modes are given with their
respective validity and failure conditions.

Before we could use the Puck failure criterion for the composite cruciform specimen, we
checked its correct implementation in UMAT by applying it to some simple models, such
as a [0◦] and a [90◦] laminate. By considering the same geometry and loading conditions as
employed in Fig. 2.11, we found that the implemented Puck criterion could predict the correct
failure modes. For example, in case of the [0◦] laminate it was found that the fibre fracture
mode happened when the applied axial stress exceeded the tensile strength of the fibres. In
the [90◦] laminate, the Puck criterion also predicted that the laminate would fail when the
transverse tensile strength was reached, leading to an interfibre failure mode (matrix cracking).
In addition, we also investigated in which way the fibre failure and interfibre fracture modes
interacted and how the stress redistribution happened when laminates with different fibre
directions were used. For this, we implemented the Puck criterion for a [0◦/90◦/0◦] and a
[±45◦]S . Also in these cases, it was found that the criterion predicted the correct failure
modes leading to realistic stress redistributions in the laminates.

Whereas it is clear that the model is implemented in the correct manner, still some problems
exist concerning the interpolation and extrapolation of ABAQUSTM values in the integration
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points. This known problem in the software package, makes it very difficult to rely on the
values that are plotted in the color scale. An example of the mismatch between the values
available in the integration points and the ones calculated by ABAQUSTM in the contour
plots is given in Fig. 2.29. It is found that the stiffness modulus E11 in element 1382, plotted
as state variable SDV1, never exceeds the initial value of 39100 MPa in its integration points.
However, looking at the countour plot for the chosen element, it is seen that the yellow-red
values in the element are much higher than the initial value of 39100 MPa, i.e. around 63140
MPa. Despite of this misrepresentation, the UMAT subroutine fortunately uses the internal
stored values in the integration points for the damage calculations. Whereas this problem
is not a major issue, more attention should be payed to a second type of difficulty that is
about the level to which the stiffness values can be degraded without getting major numerical
instabilities. After experimenting with some lower bound stiffness values, it is found that
levels below 10% can lead to undesired effects of out-of-plane displacements while no forces
are applied in that directions. These irregularities are due to high stiffness losses, making
the finite element diverge in a significant manner. In this work, we will asssume that the
stiffnesses can be reduced till between 10% and 20% of their initial value. When reaching or
trying to go below these values, the lowest boundary value is taken.

With this approach we are ready now for the study of the progressive damage development
in the cruciform specimen. Implementing the Puck criteria with initial property values as
given in Table 2.1 and under a final failure load of 46.2kN/12kN with the 3.85/1 ratio used
throughout this work, it is found that the stiffness modulus E22, the shear modulus G12 and
the poisson’s ratio ν12 respectively defined as state variables SDV2, SDV4 and SDV7 start to
degrade around a load level of 19%. This decrease is primarily found for the [±45◦] layers as
respectively shown in Fig. 2.30a-b and Fig. 2.31a-b for the stiffness modulus E22 and the shear
modulus G12. This observation confirms also the general findings of the non-linear σxy − εxy
study performed earlier.

The matrix cracking or interfibre failure mode that is developed in this way at the fillet
corners spreads out till the load has reached 23% of the total load. However, when the load
is increased beyond 23% of the failure load, a further decrease of the mentioned moduli and
poisson’s ratio is accompanied by the degradation of the shear modulus G12 of the [0◦] layers
at the inner-outer circle transition zone. This degradation continues and spreads out over the
complete fillet corner zone till a critical load level of 33% of the final failure load is reached.
From that moment, the E11 stiffness of the [0◦] and [±45◦] layers starts to decrease, affecting
the fibre strength in a significant manner. This is shown in Fig. 2.32a-b for the [0◦] layers.
After this, a sudden drop occurs of the till that moment unaffected stiffness moduli and
poisson’s ratio of the [0◦] layers. In Fig. 2.33a-b, this is shown for the poisson’s ratio at 33%
and 34% of the final failure load.
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This decrease in stiffness values starts first in the fillet corners and extends progressively
towards the milled half moon area (Fig. 2.34). Till then, no major numerical instabilities have
been registered. However, when increasing the load even more, the material starts to behave
somewhat unstable due to sudden drops in stiffness values. From Fig. 2.35 it is assumed that
till a load level of 71% of the final failure load, these instabilities can be tolerated. For larger
load, the elements are heavily distorted, questioning the physical relevance of the results.
However, as will be seen later on, in Chapter 4, the load level of approximately 71% was also
retrieved as the level at which visible damage is marked during tensile tests, confirming this
finding of a sudden increase in failure mechanisms. Nevertheless, we still want to mention
that despite of this experimental prove further investigations are needed to sort out what the
origin of these instabilities are and whether they can be avoided. This will not be handled
here, but could be a point in future damage calculations.

For completeness, we summarize the degradation steps of the stiffnesses E11, E22 and G12

and the poisson’s ratio ν12. This is done in Fig. 2.36 and Fig 2.37 for an increasing biaxial
load up till 100% of the final failure load. First, the damage is observed at 19% of the final
failure load in a E22, G12 and ν12 reduction of the [±45◦] layers. With increasing load, the
damage that occurs in the fillet corners extends towards the central half moon areas. From
23%, the stiffness G12 starts also to fail for the [0◦] layers. This degradation continues till
33% of the final failure load, at which the stiffness modulus E11 of both the [0◦] and [±45◦]
layers starts to decrease.

As we understand now much more in detail what is really happening during the loading of
the cruciform specimen, till 71% failure load, the problem of the strain mismatch remains
unsolved. However, it becomes clear from the Puck criterion that failure is first initiated
at the fillet corners and extends then towards the milled area. In what follows, a closer
look is taken to these regions to understand how they influence the strain distribution in the
cruciform specimen.
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Figure 2.28: Summary of failure conditions (for the calculation of fE(FF ) or fE(IFF ) the terms with
γ21 or σ1, respectively, have to be shifted to the left-hand side). Table taken from
Ref. [24].
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Figure 2.29: Mismatch between the contour plots after interpolation and extrapolation with the
calculated values available in the integration points.

Figure 2.30: Contour plot of Young’s modulus E22 in the 2-direction shown for the [±45◦] layers.
No degradation is found till 18% of the final load level. The degradation starts in the
fillet corners at 19% of the final load and grows in this region till 33% (b).
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Figure 2.31: Contour plot of shear modulus G12 shown for the [±45◦] layers. No degradation is
found till 18% of the final load level. The degradation starts in the fillet corners at 19%
of the final load and grows in this region till 33% (b).

Figure 2.32: Contour plot of Young’s modulus E11 in the 1-direction shown for the [±0◦] layers. No
degradation is found till 33% of the final load level. The degradation starts in the fillet
corners at 34% (b).
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Figure 2.33: Contour plot of poisson’s ratio ν12 shown for the [±0◦] layers. No degradation is found
till 33% of the final load level. The degradation starts in the fillet corners at 34% of
the final load (b).

Figure 2.34: Contour plot of Young’s modulus E11 in the 1-direction shown for the [0◦] layers. The
affected fillet corner region is extended towards the half moon area at 60% of the failure
load (a) and continues till 75% till the finite elements reach their distortion limit (b).
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Figure 2.35: Contour plot of Young’s modulus E11 in the 1-direction shown for the [0◦] layers. The
evolution of the affected regions at the fillet corners and the half moon area extends
rapidly from 61% to 71% with a increase of element distortion (a)-(f).

Figure 2.36: Summary of the stiffness degradation for the [0◦] layers in function of a fraction of the
failure load.
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Figure 2.37: Summary of the stiffness degradation for the [±45◦] layers in function of a fraction of
the failure load.
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2.5 Origin of the half moon regions

Throughout the finite element study performed above, it is consistently found that the strains
εxx in the half moon area do not exceed a maximum value of 2.0% when loaded till final
failure. This observation is even true when a rough degradation of 50% is applied on the
stiffnesses E11, E22 and G22. In case of the implemented Puck damage model, a similar
statement is difficult to make due to the instability that occurs around 70% of the final load.
Nevertheless, the criterion shows us in a clear manner how the damage degradation starts
in the material and how it propagates from the rounding radii to the half moon area. The
finite element simulations have therefore showed that the experimental values were difficult
to obtain, making it plausible that the mismatch between the experimental and numerical
measured strains could be attributed to a problem in the digital image correlation technique
itself. Because the study performed on the validity of the DIC method has been primarily
conducted by ir. Andreas Makris and ir.-arch. Carla Ramault at the research group MeMC
at the VUB, only the conclusions will be drawn here. For a more extensive investigation
we would like to refer to their dissertations which will handle this issue in a more extensive
manner.

Prior to the examination of the experimental technique, it was appropriate to simplify first the
loading scheme by loading the cruciform specimen only in one direction. For this, two finite
element models were presented whereby the loads are applied in a uniaxial way: one in the x-
direction and the other in the y-direction. The respective values for the applied stresses in the
two models, namely 281.27 N/mm2 and 73.059 N/mm2 give the same line load magnitudes
as those used above in the final failure load case. In Fig. 2.38a and Fig. 2.38b it can be seen
that the half moon pattern remains present in both the models with the highest values in
the x-direction load case. This observation made it also easier to test the cruciform specimen
under the same uniaxial loading, but in only one direction. However, during the testing of
these specimens and by focusing the digital image correlation method to only the region where
the half moon strains were expected, these strain concentrations were carefully monitored at
small incremental loading steps. First of all it can be said that the familiar strain intensities
from above were also found in the uniaxial test in Fig. 2.39 where in the x-direction 80% of the
biaxial ultimate load is applied on the horizontal arms. What was clearly seen at that stage,
was a crack initiated at the interface between the skew edges of the milled zone and the flat
area of this region. It has to be emphasized that this photograph is taken at a moment where
the load is still applied on the arms which opens the crack and makes it clearly visible. The
reason why the crack has not been as clear as shown in Fig. 2.39a in most of the experiments
is believed to be twofold. The first one is that for the cases where the specimen was not
loaded till final failure, the paint of the speckle pattern was bridging the crack. This made it
impossible to detect the anomaly due to crack closure when the specimen was taken out of the
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testing machine for inspection. A second reason is that for the cases where the specimens were
loaded till final failure, the brittle behaviour of the glass fiber and the quick follow up of final
failure after crack initiation, obstructed the observation of this irregularity. Here Fig. 2.39a
is therefore taken at almost exactly the time of observable damage initiation. When the load
is slightly increased, a very sudden failure mechanism takes place where the left horizontal
part of the specimen is torn out of the rest of the specimen as shown in Fig. 2.39b.

Figure 2.38: Half moon pattern in x-direction (a) and y-direction (b) loaded specimen.

Figure 2.39: Cracks initiated at the interface between the skew edges and the flat zone of the milled
area (a) leading to final failure (b) of a uniaxial loaded cruciform specimen.
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This observation made it clear to us that the mismatch investigated till this point, was
completely due to the DIC measuring technique. The technique assumed the discontinuous
crack at the transition between the skew edge and the flat zone of the milled area as a large
continuous displacement, converting it into a large strain field. However, the next step in the
research is to investigate why the crack is formed at that particular position. For that, we will
discuss in the next section the impact of the geometry on the formation of strain intensity
zones that eventually lead to cracks as observed above.

2.6 Influence of cruciform geometry on strain distribution

The aim of this section is to present numerical and experimental proof describing in detail
how the condition of uniform strain distribution is affected by discontinuities in the cruciform
geometry. First the influence of the stacking sequence and the load directions on the half
moon intensities will be discussed. It is shown that their influence can be excluded, making
the milling out the only possibility left for the existence of the half moon area. Besides this,
it is also shown that the fillet corners are a second discontinuity region where high strains are
formed which can also be attributed to geometrical issues occuring in that region.

2.6.1 Milled Area

Further investigation of the numerical models in Fig. 2.38a and Fig. 2.38b, where the loads
were applied in the x- or y-direction, reveals that the initiation of the crack around the half
moon area can be attributed to the presence of high values of the interlaminar strains εxz
between the first milled [0◦] layer and the unmilled [+45◦] layer (Fig. 2.40a). The values of
these strains along the skew edges of the milled zone is shown in Fig. 2.41a, where the highest
values are located at the transition zone between the skew edge and the flat surface of the
central area. It is the author’s belief that these effects are the main reasons why the crack
is initiated at the interface between the [0◦] milled layer and the [+45◦] unmilled layer as
shown in the experimental proof of Fig. 2.42a. In the y-direction case, the loads are primarily
transferred through the [±45◦] layers leading to a more spread-out of the high inter-laminar
strains εyz over the entire skew edges in the y-direction. In Fig. 2.41b it can even be seen that
also the concentration zone at the discontinuity interface is redistributed more than in the
case of Fig. 2.41a. This shift leads to the initiation of cracks between the [±45◦] milled layers
and [0◦] milled layer as found in the experiments (Fig. 2.42b). Nevertheless, the simulations
show that the interlaminar strains remain high at the transition between the flat area of the
milled area and the skew edges (Fig. 2.40b). It is the conviction of the author that this is due
to the numerical tie, that assumes perfect bonding while the strains will already have been
redistributed due to the crack. Moreover, it can be seen in Fig. 2.43a that just below the
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milled [0◦] layer the εzz values are positive whereas a small distance away from these skew
edges in the direction of the central zone they become negative. This εzz flip-over contributes,
in the x-direction loading case, to the crack initiation effect. This effect is not occurring in
the y-direction loading direction situation (Fig. 2.43b) where the half moons remain visible,
but with magnitudes lower than in the x-loading direction. As mentioned above, this is due
to the fact that the load is transferred directly through the [±45◦] layers. With this, it is
clearly indicated that the load directions are not responsible for the existence of these moons.
The same conclusion can also be drawn for the effect of the stacking sequence as seen in
the Fig. 2.44a where a pure [0◦]14 lay-up has been chosen. Also the change of the stacking
sequence into a pure [±45◦]7 lay-up does not make the concentrations vanish (Fig. 2.44b).
Therefore we conclude that the introduction of the surface discontinuity is responsible for the
existence of these half moons at the transition between the skew edges and the flat zone of
the milled area.

Figure 2.40: Strains εxz due to x-direction loading (a) and strains εyz due to y-direction loading (b).
Hereby the three top and bottom layers are disguised.

However, we would like to check what the influence is of the lay-up of the milled layers on
the half moons in the central area. To check this, we tried to study the effect of the upper
and bottom 3 milled layers on the first unmilled layers. For this, the existing geometry is
adjusted by changing the 3 top layers [+45◦/ − 45◦/0◦] into [0◦/ − 45◦/ + 45◦] and the 3
lower ones [+45◦/− 45◦/0◦] into [−45◦/+ 45◦/0◦]. The idea is that because the direction of
the layers is changed at the milled area, the load that is transferred through these layers is
transformed into the half moon strain concentrations. To prove this, we first show the strains
in the first unmilled layer for the original cruciform configuration in Fig. 2.45. For the εxx
strains it is clear that in Fig. 2.45a the highest values are reached first at the fillet corners
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Figure 2.41: Strains εxz due to x-direction loading (a) and strains εyz due to y-direction loading (b).
Hereby all the layers are disguised except the three top layers.

Figure 2.42: Crack initiation at the [0◦] milled layer and the [+45◦] un-milled layer for x- direction
loading (a). Crack initiation between the milled the [−45◦] milled layer and [0◦] milled
layer for y-direction loading (b).

(A) and secondly at the half moon area (B), which are here clearly visible. Moreover, the
maximum γxy strains, shown in Fig. 2.45b, are also located at the fillet corners. When now
the layers are shifted so that the first unmilled layers at the top and bottom are in contact
with a layer having the same orientation, though milled out in the middle, the effect becomes
clear in Fig. 2.46. Despite the fact that both the εxx and γxy strains increase in absolute value
around the fillet corners, the relative region over which the half moon area is spread out is
significantly decreased. However, the maximum strain levels in this decreased area remain
similar to the 2% found in the cases above. This clearly indicates that the geometry of the
skew edges in the milled area have a major impact on the strain distribution of the milled
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Figure 2.43: Strains εzz due to x-direction (a) and y-direction (b) loading. Hereby the three top and
bottom layers are disguised.

Figure 2.44: Influence of the stacking sequence on the εxz strains : [0◦]14 lay-up (a) and [±45◦]7
lay-up (b). Biaxial loading is applied.

area. This conclusion can also be drawn for the fillet corners. However, before going over
to that discussion we would like to point out the existence of an intermediate region that
attracted our attention.
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Figure 2.45: Strains εxx (a) and γxy (b) in the global coordinate system for the 3D model with a
biaxial load at 100% of the ultimate load. The contour plots are given for the first
unmilled [+45◦] layer.

Figure 2.46: Strains εxx (a) and γxy (b) in the global coordinate system for the 3D model where the
top and bottom [+45◦/ − 45◦/0◦] layers are changed into a [0◦/ − 45◦/ + 45◦] lay-up
and where a biaxial load at 100% of the ultimate load is applied. The unmilled layers
remain unchanged. The contour plots are given for the first unmilled [+45◦] layer.

2.6.2 Strain relieved zone

Another phenomenon that marks all above simulations is the presence of a relief area just
outside the milled region in the direction of the highest load. It seems that the load that is
introduced in the arms changes its direction and leaves an area of low stresses and strains
behind. These relieved areas act as a deviator for the load paths which change their trajec-
tories towards the outer boundaries. Moreover, these zones can be observed through all the
layers of the stacking sequence, even in the case of the 2D models, which points out that the
phenomenon is caused by in-plane effects (Fig. 2.47a). It is therefore interesting to notice
that these elliptical areas are always formed just at the transition of the two rounding radii
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that are introduced in the geometry to lead the loads into the central area. It appears that
just the contrary happens. In the next paragraph this is proved by disregarding the three top
and bottom milled layers due to the aforementioned in-plane cause of these relief areas.

Figure 2.47: Relieved area in between the two corner radii : the two-dimensional case (a) and the
three-dimensional model (b).

2.6.3 Rounding radii

As mentioned above, it is our belief that the load trajectories are deviated towards the corners,
resulting in strong stress and strain concentrations in the vicinity of the transition zone
between the inner circle and the outer rounding circle. From there the load is then principally
transferred to the centre zone, leaving the relieved zone behind. This can be clearly seen
on the Fig. 2.47b. Moreover, when the deformation scale factor is increased in the finite
element models, another phenomenon appears: at the transition zone between the inner and
outer circle, the cross section of the arm changes respectively from a bulged (Fig. 2.48a) to
a contracted (Fig. 2.48b) form. This could be a possible reason why the introduced loads
in the arms are deviated towards the rounding radii, leading to the existence of the high
strain intensity zones in those areas. Furthermore, this effect is observed irrespectively of the
load direction and the stacking sequence of the material. This is confirmed by simulations
depicted in Fig. 2.49a and Fig. 2.49b where all the layers are changed in [0◦] layers. Even in
the case of an isotropic material, the concentrations at the corner radii remain clearly visible
as shown in Fig. 2.50a and Fig. 2.50b. The contraction and bulging effect holds also in the
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case where the load direction is changed from the x-direction (Fig. 2.48a/b) to the y-direction
(Fig. 2.51a/b) on the [±45◦/0◦] stacking sequence model without milled layers. Therefore,
it can be concluded that besides the milled area, also the rounding radii disturb the load
transfer in a significant way, leading to the initiation of the first cracks, as shown in Fig. 2.41
and Fig. 2.42. Ultimately, this damage mechanism ends up in a premature failure of the
specimen and an underestimate of the ultimate biaxial strength.

Figure 2.48: Strains εxx in [±45◦/0◦] lay-up model without milled layers at the inner (a) and the
outer (b) rounding circle in a x-direction loading case. Bulging (a) and contraction (b)
effect is respectively shown.

Figure 2.49: Strains εxx in a pure [0◦] lay-up model without milled layers at the inner (a) and the
outer (b) rounding circle. Bulging (a) and contraction (b) effect is respectively shown.
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Figure 2.50: Strains εxx in homogeneous, isotropic (steel) model without milled layers at the inner (a)
and the outer (b) rounding circle. Bulging (a) and contraction (b) effect is respectively
shown.

Figure 2.51: Strains εyy in [±45◦/0◦] lay-up model without milled layers at the inner (a) and the
outer (b) rounding circle in 90◦ loading. Bulging (a) and contraction (b) effect also
present in the vertical arm.
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2.7 Conclusion

To conclude, a short overview is given on what has been discussed in this chapter. To begin
with, we have to mention that our attention was drawn at the beginning of this study by the
fact that the experimental and finite element results developed in the Optimat Blades project
did not correspond with similar and independent experiments and simulations performed in
the current study. The investigation that followed on this observation, made us conclude
that a disguised delamination below the skew edge of the milled area was the main cause of
the mismatch. Moreover, further investigation revealed that geometrical discontinuities such
as the milled zone and the fillet corners, which are introduced in the cruciform specimen to
obtain a more uniform biaxial strain distribution, resulted in high strain concentrations in
these regions. The existence of a contraction and bulging zone at the transition area between
the inner and outer circle of the fillet corner made it also clear that the cruciform found during
the Optimat Blades made it extremely difficult to obtain the ultimate biaxial strength in the
milled area. This insight opened therefore the way for an optimization study in which the
geometrical influence of cruciform specimens on the biaxial behaviour of composite materials
is investigated.
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3
Optimization

The conclusion in the previous chapter about the dominant influence of the
cruciform geometry on the strain distribution is tackled by developing an opti-
mization scheme in this chapter that is based upon the principles of the survival
of the fittest as first explained by Charles Darwin. This approach confirms the
conclusions of the geometrical discontinuities in Chapter 2 and offers new insights
in the dominant factors that influences the retrieval of an optimized cruciform
geometry. Moreover, two well-known geometries have been found as possible op-
timum shapes that should be investigated in more detail in the future.
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3.1 Introduction

In the previous chapter we have discussed the large influence of geometrical discontinuities
on the strain and stress distribution in biaxially loaded composite materials. The rounding
of the arms, with an inner and outer radius, and the milling of the central zone, led to
high concentrations making the material fail in these zones before allowing the material to
reach its true biaxial strength. Moreover, the effect was so significant that even in the case
of a homogeneous and istotropic material as steel or aluminum, the same kind of strain
concentrations were retrieved around the geometrical discontinuities. These findings shift our
efforts for obtaining a biaxial loading state with the current cruciform design to the quest for
newer designs which could perform better in making the specimens fail biaxially in the central
zone. To perform such a study, we developed a (linear) numerical scheme where the influence
of small adjustments in the cruciform specimen could be investigated in a time efficient
way. This included the optimization of the geometry by coupling a numerical optimization
scheme based on the principles of life, called evolution strategies, with the feedback coming
from finite element calculations. The primary requirement was that the biaxial failure mode
had to appear in the biaxial zone of the optimized specimen. This appeared, as will be
seen in the following paragraphs, not to be a straightforward task. However, before going
into a detailed description of these points, we will discuss these evolutionary strategies by
starting with highlighting their advantages in comparison with other available methods in the
literature. Furthermore, the origin, structure and theoretical basics of evolution strategies is
then described in extensive detail with the goal to understand in a clear way the impact of
certain parameters on the obtained results. This will play a crucial role in delivering a global
picture on how the geometry affects the biaxial testing of specimens. Also the overall strategy
to perform these kind of tests will be clarified thanks to these parameters.

3.2 Optimization methods

3.2.1 Single versus multiple objective optimization

Before giving a brief overview of the existing optimization methods in the literature and
comparing with the chosen method in this work, it is necessary to understand first how an
optimization problem is defined. The main issue here lies in the number of objectives that
need to be optimized. In case only one objective is considered, the term single-objective
optimization is used. In case more than one objective should be optimized simultaneously,
the problem is called a multi-objective optimization. A single-objective optimization can be
formulated as follows:

Minimize
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f(~x) (3.1)

that is subjected to

gj(~x) ≤ 0 j = 1..m (3.2a)

hk(~x) = 0 k = 1..l (3.2b)

xli(~x) ≤ xi ≤ xui (~x) i = 1..n (3.2c)

whereby Eq. 3.1 is the objective function, Eqs. 3.2a the inequality constraints, Eqs. 3.2b
the equality constraints and Eq. 3.2c the range for the design variables in vector ~x =
(x1, x2, ..., xn). To clarify this, we give some examples for each of these equations.

• the objective function can be for example to maximize the strain in the biaxial zone

• an equality equation can be for example the fact that the width of the arm should
remain the same at the edge of the specimen where the load is introduced

• an inequality equation can be for example that the mass M of the specimen should be
below some certain value Mmax

• the range of the vector variables (x1, x2, ..., xn) can be for example a range that is applied
to the possible values for the specimen thickness, the possible radii of the fillet corners,
orientations of the specimen or other parameters of the cruciform specimen

It is therefore clear that the latter parameters (x1, x2, ..., xn) should be changed so that the
earlier mentioned constraints are met and also the objective function is optimized. The only
difference that the multi-objective optimization has with the single-objective problems, is that
more than one objective functions exist, making Eq. 3.1 becomes in that case

fp(~x) p = 1..q (3.3)

As will be seen in later in this chapter, we will mainly focus on a single-objective optimization
problem where a measure for material failure is optimized. Nevertheless, when other objective
functions are defined for the cruciform specimen whereby for example the mass of the specimen
must be optimized as well, it is always possible to translate this multi-objective optimization
problem into a single one. This can be done for example by taking the weighted sum of each
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of the individual objectives. However, without going into further details, we will attribute
the rest of this section to the discussion of the single-objective problems.

Now that it is clear what types of optimization problems exist, we will take a look at the
possible methods that exist to tackle these problems. The list presented here is by no means
an exhaustive one, but just a manner to justify the decision to proceed with the evolutionary
algorithms.

3.2.2 Optimization methods

To solve the optimization problem defined above, a vast number of methods exist. These
methods can be divided depending on the information they need to acquire to proceed from
one iteration to the succeeding one. Some methods use only the values xji (i = 1..n) in step
j to find the parameters xj+1

i with (i = 1..n) in step j + 1 while others employ additional
information to go to the next interation. This is normally information about the direction
into which the optimization is evolving such as the first or even the second derivative of the
objective function. In the next paragraph, we will give a short overview of each of these
methods, with and without the use of the objective derivatives.

Zero order methods

The simplest methods, based upon the evaluation of the parameter vector, are the random
search and random walk [1] methods. In these methods the optimum is searched for by
randomly changing the parameter vector ~x and by evaluating it through the objective function
f(~x). It is clear that these methods can be very time consuming because no information is
given about the position of the best solution with respect to the best parameter vector found
yet. Each time a new random parameter vector ~x is chosen, the probability exists that a worse
function evaluation will be found in the next attempt. To offer a solution to this problem,
more complicated methods have been developed throughout the last decades. The method
of simulated annealing [2] is one of those that is inspired by a technique originating from
metallurgy, called annealing, whereby heating and controlling the cooling of the material gives
more chances to the material molecules to return to configurations with a lower internal energy
than the initial one. The same philosophy is applied to the method of simulated annealing
whereby small random perturbations are applied to the parameter vector ~x. Each of these
slightly adjusted parameter vectors are then evaluated to see whether an improvement towards
the optimum is achieved. In case the design is better than the previous one, it replaces the
latter. In the other case, different decision schemes exist which can become very complicated.
These will not be handled here. In any case, this method offers a solution to the problem of
the random search methods despite of the significant number of function evaluations that are
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needed. Other methods in this category which try to accelerate the search process are the
biologically inspired ones. Examples are the genetic and evolutionary algorithms [3–5].
In these methods, small changes are applied on a population of parameter vectors through
operators such as the recombination (or crossover) and mutation operator. The fact that
these methods work with a population of parameter vectors allows the search process to
retrieve the optimum in a much faster manner. Also the application of small changes to the
parameter vectors has two other advantages. First, the recombination or crossover operator
stimulates an exchange of information between the different parameter vectors, exploring the
search space in a much deeper manner. Secondly the mutation operator allows the parameter
vector to continuously change during the search process so that the optimization process does
not get stuck in a local optimum. Many of the other methods in this category are refinements
of these evolutionary algorithms, such as the differential evolution method (DE) [6] or
the distributed evolutionary algorithms (DEA) [7, 8], which will also not be handled
here. For more information we would like to refer to the extensive literature.

First and second order methods

Whereas these methods are theoretically more efficient because of their use of gradient in-
formation [9] for the next step in their iterations, this advantage comes often at a high
computational cost. Moreover, this is only in cases where the objective function is assumed
to be a continuous function, which is in many engineering problems not the case. The most
well-known method in this category is the method of steepest descent [10]. As the name
states, the gradient with the largest decrease is taken for the calculation of the next iteration.
However, this approach is not the most efficient one because the probability exists that the
derivative with the largest decrease can lead to an overshoot of the maximum or minimum
objective value [11] making the optimization process leave the objective function. To solve
this, different adjustments have been constucted where information from previous steps is
used in order that convergence criteria are met.

Regarding the second order methods, most of them are derived from the well-known Newton’s
method [10] whereby the second derivative as well as the distance to the optimum are derived.
In this way the optimum of a quadratic function can be obtained in one iteration. However,
even more than with the first order methods, the calculation of the second derivative comes
to an even higher computing cost and the methods are also very noise sensitive. This makes
second order derivative methods numerically more unstable than those mentioned before. It
is therefore that they are also not that widely used for shape optimization problems as the
one discussed in this work.
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Discussion of possible used methods

With the overview given above and the knowledge that in the optimization of the cruciform
specimen a large number of parameters [12] must and could be optimized, the evolutionary
algorithms are the most favorable. Also the fact that the objective function is impossible to
obtain for the problem in this work, the robustness [12] of these methods will be needed to
tackle the optimization problem. Also the ability to find the global optimum is an additional
argument why we have chosen for this method.

3.3 Evolutionary strategies

3.3.1 Origin of evolutionary strategies

In the beginning of the sixties, Ingo Rechenberg investigated together with two other col-
legeaus, Pieter Bienert and Hans-Paul Schwefel, the determination of optimal shapes in hy-
drodynamical problems at the Technical University of Berlin. Their study was considered
as a discrete parametric problem whereby the parameters that specified the problem could
only have fixed and predefined values. To improve these aerodynamic shapes in a flow field
they came up with the idea to mimic the principles of biological evolution after they used
the less succesful gradient methods [9]. By observing the differences in the flow field and
adjusting the parameter values that constitute the problem in an arbitrary manner, based
on the principles of the evolution theory of Darwin, the problem was optimized. With this
approach, the foundation of optimization of systems by use of evolutionary strategies was set.

Essential in their approach was that between two successive generations much more small
than large mutations were possible. This idea was copied from the natural reality where
descendants differ only in a statistically small manner from their parents. This signifies that
the probability for small changes is therefore much larger than the probability that large
changes could happen in the transition from one generation to another. Mathematically
translated this leads to the discrete changes that correspond to a binomial distribution with a
certain fixed standard deviation (Fig. 3.1). Application of this method to the hydrodynamical
problem led to the acceptance of these small profile adjustements when they led to better
hydrodynamical shapes. In the opposite case where the results were worse than the previous
changes in geometry the applied adjustments were rejected. This so-called “discrete two
membered evolution strategy” led very quickly to unexpected satisfiying results.

Further theoretical developments showed that the method could also be used in continuous
parameter problems. Hereby the binomial distribution was replaced by a normal one that
leads to the first and simplest form of the method, i.e. the two membered or (1+1)-evolution
strategy. The (1+1)-notation stands for the fact that one parent is capable of producing one
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descendant by means of the two operators which will be discussed in the following paragraphs,
namely the mutation and recombination operators. The ’+’ sign stands for the type of
selection procedure used, meaning that the descendant as well as the parent can compete for
survival to the next generation. In the case of the hydrodynamical problem, the descendant
is compared with the parent leading to a competition of both individuals for a place in the
next generation.

Figure 3.1: The binomial and normal distribution used for respectively discrete and continuous op-
timization problems.

3.3.2 Structure of an evolutionary strategy

As explained before, evolutionary strategies are based on the evolution theory of Charles
Darwin. Because operators such as the recombination, mutation and selection operators are
inherently related with this theory, their role and meaning in evolutionary strategies will be
briefly discussed in the following paragraphs.

The followed path during an optimization process is depicted in Fig. 3.2. The strategy
is initiated by a parental population that exists of some individuals, where each of them
has some characteristics that determines its capability to survive in a certain environment.
Moreover, these characteristics are unambiguously connected with the information available
in the genes of that particular individual. The package of genes is also called the chromosome.
Subsequently, operators such as the mutation and the recombination operator are then applied
onto each of these genes, necessary to obtain a certain degree of diversity in the population
of descendants. Finally, at the end of this generation of new individuals apart from the
already existing parental generation, a selection criterium is applied to retrieve the best fitted
individuals that are allowed to proceed to the following generation. These will then form the
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parental population in the new generation.

Figure 3.2: Evolutionary loop.

In order to use this technique in the optimization of technical systems, a mathematical syn-
thesis of these biological principles is necessary. This will be done in the following paragraphs
were we will investigate first the two membered evolutionary strategy whereby one parent
can have only one descendant. In a second stage, we will focus also on the more complex
multimembered strategies which start from a larger group of parents and which have also
a larger group of individuals. It is clear that the latter approach is closer to the biological
evolution of species.

3.3.3 The two membered evolutionary strategy

The two membered evolutionary scheme is an algorithm for solving non-discrete parameter
optimization problems, having the following form :
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F (~x)→ minimum

with ~x ∈ <n. In the case where constraints are applied in the form of a restriction function
gj , ~x has to be part of the set G ⊆ <n.

G = {~x ∈ <n|gj (~x) ≥ 0, j = 1..m} (3.4)

Basic algorithm

The two membered evolution scheme is the most simple imitation of organic evolution where
one individual is responsible for the production of one descendant. The mutation and selection
operator play hereby an important role. Whereas mutation is responsible for a certain degree
of diversity between the individuals, the selection is used as filter in the transition from one
generation to another. On the other hand, the recombination operator, which is an important
operator in the more complex multimembered strategies, can not be used here. The reason
for this is that the recombination operator can only be used when a parental population exists
out of at least two individuals. Besides this assessment, other additional assumptions should
be taken into account in this scheme to understand this type of strategy:

1. The population size remains constant.

2. An individual has in principle an infinite lifespan and capacity to have descendants.
(asexual reproduction).

3. No differences exist between the genotype (the genetic code) and the fenotype (exterior
appearance) of the individual1. With genetic algorithms, there is actually a non-trivial
but nevertheless unequivocal relation between the geno- and fenotype.

4. Only point mutations happen, which are independent from each other for all the genes.

5. The environment and therefore also the selection criterium do not change throughout
the sequence of generations.

Biologically translated, this gives for the two membered evolution scheme with E the symbol
for a parent (German : Eltern) and N for a descendant (German: Nachkommen), the following
steps:

Step 0 Initialisation A population exists out of two individuals, one parent and one de-
scendant. Both individuals are identified by means of their genotype, as found in a set
of genes. In this step only the genotype of the parent needs to be known.

1Mathematically spoken, this can be translated into the fact that the parameters are not decoded, such as

in the case of genetic algorithms, leading to an optimization that is performed in the parameter space. In case

of evolutionary strategies, the parametric space (fenotype) coincides with the optimization space (genotype).
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Step 1 Mutation The parent Eg from generation g produces one descendant having a geno-
type that slightly differs from the parental one. The variation in the genes is arbi-
trary and independent and leads to small differences in the genome compared with the
parental one.

Step 2 Selection Due to this difference in genotypes, the two individuals have also a dif-
ferent ability to survive in the same environment. Only one of the two individuals will
have the opportunity to proceed to the next generation. Therefore the individual with
the highest fitness value will become the parent Eg+1 in the next generation.

Mathematical translation

If the aforementioned steps are translated mathematically, the following scheme is obtained :

Step 0 Initialisation One has to provide the storage for two points in a n-dimensional
euclidian parameter space. Each of these points is fixed by a position vector existing of
a set of n components. The generation counter g is to zero.

Step 1 Mutation Starting from the point Eg, with position vector ~xgE in generation g, a
second point Ng, with position vector ~xgN , is generated. The components xgN,i of the
position vector ~xgN will differ only little from the components xgE,i. The n random
numbers, which are added to the components of the position vector ~xgE in a mutually
independent way, lead to the position vector ~xgN .

Step 2 Selection Each of these two obtained position vectors corresponds with a well de-
fined value of the objective function F (~x) that represents the environment. In the case
of the two membered evolution strategy for a problem where the minimum is sought,
the position vector with the lowest objective value will proceed to the next generation.
When the maximum is searched for, the opposite will happen.

Moreover, when additional restrictive functions gj are considered, the final algorithm is ob-
tained :

Step 0 Initialisation Define

~x0
E =

{
x0
E,i, i = 1..n

}T (3.5)

such that

gj
(
~x0
E

)
≥ 0 ∀j = 1..m (3.6)

Pay attention to the fact that generation g is resetted.
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Step 1 Mutation Construct the vector

~xgN = ~xgE + ~zg (3.7)

wiht components

xgN,i = xgE,i + zgi ∀i = 1..n (3.8)

Step 2 Selection
~xg+1
E = ~xgN (3.9)

if F (~xgN ) ≤ F (~xgE) and gj(~x
g
N ) ≥ 0 ∀j = 1..m.

In case this is not valid, one has

~xg+1
E = ~xgE (3.10)

3.3.4 The multimembered evolutionary strategy

As stated above, the two membered evolution strategy exists of one parent and one descen-
dant. The initial population has therefore two individuals. In order to come to a better
imitation of the evolutionary process, the population size should be larger leading to more
individuals in the begin population. The latter is also necessary in certain optimization prob-
lems. Whereas the two membered evolution strategy is very succesful in many problems, in
others no satisfying results are obtained. This is especially the case where the constraints
narrow the search space in a drastic way. To offer an answer to these type of problems, the
two membered evolutionary scheme is extended to the multimembered evolution strategy.

Before explaining the basic algorithm for these strategies, it is helpful to introduce the nomen-
clature for these strategies. The number of parents in a generation g will be indicated in the
following by µg whereas the number of descendants are written as λg. According to this con-
vention, the simple “two membered” strategy, the (1+1)-evolution strategy, will have µg +
λg= 1 + 1 = 2 individuals in generation g of the selection process. The first multimembered
evolution scheme introduced by Rechenberg allows competition between µg parents and one
descendant. When this concept is extended to multiple descendants, a population with µg

parents and λg descendants is obtained. The selection procedure that can be applied on this
population, depends on the fact whether the µg parents, together with the λg descendants,
are allowed to compete for a place in the next generation. When this opportunity exists for
the µg parents, than the µg+1 new parents for the new generation will be selected from µg+λg
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individuals. In this way, the (µg+λg)-evolutionstrategy is obtained. In case when the µg

parents are restricted from the selection process, the µg+1 new parents from the next gener-
ation are than solely chosen from the λg individuals. The latter implies that λg should be
greater than µg. The (µg, λg)-evolution strategy is obtained in this way. In the following,
the basic algorithm is given for the latter strategy case, because of the extra requirement to
produce sufficient descendants in the next generation so that the evolutionary loop is closed.
In case of the µg+λg strategy, it is always possible to find the µg best individuals out of a
population of µg+λg individuals.

Basic algorithm

The (µg,λg)-evolution scheme leads in biological sense to the following steps :

Step 0 Initialisation A population exists out of µg individuals. Each individual is charac-
terized by its genotype that consists of n genes. These genes determine in an unam-
biguous way the vitality of the individual.

Step 1 Recombination The possibility to exchange arbitrary parts of genetic information
of each individual between the other individuals of the parental population is allowed
through the recombination operator. With this, a choice should be made on which
recombination scheme to use2.

Step 2 Mutation Each individual from the parental population is responsible for the pro-
duction of λg

µg descendants on average, making the existence of λg new individuals pos-
sible. The genotype of the descendant differs also here only slightly from that of the
parent.

Step 3 Selection Only the µ best individuals from the λg descendants will have the chance
to become the µg+1 parents in the next generation.

Mathematical translation

The above stated steps can be translated mathematically, when the constraint functions gj
are taken into account, in the following algorithm :

Step 0 Initialisation Define

~x0
k = ~x0

Ek
=
(
x0
k,1, ..., x

0
k,n

)T ∀k = 1..µ (3.11)

with ~x0
k = ~x0

Ek
the parameter vector of the k-th parent Ek, such that

2see paragraph 3.3.5
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gj(~x0
k) ≥ 0 ∀k = 1..µ, ∀j = 1..m (3.12)

The generation counter g is set to zero.

Step 1 Recombination The mathematical translation of this operator is described in detail
in paragraph 3.3.5.

Step 2 Mutation Generate

~xg+1
l = ~xg+1

k + ~zgλ+l (3.13)

in order that

gj(~x
g+1
l ) ≥ 0 l = 1..λ, j = 1..m (3.14)

with

k ∈ [1, µ] (3.15)

Hereby

~xg+1
l = ~xg+1

Nl
=
(
xg+1
l,1 , ..., xg+1

l,n

)T
(3.16)

is the vector from the l-th descendant Nl and ~zgλ+l a normal distributed random vector
with n components.

Step 3 Selection Sort

~xg+1
l ∀l = 1..λ (3.17)

such that

F
(
~xg+1
l1

)
≤ F

(
~xg+1
l2

)
, ∀l1 = 1..µ, ∀l2 = µ+ 1..λ (3.18)

This leads to

~xg+2
k = ~xg+1

l1
, ∀k, l1 = 1..µ (3.19)

Augment the generation counter g with one.

Go back to step 1, in case the convergence criterium is not fulfilled.

In Fig. 3.3 a two-dimensional contourdiagram is shown that represents a (2,4)-evolutionstrategy.
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Figure 3.3: Visualisation of a two dimensional (2,4)-evolution strategy. Picture taken from Ref. [5]

3.3.5 Theory of evolution strategies

As already mentioned, evolutionary strategies have been developed during the late sixties
of the previous century as a new method in solving parameter optimization problems. Like
genetic algorithms (GA), these evolution strategies (ES) mimic the biologic evolution in the
physical world and have both two very different characteristics in comparison with other more
conventional optimization methods :

1. instead of using of deterministic operators, random operators such as mutation, recom-
bination and selection are used.

2. where the traditional methods start from one single design point, here a population of
design points are simultaneously considered in the space of variables.

Representation and evaluation of the objective function

Evolutionary strategies stimulate the search process of the population to their optimal po-
sition. These populations consist of individuals that are characterized by n-dimensional pa-
rameter vectors ~x ∈ <n. However, each individual is represented apart from its parameter
vector ~x by an additional vector ~σ that contains the standard deviations on the one hand
and a rotation vector ~α on the other. The mathematical representation of an individual can
therefore be written by means of the vector ~a = (~x, ~σ, ~α) ∈ I = <n × As with the following
definitions:
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As = <n�
+ × [−π, π]n�

nσ ∈ {1, ..., n} (3.20)

nα ∈ {0, (2n− nσ)(nσ − 1)/2}

The objective function F : <n → < which has the parameter vector ~x as its main variable,
can also be written as a function Ψ having the vector ~a as argument. An individual with
vector ~a ∈ I, leads therefore to

Ψ(~a) = F (~x) (3.21)

Apart from the parameter vector ~x, each individual has the additional possibility to contain n
different standard deviations σi. This leads to the fact that each parameter xi has the choice
to have the same or different standard deviations as those of the other parameter values.
Moreover, it is possible that each individual has n · (n− 1)/2 (namely in the case of nσ = n)
rotational angles αij 3 ∈ [−π, π] with

i ∈ {1, ..., n− 1}

j ∈ {i+ 1, ..., n} (3.22)

leading to a maximum number of strategy parameters w that is equal to

w = n+
n · (n− 1)

2
=
n · (n+ 1)

2
(3.23)

In the case of 1 < nσ < n where nσ represents the differently chosen standard deviations, the
first nσ − 1 standard deviations σ1, ..., σn� −1 are correlated with the nσ − 1 first components
x1, ..., xn� −1 of the parameter vector ~x and σn� that are used for the remaining components
xn� , ..., xn of the parameter vector. The number of rotation angles nα is fixed by choice of
n and nσ. However, it is possible to fix some of the rotation angles nα explicitly to zero if
necessary, leaving the strategic parameters of the individual unused. The role of the vectors
~σ and ~α in the mutation process will be handled more extensivly in the paragraph 3.3.5.

3The vector ~α can also, apart from the mentioned vector notation, be interpreted as a matrix where αij

represents the element on the ith row and the jth column. The transformation of the matrix notation to the

vector notation happens as follows : (i, j) 7→ 1
2
(2n− i)( i + 1) − 2n + j
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Recombination

Evolution strategies allow the application of different types of recombination mechanisms.
These operators can operate on two as well as on p different individuals from a population.
In the first case, the term asexual operator is used for the recombination r

′
: I2 −→ I,

whereas in the second case the operator is called the panmatic operator r
′

: Ip −→ I, which
has no biological basis. In the sexual form, the recombination operators are applied on two
arbitrarly chosen individuals from the parental population, where the choice for two similar
individuals is not suppressed4. In case of the panmatic recombination operator, one individual
is arbitrarly chosen from the parental population and fixed afterwards. For each position of
the parameter vector of this fixed individual, a new individual is chosen from the parental
population with whom the recombination is executed. In other words, the creation of one
descendant, all individuals from the parental population can be involved.

Recombination is always used in evolutionary strategies for the creation of all descendants
in the case where the number of parents µ > 1. Moreover, apart from the application of
the recombination operator on the parameter vectors, the operator can be applied on the
transformation of the strategy parameters. For the same individual, the used recombination
mechanisms can take another form than the one used for the parameter vectors and this for
the standard deviations as well as for the rotation angles. This implies that the recombination
operator can be used independently for each of these groups. With this option, the possibility
exists that the strategy parameters originate from the same parent as where the parameter
vector originates from.

The different traditional recombination operators in evolutionary strategies are called dis-
crete and intermediate recombination. Both mechanisms exist in the sexual as well as in
the panmatic form. In the discrete recombination case, each descendant vector component
is arbitrarly copied from one of the two parent components. On the contrary, intermediate
recombination indicates that the components of the descendant are obtained by taking the
arithmetic average of the corresponding components of two parents.

If this is translated in a mathematical form, the following recombination types are obtained
for the sexual and the panmatic forms in case a new individual is created out of a population
P (t) ∈ Iµ ~a′=

(
~x′ , ~σ′ , ~α′

)
, or r

′
: Iµ −→ I. This leads to the assumption of the recombination

type r
′

: I2 −→ I, which can be applied on two arbitrarly chosen parents and which is only
applicable to the components of the parametervector (∀ ∈ {1, ..., n}):

4It is rather simple to reject this type of recombination and moreover recommended because of the inherent

property of all recombination types that a new individual can never be produced through incest, i.e. ∀~a ∈ I :

r
′
(~a,~a) = ~a.
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x
′
i =



xS,i no recombination
xS,i or xT,i discrete sexual recombination
xS,i or xTi ,i discrete panmatic recombination
xS,i + (xT,i + xS,i)/2 intermediate sexual recombination
xS,i + (xTi ,i + xS,i)/2 intermediate panmatic recombination

The indices S en T indicate the two parental individuals that are selected arbitrarily from
the population (the index i in Ti points out that T has to be repeatedly chosen for each value
of i) and or highlights an arbirtrary choice between the two components.

The intermediate recombination is often extented to a more generalized form where instead of
taking an average value, a weight factor χ is introduced with χ ∈ [0, 1] a uniformly distributed
random variable. For panmatic recombination, this leads to the fact that for each value of i a
new χi value is generated. In the case χ has no index, a single value is taken for the creation
of a descendant. Consequently, two additional recombination types are obtained:

x
′
i =

{
xS,i + χ · (xT,i + xS,i) generalized intermediate sexual recombination
xS,i + χi · (xTi ,i + xS,i) generalized intermediate panmatic recombination

Figure 3.4: Possible recombinationtypes in a 2D-parameterspace. Picture taken from Ref. [5]

For the twodimensional case, the different possibilites for recombination are depicted in
Fig. 3.4. Here, P1 en P2 indicate the positions of the two parental individuals. By means
of discrete sexual recombination, only the corners of the rectangular (marked with 1 in the
figure) can be reached. Intermediate sexual recombination between the two parents results
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in the middle of the diagonal as descendant (2). The generalized version of the intermediate
sexual recombination can lead to descendants which are located along the diagonal of the
rectangular (3). Finally, the generalized intermediate panmatic recombination allows the de-
scendant to be produced everywhere inside the rectangular (4). It is clear that, by means of
recombination, the n-dimensional hyperbody formed by the parental population can never be
abandoned by a descendant. This shows that the recombination operator leads to a volume
reduction of the hyperbody, which accelerates the search process in a significant way.

Mutation

In the literature a distinction is made between the mutation operations used in the two
membered and the multimembered strategies.

The two membered evolution strategy The mutation operator is considered to be an
arbitrary, purposeless event that occurs very rarely. If such a mutation is interpreted as
a sum of many small individual manifestations, it is then logic to assume that the chance
for a mutation to appear, will correspond to a probability density function that leads to
small changes which are more frequent than larger ones. Therefore, a binomial distribution
is considered for discrete variations, whereas for continuous variations a Gaussian or normal
distribution is chosen. With this, two requirements should be fulfilled:

• The mean value ξi of component zi is 0.

• The variance σ2
i is small.

The probability density function for a normal distributed random event zi is

p(zi) =
1√

2πσi
exp

(
−(zi − ξi)2

2σ2
i

)
(3.24)

If the mean value of all n mutations from the random vector ~z(g) is taken 0, then n degrees
of freedom σi remain open to fix the n mutations. By analogy with the deterministic search
methods, the σi values are also called the step lengths, meaning that they represent the mean
values of the length of the random steps. The probability that a well defined random vector
~z = (z1, z2, z3, ..., zn) occurs with independent (0, σ2

i ) normal distributed components zi, is
given by the probability density function

p(~z) = p (z1, z2, z3, ..., zn) =
n∏
i=1

p (zi) =
1

(2π)
n
2
∏n
i=1 σi

exp

(
−1

2

n∑
i=1

(
zi
σi

)2
)

(3.25)
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The locus of equal changes in the variation of the parameters can be immediately derived
from the formula (3.25). In case this equation is equal to a constant value, a n-dimensional
hyperellipsoid equation is obtained

n∑
i=1

(
zi
σi

)2

= constante (3.26)

which is centered around its midpoint5. In the multi-dimensional case, the random vector ~zg

can be considered as a vector starting from the point ~xgE and ending on the surface of the
hyperellipsoid. In a two-dimensional parameter space, with σ1 = σ2, the random changes
with an equal probability to occur can be found on a circular distribution. This is depicted
in Figure 3.5.

Figure 3.5: Twofold evolution strategy in a 2D-parameterspace. Picture taken from Ref. [5]

The multimembered evolutionary strategy The strategy parameters, as discussed in
3.3.5, determine the complete description of the n-dimensional normal distribution with mean
vector value ~0. The probability density function of this distribution can be easily retrieved
from the relation (3.25) and written as follows

p(~z) =
exp(−1

2~z
TC−1~z)√

(2π)n · detC
(3.27)

With this, the C−1 = (cij) represents the covariance matrix with diagonal elements cii equal
to the variances σ2

i . The axis of the mutation ellipsoid can therefore only be parallel with

5This midpoint is equal to the starting point ~xg
E .
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the axis of the coordinate system if C represents a diagonal matrix. In the more general
case, in which the covariances do not change, the mutation ellipsoid will have an arbitrary
orientation in the parameter space. The mutations will be linearly correlated then. In this
way, the individuals will be able to adjust themselves to each advantageous search direction,
which appears to be very useful in the case the search process would get stuck in a narrow
gap of the objective function.

The latter is illustrated in Fig. 3.6 where the most general case n = 2 is described. Five
individuals and their corresponding mutation hyperellipsoids are depicted on the surface of a
hypothetical objective function that is characterized by lines of equal function values. The left
part of the Figure 3.6 shows the mutation ellipsoids (in this case these are sphere surfaces) for
nσ = 1, which corresponds with an identical standard deviation along the two coordinate axes.
The middle Fig. 3.6, with nσ = 2, shows the case where two different standard deviations
along the coordinate axes transform the sphere surfaces in such a way that the preferred
direction of the search proces can be found. The latter becomes even more simple when the
standard deviations are linearly correlated (nσ = 2, nα = 1) so that the ellipsoids can be
rotated and directed towards the preferred direction which is different from the direction of
the coordinate axes. The three individuals that are located close to the left uppper side,
the right upper side and the right down side, can approach in this latter case of correlated
mutation closer to the optimum than in the uncorrelated case.

Figure 3.6: Mutation ellipsoids in a two dimensional parameter space. Picture taken from Ref. [5].

It is not recommended to incorporate the covariances directly in this representation and to
apply the mutations in that form, because no garanty exists that the coordinate system will
remain orthogonal or in other words that the covariance matrix will remain positive definite.
This is the reason why the rotation angles αij are used to give the mutation ellipsoids a better
preferred direction. These rotation angles are related with the covariances and the standard
deviations as follows
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tan(2αij) = 2
cij

σ2
i − σ2

j

(3.28)

In what follows, the notation ~N(~0,C) will be used to represent the realisation of the random
vector which has a generalized n-dimensional normal distribution with a mean vector value
~0 and covariance matrix C−1 = C−1(~σ, ~α), that is determined by the standard deviation
vector ~σ and the rotation angle vector ~α. The realisation of a correlated vector of standard
deviations ~σc from an uncorrelated vector of standard deviations ~σu can be obtained through
the multplication of ~σu with nα matrices R(αij) = (rkl). The form of these matrices is given
by the unit matrix where the following changes, here in the general case for the rotation angle
αij , are applied

rii = rjj = cosαij

rij = −rji = −sinαij (3.29)

The multiplication of ~σu with the matrix R(αij) performs a coordinate transformation with
regard to the axes i and j, and this over an angle αij . Because nα rotations are applied on the
vector ~σu to represent all correlations, a final relation between ~σc and ~σu is obtained having
the following form

~σc =

(
i=1∏
n−1

j=i+1∏
n

R(αij)

)
· ~σu (3.30)

The most general case of mutation is discussed here. One starts by taking a space of indi-
viduals I = <n ×<n ×<n·(n−1)/2. The mutation operator m

′

{τ,τ ′ ,β} : Iλ −→ Iλ is an asexual

operator, because it leads to a new individual on the basis of one single individual. In this
perspective, the triplet

(
~x′ , ~σ′ , ~α′

)
results in a new individual starting from a certain indi-

vidual (~x, ~σ, ~α). The notation N(0, 1) is used here to represent the realisation of a normal
distributed one-dimensional random variable with 0 as mean value and 1 as standard devia-
tion, whereas Ni(0, 1) stands for the fact that the normal distributed variable is repeatedly
determined for all possible values of i. By using this notation, the mutation is formalised as
follows (∀i ∈ {1, .., n} , ∀j ∈ {1, ..., n · (n− 1)/2}):

σ
′
i = σi · exp(τ

′ ·N(0, 1) + τ ·Ni(0, 1))

α
′
j = αj + β ·Nj(0, 1) (3.31)
~x′ = ~x+ ~N(~0,C(~σ′ , ~α′))
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First, the standard deviations and the rotation angles are mutated. For the standard devia-
tions a multiplicative normal logarithmic distributed event is used, whereas for the rotation
angles an additive normal distribution is chosen. Finally, a random vector is obtained through
the usage of the new σ

′
i- and α

′
j values, which are added to the old parameter vector ~x.

The factors τ , τ
′

and β are powerful parameters which can set, according to Schwefel [12], to
the following values:

τ ∝
(√

2
√
n

)−1

τ
′ ∝

(√
2n
)−1

(3.32)

β ≈ 0.0873

As a conclusion, the mutation mechanism can be considered as the one operator that allows
the parameters in the evolutionary strategy to really evolve. With this, it is meant that the
standard deviations and the covariances (represented by the rotation angles) form an implicit
link during the search process between the internal model and the succesful values of the
objective function. This evolution and the adaptation of the strategy parameters, driven by
the form of the objective function, is also called the self adaptation [12] of the parameters.

Selection

At first sight, the (µ + λ)-selection procedure seems to be more effective, with the garanty
of the survival of the best individuals, due to the setting of a monotone evolution path.
However, some disadvantages are inherent to this selection mechanism in comparison with
the (µ, λ)-selection procedure, which restricts the course of life of the individuals till one
generation:

• The ability of the (µ, λ)-selection mechanism to disregard good solutions during the
course of optimization, allows in principal the escape from narrow (local) optima and
therefore is beneficial in the case of multimodal function surfaces.

• The (µ+λ)-selection procedure hinders the effective performance of the self adaptation
of the strategy parameters. This can be attributed to wrongly adjusted strategy pa-
rameters which can survive for a long time in case they result in a sudden amelioration
of the objective function.

Because of these reasons, the (µ, λ)-selection procedure is generally recommended. Research
has pointed out that a ratio of µ/λ ≈ 1/7 is optimal for the accelerated search effect of the
self adaptation. In this case, µ needs to be greater that one (µ = 15 for example).
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Other components

To have a complete overview of the theory of evolution strategies, some additional topics such
as the initialisation process, the setting of restrictions, the control of the step length and the
convergence criterium should be discussed.

Initialisation In the original implementation of evolutionary strategies, the possibility has
been foreseen to produce a complete initial population P 0 =

{
~a0

1, ...,~a
0
µ

}
from only one sin-

gle starting point by means of mutation. For the initialisation of the standard deviations
σ0
i , Schwefel suggested to take σ0

i ≈ ∆xi/
√
n, where ∆xi represents the estimated distance

between the starting point and the optimum value. In practice, it has been observed that
the choice for the initial standard deviations should be a significant amount smaller. Here,
a starting value σ0

i = 3.0 should be a good target. It is recommended to take the standard
deviations small enough, so that, depending on the topology of the fitness function, a com-
bination of too large σ0

i values and too weak selection pressure (a too large value for µ) will
not make the evolution process diverge.

Restrictions It is also possible to handle constraints gj(x) ∀j = 1..m with evolutionary
strategies. When an individual after mutation ends up in a prohibited zone, then this will
be considered as a deterioration, leading to the exclusion of the variables from the next
generation. When the m restrictions are not fullfilled, the individual will consequently not
survive the selection procedure. Another possibility is the repeated effort of creation, through
mutation and recombination, and evaluation of a new individual till all the constraints are
fullfilled.

Control of the step length In experimental optimization problems, the step lengths σi can
be often predicted because of the reason that only the parameter variables should be exactly
known in some design points. In contrast, a continuous adjustment of the step lengths needs
to be provided in numerical problems. In the perspective of efficiency, the latter is easily
understandable : if the σi-values are too small, then the search process will need to run
through a large number of iterations, whereas in the case of large values for the step length
the optimal value is very roughly approximated or causes even the search process, far from
the optimum, to be caught up in the parameter space. Due to this reason, the choice for the
step length is the most important aspect of the whole search event.

Therefore, it is useful to introduce in this context a crucial term in the study of evolutionary
strategies, which is the progress rate ϕg. This term is a measure for the way the optimum
value is approached. The progress rate ϕg is defined as the mean value of the radial change
which is bridged per mutation.
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Figure 3.7: The sphere model. Picture taken from Ref. [5].

Theoretical research has shown that the maximal progress rate of the (1+1)-evolution strategy,
for different basic objective functions of which the sphere model is one of them, takes up a
certain probability value. This led to the 1/5 success rule for the control of the magnitude of
random changes:

At regular points during the optimum search the frequency of successes, i.e. the
ratio of the number of improvements to the number of performed mutations, needs
to be retrieved. If this ratio is larger than dan 1/5, the σi must be increased. When
on the contrary the ratio is smaller than 1/5, the σi value needs to be decreased.

In many problems, this rule appeared to be very effective in obtaining the largest progress
rate towards the optimum value. In the case of the sphere model, which is the most simple
nonlinear objective function, (see Fig. 3.7), one has to continuously decrease the σi value to
retain ϕgmax. This is illustrated in Fig. 3.8 for a two-dimensional parameter space where rg

represents the distance between a certain individual and the theoretical optimum. For the
progress rate, one obtains then

ϕg = rg − rg+1 (3.33)

From the theoretical results the maximum progress rate for the sphere model [12] is given by

ϕgmax ≈ 0, 2025
rg

n
(3.34)
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Figure 3.8: The progress rate for the sphere model. Picture taken from Ref. [5].

where the rate with which the optimum is approached is inversely proportional to the di-
mension of the parameter space. The corresponding optimal σi value with this rate, can be
approximated by

σgopt ≈ 1, 224
rg

n
(3.35)

Moreover, a more accurate description of the 1/5 success rule is presented because of two
reasons:

1. In the vicinity of the maximum value ϕgmax the progress rate remains highly insensitive
to small changes in the step length.

2. The chance for succes or improvement can only be determined by taking a mean value
for different mutation steps.

Accurate 1/5 success rule:

After each n mutations, the number of improvements that have taken place in
the direction of the optimum over the last 10n mutation steps are checked. In
case this number is smaller than 2n, the step lengths of all the parameters are
multiplied with a factor 0.85. When the number is larger than 2n, the σi values
are divided by 0.85.
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Whereas the 1/5 success rule offers the possibility to control the step lengths, it does not give
an indication of the satisfactory mutual proportion of these lengths. The success rule reduces
or increases all the step lengths with the same factor. This signifies that during the search
for the optimum, the mutual ratio of the initial chosen σi values will remain unchanged. It
would be nevertheless interesting to rescale during this evolution the mutual σi ratios through
the parameter space on the basis of the efficiency of the separate step lengths. In case this
principle is built in the search algorithm a self adaptive system is obtained. This was already
mentioned during the description of the mutation operator for the case of multimembered
evolutionary strategies (paragraaf 3.3.5).

Convergence criterium As in many other computer programs, also in the case of evolu-
tionary strategies, it is important to incorporate a criterion on which is decided to finish or to
continue the algorithm. The decision to terminate the algorithm is based on the information
available at a certain moment. These data can be the values of the objective functions or
those of the optimized parameters. A frequently used convergence criterium, is the compar-
ison between the fitness value of the worst performing individual and the same value of the
best performing individual. If the difference between these values is smaller than a certain
given accuracy ε, then the algorithm is terminated.

3.4 Application on cruciform specimen

Now that it is clear how these strategies work and how they are implemented, we would
like to apply them on the optimization of the biaxial specimen. In comparison with the
cruciform shape discussed in the previous chapter (Fig. 3.9a) we would like to check whether
the algorithm can come up with an optimum geometry when the initial starting shape is taken
as general as possible. For this a polygon (Fig. 3.9b) with the same dimensions and milled
zone as the one in Fig. 3.9a is chosen so that the evolutionary algorithm is offered complete
freedom to steer the evolution process in the direction it prefers. This approach will clarify
whether the evolution process is capable to evolve in an autonomous manner to a specimen
that looks like the initial cruciform shape discussed in the previous chapter leading to the
conclusion that this type of specimen is the global optimum that will always be retrieved. Or
on the contrary that it will point out to some different type of specimen geometry that differs
significantly from the current design. Moreover, is the algorithm inherently capable in finding
a shape that does not show any discontinuity in its outer boundary, such as the use of an
inner and outer radius, and therefore, without knowing it, confirming the conclusions made
in the previous Chapter 2. These questions will be handled in the next paragraph, where
apart from the exact implementation of the algorithm, also the capability of the method is
discussed.
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Figure 3.9: Initial shape used in the previous chapter (a) and the a general polygon shape (b). The
blue lines represent the outer boundary of both specimens. Dimensions are in mm.

3.4.1 Optimization scheme

Before starting the discussion of the detailed implementation of the algorithm, the overall
optimization scheme necessary to complete one cycle in the optimization process is discussed.
This will be done by going through each step in Fig. 3.10, where each dot is briefly discussed.

Initialisation of the begin population: To start the initialisation process, each parent
of the begin population should be characterized by a set of parameters that is stored in its
genes. The decision of what should be exactly optimized about the cruciform specimen is
treated in the next section.

Selection of the parental models: At this point a selection of a begin population is
made. Moreover, it is imperative to start from the beginning with a certain variation within
the begin population in order to survive the first iteration. Otherwise, if for example two
identical geometries are chosen with a very small variation between them, a small difference
in fitness value will result immediately in the satisfaction of the convergence criterium. This
should be obviously avoided. Moreover, the number of parents µ that will be used during the
optimization process and the number of descendants λ should be fixed at this stage in the
loop.

Recombination: This first operator is applied on the parental population with the result of
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a new group of λ descendants. As seen above, this leads to a reduction of the search space
and allows in this way to accelerate the search process.

Mutation: The second operator allows the search space to contract throughout a number of
succesive iterations with a variance σ2 that is reduced during every iteration success. However,
after n number of failed mutations, the operator will increase its variance σ2

i to explore other
regions in the search for the global optimum. Also the possibility for the probability function
to rotate by means of the correlation parameters cv in combination with the fact that each
parameter can have a different σi value has to be chosen here.

Evaluation: Once the descendants are obtained through recombination and mutation, the
fitness value for each of the new individuals is evaluated. For this, a finite element model is
built on the basis of the parameters that are availabe in the genetic code of the individual.
After calculation of the cruciform specimen, the appropriate fitness value is attributed to the
individual. In this work, the following fitness functions can be considered: the maximum
strain/stress in the middle zone, the ratio of the maximum strain/stress outside a central
zone to that in the middle of the specimen, in case of isotropic materials such as alumimum
or polycarbonate the maximum Von Mises value in the central zone or even the ratio of the
maximum Von Mises value outside a central zone to that in the middle of the specimen. More
specific failure criteria such as the Tsai-Wu/Puck formulations and even other more complex
criteria based on stress/strain relations can also be allowed as evaluation function.

Selection criterion: At the end of the evolutionary loop, just before going to the next
generation, the appropriate selection criterion has to be chosen. This can be the comma
(“µg,λg”) or plus (“µg+λg”) selection criterium, depending on the fact that the parents can
compete with the descendants for a position in the next generation.

Convergence or termination condition: Finally, the optimization iteration ends or pro-
ceeds to the next generation, depending on the fact if the convergence criterium is met or not.
Here only two out of many criteria are just given as an example : (i) the difference between
the best individuals is smaller than a certain ε-value or (ii) the difference between the best
and the worst individual is smaller than a ε-value.

3.4.2 Cruciform optimization parameters

The only point that remains unclear in the evolutionary loop is the way the optimization
parameters are exactly chosen and which particular method is used for this. As will be seen in
the coming paragraphs this appears to be a very dominant choice in the search for the optimal
shape. The first method presented below on how the optimization parameters are gathered,
is just one approach and will be refined in the following paragraphs and sections. The results
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Figure 3.10: The significant steps considered during each iteration of the optimization loop.

coming out from this approach have therefore to be considered accordingly. Nevertheless,
this first attempt will give us enough confidence into the evolutionary algorithm to extend its
capabilities.

A summary of all the parameters that can be regarded in the optimization process is given in
the following. First of all, there are the outer boundaries of the specimen as shown in Fig. 3.9.
To extract the parameters that could represent this region, the decision should be made on
how this outer region is allowed to change during the optimization process. Several options
are possible and below we will start with the first one where the coordinates can move freely
in a certain region that should be determined as the minimal representing area from which
the complete cruciform can be rebuilt. Secondly, the fact that the border where the load is
applied can be changed or not, is also an important parameter. However, at this stage we will
experiment with a fixed border where the load is introduced and also assume the same loading
ratio, stacking sequence and thickness of the arms as considered in the initial cruciform shape.
Therefore, the LM Glassfiber material lay-up discussed in the previous chapter, the loading
ratio of 3.85 and the total load of 46.2kN in x-direction and 12kN in the y-direction are all
kept unchanged. Also the milled zone as used in the initial shape is retained in order to allow
a comparison. In other words, only the outer boundaries are optimized.

The initial extraction of the parameters for this study, as mentioned above, is based on the
consideration of one eight of the complete cruciform. The use of this octant is justified due
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to the point symmetry found in the geometry of the specimen and the stacking sequence
of the different layers. This is also confirmed by the point symmetry found in the strain
patterns (εxx, εyy, εxy) as shown in Fig. 3.11. Where the εxx and εyy strains appear to be
symmetrical with respect to the x and y axes in respectively Fig. 3.11a and Fig. 3.11b, the
shear strains reveal the point symmetry with respect to the origin (0,0,0) very clearly in
Fig. 3.11c. This is why we will focus in the following only on this part of the specimen.
Furthermore, the method applied then to retrieve the optimization parameters is shown in
Fig. 3.12a. In the first octant, shown in green, an arbitrary amount of optimization points
(xi, yi) (6 points are shown here (i = 0..6)) can be chosen. With the exception of the first
point with coordinates (x0, y0), all the others are allowed to move within the borders of the
octant when altered through mutation and recombination. This approach leads to specimens
which have a fixed arm length and a constant width for the load introduction border, along
and through which the load is introduced into the central section. Finally, the complete
cruciform is then reconstructed by connecting the nodal coordinates by drawing a polyline or
a spline through them and mirroring the obtained curve over the y = −x and y = x lines. In
Fig. 3.12b the case of a spline connection is depicted.

Figure 3.11: Point symmetric distribution of the strains for the initial cruciform specimen.

3.4.3 Evolutionary strategy parameters

The population of individuals that is chosen here exists out of 2 parents and 3 descendants.
For the recombination operator, which is shown in Fig. 3.13a, the intermediate sexual recom-
bination operator is chosen, leading to a descendant on the diagonal of the rectangular which
is marked in red. In the depicted case the parents are taken deliberately in such a way that
the diagonal lies completely within the green octant region. This is not always the case. For
example when the parents are represented by the other two corners, it is possible that the
descendant comes in the area outside the green coloured zone. It is easily understood that
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Figure 3.12: Only one eight of the complete square is used to optimize the cruciform (a). To build
the complete outer geometry, a spline is drawn through all the points in a quarter of
the complete cruciform (b).

this discrepancy can lead to complications during the building of the complete cruciform and
has to be therefore resolved in a proper manner. Furthermore, for the mutation operator
only one σ value is taken for all the parameters, as seen in Fig. 3.13b. This lead to a circu-
lar probability region (marked in red) where the descendant could be located. Also here the
same danger exists as with the recombination operator that in cases where the descendants lie
close to the borders of the octant region, it is possible that the descendants occur outside this
region. In the following, both issues are solved by switching the x and y parameters so that
the node is relocated into the green zone. Whereas these problems are solved very quickly,
the real problems with this approach occur after both operators have been applied. This is so
because the nodes are randomly changed and located in the octant region, the initial preset
order of the nodes is completely changed. Therefore, a reordening of the nodes to obtain
viable shapes, is necessary. However, by doing so, the strategy performs less effectively as we
will see in the following paragraph and this can only be resolved in an easy way by changing
the way the nodes are allowed to change their positions. Nevertheless, the main objective
here is to check whether the strategies are working. Furthermore, for the objective function
the ratio of the maximum εxx strain outside the central section to the value of the maximum
εxx strain inside the central region is taken. This function should then be minimized so that
the plus selection criterium can close the iteration cycle.
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Figure 3.13: The recombination (a) and mutation (b) operator are applied on all the nodes except
on the node (x0, y0).

3.4.4 Preliminary results

Before going into the results, we would like to mention that two-dimensional models have been
used for the finite element calculations in the optimization process. This approach is justified
because we are at this stage mainly interested in the evolution of the outer boundaries, where
the strain distribution is similar for two- and three-dimensional simulations, as can be seen
from Fig. 3.14a and Fig. 3.14b. Whereas these models are without a milled zone, the use of
two-dimensional models for the evolution of the outer boundaries also stands for models with
a milled central area, because the more detailed 3D models become particularly interesting
for the milled zone. Also the fact that the εxx strain is optimized and that the 2D models
are less computationally expensive, are two other arguments for this approach. Hence, after
158 generations, the optimization process converges to a preliminary optimized geometrical
result that is shown in Fig. 3.15f. When the initial polygon shape in Fig. 3.15a is compared
with the ones found by the algorithm in Fig. 3.15b-e, it is clearly seen that the high strain
zone at the edge where the load is introduced, shifts towards the central region in the final
design (Fig. 3.15f). This is gradually done by changing the shape of the outer boundaries in
such a way that the load is pushed inwards till final convergence is obtained. As seen from
the Fig. 3.15f, the optimal shape is not a very realistic one, due to the four lobes that remain
in the final shape. This is, as will be discussed below, due to the inconsistencies that still
remain in the algorithm. Nevertheless, the conclusion that could be drawn from this optimal
result is that the outer boundary should have only one curvature. With this, the findings
from the previous chapter about the use of an inner and outer radius is therefore confirmed.

However, from the perspective of a useful specimen design, the result we obtained is not
satisfactory. When the intermediate geometries that led to this results are studied, it is clear
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Figure 3.14: The strain distribution εxx for a two-dimensional shape (a) compared with its three-
dimensional counterpart (b).

Figure 3.15: Evolution from the initial polygon specimen (a) to a more exotic shape (f). The εxx

strains are shown here.
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that the algorithm wants to discard the four lobes by stringing the lobes. The fact that the
algorithm is not capable of doing this on its own, is due to the fact it got stuck in a local
optimum. The use of the strategy parameters mentioned above, could be one reason for this.
However, one of the main reasons why the algorithm got stuck, was due to inconsistencies
in the algorithm that violated the philosophy of the algorithm and therefore led to a lower
performance of the strategies. Nevertheless, when the four lobes are removed manually, which
can be seen in Fig. 3.16a-f, and when it is taken as the initial shape in a succeeding second
optimization process, it is shown that the final optimal geometry is not significantly changed.
It is therefore recommended to tackle the inconsistencies which make the alogrithm perform
less effective.

Figure 3.16: Evolution of specimen in Fig. 3.15f (a) whereby the lobes are removed to a similar
cruciform shape (f). The εxx strains are shown here.

3.5 Algorithm adjustments

The inconsistencies that should be resolved in the algorithm are twofold. First, the algorithm
should be extended with additional features such as an adjustable width whereby the external
loads are smeared out over this edge. Secondly, the implementation of a mass criterion
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that puts more selection pressure on the specimen to loose the lobes should be investigated.
Moreover, apart from these adjustments, the most important one is to make the algorithm
respect the rules behind the strategies philosophy, which is not fully the case in the previous
section where nodes were reordened to obtain viable designs. To solve this last issue, a
complete other approach should be considered for the extraction and movement of the nodes
between successive generations. The solution that is used here, which is also at this stage an
intermediate one, allows the points to vary on lines making −45◦ degrees with the horizontal
in the first octant (marked in green in Fig. 3.17a). This will force the points to remain on equal
distance making a reordening of the nodes after the recombination and mutation operator
redundant. To make this possible the parameters should be transformed to some factor f
between the two edges bounding the octant area as seen in Fig.3.17b where the horizontal
edge of the octant is the f = 0 boundary and the vertical edge the f = 1 boundary. We
also want to mention here that the first node (x0, y0) is left the choice to remain fixed or on
the contrary to be optimized. This option will appear to have a significant influence in the
understanding of the overall optimization process which will be discussed later on.

Figure 3.17: The movement of the geometrical parameters happens along lines making −45◦ degrees
with the horizontal (a). For this a factor f is used between the two edges bounding the
octant area (b).

After implementation of the aformentioned adjustments and using the same strategy param-
eters as mentioned above, running the algorithm with the fixation of the first node (x0, y0)
resulted in a non-converging process where the individuals were forced to stay within the
started square. This was due to the fact that the polygon connection between the nodes
led to high strain values at the sharp nodes, making the convergence of the process almost
impossible. This left the algorithm to strand in some local optima which is shown for a series
of geometrical shapes in Fig. 3.18. Therefore, one of the further adjustments was the use of
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a spline connection. This made the algorithm perform better, but also here no convergence
was obtained. These unsatisfactory results were obtained because we shifted the problems
from not fulfilling the basic idea behind the strategies to non-practical solutions in case the
first point was not allowed to change. However, when this latter constraint was removed,
the initial polygon specimen scaled up in such a way so that the convergence criterium was
met completely and the process converged. The geometry we obtained had some 4 extensions
(Fig. 3.19a) which do not bear any load, making them redundant. Therefore, by removing
them from the optimal design, it is seen that the shape obtained in this way (Fig. 3.19b) has a
much easier and acceptable shape. The only thing that made this scaling possible was the free
movement of the origin point (x0, y0) that made the width of the arms became significantly
larger. This resulted in a smearing out of the load along the edge making the strain values
in the central region increase relative to the highest loads outside this region. In conjuction
with this smearing out, the strains also become much smaller in the central region.

Figure 3.18: Number of geometrical shapes with sharp nodes, retrieved through a polygon approach,
do not converge to an optimum. The εxx strains are shown here.
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Figure 3.19: Optimization scales up the starting polygon shape with four extensions (a). By remov-
ing them from the shape a more acceptable geometry is obtained (b).

To understand what is really happening during the optimization process, it is important to
make an abstraction of the load introduction through the arms of the specimen. It is clear
that the purpose is to lead the load as far as possible towards the biaxial loaded zone, where
the combined loading in the x- and y-direction should make the material fail in the central
zone. However, it turned out that the outer boundaries have a large influence on how this load
is transfered from the loading edge to the central zone. This means that it is not sufficient
to assume that the load will be concentrated in the middle zone, when a certain type of arm
design is fullfilled. It seems that every adjustment in the specimen arms has a large influence
on the load trajectories.

Moreover, with the investigation performed and the shapes found above, it is interesting to
review the literature on how cruciform specimens have been designed through the last few
decades. The shapes that will be encountered in such a study will be regarded in the light
of the specifics found above, which will help us in interpreting how the research community
dealt with the issues discussed above. Why such a literature study has been postponed till
this moment is because it is much easier for the reader to understand certain designs in the
light of the previous discussed aspects, such as the single curvature of the outer boundary
and the width of the load introduction arms.
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3.6 Literature overview

In the following an overview is given on cruciform geometries that were found in the literature.
The list of specimens presented is not meant to be complete, but to give an idea of the general
designs available. Therefore, we wil not restrict us to the field of composite materials, but
regard also shapes in metallic alloys and biological tissues. We will also focus in all the
discussed designs on the shape of the outer boundaries whereby the possible milled zones are
not our first main concern, despite of their definitive importance in obtaining failure in the
biaxial zone.

3.6.1 Metallic alloys

For the characterization of sheet metals, biaxial specimens have been extensively used and
tested by many reseachers. Nevertheless, no standard specimen design exists that should allow
a comparison between the different developed designs. In the following, a series of designs
are discussed so that an idea can be formed on the particularities in the different approaches.
The used methods, as already mentioned in the previous Chapter 2, can be divided into three
main categories, which all have the objective to lead the applied loads into the central area.
First there is the cut-type, secondly the reduced section type and in a third case the slot type.
In many of the designs applications that will be discussed here, combinations of these three
categories have been used to design the cruciform specimen.

For example, whereas in Fig. 3.20a only slots are applied in the direction of the arms, in
Fig. 3.20b also a reduced section is used. Both features are applied so that the influence of
the arms on the size of the uniform stress field is reduced. The application of a row of slits in
the arms which are oriented parallel to the respective principal axes of the specimen, has been
proposed by Monch and Galster [13]. The authors found that the more closely the slits are
spaced and the narrower they are, the more uniform the stress field is in the biaxial zone of
the specimen. However, in both designs the corners between the two arms are left untreated.
As seen in Fig. 3.20c the corners are also changed so that the load trajectories are affected.
From (1) where a small radius is used, going over into a circular cut-out (2) to the use of a
double radii (3) to round them off. In (4) the slots are shown once again.

Another design that has been used by Zang [18], is shown in Fig. 3.21a-b. Besides a milled
secion, the transition zone between the arms and the central area is constucted by a gradual
decrease of the thickness. This approach is combined, as seen from the cross section in
Fig. 3.21a, with a deeper radius cut-out than the one depicted in Fig. 3.20c-(2).

Some more complicated specimen designs have been proposed by Lebedev [19] in the late
nineties of the previous century. Because the stress field uniformity requirement is greatly
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Figure 3.20: Cruciform specimen with reduced center section and slots [14] (a), fractured specimen
after dynamic biaxial test [15] (b) and FEA stress distributions of various specimen
geometries [16] (c). Picture taken from Ref. [17].

Figure 3.21: Specimen shape and FEM mesh used. (a) Shape and dimensions of the specimen used
(mm), (b) Mesh for FE analysis. Picture taken from Ref. [18].

influenced by the cross pair of arms, due to large shear stresses in the area around the biaxial
zone, the authors propose different designs for the cruciform arms. In Fig. 3.23a-c, three of
these are shown whereby various configurations are depicted for the arm-to-arm transition
zones. First, a fillet without cutting into the specimen biaxial section is shown (a), secondly
one with a cut in the form of an arc (b) and thirdly a design whereby a cut is applied in the
form of an ellipse (c).

Due to the fact that the study of Lebedev handled especially on the biaxial characterization
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Figure 3.22: Cruciform specimen with arms of various configurations: arm-to-arm transition zones
in the form of: a fillet without cutting into the specimen working section (a); with a
cut in the form of an arc (b); with a cut in the form of an ellipse (c). Picture taken
from Ref. [19].

of metals, the aim was mainly to develop a design for the fracture toughness tests at elevated
temperatures. The optimization method used to develop the cruciform specimen in those
experiments is shown in Fig. 3.23. Starting from a rectangular shape, the shape is improved
by investigating the stress-strain state of the biaxial section using multi-point strain measure-
ments. Whereby the first 3 steps are easy to understand with the information known at this
point, the 4th one introduces corrections on the distribution of stresses due to a notch in the
central part of the specimen. The fifth design takes into account the nonuniformity of the
temperature distribution in the biaxial section. Their final design was moreover characterized
by a milling of the central section to prevent the specimen to fail in the arms, allowing the
first cracks to develop in the biaxial zone.

Figure 3.23: Models calculated by the method of elementary cells. Picture taken from Ref. [19].

Moreover, the field of uniform stresses can be increased by thinning the specimen central
section [20]. The thinned area can have the shape of a circle of constant [21] or variable [22]
thickness (Fig. 3.24a), a square (Fig. 3.24b) [23, 24], or be of a more intricate shape (Fig. 3.24c)
[25]. Complex-shaped thinning by milling is a more cumbersome procedure compared to the
circular one made by turning, since it is difficult to obtain similar thickness all over the area on
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thin-sheet materials. Analysis of the design of cruciform specimens reveals that the attempts
to enhance the uniformity of the stress-strain state in the specimen central section result
inevitably in the complication of the specimen fabrication technology and, consequently, in
an increase in labor consumption and cost. It is important to note that when changing the
type of stress state in the specimen central section by applying different loads to its arms, we
change not only the size of the field of uniform stresses but also its distribution.

Figure 3.24: Cruciform specimens with thinning in the working section in the form of a circle (a), a
square (b), and of a more complicated shape (c). Picture taken from Ref. [19].

Another specimen variation whereby a curved outer boundary between the two specimen arms
is used in combination with a milling out, can be found in the field of sheet forming. The
metal sheets that are formed in this process, undergo complex forming conditions whereby
the limit of the specimen at which it starts to rupture needs to be well-understood. Therefore,
the deformation capability of the sheet should be accurately known making research on the
biaxial behaviour of these materials necessary. For this, Yu et al. [26] developed a biaxial
specimen whereby a chamfer on the arms and the central region is designed. In their design the
cruciform specimen has a small cruciform slot along the arms, whereby the slot is symmetrical
over the thickness. This design is then parameterized, as shown in Fig. 3.25a, so that the
specimen can be optimized by means of a finite element model (Fig. 3.25)b.

Consultation of some patent databases for the search of other cruciform designs has led us to
a United States Patent with patent number 5.144.844 filed by Mathiak Friedrich in 1992 [27].
In this document a number of cruciform designs, mainly focused on the characterization of
sheet metal plates, were shown. Some of them are described here. In Fig. 3.26a a rectangular
specimen is shown which is stretched by several load interaction elements in a number of
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Figure 3.25: Preliminary design of the specimen (a) and the finite element model (b) used in Ref. [26]
.

discrete points. This design is mainly used in biomedical applications where the biaxial
behaviour of tissues and rubber-like materials is investigated. It is therefore mainly focused
on these materials which can bear high deformations. The second example found is depicted
in Fig. 3.26b and starts from a square plate whereby four sharp cut-outs are introduced.
These cut-outs go over into a circular cut-out near the biaxial zone. The application area of
this shape is mainly in the field of sheet metals, as also the third system, which is depicted in
Fig. 3.26c. This last design begins also from a square shape whereby the arms are reinforced
with a number of ribs. It is clear that these three shapes differ largely from those described
above in the general literature.

3.6.2 Composite materials

Shifting our search for the cruciform specimen to the field of composite materials, many of the
already discussed features in the design of biaxial specimens are retrieved. However, as will
be discussed later on, the development of composite cruciform specimens is somewhat more
difficult when compared with the metallic designs. The reason for this is that these materials
are very difficult to be treated once they are manufactured. Operations such as milling and
cutting, that inevitably lead to stress concentrations, are more difficult to process than with
metals. In any case, some examples are described here to place the findings retrieved with
the evolutionary strategies.
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Figure 3.26: Three cruciform shapes from US patent 5.144.844 for the biaxial testing of materials.
Picture taken from Ref. [27].

A cruciform shape that has been taken over the last decades as some kind of reference shape in
the field of composite, is the one developed by Welsh et al. [28]. The authors have developed
a thickness-tapered cruciform biaxial specimen geometry as shown in Fig. 3.27. The material
that they primarily used was a AS4/3501-6 carbon/epoxy laminate and a 18-oz biased (5
warp/4 fill rovings) plain weave E-glassvinyl ester laminate with warp rovings oriented in
[0◦/90◦]S and [0◦/90◦/± 45◦]S configurations.

Figure 3.27: Widely spread cruciform shape for the biaxial testing of composite materials (a) as
developed by Welsh et al. [28]. The authors use only 1/8th of the complete shape in
their finite element model because of the three planes of symmetry [29](b).

The way this design was found is as follows. First, they changed their first design, depicted
in Fig. 3.28a for the overall geometry and in Fig. 3.28b for a detailed image of the central
section, by increasing the specimen width to the maximum width of the test fixture arms,
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so that the uniaxial stress state in the arms could be decreased together with the possibility
to initiate failure in these arms. Secondly, besides a tapering of the loading arm in the
region between the end of each wedge grip and cross section, the gage section was also milled
out. This increased, according to the authors, the likelihood to start failure in the central
section. Moreover, additional adjustements were applied involving the corner radii that join
the intersecting loading arms on the one hand, and the shape of the milled section on the
other hand. For the latter, round as well as square milled sections were designed and tested
(Fig. 3.28c). To have an accurate production of these regions, both the outer boundary of the
specimen and the thickness tapered geometry are machined using a CNC milling machine.

Figure 3.28: Schematic drawing (a) and detail of the gage section (b) of the original biaxial test
specimen. Additional adjustments to the original cruciform shape with a round and
square gage section (c). Pictures taken from Ref. [28].

Due to the fact that (i) this shape was also retrieved as the most optimal one from the Optimat
Blades project and (ii) it is also very similar to the one we used at the beginning of this work,
we show here some results for the carbon/epoxy laminate. In Fig. 3.29a the IM6/3501-6
carbon/epoxy biaxial test specimen gage section is shown prior to testing. Moreover, the
damaged specimens for two of these thickness-tapered specimens that were tested to failure
under a -1/-1 stress ratio are depicted in Fig. 3.29b and Fig. 3.29c. The authors mention that
the diagonal failure patterns found under the -1/-1 stress ratio are a strong confirmation of
the biaxial test method. Moreover, they claim that while the influence of stress concentrations
located near the gage section have not yet been adequately defined, they are convinced that
their proposed geometry produces failure at the gage section. Before discussing this into more
detail, we mention two other cruciform shapes in the literature.

The first shape is the one used by Rochdi et al. in concrete plates above their supporting
columns. The function of this cruciform is to offer a shear resistance to the punching of the
plate by the column. The biaxial test setup the authors used to test this shape is found in
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Figure 3.29: IM6/3501-6 carbon/epoxy biaxial test specimen gage section prior to testing together
with two individual thickness-tapered cruciform specimens that were tested to failure
under a -1/-1 stress ratio (b and c). Pictures taken from Ref. [28].

Fig. 3.30a and the shape itself in Fig. 3.30b. One of the main features of this shape is the
single curvature of the outer boundary. We also mention that also in this shape, the authors
use a milled zone to allow failure to start in the central zone. According to the authors,
the finite element simulations that led to this optimized shape, showed that onset of failure
happens in the central section.

Figure 3.30: The test setup used by Rochdi et al. [30] for the testing of carbon cruciform specimens to
increase the biaxial shear resistance of concrete plates above their supporting columns.

A second shape of particular interest, is the one used by the private company Qinetiq. This
shape, as shown in Fig. 3.31a, differs in a significant manner from the ones discussed above.
Whereas the other examples start from a shape whereby “arms” are used to introduce the
load into the specimen, no such geometrical extensions are visible in the Qinetiq shape. In
their shape, the two loading directions are directly connected with a diagonal as seen from
Fig. 3.31a. It should also be noted that in this shape some kind of cladding is used on top of
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the tested carbon material. As mentioned before, we will not handle this, but is important
to understand that a cladding will have a large impact on the test results. Finally, we also
would like to give an idea of the scale of the test frame that is needed to test a shape as used
by Qinetiq. This is given in Fig. 3.31b. The fact this setup can apply loads up till 500kN to
the specimen is to our knowledge an important factor in the discussion why this shape has
been chosen at Qinetiq. This will be handled in the next section.

Figure 3.31: The test setup (a) used at Qinetiq for testing of cruciform specimens (b). P̈ıcture taken
from Ref. [31, 32].

3.7 Interpretation of the used cruciform features

With the many examples found in the literature, it can be said that a large variety exists
in the different shapes. Disregarding the fact whether the shapes were used for metallic
alloys, biological tissues or composite materials, the differences between the shapes are really
significant. When an general overview is made of these specimens, it can be stated that the
differences lie mostly in the way the arms are designed and how the central zone is treated to
allow failure to start in that region.

For the arms different approaches have been followed. Where in some cases straight arms
were used, in others some kind curvature is applied. This curvature can be a single rounding
radius at the end of the straight arm at the intersection of the two orthogonal directions, or
as double rounding radii in case of the one used at the beginning of this work. In other cases
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the curvature can be extended to the region where the load is introduced in the specimen,
making the straight arms vanish. This happens in the shape used by Rochdi et al.

For the central section, also different approaches exist. Some reseachers used a circular
section, whereas others opt for a more complicated shape which can be a rectangular or even
a polygon. Also the way the material is milled away varies from shape to shape. Whereas in
some shapes there has been chosen for a sudden drop in thickness, in others a more gradual
decrease of thickness to the central zone is chosen. What has also been found, is that a
cladding can also be considered for the same reason as the use of a milled section. This has
been retrieved for the shape used at Qinetiq.

Revisiting the required propositions coming from the evolutionary strategies for testing of
biaxial specimens, two conclusions can be drawn. The first one, is that despite of the fact the
algorithm has found and also confirmed the conclusions from the previous chapter 2 about
the use of the latter approach with two rounding radii, it is seen that the majority of the
shapes, including the one used by Welsh et al., use first a straight arm that goes over into
a rounding of the intersection corners between the two orthogonal directions. However, the
only exception found in this regard is the one used by Rochdi et al., where the shape of the
outer boundaries has only one single curvature. This means that the concept of a straight arm
disappears and therefore no single or double rounding radii are needed. Secondly, from the
knowledge that the algorithm scales up to a shape where the boundaries are connected with a
diagonal and where the concept of an arm is also disregarded, we have found only one shape
that points out in that direction. This is the one used by Qinetiq where a similar geometry
is found as the one coming from the strategy after the appliaction of the adjustments. Also
here the use of rounding at the intersection is made redundant.

The reason why the algorithm points out to the two shapes, the ones used by Rochdi et al.
and the one used at Qinetiq, will be refined in the following sections.

3.7.1 Introduction

As understood from the examples mentioned above, the most important aspect is how the
loads are led from the place they are introduced into the material, through their trajectories to
the place where they are expected to fail the material. The specimens found in the literature
are therefore divided into two categories :

• the load trajectories are left undisturbed,

• the load trajectories are actively changed through applied geometrical changes in the
geometry
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As will be seen later on, the choice for one of these two categories, will depend on the load
capacity of the testing equipment.

3.7.2 Type 1 : High loads, straight outer boundaries

For the first category, where the load trajectories are left undisturbed and therefore no con-
centration of the load into a certain zone can be achieved, the technique to obtain a biaxial
zone is mainly shifted to the application of very high loads. An example of this type of
geometry can be find in the Qinetiq shape where large loads up to 500kN can be applied
on the specimen and no special geometrical adjustments are needed to get the load into the
centre. However, whether this approach is really enough to initiate failure in the biaxial zone,
is not completely sure. In any case, it is sure that some kind of cladding is used, which is an
investigation on its own, replacing the milling out of the original material in the centre zone.
This is especially the case for composite materials where each treatment of the material in the
form of a cutting out or milling out, results in harming and damaging the continuous fibres
with the necessary consequences: high stress and strain concentrations leading to premature
failure in these zones before the central zone is reaching its ultimate biaxial bearing capacity.
Therefore, a cladding applied afterwards is highly recommmened, as far as we can do this at
this point. In any case, this is more preferable than milling out the material.

3.7.3 Type 2 : Low loads, curved outer boundaries

In this second category, not so high loads can be reached, meaning that the load trajectories
should be manipulated in order to force the loads into the biaxial zone. The way for doing this,
is by changing the geometry of the arms, manipulating the load trajectories so that the load
is forced into the central zone. The usual way for achieving this, is by giving the loading arms
a certain curvature such as done in the initial cruciform shape where the rounding radii had
the function to force the load into the central section. Nevertheless, it is seen in the previous
chapter that the contrary happens, where the transition zones between the inner and outer
radii operates as load attracting poles. The major issue is therefore, how to streamline the
loads in such a way that they are not attracted by the geometrical shape. As seen above,
with the first attempt, this can only be partially achieved by having only one curvature.

Moreover, one should carefully monitor how the change in curvature influences the change in
trajectory. In our opinion, many geometrical adjustments are wrongly conceptualized, leading
to failure in regions different from the central zone. Therefore, a more generic approach
that covers all possible geometries is presented in the following section, to show how certain
parameters affect the load trajectories.
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3.8 Generic approach

3.8.1 Parameterizing all possible shapes

The methods used in the previous sections for moving the nodes (xi, yi) in the octant region
have shown their advantages in the search for the optimal cruciform shape, but still some
issues remain. In the current approach a combination of these methods is developed where
only 3 nodes are allowed to vary. This is depicted in Fig. 3.32 where the nodes A, B and C are
shown together with their moving directions. Whereas node A and node C are respectively
allowed to move along the vertical and the diagonal edge of the octant region, node B can
vary freely within that region. With this, the smearing out of the load is made possible
and the reordening of the nodes is banned because only one inner point is used. Moreover,
the number of parameters is reduced from 6 to only 4, namely (y0, x1, y1, x2). Finally, it is
mentioned that points A, B and C are connected to each other through a spline in order to
assure the construction of viable cruciform specimens.

Figure 3.32: Variation of points A, B and C leads to the construction of viable cruciform specimens
by using only four parameters y0, x1, y1, x2.

It is now easily seen that each time one of the four parameters is changed, a new specimen
design can be formed. However, to obtain the different shapes in a consequent way, the
following three stages are considered. First, nodes A and C are fixed and node B is gradually
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moved horizontally and vertically with a predefined ∆x and ∆y (Fig. 3.33a). In this way
the complete octant region is covered. Once this is achieved, node C is moved along the
skew edge (Fig. 3.33b), node A remains fixed and for each increase of C the procedure in
Fig. 3.33a is repeated. Finally, when node C has reached its maximum, node A is then moved
with a certain ∆y (Fig. 3.33c), whereafter the steps in Fig. 3.33a and Fig. 3.33b are repeated
once again and for each increase of ∆y. This procedure is also repeated till node A has
reached its maximum. It becomes immediately clear that this method can lead to a vast
amount of shapes, resulting in large computing efforts to solve each of them. Nevertheless,
when this method is applied, it is seen that most of the shapes found during the previous
optimization schemes, such as a variant on the initial shape (Fig. 3.34a) or the one used by
Rochdi et al (Fig. 3.34b) and even the Qinetiq form (Fig. 3.34c) can easily be obtained. This
leads to the fact that the optimization method can be parameterized by only 4 parameters,
solving the issues that came with the extraction of parameters during the previously developed
optimization processes. Moreover, when this generic extraction and construction method is
combined with the evolutionary optimization algorithm, the optimization strategies should
be able to search through a design space in which the previously found “optimal” shapes, as
depicted in Fig. 3.34, are all included. However, before proceeding with this implementation,
an important phenomenon becomes clear when running the generic procedure on its own.

Figure 3.33: Necessary steps for the retrieval of a complete scale of cruciform specimens whereby
some of the four parameters are varied independently from the others: only x1, y1 are
varied (a), only x2 (b) and only y0 (c).

3.8.2 Strain distribution sensitivity

Through application of the rigorous technique mentioned above, we were able to understand
the sensitivity of the geometry on stress and strain concentrations in a much greater detail.
We emphasize here that no thickness reduction is considered and that the nodes are connected
with a spline. In the following, we purely focus on the effects of the outer boundary on the
internal stresses and strains. Because we found in the previous chapter that the stress and
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Figure 3.34: Three shapes retrieved with the generic approach by changing the parameters
y0, x1, y1, x2. As a consequence, the position of nodes A, B and C can lead to sim-
ilar shapes as those employed in the Optimat Blades project (a), by Rochdi et al. (b)
or even as employed by Qinetiq (c).

strain concentrations around the rounding radii were found indepedently of the material, we
will try first to sort out what the main influence is of the geometry on the load trajectories.
For this, certain simplications are applied such as the use of isotropic materials (aluminum
and polycarbonate) instead of the more complex anistropic composite materials. In the centre
of the specimen half the thickness is left over in comparison with that in the arms. This ratio
is almost similar to the one used for the cruciform shape found during the Optimat Blades
project where a ratio of the milled zone thickness to that of the arms was approximately 0.54.

In Fig. 3.35a-c three very similar geometries are shown, for which the position of point A
and C have been fixed. Only point B is changed from left to right. Considering the Von
Mises stress for the three geometries, it becomes clear that despite the very small geometrical
differences between the three shapes, still some large differences exist in their respective stress
distribution. It is seen that the stress distribution varies in a significant manner along the
outer boundaries. Where the Von Mises stress is more distributed along the complete edge
of the shape in Fig. 3.35a and primary located at its outer boundary, the values remain still
higher than in the geometry of Fig. 3.35b. Also the central area remains largely unaffected
by the introductory load. In Fig. 3.35b, the Von Mises stress becomes relatively higher in the
milled zone compared with the previous one. However, the area along the arms over which the
Von Mises is spread out, becomes larger, but with smaller magnitudes. This means that the
Von Mises stress ratio outside the central region to the one inside the central region becomes
closer to one. However, when point B is moved a small amount more to the right, as shown in
Fig. 3.35c, the load increases again in the corners compared with the case in Fig. 3.35b, with
the result that the Von Mises ratio becomes larger again. This observation leads to the fact
that for allowing the isotropic material to fail in the middle of the specimen, in a theoretical
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way, the optimal specimen should be something like the one in Fig. 3.35b.

Figure 3.35: Despite of the geometrical similarities, the cruciform shapes (a), (b) and (c) show
significant differences in their strain patterns.

It is clear that the very small changes in curvature can have a large effect on the position of
failure along the edge. To be sure that this effect is not a numerical artefact, validating these
simulations through experiments is necessary. However, before we could start with this, we
should model the arm extensions of the specimen to clamp it in a test machine and investigate
the influence of the shape on the strain distribution.

3.8.3 Clamping area

Up till now, the load was applied on the specimen as an edge load, without any clamping
region. This is due to the fact that the optimization process was first started with a cruciform
design having long arms of 125 mm as shown in Fig. 3.9a. Whereas a part of the arms is used
in that design as a clamping area for the grips of the biaxial test rig, the rest of the arms
distributes the load in a uniform way over the arm width. This phenomenon is taken into
account by modelling the applied load as an edge load in the numerical models of Chapter
2. However, because the complete arms are parameterized in the evolutionary optimization
process, the edge load can not be used in the calculations of these new shapes. The main reason
for this is that the specimens that are found in this way, such as the “one-curvature” specimen
as used by Rochdi et al. and the polygon shape that is similar to the one used by Qinetiq,
no clamp can be applied on the specimen without disturbing its strain distribution. To solve
this, it is necessary to extend the edges with additional arms. However, the implementation
of these arm extensions has also an influence on the strain distribution. This is shown in
Fig. 3.36a and Fig. 3.36b for respectively a specimen without and with an arm extension.
Moreover, the application of an edge load will also be refined in the following paragraphs by
a more complicated load introduction manner. Nevertheless, it is clear that the modelling of
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the arms is necessary, if one wants to test the sensitivity of the outer boundaries on the strain
distribution.

Figure 3.36: Specimen where there is no uniformly distributed zone between the edge and the central
region (a). Strain distribution for a similar specimen where the arm of the specimen is
extented with a clamping region (b).

During testing of materials, the use of an additional tab between the arm and the clamp,
as shown in Fig. 3.37a can be considered. This is usually done for composite specimens to
protect the test specimen from damage when it is clamped. However, if a closer look is taken
at the clamp in Fig. 3.37a, we see that there exists already some kind of rounding of the clamp
to introduce the loads in a more gradual manner. This is done to minimize the occurence
of the interface stresses at that clamp tip. Previous research has also proven that damage is
usually initiated at the tab-specimen transition zone due to the skew edge of the tab. This
region is shown in the red circle (A) in Fig. 3.37a. Because we will limit ourselves to isotropic
materials for the validation part of this section, the tab will be disregarded in the simulations
and direct contact between clamp and specimen (Fig. 3.37b) is implemented.

To understand how the load should therefore be applied onto the contact zone between the
clamp and the arm, the procedure of an experimental tensile test should be considered. First,
as depicted in Fig. 3.38a, the specimen is clamped by a vertical displacement of the clamps.
This leads to the built up of the contact pressure p at the contact interface. The latter should
be sufficiently high to prevent the specimen from slipping and therefore for building up a
surface traction f (Fig. 3.38b) at the contact interface that is sufficiently high to resist this
slipping.
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Figure 3.37: The use of a tab (a) or not (b) for the clamping of the specimen during a tensile test.

Figure 3.38: Vertical (a) and lateral (b) displacement of the clamp during a tensile test that respec-
tively leads to a building up of a contact pressure p and a surface traction f at the
contact interface between the specimen and the clamp.

For the modelling of these effects, a distinction should be made between uniaxial and biaxial
test specimens. In the case of uniaxial test specimens a uniform stress distribution [33] σxx is
assumed at a certain distance from the clamping area, as depicted in Fig. 3.39a. Moreover,
a contact pressure p is applied on the one hand to account for the thickness stresses due
to clamping, and on the other hand the boundary conditions ux = uy = 0 should force the
top and bottom gripped area to remain fixed during tension. Additionally, the midplane
is fixed in the z-direction to obtain a symmetric deformation of the specimen due to the
uniformly applied σxx stress. Because this approach was used by De Baere et al. [33] in a
three-dimensional study and due to the fact that we consider only two-dimensional models in
the optimization process, another method is preferable. However, without taking the contact
pressure p into account, we should still be able to model the shear effects that occur at the end
of the clamp region, denoted by (A) in Fig. 3.39b. For this, we choose for a surface traction
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f that is applied on the contact zone between clamp and specimen where the top surface is
allowed to move in x and z direction and the bottom surface only in the x direction. This is
done to allow some degree of slipping that occurs during tension of the specimen permitting
the arm to contract near the transition zone between the end of the clamp and the specimen
(red circle (A) in Fig. 3.39b). This is shown in the finite element result of Fig. 3.40, which
could be a reason for the specimen breakage mentioned in [33]. More details about this are
found in the work of De Baere [34].

Figure 3.39: Boundary conditions used by De Baere et al. in a three-dimensional approach in com-
parison with the those used for the clamping of a two-dimensional cruciform specimen
(b).

Figure 3.40: Contraction of the specimen near the end of the clamped region, denoted by (A) in
Fig. 3.39b.
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3.8.4 Validation

As mentioned above, we are now ready for the experimental validation of the numerical
designs. For this, we have chosen for an isotropic material such as polycarbonate. The
specific material used in this work comes from a 10 mm thick polycarbonate plate produced
by Bayer Sheet Europe under the name Makrolon R© with the following material properties:
an elasticity modulus E of 2400 MPa, a poisson ratio ν of 0.37 and a tensile strength Su of
approximately 60 MPa. The reason why we have chosen for this type of material and not for
aluminum for example, is the possibility to obtain high strains prior to failure for polymerlike
materials. For polycarbonate, these tensile strains at failure could become more than 70%.
Also the fact that these strains could be obtained at reasonable load levels of 10 kN - 20
kN, makes the polycarbonate material even more interesting. Moreover, the use of the DIC
method for the assessment of the strain fields in the arms becomes therefore feasible.

To prove the sensitivity of the outer boundary on the strain distribution, it is of large im-
portance to reproduce the exact cruciform shapes found in the numerical calculations. The
two production methods regarded in this work are the laser cutting and the waterjet method.
Whereas both methods can obtain similar accuracies of around 0.1 mm, the texture of the
cutted edge is completely different for both methods. Because the laser cutting technique
is based on the heat production of the laser beam, a rough cutting surface is the result of
this technique. On the contrary, the waterjet technique is based on the cutting ability of
an abrasive material which is added to the fine waterjet. The result is a smoother cutting
surface with the disadvantage that the surface is slightly oblique due to the divergence of the
abrasive material from its orthogonal cutting direction. Whereas it is clear that both methods
have their advantages and disadvantages, we believe that the influence of the cutting surface
texture does not have a large influence on the strain distribution. This will be discussed later
on.

For now, the produced specimens are tested uniaxially so that the strain contribution origi-
nating from a loading in the second direction is disregarded. This is important, because in this
way there will be a direct relation between the shape of the outer boundary and the strain
distribution through the application of a uniaxial load. In Fig. 3.41 the three geometrical
types are shown as they are mounted in the uniaxial test bench. It is shown that an increas-
ing load is applied in the y-direction and the x-direction is left unloaded. To underline how
closely these three geometries are related, the quarter blue parts in Fig. 3.41a-c are repeated
in Fig. 3.42. With this, it is clear that specimen type 1 and 3 are very similar. For each of
the three specimens, an unmilled and a centrally milled one are produced and tested till final
failure. The milled specimens have a circularly milled area on both sides of the specimen. As
already mentioned above, the thickness in the middle of the specimen is half of the thickness
used elsewhere in the cruciform. In the following discussion, a distinction is made between
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specimens with a milled central section and those without a milled zone. Moreover, besides
the specimens that look like the shape used by Rochdi et al. [30], also a cruciform shape sim-
ilar to the one used by Qinetiq [31, 32] is produced and tested. Besides the use of a circularly
milled area with straight edges, also an additional milling is considered in this “Qinetiq-like”
shape whereby the milled area is finished with skew edges.

Figure 3.41: Three cruciform specimen types (a-c) for which point B in Fig. 3.33a is gradually moved
along the positive x-direction.

Figure 3.42: Comparison of the outer boundary in the first quarter of the three types of specimens
shown in Fig. 3.41.
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Unmilled specimens

When the three specimen types without a milled zone are tested till failure, it is found
that a significant difference in failure position occurs, as shown in Fig. 3.43. To quantify this
difference two parameters are used. The first parameter L represents half the specimen length
measured between the two clamp regions and has in the current designs a constant value of 5
cm. The second variable a is the distance between the x-axis of the specimen and the failure
section in the y-direction. With these two parameters, the three specimens are depicted in
Fig. 3.43 with the following a/L ratios: 46% for type 1, 64% for type 2 and 36% for type 3.
It is clear that despite the strong resemblance between type 1 and type 3, a difference of 10%
is found in the location of the failed section. This can be attributed to the strong influence of
the outer boundary on the strain distribution. As seen from the DIC results in Fig. 3.44, the
location of the failed sections in Fig. 3.43a-c are also the places where the highest εyy values
are obtained. Moreover, it is necessary to mention that the damage that is observed along
the horizontal arms in Fig. 3.43b and Fig. 3.43c has nothing to do with the strain sensitivity
of the outer boundaries. The reason for this horizontal damage is the sudden failure of the
specimen along the vertical direction, leading to large vibrations in the specimen and the
breakage of the horizontal arms. This type of damage will also be retrieved in case of milled
specimens. A next step in this investigation is the use of the finite element method to check
whether the DIC and failure results can be confirmed. As shown in Fig. 3.45, this is indeed
the case whereby εyy strains are retrieved which are very similar to those found above. The
values retrieved for the ratio a/L for these numerical results are 45.2%, 59.8% and 37.7% for
respectively type 1, 2 and 3. This confirms the fact that even for small differences in the
outer geometry, still a significant difference exists in the location of the maximum strains.

Figure 3.43: Experimental results for the unmilled types of specimens whereby the vertical loading
leads to three different failure locations in the arms.
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Figure 3.44: DIC results for the unmilled types of specimens whereby the εyy strains are shown.

Figure 3.45: FEM results for the unmilled types of specimens whereby the εyy strains are shown.

Milled specimens

First, we start with milling out a circular area with a diameter of 2 cm and a depth of 2.5 mm
on both sides of the specimens in Fig. 3.43. Loading these specimens along the y-direction till
failure results in patterns that are similar to those found above. When the parameters a and L
are also used here, the following ratios are respectively found for type 2 and 3 specimens: 60%
and 32%. However, for specimen type 1 two different a/L values are found, i.e. a1/L=46%
and a2/L=64%. To explain this, a closer look should be taken at Fig. 3.46a where the
material crack located at a1/L=46% is possibly the location where damage is initiated. Due
to a sudden load increase, the stresses are redistributed allowing the development of two
brittle cracks. The first is located in the vertical, whereas the second is retrieved in the
horizontal arm. To exclude the possibility that the initiation of the material cracks is due
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to the production method of the laser cutting technique, the same experiments have been
repeated with specimens produced with the water jet technique. Also here, similar results
as those found previously have been obtained, confirming the conclusions of the geometrical
influence of the arms on the crack initiation.

When the DIC technique is applied on images taken during the linear behaviour part of the
tensile test, it is found that very high strains are situated in the region of the half moon
area, as discussed in Chapter 2. This is clearly visible in Fig. 3.47a-c. Also the appearance
of the relieved zone in all the three specimens types is clearly seen. When the specimens are
modelled with the finite element technique employing the same linear conditions, it is seen
that high strain concentrations in the milled area are found as well. Moreover, besides these
concentrations, additional strain concentrations appear along the outer boundaries. When
the ratio a/L is calculated for these cases, the following values are found for type 1, 2 and
3 specimens: 42.8%, 56.2% and 28.5%. It is also seen that whereas these values are smaller
than those found in the experiments (Fig. 3.46), they remain very close to the values found
there. Moreover, despite of the fact that the εyy strains are larger than the strains along the
outer boundaries during the linear part of the loading curve, the failure happens eventually at
the outer boundaries. It is therefore clear that with increasing load, the impact of the outer
boundaries on the εyy strains becomes larger making the specimen fail along the boundaries.
In the following paragraph, it is investigated whether the strong geometrical influence found
above is also retrieved with a shape that looks like the one used at Qinetiq.

Figure 3.46: Experimental results for the milled types of specimens whereby the vertical loading
leads to three different failure locations in the arms.
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Figure 3.47: DIC results for the milled types of specimens whereby the εyy strains are shown.

Figure 3.48: FEM results for the milled types of specimens whereby the εyy strains are shown.

Geometrical influence on “Qinetiq-like” shapes

In this paragraph the influence of the outer boundaries on the strain distribution is investi-
gated for a shape that looks like the one used by the company Qinetiq. Like the specimens
used above, the shapes employed in this section are also constructed from the same polycar-
bonate material with a thickness of 10 mm. Three shapes are cut out. Whereas the first
shape is without a milled area, the two others are milled with a circular area with a diameter
of 4 cm and a depth of 2.5 mm on both sides of the specimen. The difference between the
milled specimens is that one is done with straight edges, whereas a skew angle is used for the
second one. The three shapes are shown in Fig. 3.49 together with the obtained DIC results.
Whereas in Fig. 3.49a the strains are spread over the complete height of the specimen, in
Fig. 3.49b-c the strains are more concentrated in the milled zone. However, it is also clear
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from the DIC results that whereas the half moon areas are still concentrated at the straight
milled edges in Fig. 3.49b, they have almost completely disappeared in Fig. 3.49c. It is also
observed that the use of a skew edge has a strong influence on the uniformity of the strain
distribution in the milled area.

Another remark is that the large strain concentrations causing the specimens in the previous
section to fail along the outer boundary, have almost completely vanished along the diagonal
boundaries that connect the edges of the polygon geometries in Fig. 3.49. This shape has
therefore an obvious advantage when compared with those others, and makes them also
more favourable in the search for an optimal specimen for the biaxial testing of (composite)
materials. However, this can not be said categorically, because the influence of a milled area
in the case of the previous studied shapes has not been studied thorough enough. Before
prefering one specimen type above the other, additional research has to be conducted on this
matter. Because this is a study on its own, some first steps are handled in the next sections.
However, we will first incorporate the generic approach with the evolutionary algorithm.

Figure 3.49: Experimentally obtained εyy strains for a “Qinetiq-like” specimen to which no milling
(a), a circular milling (b) and a circular milling with skew edges (c) is applied.

3.9 Implementation of the generic method into the evolution-

ary strategies

Now that the sensitivity of the outer boundaries has been proven, we return back to the
optimization method where the generic approach discussed above is combined with the evo-
lutionary algorithm. For this, we will continue with the polycarbonate material used in the
previous section whereby a load ratio of 1/1 is taken. The applied objective function differs
also from the approach followed during the optimization attempts performed in sections 3.4.2
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and 3.5. Because it was observed there that the use of a strain ratio as objective function
can put significant evolution pressure on the specimens, we consider here only the value of
the Von Mises stress outside the central region. Whereas this new approach could lead to
an increase of the Von Mises stress inside the milled area, it is not the main goal in this
section. What we will try to show here is that due to the fact that the number of parameters
has been reduced to only four, new opportunities arise to evaluate the search capabilities of
the strategies. First, we will demonstrate that the optimization algorithm is able to find the
optimal shape amongst a large and known group of specimens. To prove this, the following
methodology is used.

First, we will start by varying point B from Fig. 3.33a along a horizontal line with a specific
increment ∆x. As ∆x can be chosen according to the accuracy needed, the generic approach
without optimization delivers in this case still a manageable number of geometries, 39 in this
case. Nine of these are depicted in Fig. 3.50. The optimum shape is depicted in Fig. 3.50e
with a minimum Von Mises stress of 28.24 MPa. When the combination of the evolutionary
algorithm with the generic approach is allowed to find this optimal shape along the same
horizontal line, a slightly better shape is retrieved. With the combined optimization method,
the most optimal shape is depicted in Fig. 3.51i having a Von Mises stress value of 28.11
MPa. For this approach, 25 geometries have been calculated.

When the same method is repeated for the case where two parameters of the four, i.e. (x1, y1),
are allowed to vary freely within the octant boundaries, the evolutionary strategy should also
find the optimum here. However, when the generic method without optimization strategy is
used, it is clear that the number of designs increases rapidly (1420 shapes) with varying (x1, y1)
parameters. With this, the benefit of an optimization scheme becomes obvious. A selection
of some designs from the generic appproach are shown in Fig. 3.52 with the most optimal
one given in Fig. 3.52c having a maximum Von Mises stress outside the milled area of 25.92
MPa. In Fig. 3.53i the optimum, as found by the evolutionary algorithm in combination with
the generic approach, is shown amongst eight others found during the optimization process.
In this case only 133 shapes have been calculated whereby the most optimal one has a Von
Mises stress of 25.95 MPa.

With this it is clear that the optimization algorithm is able to find the shapes having the
smallest Von Mises stress outside the milled area. Moreover, this is accomplished in a signif-
icantly lower amount of attempts when compared with the generic approach. Such a benefit
becomes even more pronounced when the number of parameters that are allowed to vary
during the optimization is increased. In any case, it is clear that a powerful tool has been
developed for the study of the optimization of biaxial specimens. Moreover, to extend the
capabilities of the method, some important additional features have to be added to the evo-
lutionary strategies. This will be discussed together with the conclusions of this chapter in
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Figure 3.50: A number of shapes for the implementation of the generic approach whereby only one
parameter is optimized, as shown in Fig. 3.33a. The Von Mises stresses are shown here.

the next section.
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Figure 3.51: Implementation of the generic approach with the evolutionary algorithm, allows to find
the optimal shape where only one parameter is optimized, as shown in Fig. 3.33a. The
Von Mises stresses are shown here.
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Figure 3.52: A number of shapes for the implementation of the generic approach whereby point B is
allowed to vary freely within the octant region. The Von Mises stresses are shown here.
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Figure 3.53: Implementation of the generic approach with the evolutionary algorithm, allows to find
the optimal shape where two parameters are optimized. The Von Mises stresses are
shown here.
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3.10 Conclusion and further developments

With the study performed in this chapter it is clear that the optimization of a biaxial specimen
is not an easy task. First, the implementation of the evolutionary strategies has led to the
confirmation that a double rounding radius at the fillet corners should not be used in the
design of cruciform specimens for the biaxial characterization of materials. However, when
disregarding the use of such double radii and applying only one curvature, it is shown that
the strain distribution becomes very sensitive to small changes in geometry. This complicates
the reproduction of such specimens and the retrieval of biaxial failure data. However, besides
these findings, a second geometrical type was found. The advantage of this geometry is the
minor sensitivity to geometrical changes, making it a much more stable type of specimen.
The use of a cladding is nevertheless an important feature in both specimens, but has not
been investigated thoroughly in this dissertation, because it is a research topic on its own.

When overviewing this chapter, it is clear that a number of simplications have been used to
study the geometrical influence of biaxial specimens on the strain distribution. Some examples
are the use of shell models during the optimization process, the use of one particular stacking
sequence when working with composite materials or even the simplification to isotropic ma-
terials. Moreover, the use of more advanced objective functions such as the Tsai-Wu or the
Puck criterium and the lack of a specific cladding design are two other important issues in the
optimization of cruciform specimens, that should be certainly resolved in future optimization
attempts.

Besides the use of shell models during the optimization processes, we have also tried to extend
this approach to the more sophisticated three-dimensional finite element models. This ap-
proach will offer us more advanced optimization possibilities when coupled with the optimiza-
tion algorithm. However, at this moment our main efforts went to the automatic construction
of cruciform specimens allowing a number of three-dimensional cruciform parameters to be
changed in a time-efficient way, using the python scripting language. The parameters that
can be changed are for example the length of the specimen, the load ratio, the material prop-
erties (isotropic/composite), the number of layers (in case of a composite), the orientation
and thickness of each layer, the use of a cladding material and the shape of a possible milled
zone. This implementation made it therefore possible to perform some preliminary checks on
what the possible influence of a cladding is on the strain distribution in a cruciform specimen.
As previously seen with specimens that are similar to the one used by Rochdi et al. [30], the
use of a cladding is required if the strain sensitivity is to be cancelled out. To check this, we
have used the developed technique for a symmetrical [±45◦]S glass fibre reinforced composite
(Fig. 3.54a), for which a special aluminum cladding (Fig. 3.54b) is constructed. By adding
four aluminum sheets on both sides of the specimen, it is seen that the εxx strains (Fig. 3.55a)
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as well as the Tsai-Wu (Fig. 3.55b) values are maximal in the milled area. This shows that
the use of cladding should certainly be investigated in possible future continuation of this
work. Moreover, the coupling of the parameterized three-dimensional finite element models
can offer here a significant advantage.

Secondly, we would like to mention that despite the fact that the subject of optimization
appeared to be difficult enough and we therefore limited ourselves to the investigation of
isotropic materials, the implemented generic-optimization method incorporates also the abil-
ity to investigate the optimization of three-dimensional composite materials. With this, we
implemented, as seen in Fig. 3.55b, also the possibility to extract the Tsai-Wu failure criterium
as an objective function in future coupling with the evolutionary strategies.

Figure 3.54: Combination of a milled [±45◦]S glass fibre reinforced composite (a) with an aluminum
cladding (b) into a new shape (c).

Figure 3.55: Maximal values for the εxx strains (a) and the Tsai-Wu (b) values in the central zone
of the milled specimen on which an aluminum cladding is applied.
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4
Phased Array

Besides the investigation of the biaxial behaviour of composite materials, also
the detection of damage in these complex materials is an important topic. It is
therefore that in this chapter an attempt was made to study the damage that
occurs in the cruciform shape when loaded till final failure. However, before
being able to perform these kind of tests, it was decided to retrofit the existing
experimental facility so that the ultrasound scans on the cruciform could happen
in a much more efficient manner. Using the phased array to perform a scan on a
damaged cruciform specimen made it clear that the interpretation of the acquired
signals is not a straightforward task. This made us rethink our strategy in order
to acquire a deeper understanding of the damage mechanisms in the composite
material.
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4.1 Introduction

When material is damaged, during an experiment or even in real life, it is often interesting
to investigate this in a nondestructive way. The techniques that are used for these types
of studies range from optical/electromagnetic testing, to radiography and ultrasonic testing.
In this chapter the scanning performance of the ultrasound technique in general and the
ultrasonic phased array scanner in particular are investigated. As already mentioned in
the introductory Chapter 1, a phased array scanner was proposed in the F.W.O-project to
measure the evolution of fatigue damage in biaxially loaded composite materials. After the
project approval an Omniscan MX phased array was therefore acquired, which could be used
as a conventional ultrasound apparatus or as a phased array having 64 independently steered
ultrasound probes.

Through some preliminary fatigue tests performed at the VUB by ir. Andreas Makris and ir.-
arch. Carla Ramault, it became soon clear that the presence of the geometrical discontinuities
in the cruciform specimen (discussed in Chapter 2) had an even more pronounced effect on
the induction of fatigue damage around these zones and not in the central area. We therefore
decided to tackle first the optimization of the cruciform specimen before going over to the
usability of the phased array for the evolution assessment in biaxially loaded specimens.
However, to still investigate the advantages of the phased array technology in the detection of
damage in composite materials, we tried to compare this technique with the more traditional
ultrasound techniques such as the conventional C-scan. This study is on its own interesting
because of the questions coming from the industry concerning the usability and efficiency of
phased array scanners in the detection of material deficiencies during their material production
processes. The main concern hereby was whether the phased array could have a significant
improvement in scanning speed compared with the traditional C-scan techniques which formed
the bottleneck in their production process.

Before we could incorporate the Omniscan MX phased array into the existing classical ul-
trasound setup at MMC-UGent, a retrofitting of this setup became necessary because the
communication between the different components in the setup did not happen in an efficient
manner. It will be shown in this chapter that besides the already significant improvements
this retrofitting brought to the conventional scanning method, the usage of the phased array
improved the scanning speed even more drastically.

Despite of the understanding that damage does not start in the biaxial zone of the cruciform
specimen, we also decided to investigate whether the phased array could at least show a
difference in different loaded specimen where damage is induced in the corners or at the border
skew edges of the milled area. Performing this study, showed that it was very difficult to make
a difference between even an unloaded and a loaded specimen based on the retrieved phased
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array signals. This made us think that even when a cruciform specimen could be obtained
through an optimization scheme, it would be still important to assign a right judgement to
the signals coming from the phased array scanner. For this, we shifted the phased array
ultrasound research to a more fundamental approach where we tried to understand how the
ultrasound waves interact with isotropic materials in an numerical way. A short introduction
of this will be given at the end of this chapter and will be worked out more thoroughly in the
following chapters. It is therefore that the current chapter should be seen as an intermediate
chapter between the previous ones that handled about getting the biaxial cruciform specimen
to fail in the middle zone and the subsequent ones that deal with more detailed numerical
ultrasound investigations necessary to understand the experimental phenomena that come
out of ultrasound experiments.

4.2 Ultrasound technology

First a brief introduction is given on the conventional and the more sophisticated phased
array ultrasound.

4.2.1 Conventional ultrasound

The principle behind conventional ultrasonic testing is based on the creation of a voltage
pulse that is led to the piezoelectric crystal in the transducer. The crystal starts therefore
to resonate at its characteristic frequency leading to the emission of sound waves in the
surrounding water of air medium. Once the beam interacts with the test specimen, reflected
or refracted waves are then captured by the original emitting transducer or by a second
receiving one. This leads to a deformation of the piezoelectric element and transforms the
sound wave back into an electrical signal.

The two basic testing methods used with this conventional technique are the “pitch-catch”
and the “pulse-echo” method (Fig. 4.1). Whereas in the first case two transducers are used
(one transducer as transmitter and the other as receiver), in the second one a single transducer
acts as receiver and transmitter at the same time. Throughout this work this second approach
is employed in combination with a glass plate placed under the test specimen at which the
emitted wave is reflected and afterwards captured by the transducer. This third method is
called the “double transmission method”.

The trajectory of an emitted beam during a ultrasound experiment is shown in Fig. 4.2. The
sound wave is reflected on the front face of the test specimen, on the front face of the defect,
on the back face of the defect, on the back face of the test specimen and on the glass plate
of the immersion tank. The generated echoes are then captured by the transducer, measured
and displayed on a screen as a function of time. This is shown in the top right of Fig. 4.2,

141



Chapter 4. Phased Array

Figure 4.1: Schematic representation of the pitch-catch and the pulse-echo method.

where from left to right the captured signals are depicted: the initial pulse (IP), the front
echo (FE), the front defect echo (FDE), the back defect echo (BDE), the back (wall) echo
(BE) and the echo on the glass plate (GE). It often occurs that the front defect echo (FDE)
and back defect echo (BDE) are not distinguishable because they are too close to each other.

To scan a complete surface, the transducer is moved over the surface in a pattern as illustrated
in Fig. 4.3a during which the necessary data is collected in opposite movement directions.
This can lead sometimes to positioning errors of the probe due to small variations in the
acceleration and deceleration of the arms holding the transducer. For this, unidirectional
scanning can be more advantageous to reduce the positioning error to zero. This is shown
in Fig. 4.3b, where after each horizontal movement the probe returns to its home position
and the position is reset. Although this technique is more accurate than the bidirectional
movement, the additional movements increase the inspection time drastically, considering the
fact that it takes more than 1000 runs to inspect a length of 100 mm at a resolution of 0.1
mm.

The choice of the right transducer is crucial in performing a successful ultrasonic test and
depends largely on the application at hand. Hereby, the characteristic frequency of the
probe and the focal distance of a transducer should be checked carefully. Due to sound
pressure variations along the propagation axis, as illustrated in Fig. 4.4, it is important
to position the test specimen at the natural focus of the transducer which is located at
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Figure 4.2: Setup for ultrasonic testing in immersion tank (IP = initial pulse, FE = front echo, FDE
= front defect echo, BDE = back defect echo, BE = back echo and GE = echo on glass
plate). The different echoes are illustrated next to each other for improved visibility.

the transition zone between the near and the far field. Another important characteristic
is the transducer frequency. When an ideal transducer is used, only one frequency would
be excited when pulsing the piezoelectric crystal. In reality, more frequencies near to the
natural frequency are excited. Lower frequencies (0.5 MHz - 2.25 MHz) provide more energy
and penetration in the material, while high frequency crystals (15 MHz - 25 MHz) are more
sensitive to small discontinuities [2, 3]. This has a significant effect on the probability of
detecting a discontinuity. A general rule is that a discontinuity must be larger than one-half
the wavelength to have a reasonable chance of being detected [2].

There are many ways to represent the results of an ultrasonic scan graphically. The most
occurring representations vary from a simple A-scan, that gives the results after interaction
at a particular position, to the B-, C- and D-scans which are a collection of scans taken at
different positions for specific plane views. Where the B-scan (Fig. 4.5a) is a 2D-view of the
test specimen with the horizontal axis usually the position of the transducer and the vertical
axis the ultrasound path or time, the C-scan (Fig. 4.5b) (mostly used in this work) is also a
2D-view but taken as a top or plan view. In contrast with the B-scan, which is a side view,
the D-scan can be best understood as an end view.
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Figure 4.3: Bidirectional (a) versus unidirectional (b) scanning movement [1].

Figure 4.4: Schematic representation of the near field and the far field of a transducer. The red colour
marks poor sensitivity due to the influence of the initial pulse, the yellow colour is for
maximum sensitivity and the green colour marks reduced sensitivity due to divergence
and sound attenuation [4].
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Figure 4.5: B- (a) and C-scan (b) representation.

4.2.2 Ultrasound phased array

Ultrasonic phased array testing is an advanced form of conventional ultrasonic testing. The
expression “phased array” reveals already some important aspects of this technology. The
“array” stands for a matrix or a group of elements whereas “phased” points out the fact that
each of these element is submitted to controlled phase differences. By sequentially triggering
the individual elements of an array transducer at slightly different times (Fig. 4.6), the wave
fronts coming from the pulsed elements interfere and generate an overall wavefront. The
sound field of such a configuration can be represented, according to Huyghens’ principle [5],
by the sum of the pressure contributions of all the individual elements. As a consequence,
the ultrasonic wavefront can be focused or steered in a specific direction without manually
manipulating the transducer. Hence, the user is allowed to define the test angle and focal
distance necessary for a certain application. The micro-controller inside the instrument will
then automatically calculate and set the time delay for each individual element according to
a so-called “delay law”.

Current commercially available transducers contain as many as 16 to 256 individual elements.
These transducers can be manufactured in many different forms (1-D linear, annular, 2-D
matrix or circular), as shown in Fig. 4.7. The most common frequencies which come with
these geometries are in the range of 2MHz-10MHz. Moreover, it is easy to incorporate such
transducers in a conventional ultrasonic test setup where it can be used with the pulse-echo
method as well as with the pitch-catch method. Generally spoken, the pulse-echo method is
most frequently used [6], due to the fact that the received echoes are time-shifted according
to the applied delay. After summed together, the result is immediately displayed on a screen
as A-scan, B-scan, C-scan, D-scan or even S-scan (see later).
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Figure 4.6: Working principle of phased array technology. [6]

Figure 4.7: A few examples of phased array probes from Olympus NDT. [6]

Apart from controlling the phase differences and the delay time, three major computer-
controlled beam scanning patterns can be used with this technique:

• electronic scanning: a group of elements are fired at a certain time and consecutively
moved and repeated along the length of the phased array probe. For example the first
16 elements are fired at once, then the second till seventeenth element is fired and so on.
The result is an A-scan for each of all the probe elements. This eases the generation of a
B-scan over the length of the probe because the probe does not need to be displaced in a
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Figure 4.8: Beam focusing principle for (a) normal incidence and (b) angle incidence. [6]

physical way. This leads to a much more accurate scan whereby the error on the probe
position is significantly reduced. This technique also results in a time gain because
electronically firing successive elements is faster than physically moving the transducer.

• dynamic depth focusing: the delays on each element are configured after each other in
such a way that a scan is done with different focal depths. The time delays are shown
in Fig. 4.9 for the individual elements of a 32-element linear array probe focusing at 15
mm, 30 mm and 60 mm.

• sectorial scanning (S-scan): a fixed amount of the elements is steered so that the beam
is focused in a range of angles for a specific focal depth. The result is a cross sectional
image with a cone-shape, derived from a series of A-scans that have been plotted with
respect to the time delay and the propagation direction of the refracted ultrasound
wave. An example of a S-scan is depicted in Fig. 4.10.
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Figure 4.9: Delay values (a) and depth scanning principles (b) for a 32-element linear array probe
focusing at 15 mm, 30 mm and 60mm. [7]

Figure 4.10: S-scan at the right. [6]
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4.3 Inspection facility

As already mentioned in the introduction, the scanning of composite systems in a fast and
efficient manner is a pressing issue for composite manufacturers. To offer a question for these
issues, we will try in the first place to incorporate the aformentioned phased array in the
existing scan inspection facility at the research group MMC-UGent. However, before this
could be done, a retrofitting of this facility was needed whereby the communication between
the central scanning unit and the motion controllers needed to be improved significantly.
Without going into more detail about this improvement, we mention here that after this
retrofitting the inspection facility could be efficiently used with its five degrees of freedom
to perform a completely automated nondestructive test. Whereas it was also possible to
perform angular inspection of specimens with this setup, we will limit ourselves in this work
to the bidirectional scanning movement necessary for C-scans. For this, a transducer is moved
continuously over the test specimen while the ultrasonic scan signals are saved together with
the current probe position into files for further processing. The basic components needed for
such a test are schematically illustrated, together with their interconnectivity, in Fig. 4.11a.
Because we will use some terminology in the following sections concerning the scanning speed
of different composite specimens, it is important to clarify some of these terms. This will be
done for the two major components of this scanning setup.

First of all, the used ultrasonic apparatus is a Krautkramer Branson USIP 20. This apparatus
has besides the function to generate voltage pulses for the transmitting transducer (trans-
mitter), also the ability to process the voltage signals acquired by the receiving transducer
(receiver). The amplitude of the acquired voltage signal is then displayed as a function of
time on a CRT-display. The USIP has also an amount of analog and digital outputs which
are convenient for data transfer. The system for reading out analog information of the re-
ceived ultrasonic signal to the computer makes use of a “gate” which can be defined as a
time-window with a certain delay and width. The position and width of these gates can be
set manually on the USIP. The output voltage at each analog-out pin is proportional either to
the amplitude of the highest echo within the corresponding gate or proportional to the time
of flight. However, in some situations it is found that the amplitude of the echo measured
with gate 1 is so weak that no contrast can be made between a damaged and undamaged
zone. To solve this, an extra amplification, called the “BEA” amplification, is set for gate 1.

Secondly, we mention that the so-called manipulator used at the facility has 5 axes, defined as
X, Y , Z, R1 and R2. Whereas the axes X, Y and Z are used for linear movements, the two
axes R1 and R2 are rotational ones. An overview of these axes together with their positive
direction is illustrated in Fig. 4.11b.

As discussed above, the most important problem with this facility is the very slow inspection
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time due to slow position feedback from the motion control hardware, that controls the
motors, to the computer. Optimization of the inspection time is therefore obtained by first
integrating new motion controlling hardware into the facility to speed up position feedback
from the motion controllers to the computer. Secondly, a multi-element scanning phased array
was integrated into the facility. In the following sections a number of standard tests will be
conducted with the conventional technique on the one hand and with the phased array on
the other, in order to make a comparison between the two methods concerning the possible
scanning speed. However, whereas scanning speed is an important issue, it is emphasized
here that resolution of the scan is at least equally important. The obvious goal is of course
to obtain high resolution scans at a high inspection speed, albeit that both parameters are
inversely proportional to each other. An optimal inspection speed needs to be obtained as
function of the resolution.

Figure 4.11: Basic components of the ultrasonic scan inspection facility and their interconnectivity
(a) with a close-up of the 5 different axes X, Y , Z, R1 and R2 used in the manipulator
(b).
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4.4 Validation of scanning speed through conventional ultra-

sonics

The goal of this section is to demonstrate the performance of the retrofitted inspection facility
in combination with the conventional scanning technique. For this, multiple experiments have
been conducted where an Aerotech immersion transducer is used with a nominal frequency of
5 MHz and a focal distance of 2.54 cm (1 inch). The scanning speed (at a certain resolution)
is obtained for some glass fibre reinforced aluminum plates with introduced defects and an
impacted glass fibre reinforced plate. Afterwards the same scans will be performed with the
phased array to make a comparison possible.

4.4.1 Research on hybrid glass fibre/aluminum laminates

Six small hybrid glass fibre/aluminum laminates were scanned to detect damage. The plates
consist of two layers of glass fibers embedded in epoxy resin, covered on each side with an
aluminum plate. All of them have the same dimensions, i.e. 100 mm × 100mm. The first
3 plates have a glass fibre direction which is taken the same as the aluminum lamination
direction (CP3 type) (Fig. 4.12a), whereas for the other 3 plates the glass fibre is chosen
perpendicular to the aluminum lamination direction (CP4 type) (Fig. 4.12b).

Figure 4.12: The lay-up of the CP3 and CP4 plates consist of two aluminum plates with respectively
2 0◦ or 90◦ glass fibre layers.

Some possible defects (fibre crack and delamination) were simulated in the test specimens
during production. The fibre crack was brought in the specimen by cutting and removing
fibers in the middle of the plate before piling-up. The delamination was introduced by putting
a small piece of Teflon tape in one of the corners of the plate between the aluminum plate and
the prepreg causing interfacial debonding between them. The location and the dimensions of
the introduced defects are shown in Fig. 4.13a and Fig. 4.13b. The composite plates obtained
in this way with a fibre crack are marked with the letter ’F’ and the ones with a delamination
are marked with a letter ’D’. There are also two reference plates without any defect for lay-up
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type CP3 and CP4. These plates are marked with ’WD’. A short summary describing the
different test specimens is given in Table 4.1.

Figure 4.13: Location and dimension of a simulated crack fibre F (a) and a simulated delamination
D (b).

Table 4.1: Characteristics of the different test plates.

Plate number Defect Configuration prepreg Prepreg used

CP3 WD no defect 0◦/0◦ glass fibre
CP3 F cracked fibre 0◦/0◦ glass fibre
CP3 D delamination 0◦/0◦ glass fibre
CP4 WD no defect 90◦/90◦ glass fibre
CP4 F cracked fibre 90◦/90◦ glass fibre
CP4 D delamination 90◦/90◦ glass fibre

During scanning, it is important to apply an additional gain to increase contrast between the
damaged zone and the undamaged zone. The difference between an optimal configuration
of the gain and a less optimal one is depicted in Fig. 4.14a and Fig. 4.14b where the upper
and lower part of plate CP4 F were scanned with a different amplification. The lower part
contains more details and there is a higher contrast between the damaged and the undamaged
zone.

The acquired C-scans from the different plates are discussed in the sections below. It should
also be noted that additional impact damage in the shape of a scratch is found on the surface
of the test plates which is ascribed to the accidental drop of a mechanical tool. In the results
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Figure 4.14: C-scan plate CP4 F in color (a) and grayscale (b) (upsized 121 × 121 pixels to 300 x
300) with BEA = 50 dB (upper part) and BEA = 60 dB (lower part).

below, a dark colored region represents small reflection values. The black zones in the corners
of the figures are the supporting blocks of the plate.

Plate CP3 WD is supposed to have no defect, thus a C-scan without color contrasts is ex-
pected. This is largely the case, except from the zone where a scratch on the back of the plate
is found as seen from Fig. 4.15a. This scratch is also found in the scanning results, shown
with the red arrow in Fig. 4.16a. For the CP3 F plate, where an artificial fibre crack is applied
in the middle, the C-scan is shown in Fig. 4.16b. There the fibre crack is clearly seen as a
black zone in the middle of the plate due to the incompatible interfaces within the material.
When the C-scan for the reflection on the surface is made, as depicted in Fig. 4.17, additional
flaws, such as a dark line in the middle of the plate at approximately 2/3 of the height and
a dark spot on the left of the plate, become visible. These can be explained by looking at
the surface in Fig. 4.15b where a scratch and a small indentation are seen. The scratched
zone is darker on the C-scan because the incident energy is scattered in different directions,
resulting in less reflection. Finally, for the same CP3 plate type, but with a delamination, it
is found that the upper left corner was not entirely flat (Fig. 4.15c). This implies that the
ultrasound wave does not enter the plate perpendicular which is also confirmed by the C-scan
of the surface reflection (see Fig. 4.17b). This leads to a black zone in the upper left corner
on the C-scan (Fig. 4.16c) highlighting the presence of a delamination or the fact that the
plate was not flat.

For the second type of plate, the CP4 WD is first scanned. Despite the fact that no defects
are expected, some limited color contrasts are found in Fig. 4.16a, which indicate that some
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Figure 4.15: The three glass fibre reinforced aluminum plates used in the experiments: undamaged
(a), fibre damage (b) and a simulated delamination (c).

Figure 4.16: Grayscale C-scan for CP3 WD (a), CP3 F (b) and CP3 D (c) plate for the reflection
on a glass plate with amplification 56.5 dB.

interior damage may exist at approximately one third of the height. In case of an artificial
fibre crack in plate CP4 F, a black zone appears in the middle of the plate indicating that
less energy is received by the transducer (Fig. 4.16b). However, when compared with plate
CP3 F, it is clearly visible that the plate CP4 F has another fibre direction in relation to the
aluminum lamination. This is also retrieved during the ultrasonic tests indicated by vertical
and horizontal lines in the previous C-scans. For the delaminated plate CP4 D, the same
results were obtained as with the previous case CP3 D in Fig. 4.16c.

All the experiments performed here, have been done at a scanning speed of 2000 rpm and a
resolution of 1 mm. This led to the accomplishment of the scans within 12 minutes and 3
seconds, which is already quite an improvement with the case before retrofitting.
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Figure 4.17: Surface reflection for a CP3 F (a) and a CP3 D (b) plate

Figure 4.18: Grayscale C-scan for a CP4 SD (a), CP4 F (b) and CP4 D (c) plate for the reflection
on a glass plate with amplification 63 dB.

4.4.2 Research on impacted glass fibre reinforced plate

The goal of this experiment is to detect impact damage in a glass fibre reinforced plate.
Although invisible from the front of the plate (Fig. 4.19a), the damage is clearly observed
from the back of the impacted plate (Fig. 4.19b). Consequently, this type of damage can
form a serious threat to the strength of the material. Especially during maintenance or
service activities of composite airplane wings where events such as a tool drop or a bird strike
could bring large harm to the structural stability of the wing.

An area of 150 mm × 150 mm was scanned with a resolution of 1 mm at 42 mm/s. One gate
was positioned over the surface echo (30 dB), one at a certain depth in the material (30 dB)
and one gate over the reflection on the glass plate for which a gain of 44 dB was used. The
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Figure 4.19: Front (a) and back (b) view of an impacted glass fibre reinforced composite.

impact damage can clearly be detected on the respective C-scans of Fig. 4.20a, Fig. 4.20b
and Fig. 4.20c. However, the scans created through direct reflection show more details than
the double transmission due to the high energy losses in the latter case.

Figure 4.20: Three ultrasound scans are taken. One taken from the surface echo (a), one at a certain
depth in the material (b) and the last one through double transmission (c).

Performing of each of these scans took around 12 minutes to complete. It is clear from these
experiments, and also from the previous section, that already considerable time profits have
been obtained in comparison with the old state of the inspection facility where similar scans
could take multiple times of the latest achieved scanning time. In the next section, the use
of the ultrasound phased array will be investigated for scanning the same specimens and at
an even faster scanning speed and higher resolution.
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4.5 Validation of scanning speed through phased array ultra-

sonics

This section contains the experiments done with the ultrasound phased array technique. As
the possibilities with this apparatus are endless, we will focus here on electronic beam scanning
that lowers the inspection time, and on beam focusing to concentrate the energy on a specific
place. For the transducer a linear array immersion transducer is chosen which consists of
64 elements and has a centre frequency of 5MHz. Also here, the experiments are performed
using the double transmission method. In some cases, the gates are positioned at a certain
depth to obtain through the thickness information.

4.5.1 Research on hybrid glass fibre/aluminum laminates

The plates that will be examined here have already been discussed in the previous section.
When the C-scans are taken with the phased array, as in the results above, by means of
reflection on the glass plate, it can be seen that the zones with fibre crack and delamination
remain visible. This is seen in Fig. 4.21a-c and Fig. 4.22a-c. Because the back of the test
specimen is often not accessible, reflection on a glass plate is not a feasible technique for
many in service inspections. Therefore, the gates are positioned over the back wall echo or
at a certain depth in the material. This was performed on plate CP4F where the gates were
positioned at different depths in the material. Depending on the exact position of the gate,
it is possible to observe the fibre crack or not. The one where the crack is visible is shown in
Fig. 4.23a. Moreover, when comparing this result with the one obtained through reflection on
the glass plate (Fig. 4.23b), less details are found when compared with the case in Fig. 4.23a.

Figure 4.21: Phased array C-scan for CP3 WD (a), CP3 F (b) and CP3 D (c) plate for the reflection
on a glass plate.
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Figure 4.22: Phased array C-scan for a CP4 SD (a), CP4 F (b) and CP4 D (c) plate for the reflection
on a glass plate.

These results were done at a scanning speed of 13.30 mm/s and a resolution of 0.1 mm,
which happened within 1 minute and 15 seconds in comparison with the previous obtained
12 minutes and 3 seconds.

Figure 4.23: Plate CP4F with a gate positioned inside the material and where the damage can be
clearly seen (a) at a certain depth and less observable at a different depth (b).

4.5.2 Research on impacted glass fibre reinforced plate

The impacted glass fibre reinforced plate is examined here at two different resolutions (1
mm and 0.1 mm) and with an unfocused and focused beam. The unfocused measurement is
achieved by performing an electronic beam scan along the length of the transducer with one
active piezoelectric crystal at a time. This means that the first element of the transducer is
pulsed first, then the second as soon as the first received the echo and so on.
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Scan 1: Each element of the 64-element transducer pulsed individually at a res-
olution of 1 mm

The tests were performed at a scanning speed of 80 mm/s and a resolution of 1 mm. The gates
were then properly positioned over the signals highlighting the reflection on the surface and
the glass plate with a gain of 35 dB that was determined iteratively for an optimal contrast
between the damaged and undamaged zone. In Fig. 4.24 a screen shot is shown of the A-scan
acquired by the first piezoelectric element, besides the position of the gates which are given
in red, green and yellow at the top of the figure. The two C-scans shown below the A-scan in
Fig. 4.24 represent the signals coming from the gates. The color coding used with the phased
array is shown in Fig. 4.24. Whereas a white color indicates zones with little reflection and
therefore is an indication for damage, a red color indicates undamaged zones. This can be
easily seen in the middle of Fig. 4.25a where the zone with impact damage is shown. Here
the reflection on the glass plate with 64 individually pulsed elements and a resolution of 1
mm and gain 35 dB is shown. The two white blocks on the left and the right are not zones
with damage. They are simply the polymer blocks which support the composite plate. The
smooth color on the C-scan with the reflection on the upper surface indicates (Fig. 4.25b)
that there is no damage on this side of the plate.

Scan 2: Each element of the 64-element probe pulsed individually at a resolution
of 0.1mm

The same setup parameters are used as those taken in scan 1, except from the resolution
which is now 0.1 mm. The composite plate is scanned at the maximal scanning speed of 14.6
mm/s. The results are shown in Fig. 4.26a and Fig. 4.26b where the difference in resolution
is barely visible with the C-scans from the previous test. The plate was scanned at a speed
of 12 mm/s and completed within approximately 2 and a half minutes.

Scan 3: Focused beam with 16 elements at a resolution of 0.1 mm

The third ultrasonic scan of this plate was performed with a beam focused at the middle of
the plate. The gain was reduced to 15 dB and the maximal allowed scanning speed was 13.3
mm/s.

The gate was placed in the interior of the plate to obtain information about the internal state
of the material. At first, this gave a lot of problems because the front surface was slightly
curved which made it difficult to position the gate between the reflections on the surface and
the back of the composite plate. This was solved by triggering on the surface reflection of the
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Figure 4.24: Screen shot of the impacted fibre reinforced composite.

test specimen, which is called the “interface echo”. As a consequence, the other gates will
move along with the interface echo and stay at a fixed place relatively to the interface echo.

The results for an unfocused and focused beam with the gate positioned at 3 different depths
in the plate are respectively in Fig. 4.27 and Fig. 4.28. First, we can observe that a focused
beam gives smoother color transitions. Secondly, on the “focused” scans some phenomena
can be observed which cannot be observed on the “unfocused” scans. For example, Fig. 4.28c
indicates a lighter zone in the middle whereas Fig. 4.27c not. This can be an indication that
a focused beam is more suitable for finding defects. However, the interaction between the
focused beam and the composite plate is not known and therefore care should be taken when
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Figure 4.25: Reflection on the glass plate (a) and the upper surface (b) with 64 individually pulsed
elements using a resolution of 1mm and a gain of 35 dB.

Figure 4.26: Reflection on the glass plate (a) and the upper surface (b) with 64 individually pulsed
elements using a resolution of 0.1mm and a gain of 35 dB.

making conclusions on basis of these first tests. The interaction of the focused beam with the
composite plate has to be investigated further to get a better understanding of the occurring
phenomena.
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Figure 4.27: Comparison between the results with a focused beam at three different depths (a-c) of
the gate in the plate.

Figure 4.28: Comparison between the results with a unfocused beam at different depths (a-c) of the
gate in the plate.

4.6 Phased array for the damage detection in composite cru-

ciform specimen

From the previous sections, it is clear that the use of the phased array has a major advantage
in the scanning speed when compared with the traditional scanning methods. Besides the
improvement of the scanning speed, which has of course its benefits in the localisation of
damage in industrial production processes of composite materials, the technique can also
be used for others goals. Hereby we think for example of the ability to make a distinction
between different damage types or the assessment of damage evolution so that the level at
which damage becomes severe for the structural integrity can be obtained. However, as will
be shown in the following sections, the use of the method for such detailed studies, where a
deep understanding is needed for the interpretation of the retrieved phased array signals, is
much more complicated than its use in C-scan investigations. To prove this, we will apply
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the phased array technique, in combination with the digital image correlation technique, to
retrieve through-the-thickness information in the cruciform specimen discussed in Chapter 2.
It will be shown that despite of the knowledge acquired from the Puck criterion in Chapter 2,
pointing out that a rapid increase of damage can be expected around 70% of the total failure
load, it is hard to prove this with the phased array technology. This study will be performed
by comparing the phased array images of uniaxially and biaxially loaded specimens that were
loaded till 75% of the final failure load, with an unloaded specimen. This comparison is
conducted for a linear increase of the load as well as for a hysteresis loading-reloading cycle.
Because it is difficult to asses purely based upon the phased array images which specimen
is the most damaged one or even which specimens are damaged at all, a more fundamental
approach must be followed for a deeper knowledge on possible damage types. This approach,
which will be explored in the next chapters, will be introduced at the end of this section.

4.6.1 Digital image correlation results

The experiments that have been done with the biaxial test setup can be divided into a static
and a cyclic loading scheme. For each of these two schemes a uniaxial and a biaxial loading
test, with a load ratio of 3.85/1, has been performed. The largest load Fx is always applied
along the dominant [0◦] fibre direction. From the experiments done by Smits et al. [8] it is
known that the glass/epoxy material fails under a biaxial load of Fx/Fy = 46.2 kN/12 kN.
The images that are shown in this section correspond with approximately 75% of this biaxial
failure load. This means that when the specimen is loaded biaxially, 34.5 kN is applied in
the [0◦] direction and 9 kN in the [90◦] direction. In the case of a uniaxially loaded specimen
only the 34.5 kN is put along the horizontal x-axis. It can be clearly seen from Fig. 4.29 and
Fig. 4.30 or from Fig. 4.31 and Fig. 4.32 that when the load is applied statically or cyclically,
no major differences are observed in the strain fields (εxx, εxy, εyy). The differences observed
between the uniaxial and the biaxial performed tests are purely due to the loading difference
(uniaxial versus biaxial). The reason why the εyy uniaxial strain field is very different from
the biaxial one, is due to the fact that the 90◦ direction is left unloaded in the uniaxial case.
The shear strain εxy is more distinct in the biaxial case compared to the one in the uniaxial
case. For the εxx strain field, no remarkable changes are observable.

4.6.2 Phased array technique images

Whereas the damage in the four cases, uniaxial/biaxial tests in combination with the static or
cyclic approach, is very similar and clearly visible in Fig. 4.33, the phased array technique is
used to see whether a difference can be found between the damage patterns of the four cases
on the one hand, and an undamaged specimen. Because it is clear from Fig. 4.33 that the
damage occurs at the fillet corner area and the zone between the inner and outer circle and
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Figure 4.29: The strain fields εxx (a), εxy (b), εyy (c) from a static-uniaxial loading state with load
ratio Fx/Fy = 34.5/0 kN

Figure 4.30: The strain fields εxx (a), εxy (b), εyy (c) from a cyclic-uniaxial loading state with load
ratio Fx/Fy = 34.5/0 kN

Figure 4.31: The strain fields εxx (a), εxy (b), εyy (c) from a static-biaxial loading state with load
ratio Fx/Fy = 34.5/9 kN

the milled zone, we will focus the technique on this region to see whether the delamination
found in the previous Chapter 2, can also be observed here. Moreover, as seen from the
same figure, no damage is found in the central region, affirming the conclusions and the
optimization attempt of the previous chapters. For now, a sectorial scan will be taken to
observe the damage.

The ultrasound waves are generated by the Omniscan which is connected to a 5MHz linear
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Figure 4.32: The strain fields εxx (a), εxy (b), εyy (c) from a cyclic-biaxial loading state with load
ratio Fx/Fy = 34.5/9 kN

Figure 4.33: Whitening of the glass/epoxy points to the presence of damage at 75% of the total
failure load.

array probe. The propagation direction of the waves is parallel with the normal on the surface
of the central cruciform region. First, a sectorial scan is taken from the central milled out
zone and the skew edges becasue the damage is clearly visible in the latter zone for the loaded
specimens. The scan from the unloaded specimen, shown in Fig. 4.34, is taken as a reference
scan. Comparing this reference scan and those from the cruciforms subjected to the four
different loading schemes (Fig. 4.35 and Fig. 4.36), shows that it is difficult to distinguish
them. Moreover, it is also very difficult to asses the presence of a delamination in the four
loaded cases if one does not know that it should occur in that region. It is in other words clear
that a more fundamental approach is needed to understand the information that comes out
of the phased array results in particular, but also to analyse how ultrasound waves interact
with damage type in general. The approach that will be proposed in the following chapters,
is introduced and justified briefly in the next section.
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Figure 4.34: Sectorial scan of an unloaded specimen.

Figure 4.35: Sectorial scan of an uniaxial (a) and a biaxial (b) statically loaded specimen.

Figure 4.36: Sectorial scan of an uniaxial (a) and a biaxial (b) cyclically loaded specimen.
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4.7 Further developments

As the discussed phased array results were not able to show a clear and unambiguous dif-
ference between the unloaded and loaded test specimens, we have to orient the study on
damage detection in materials more towards the explanation and interpretation of certain
ultrasound phenomena. For this, we will proceed in the next chapters with a numerical study
based on the finite element method which will allow a thorough study of the interaction of
materials with ultrasound waves. Although this technique is primarily used for the study of
mechanical problems, as shown in the previous chapters, we will try to employ the method
for understanding the interaction between an ultrasonic beam and a damaged material. It
will appear, as we will see in the next chapter, that this can be made possible only if the
continuity requirements at the interface between two media are respected.

However, before starting with this approach, we are bound to simplify some points about the
conducted experiments with the phased array in order to gain more insight into the compli-
cated interaction phenomena between ultrasound waves and possible material discontinuities.
The first simplification concerns the interaction between the ultrasound waves on the one
hand and the composite material and the material geometry on the other hand. It is known
from Chapter 3 that the damage mechanisms that occur in the cross shaped specimen have
a complex pattern involving both matrix cracks and fibre breakage at the rounding of the
arms and in the central area. This means that in addition to the already complex reflections
of the transmitted ultrasound wave on the various material layers, also complex interaction
phenomena take place with the aforementiond material deficiencies (Fig. 4.37a). This results
in a complicated sound field whereby the various reflected beams interact with each other,
complicating the interpretation of the gathered ultrasound signals received by the phased ar-
ray transducer. Moreover, the reduced thickness at the top surface of the specimen as seen in
Fig. 4.37b, makes these interactions even more difficult. To simplify these complex patterns,
we will focus in the following chapters on the interaction of isotropic materials with a partic-
ular predefined type of material discontinuity. For this, we consider a material surface crack
(Fig. 4.38a) as the end of a flat plate, because it can be primarily seen as half of a complete
crack (Fig. 4.38b) with a corner angle θ of 90◦ (Fig. 4.38c). The discontinuity interaction will
be studied in the next chapter using three important wave types in the field of non-destructive
testing.
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Figure 4.37: Interaction between an incident ultrasound beam and the cruciform specimen whereby
the surface reflections interfere in a complex way with the reflected waves on internal
cracks in the composite material (b).

Figure 4.38: Simplification of a material surface crack (a) by splitting it up into two identical parts
(b) and allowing the θ angle to reach 90◦ so that the solid edge of an half infinite plate
is retrieved (c).

168



Chapter 4. Phased Array

Bibliography

[1] Michael Moles and Colin R. Bird, Introduction to Phased Array Ultrasonic Technology
Applications, R/D Tech, Waltham (USA), first edition, 2004.

[2] NDT Resource Center, “Basic principles of ultrasonic testing,” ntroduction/descrip-
tion.htm, October 2007.

[3] Peter J. Shull, Nondestructive Evaluation: Theory, Techniques, and Applications, CRC
Press, Florida, first edition, 2002.

[4] Krautkramer NDT Ultrasonic Systems, “Basic principles of ultrasonic testing,” February
2008.

[5] Shi-Chang Wooh and Yijun Shi, “Optimum beam steering of linear phased arrays,” Wave
motion, vol. 29, no. 3, pp. 245–265, 1999.

[6] Michael Moles and Colin R. Bird, Introduction to Phased Array Ultrasonic Technology
Applications, R/D Tech, Waltham (USA), first edition, 2004.

[7] Michael Moles and Colin R. Bird, Advances in Phased Array Ultrasonic Technology Ap-
plications, R/D Tech, Waltham (USA), first edition, 2004.

[8] A. Smits, D. Van Hemelrijck, T. P. Philippidis, and A. Cardon, “Design of a cruciform
specimen for biaxial testing of fibre reinforced composite laminates,” Composites Science
and Technology, vol. 66, no. 7-8, pp. 964–975, 2006.

169



170



5
Coupled acoustic-structural interaction

In this chapter the mathematical basis for dealing with ultrasound effects by
means of the finite element method is explained. The theoretical derivations pre-
sented for the chosen approach are clarified by applying the methodology to a
widely discussed phenomenon in the field of ultrasound testing, known as the
Schoch effect. This effect is explained gradually throughout this chapter by elab-
orating on it step by step. It is seen that besides some known features of this
effect, which were already reported in several studies, also new aspects could be
discovered. Because this numerical method appeared to be very promising, it was
extended and automated so that more complicated problems could be investigated.
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5.1 Introduction

As seen from the previous chapter, the interpretation of reflected ultrasonic waves after inter-
action with solid materials is not a straightforward task. It has been shown from the phased
array results that for a cruciform specimen loaded till 75% of the failure force, no large dif-
ferences are found between the unloaded and loaded specimen, whether in uniaxial or biaxial
way or even statically or cyclically. However, through the progressive failure analysis with
the Puck criterium developed in Chapter 2, we know that material degradation starts in a
very early stage of the loading process, possibly leading to microcracks in the matrix material
and to delamination of the bonded interface between fibre and matrix material. The reason
why the ultrasound phased array is not able to clearly identify the exact type of damage
and its precise location in the material, is due to the fact that the ultrasound beam interacts
in a very complex manner with the composite, on the macro (specimen shape) as well as
on the micro level (fibre, matrix and the interface between them). In other words, no clear
judgement can be given on the phased array S-scan results without any deeper knowledge of
the interaction of ultrasound waves and the composite specimen. A schematic overview of
the complex interactions that happen during a ultrasound test is shown in Fig. 5.1. First,
it is shown that the interaction of the ultrasound beam with the skew surface, results in a
complete beam scattering that interferes with the incoming sound beam. Secondly, the mul-
tiple internal reflections and energy losses that happen during transmission of the ultrasound
beam through the material, also interact with the previous beams, making the reflected signal
only more complicated. It is clear that all of this makes it very difficult to determine in an
unambiguous manner where which type of damage is located.

To investigate each of the aspects mentioned above, it is imperative to break down the problem
of interaction of ultrasound with a (damaged) material into some basic workable problems.
Moreover, the fact that composite materials are complicated systems, it is chosen here to
understand first how a ultrasound beam interacts with an isotropic material such as steel,
aluminum or glass. The method that is applied to tackle these basic problems is the finite
element method (FEM). As already seen from the previous chapters, this method represents
a general class of techniques for the approximate solution of partial differential equations.
Due to the fact that the propagation of sound is governed by continuum mechanics, it is
shown in the following paragraphs that the proposed method can be sufficiently accurate
in the investigation of some typical acoustic-structural problems where a solid volume is
in contact with a fluid medium along a boundary surface. However, before tackling some
of these problems, the method is explained and applied on a well known phenomenon in
ultrasonics, called the Schoch effect. This is done in the first place to make the reader
familiar with some basic aspects that are important in the field of nondestructive testing
and secondly to use this phenomenon as a proof of concept throughout this chapter to prove
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the feasibility of the method for the coming investigations in the next chapters. Therefore,
first the physical phenomenon behind this Schoch effect is briefly explained whereafter the
theoretical background on how interaction between the solid and liquid medium is dealt
with in the finite element method. Next, it is shown that all physical effects necessary to
obtain the Schoch effect can be captured with the FEM method during the calculations. To
make a complete comparison possible between the results coming from the FEM method and
those from the experiments, some explanation about the post-processing of the FEM results
is needed. Finally, a generic approach is presented for the FEM modelling of an acoustic-
structural problem, so that in the next chapters the detailed investigations can happen rather
fast, offering new opportunities in the investigations of ultrasound interaction phenomena with
solid materials. Despite of the fact that the commercial finite element code ABAQUSTM is
mainly used as a package for mechanical analysis, the unusual manner this software has been
employed in the following chapters, led nevertheless to several new insights. The innovative
approach presented below made it possible to formulate a conclusive answer for some questions
that remained open in several scientific reports over the last decades. However, before going
into much more detail, we will discuss the mathematical background and the framework of
the followed methodology.

Figure 5.1: Scattering of an orthogonal incident ultrasound beam on the central area of a milled
cruciform specimen.
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5.2 Schoch effect

Rayleigh waves are well-known elliptically polarized surface waves on the surface of a solid.
They have been a subject of study in both geology and in ultrasonics. When the surface is
covered by a liquid, such as when a thick solid plate is immersed in water, Rayleigh waves
leak energy into the liquid and are called leaky Rayleigh waves. Leaky Rayleigh waves are
particularly useful for nondestructive purposes because they enable the detection of surface
and subsurface defects and they can be generated by means of an incident ultrasonic bounded
beam. The Schoch effect arises when an ultrasonic beam is incident at the Rayleigh angle
(measured from the normal to the liquid/solid interface); then the reflected beam at the
interface surface, in most cases, shows up as two lobes (Fig. 5.2) separated by a zone with
no pressure distribution. The first lobe is generally called the specular lobe, the second one
is usually referred to as the non-specular lobe. The existence of the non-specular lobe is a
consequence of the generation of leaky Rayleigh waves. Its exact origin is believed to be the
interaction of the leakage field with the specular sound field resulting in a null strip where
the specular lobe is in anti-phase with the leakage field. At angles different from the Rayleigh
angle, the reflected beam will not split up. The presence of a null strip was first reported by
Neubauer [10]. The specular lobe is also shifted in space. The shift of position is referred to
as the Schoch effect [37, 38].

Figure 5.2: Schematic visualization of the Schoch effect. Picture taken from [1]

In the experiment of Fig. 5.3a, a relatively large aluminum plate (large enough to make
sure that no edge effects are involved) is used with the following material properties: Young’s
modulus (E = 7.55·1010N/m2), Poisson’s ratio (ν = 1/3) and density (ρS = 2700kg/m3). This
plate is immersed in water, which will act as the propagation medium of a 4MHz ultrasonic
beam with a Gaussian width of 15 mm. The angle of the incident beam in Fig. 5.3a is slightly
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different from the critical Rayleigh angle. In this case we can see that the beam just reflects
on the aluminum surface without splitting up. In a second experiment (Fig. 5.3b), where the
beam radiates under an angle of 31◦ the Schoch effect unfolds. Similar effects are not visible
at other angles, in correspondence with experiments as in Fig. 5.2.

Figure 5.3: Laboratory experiment (Schlieren picture - see section 5.5.3) of a 4MHz Gaussian beam
with 25◦ (a) and 31◦ (b) as angle of incidence after reflection on a aluminum surface.

First, we explain very briefly what a finite element method is and how it is used to solve the
coupled acousto-structural interaction. Next, we show how the Schoch effect [2–9] accompa-
nied by a null strip [10], can be simulated at a fluid-solid interface of infinite extent.

5.3 Finite element formulation

During the past two decades, finite element methods have extensively been used in many engi-
neering fields with great success. These methods represent a general class of techniques for the
approximate solution of partial differential equations. Apart from mechanical [11–17], ther-
mal [18–21] and electrical problems [22–25] also acoustic [26–31] and even coupled acoustic-
structural problems [32–36] can be handled with these methods. In the finite element formu-
lation of acoustic-structural problems, the necessary partial differential equations (PDE’s) to
describe the coupled problem can be derived from the conservation law of linear momentum.
In the next paragraph the necessary equations for solving the acoustic-structural problem
will be given. Consider Fig. 5.4 where a solid volume V Solid = V S with boundary surface
SSolid = SS is in contact with a fluid medium V Fluid = V F having a boundary surface
SFluid = SF . The solid is described by the differential equation of motion for a continuum
volume assuming small deformations and the fluid by the acoustic wave equation. Coupling
conditions at the boundary surface SSolid−Fluid = SS−F between the structural and fluid
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domain ensure the continuity in displacement and pressure between the two domains.

Figure 5.4: Solid medium V Solid in contact with a fluid medium V Fluid with SSolid−Fluid as the
interaction surface.

5.3.1 Acoustic formulation

In each of the three orthogonal directions xi (i = 1, .., 3) (Fig. 5.4) the governing equations
for small motions of the fluid medium V F , that is assumed to be non-viscous, rotational-free,
compressible and with no velocity-dependent momentum loss, can be written as

− ρF ·
∂2uiF
∂t2

+
∂p

∂xi
= 0 on V F (5.1)

The constitutive behaviour of the fluid which relates the pressure in the fluid to the spatial
derivative of the displacement can be described as

p = −BF
3∑
i=1

∂uFi
∂xi

(5.2)

Taking the divergence of Eq. (5.1) and substituting Eq. (5.2), the acoustic wave equation is
found

− ρF
BF
· ∂

2p

∂t2
+∇2p = 0 (5.3)

where ∇2 = ∂2/∂x2
1 + ∂2/∂x2

2 + ∂2/∂x2
3 is the Laplace operator.
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For solving the partial differential Eq. (5.3), some necessary conditions have to be satisfied
on the boundary surface SF , before a unique solution can be obtained. On a part of this
boundary, SFü , where the acceleration is specified, a special form of Eq. (5.1) has to be
fulfilled :

∂p

∂nFi
= −ρF ·

∂2uFn,i
∂t2

on SFü (5.4)

For the part SFp of the boundary surface SF , the pressure field p has to fulfill the prescribed
values that are denoted with a tilde (∼):

p = p̃ on SFp (5.5)

In the equations above p = p(x1, x2, x3, t) is the scalar pressure field relative to the hydrostatic
pressure, x = (x1, x2, x3, t) the spatial coordinate vector, t is the time, ρF is the mass density
of the fluid, ~uF = (uF1 , u

F
2 , u

F
3 , t) is the fluid particle displacement vector, BF is the bulk

modulus of the fluid, ~nF = (nF1 , n
F
2 , n

F
3 , t) is the unit normal vector on the fluid surface,

∂2uFn,i is the i-th (i = 1..3) component of the acceleration vector ∂2~uFn on the fluid boundary
in the direction of the normal to that boundary.

To derive the finite element formulation for the acoustic domain, Eq. (5.3) is multiplied by a
virtual pressure field δp = δp(x1, x2, x3, t) that is defined as a continuous scalar field on V F

and SF . After taking the integration over the specified domains and the application of the
Gauss’ theorem, the weak formulation of the acoustical problem is achieved

−
∫∫∫

V F
(δp)

ρF
BF
· ∂

2p

∂t2
dV +

∫∫∫
V F
∇(δp)∇pdV +

∫∫
SF

(δp)ρF ·
∂2~uFn
∂t2

dS = 0 (5.6)

To obtain the discretized form of the Eq. (5.6), the domain V F has to be divided into m

finite elements, where the pressure field is approximated. After the substitution of these
approximations and the elimination of the virtual pressure field in Eq. (5.6), the acoustic
wave equation in its discretized form becomes

MF P̈ (t) +KFP (t) = −RF (t) (5.7)

with

MF =
m∑
1

ρF
BF

∫∫∫
VF e

QTQdV e (5.8)

KF =
m∑
1

∫∫∫
VF e

F TFdV e (5.9)
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RF (t) =
m∑
1

ρF

∫∫
SF e

QT
∂2~uFn
∂t2

dSe (5.10)

Where Q is the row vector of interpolation functions, P (t) is the vector of the pressure in the
nodes at time t, F is the matrix of spatial derivatives of the interpolation functions for the
fluid, MF is referred to as the fluid mass matrix, KF is the fluid stiffness matrix, and RF (t)
is the fluid external force vector.

5.3.2 Structural formulation

In each point of an arbitrary continuum body V S , with surface SS (Fig. 5.4), the governing
partial differential equation of motion can be written as

∂σij
∂xj

− ρS ·
∂uSi
∂t2

+ fSi = 0 on V S (5.11)

In this equation σij is the Cauchy stress tensor, xj is the j-th component (j = 1..3) of the
spatial vector ~x, ρS is the density of the solid medium (assumed to be constant), uSi is the
i-th component (i = 1..3) of the displacement vector ~uS , t is the time and ~fSi is the i-th
component (i = 1..3) of the body force ~fS acting on the solid medium V S .

In case of small strains and deformations, which is justified for the incidence of an acoustical
wave on a structural part, the kinematic relationship between the displacements and the
strains in that body can be presented as

εij =
1
2

(
uSi
xj

+
uSj
xi

)
(5.12)

where εij represents the Green-Lagrange strain tensor. The constitutive model describing the
relation between the stresses and strains for an isotropic material, e.g. aluminum, can be
described as

σij =
E

1 + ν
(εij + δij

ν

1− 2ν
I1) (5.13)

with

I1 = ε11 + ε22 + ε33 (5.14)

The solution of the partial differential equation found by combining Eqs. (5.11), (5.12) and
(5.13) can only be found if a set of boundary conditions is specified and fulfilled on the
boundary surface SS . Two boundary conditions are taken into account :

uSi = ũSi on SSU (5.15)
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3∑
j=1

σijnj = φSi on SST for(i = 1..3) (5.16)

In Eq. (5.15) the tilde (∼) means that the displacement ũSi is specified on SSU . In the other
equations nj is the j-th component (j = 1..3) of unit normal vector ~n on the surface SS , φSi
is the i-th component of the traction vector ~φS , E is the Young’s modulus, ν the Poisson’s
ratio, δij is the Kronecker delta, SST is the part of the boundary where external traction is
specified, and SSU is the part of the boundary where the displacement is specified.

If we interpret δSi as the i-th component (i = 1..3) of a virtual displacement vector δ~uS and
δεSij as the corresponding virtual strain and if we assume that no body forces exist, then the
virtual work done by the external loadings and the internal stresses integrated over the entire
body V S can be written in the following way

−
∫∫∫

V S
ρS ·

∂2uSi
∂t2

δuSi dV +
∫∫

SS
φSi δu

S
i dS −

∫∫∫
V S

σijδε
S
ijdV = 0 (5.17)

with

δεSij =
1
2

(
δuSi
xj

+
δuSj
xi

)
(5.18)

It has to be observed that the virtual displacement vector satisfies all the boundary conditions
defined on the surface SS . Writing the tensors εij and σij in their respective matrix forms εS

and σS , Eq. (5.17) can be transformed in

−
∫∫∫

V S
ρS ·

∂2~uS

∂t2
(δ~uS)TdV +

∫∫
SS

~φS(δ~uS)TdS −
∫∫∫

V S
σSδ(εS)TdV = 0 (5.19)

Dividing the domain V S into n finite elements, in which for each of them an approximation
is introduced for the displacement vector

~uS(~x, t) = H(~x)~ue(t) (5.20)

and for the virtual displacement vector

δ~uS(~x, t) = H(~x)δ~ue(t) (5.21)

gives the discretized equation of motion after elimination of the virtual displacement field
vector in Eq. (5.19)

MSÜ(t) +Rint(t) = Rext(t) (5.22)

with
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MS =
n∑
1

∫∫∫
VSe

ρSH
THdV e (5.23)

Rint(t) =
n∑
1

∫∫∫
VSe

BTσSdV e (5.24)

Rext(t) =
n∑
1

∫∫
SSe

HT ~φSdSe (5.25)

In the Eqs. (5.22-5.25) MS is the structural mass matrix, Ü(t) is the nodal acceleration
vector, Rint(t) is the internal force vector, Rext(t) is the external force vector, H(~x) or H is
the matrix containing the interpolation functions for an element and B(~x) or B is the matrix
containing the spatial derivatives of the interpolation functions.

5.3.3 The coupled acoustic-structural partial differential equations

By gathering the necessary Eqs. (5.7-5.10) and Eqs. (5.22-5.25) that characterize the coupled
model, a system of partial differential equations is formed. The boundary condition that
describes the interaction between the two media enforces the acceleration of the fluid at the
interface to be the same as the acceleration of the solid at that interface. It gives a proportional
relation between a pressure at the interface and the corresponding structural acceleration. In
this way the physical condition expressed by the classical impedance equations between two
media are fulfilled at the interface.

Defining SS−F as the structural-fluid interface (Fig. 5.4), the discretized finite element equa-
tions for the coupled fluid-structure system are expressed as

MF P̈ (t) +KFP (t) = −RF (t)− ρF IT Ü(t) (5.26)

and

MSÜ(t) +Rint(t) = Rext(t) + IP (t) (5.27)

where the global interaction matrix I is written as

I =
r∑
1

∫∫
SSe−F e

ρFH
T~nFHdSe (5.28)

for an interaction surface discretized into r elements.

By solving this system of equations in every node and during a certain time interval, in case
of a direct integration scheme, a distribution of the acoustic pressure, the displacement and
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the accelerations of the nodes at the fluid-solid interface can be obtained. Because of the
increase of computing power, the finite element method has become a very attractive way to
solve these coupled acoustic-structural problems.

5.4 Numerical evaluation of the Schoch effect

Before trying to simulate more complex ultrasonic phenomena, the Schoch effect for an ultra-
sound beam incident on a solid-liquid interface is validated using the finite element method.
For the water medium two dimensional 4-node linear, quadrilateral acoustic elements, with
the acoustic pressure p as the only degree of freedom, have been used and for the solid medium
4-node continuum bilinear plane strain quadrilateral elements have been chosen. The inter-
action between these two media is modeled using a tie constraint which enforces the coupled
calculations. All other boundaries of the fluid medium as well as those of the solid medium,
are modeled as purely reflective boundaries.

In this way a numerical model is constructed to simulate the experiments shown in Fig. 5.3a
and Fig. 5.3b. The outcome of the calculations can be found in Fig. 5.5a and Fig. 5.5b,
where respectively a 25◦ and a 31◦ incident beam is modeled. The propagation of the ultra-
sound waves becomes clear through the succesive regions of positive and negative pressure
amplitudes in the liquid medium. In Fig. 5.5a, the beam reflects on the aluminum surface in
correspondence with the experiment shown in Fig. 5.3a. It is clear from Fig. 5.5b that the
beam splits in two lobes as expected under the Rayleigh angle. The Rayleigh waves them-
selves are not shown here, but it is clear from the beam splitting effect in Fig. 5.5b that they
should be propagating along the liquid-solid interface leading to the formation of the Schoch
effect. The question whether these surface waves are fully responsible for the existence of the
non specular lobe in the Schoch effect will be handled in the next chapter, together with some
other interesting phenomena. However, before we will turn to that, we will try to develop a
numerical scheme to extract more information from the ultrasound calculations. The relation
between the current results and the found experimental results will be investigated, because
as they are found above, the numerical results represent a snap shot in time whereas the ex-
perimental results express an averaged image over time. The latter will be further explained
in section 5.5.3. Moreover, the extraction of the phase and the propagation direction will be
handled in the next section.
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Figure 5.5: Numerical simulation (instantaneous time picture) of a 4MHz Gaussian beam with 25◦

(a) and 31◦ (b) as angle of incidence after reflection on a aluminum surface.

5.5 Post-processing of finite element results

5.5.1 Amplitude

To determine the amplitude of the ultrasound waves at a certain time t1, two pressure fields
are considered with a phase difference of π/2 at time steps t1 and t2 = t1 + T/4 whereby T

represents the period of the ultrasound wave. This leads to the following two equations

P (t1) = Asin(ωt1 + φ) (5.29)

P (t2) = Asin(ωt1 + π/2 + φ) (5.30)

After the square is taken, the results are added to each other

P 2(t1) + P 2(t2) = A2 (5.31)

An example is given in Fig. 5.6.

5.5.2 Phase

To obtain the phase of the finite element results for the entire field, the phase φ can be
extracted from 5 subsequent images taken over one period. This is shown in Fig. 5.7.

5.5.3 Intensity

To understand how the Fig. 5.3a and Fig. 5.3b are taken, it is necessary to give a short
description of the schlieren visualisation method. This acousto-optical method, which is
available at the research group MMC-UGent, is based on the production of ultrasound images
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Figure 5.6: Amplitude of the ultrasound beam after reflection with an aluminum surface at an angle
of incidence of 25◦ (a) and 31◦ (b).

Figure 5.7: Phase of the ultrasound beam after reflection with an aluminum surface at an angle of
incidence of 25◦ (a) and 31◦ (b).

by means of a wide coherent and collimated light beam (originating from a He-Ne laser beam)
that passes through a water tank in which ultrasound experiments are performed (Fig. 5.8).
After diffraction of the incoming light beam onto density disturbances of the sound beam,
the passed light is focused onto a black ink spot. The collimated part of the undisturbed
light beam is trapped on the spot whereas the disturbed part passes beyond the ink spot and
ultimately reaches a projection screen, where the sound becomes visible. Due to the fact that
the photograph is taken over a certain timespan T , the pressure distribution is averaged on
the projection screen. Actually, what is really seen on the photograph can be expressed as a
measure of the acoustic intensity I, defined as the sound power Pac per unit area A.

However, when averaged over a time T , with an instantaneous acoustic pressure pinst(t) and
particle velocity v(t), the average acoustic intensity becomes

Iav =
1
T

∫ T

0
p(t)~v(t)dt (5.32)

183



Chapter 5. Coupled acoustic-structural interaction

Figure 5.8: Schlieren photography.

Due to the fact that this technique will be often used in the next chapters as experimental
validation for the numerical simulations, it is useful to determine how the finite element
results, which are collected from the time domain, could be transformed into a time averaged
image. According to the physical explanation given above, a measure for the intensity is
retrieved by taking the root of the summed squares of the pressure amplitude over one period.
The result that is obtained in this way is proportional to the theoretically defined averaged
acoustic intensity Iav. For the example of the Schoch effect a measure for the averaged
intensity is therefore given in Fig. 5.9a for an incident 4MHz ultrasonic Gaussian beam on
an aluminum plate under an angle of 25◦ and in Fig. 5.9b the corresponding beams at the
Rayleigh angle of 31◦ leading to the formation of the specular lobes.

5.5.4 Spatial Fourier transform

The spatial Fourier transform will be used in the next chapters for the retrieval of the propa-
gation direction of ultrasound beams. The principle behind this technique is that any image,
also those coming from the finite element method, can be expressed as a sum of series of
sinusoids. The way this method is built up for the extraction of the propagation direction
starting from a simple sinusoidal signal and generalizing for some kind of bounded beam, is
given in the following. First, a simple example is given of a sinusoidal wave propagating in
the x-direction with a certain frequency ν1 as shown in Fig. 5.10a where the variations in
brightness across the image represent regions of positive and negative pressures. This pattern
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Figure 5.9: An incident 4MHz ultrasonic Gaussian beam on an aluminum plate under an angle of
25◦ (a) and a Rayleigh angle of 31◦ (b) leading to the formation of the specular lobes
(Schoch effect).

can be captured by a single Fourier term, representing its amplitude, its phase and its spatial
frequency. Where the phase represents the magnitude with which the wave is shifted relative
to the origin, the amplitude gives the contrast of the image as a difference between the darkest
and brightest peaks of the image. Moreover, the spatial frequency gives the frequency with
which this amplitude contrast varies through space. When a horizontal section AA is taken
from Fig. 5.10a and the one dimensional Fourier transform is appplied to it, the amplitude of
the sinusoidal signal is then found at a positive frequency ν1 as shown in Fig. 5.10b. From a
mathematical point of view, the negative frequency with an equal amplitude as the positive
frequency should also be found, as seen in Fig. 5.10b. Moreover, applying the two dimen-
sional Fourier transform should give the same results but in a slightly different representation
(Fig. 5.11b). Apart from the null frequency, which gives the mean contrast of the image in
Fig. 5.11a, also the two opposite frequencies are depicted as white dots. The amplitude at
each frequency is given as the height of these dots. It is clear that the position of these dots
varies according to the spatial frequency of the signal. When for example this frequency is
decreased, the dots are more closer to the central frequency as depicted in Fig. 5.12b for the
spatial image shown in Fig. 5.12a. Moreover, when a tilted sinusoidal pattern is taken, the
dots will take the same orientation as the tilting angle of the sinusoidal pattern. An example
of the latter is given in Fig. 5.13a and Fig. 5.13b.

In cases when an image contains more than one spatial frequency, the Fourier transform
can encode all the spatial frequencies which are present in an image simultaneously. This is
done by representing each frequency peak along the corresponding frequency axis, together
with its corresponding amplitude (contrast) of that specific sinusoidal signal. This is done
for all the frequencies, up to the Nyquist frequency which is the highest spatial frequency
that can be encoded in a digital image and which is related to the resolution of the image.
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Figure 5.10: Sinusoidal image with dark and bright contrast difference (a) with the one dimensional
Fourier transform of section AA (b).

Figure 5.11: Sinusoidal image with dark and bright contrast difference (a) with its corresponding
two-dimensional Fourier transform (b).

By drawing a line now through all these frequency points, the direction of the pattern can
be obtained. When additional patterns are added together, as for example in the case of
interfering ultrasound beams, each spatial propagation direction can be extracted from the
Fourier transform image. It is also clear that when different sinusoidal patterns are added with
different frequencies but with the same propagation direction, let’s say the x-direction, with
for example only the higher odd frequencies (1, 3, 5, 7, ...), one bounded beam as seen from
Fig. 5.13a is then obtained. Adding these frequencies up to the Nyquist frequency, produces
a vertical line with sharp boundaries (Fig. 5.14a), giving in the Fourier space a horizontal
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Figure 5.12: Sinusoidal image with a lower frequency as in Fig. 5.10 (a) and its corresponding two-
dimensional Fourier transform (b).

line, representing the spatial orientation of all the sinusoidal components of the vertical line
(Fig. 5.14b). The ultrasound beam from the finite element results can also be considered as a
beam with sharp edges and a certain propagation direction. Applying the Fourier transform
on the Schoch effect, the propagation direction should be also found through the alignment
of the frequency components in a two-dimensional Fourier space. This is clearly the case as
seen from Fig. 5.15b, where apart from the incoming wave at +121◦, also the two reflected
beams at +59◦ are retrieved.

5.6 Model parametrization

Due to the time consuming efforts to model an ultrasound beam that interacts with a solid-
liquid interface, as shown in case of the evaluation of the Schoch effect, the idea to automate
the construction of the finite element model through a number of model parameters, was
very appealing. Especially in the light of several future investigations, this would be a very
preferable approach with which different studies can be conducted without many manual
modelling efforts. One example where this approach could be useful, is the search for the
exact Rayleigh angle at which the Schoch effect appears for a specific combination of material
parameters used in the numerical model. This could be interesting, because then it is sure that
the Rayleigh waves, which are responsible for the formation of the Schoch effect, are exactly
generated at the solid-liquid interface. This is important as we will see in the following
chapter. Another issue is the angle sweep of the transducer as performed in real experiments.
Also the use of the transducer at the side of the solid medium, could be an interesting issue
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Figure 5.13: Tilted sinusoidal image with dark and bright contrast difference (a) and its correspond-
ing two-dimensional Fourier transform (b).

Figure 5.14: Superposition of higher odd frequencies, leads to a bounded image with straight edges.

to parameterize in the finite element model when the exact generation of Scholte-Stoneley
waves becomes important. How and why these type of waves are important in the non-
destructive testing of materials will be discussed in the following chapters. In any case,
all these types of actions, which are quite straightforward in experimental setups, require
significant modelling efforts when developing them manually and repeatedly. It is therefore
that the parameterization of the finite element model should be studied so that the phenomena
investigated in the following chapters could be modelled much faster. Moreover, this study
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Figure 5.15: The retrieval of the propagation directions in the Schoch effect(a) by means of the
two-dimensional Fourier transform (b).

will offer us also many new opportunities which we did not had before. A last example,
which is not covered in the following chapters but could emphasize additionally the need
for parameterziation, is the modelling of phased array capabilities such as beam focusing
through individual steering of each of the separate probes. By doing this, different types of
wave fronts could be created, necessary in understanding how focused beams interact with
materials through the thickness. For now, an overview of the parametrization is given.

5.6.1 Solid - liquid - transducer

As seen from Fig. 5.16, many parameters can be considered during the building of a finite
element model for ultrasound investigations. First of all, two separate cases should be con-
sidered where the ultrasound beam can be generated in the liquid medium or on the surface
of the solid medium. This distinction is made, because in some situations it is necessary
that the ultrasound beam, which is a mechanical wave, is generated along the side of the
liquid medium, whereas in other situations generation along the solid medium is more prefer-
able. These two approaches will be discussed respectively in chapter 6 and chapter 7. For
the following chapter, where the liquid generation is discussed, it is important to be able to
change the position (xtr, ytr) and the angle θ with the horizontal of the transducer. This
is very helpful when the Rayleigh angle is searched for, without the use of any theoretical
derivations, for a specific combination of a solid-liquid interface. Furhermore, the thicknesses
of both propagation media should be adjustable. This means that it should be easy to change
the height dw of the liquid medium (water) and the height ds of the solid medium. Also
the physical width of the ultrasound beam w and the chosen beam profile (a gaussian profile
as seen from Fig. 5.16a and Fig. 5.16b) should be parameterized so that any gaussian beam
shape can be generated. This approach can be extended so that the focusation of ultrasound
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beams can be achieved, which is interesting for the investigation of the phased array scanning
capabilities.

Figure 5.16: Number of parameters that could be taken into account when considering automatic
generation of the finite element method so that modelling efforts could be minimized.
Two approaches are considered : (a) the ultrasound beam is incident from the liquid
medium and (b) from the solid medium.

5.6.2 Mesh generation

An important modelling aspect in the automation of the modelling efforts is the automatic
generation of the mesh. As the rest of the automatic modelling happens through the use of
the scripting language Python, the mesh is also performed with this programming language.
It is important that the number of elements generated is high enough so that the wavelength
λ of the propagating ultrasonic wave can be captured by the finite element method.

5.6.3 Infinite elements

Due to the high number of used elements to capture the propagation of the ultrasound waves,
the computation time increases drastically with the dimensions of the region under interest.
As a consequence, the region that is calculated should be kept as small as possible to limit
the calculation time. However, this leads in combination with the fact that each boundary
functions as a perfect mirror, to multiple back reflections into the propagation medium. In
this way, the phenomenon under investigation is highly disturbed. To solve this issue, the
use of infinite elements is recommended because the waves that reach these elements are
absorbed as if the region was infinitely extended at that boundary. In the work that will
follow, these elements are used in cases where a stationary situation is needed and the time
to reach this stage becomes that high, that back reflections will dominate the region under

190



Chapter 5. Coupled acoustic-structural interaction

interest. A schematic overview is given in Fig. 5.17 where the ultrasound beam is introduced
at the liquid side. In this case acoustic infinite elements are used at the left and right hand
side of the acoustic region, whereas for the solid medium, the complete region is surrounded
with solid infinite elements. When in the opposite case, the ultrasound waves are generated
at the solid side, the liquid is completely surrounded with acoustic infinite elements.

Figure 5.17: Use of solid and acoustic infinite elements around the region of interest so that the
incoming ultrasound waves at the boundaries are absorbed.
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6
Wave phenomena

The interaction of some important wave types with the edge of a solid plate
is investigated in the current chapter. The main focus is on Rayleigh, Scholte-
Stoneley and Lamb waves which are used in the field of nondestructive testing for
the detection of surface cracks. The extremity of a solid plate can therefore be
idealized as the half of such a surface crack. First, the origin of the leaky Rayleigh
waves is proven by the development of a mixed experimental-numerical approach.
Moreover, different diffraction phenomena for each of the three surface waves are
examined when they interact with the edge of a solid plate.
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6.1 Introduction

The intent for simulating ultrasound phenomena with the finite element method is done
for a deeper understanding of the interaction between material deficiencies and ultrasound
waves. An interesting way of performing this type of research is typically done through the
generation of surface waves, such as Rayleigh waves, but also with Scholte-Stoneley and Lamb
waves. The characteristics of each of these types of waves are discussed in the next sections,
together with the occuring phenomena when they interact with the edge of a solid plate. The
arguments for using this solid discontinuity as an abstraction for a surface crack, is already
given at the end of Chapter 4. In the following sections, it will become clear that this is a
justified approach to understand how these waves, which are typically derived in a theoretical
way for an infinite long solid plate, interact with a discontinuity as the edge of a plate. It
is in this regard that this chapter should be seen, not as a final point of research but as a
first basic step in understanding how surface waves interact with a solid edge and how the
numerical approach followed here can offer a deeper insight into these phenomena.

First a short introduction is given of the phenomena which will be investigated in the coming
sections. The three major topics, as mentioned above, are the investigation of edge effects of
two types of surface waves, i.e. Rayleigh waves and Scholte-Stoneley waves, on the one hand
and Lamb waves on the other. Whereas Scholte-Stoneley and Rayleigh waves are theoretically
very closely related, the phenomena that occur when they reach the extremity of the solid plate
are completely different. Rayleigh waves travel around the extremity of the edge (Fig. 6.1a)
while Scholte-Stoneley waves are mainly diffracted in the forward direction as depicted in
Fig 6.1b. Besides these two effects, thin plate vibrations such as Lamb waves (Fig. 6.1c)
show on the contrary a very distinct diffraction pattern that depends on the mode of the
wave. A brief description of these phenomena is presented in the short introductions 6.2.1-
6.2.4 whereafter the finite element results and validations are discussed for each phenomenon
in detail in the paragraphs 6.3, 6.4, 6.5 and 6.6. However, before going over to the short
introduction of the edge effects, a broader view is presented on how the three types of surface
waves are related to each other.

6.2 Relation between the Rayleigh, Scholte-Stoneley and Lamb

waves

Surface waves are waves which are travelling along the interface of two different media such
that the acoustic energy is largely concentrated at the vicinity of the interface. It was Lord
Rayleigh in 1885 who was the first to predict the existence of a surface wave that propagated
along the free surface of a solid, with a longitudinal and a shear component in the solid having
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Figure 6.1: Whereas Rayleigh waves travel around the corner of a thick solid plate (a), Scholte-
Stoneley waves are mainly diffracted in the forward direction (b). Lamb waves on the
contrary show a distinct diffraction pattern when reaching the end of a thin plate (c).

exponentially decaying amplitudes away from the interface. Expressing the continuity of the
stresses and displacement along the boundary, results in only one solution which is called the
free Rayleigh wave. This Rayleigh wave does not exhibit a phase velocity dispersion. This
means that its wave velocity does not dependent on the frequency. Moreover, the energy of
the wave decreases very rapidly in the solid medium making the amplitude almost completely
zero after some wavelengths. It is clear that for NDT applications this type of wave can have
its benefits in the detection of surface or sub-surface irregularities.

When the solid material is immersed in a liquid medium and the boundary equations are
expressed in function of the unknown wave vector kR, as will be shown later on, the found
equations have two real roots. Besides the positive real root, also a negative one is found
which can be expresssed by two complex conjugate roots. The first solution coming from the
complex-valued root is called the generalized Rayleigh wave, in opposite to the free Rayleigh
wave discussed above. In this case, besides the two evanescent solid waves already found
above, also a longitudinal component is found in the liquid. The difference with the free
Rayleigh wave is that this surface wave emits energy back into the liquid along its propagation
direction. This results in a wave attentuation that damps the wave due to the imaginary part
of the wave vector ~kRayleigh. Moreover, this is also the reason why this wave type is called the
leaky Rayleigh wave. Besides the advantage of the concentration of the wave energy along
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the solid side to detect material anomalies, its attentuation makes this surface scanning only
possible along small distances. The second solution with the positive real root, constitutes
the Scholte-Stoneley wave existing of three evanescent waves, two in the solid and one in
the liquid, all having a wave vector parallel to the solid-liquid interface. This solution leads
to the important property that in contrast with Rayleigh waves, Scholte-Stoneley waves do
not leak energy back into the liquid, making these waves highly effective for travelling over
large distances. However, whereas the generalized Rayleigh wave was mainly located at the
solid side making it useful for surface crack detection, the Scholte-Stoneley wave is primarily
confined at the liquid side, complicating this type of crack detection. Another disadvantage is
the fact that the Scholte-Stoneley wave can not be generated by an incident gaussian beam,
as is the case for Rayleigh waves. Two ways to generate this type of surface waves will be
discussed in this and the next chapter. First, by the use of an interdigital transducer at the
vertical boundary of the solid plate and secondly by using a gaussian beam on a corrugated
surface.

However, when the solid plates used for the generation of the generalized Rayleigh or the
Scholte-Stoneley waves are taken sufficiently thin, it is possible to make the solid plate vibrate
as a whole over its complete thickness. This can happen under specific thicknesses d of the
solid plate combined with a specific frequency ν. As done with the free and the generalized
wave, Lamb waves can also be derived for a free boundary or for a liquid-solid-liquid case.
The solutions that are retrieved by expressing the continuity equations at the liquid-solid
interfaces, which will be discussed later on, lead to an infinite set of purely imaginary roots
(non-propagating plate solutions) and to a finite set of real solutions (propagating plate
solutions) (n for example) having specific wave vectors ~kLamb. The propagating solutions
represent different surface vibration or resonance modes that can be divided into two types:
symmetrical (S) or antisymmetrical (A) modes. An example is shown in Fig. 6.2a-b. For
each of these modes, different orders can exist, which can be written as Si or Ai, whereby
i = 0..n. Besides the dispersive character of these waves, as also will be discussed later on,
the wave velocity also depends on the thickness of the plate. Moreover, as also explained for
the generalized Rayleigh waves, also generalized Lamb waves can be derived for a thin plate
surrounded by a liquid, without going into more details.

What should also be understood at this point is that the Schoch effect, explained in the
previous chapter for clarification of the finite element methodology, can also be formed for
the Lamb waves discussed above. The reason for this is that when the thickness of the plate
is taken large enough, ideally d→∞, some symmetrical and antisymmetrical modes with the
same order converge to the Rayleigh wave velocity. This makes the interfering field of these
symmetrical and antisymmetrical modes very similar to the Rayleigh distribution in a thick
plate. This results in the possibility to generate the Schoch effect, as will be seen later on, by
searching for a critical angle similar to the Rayleigh angle.
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Figure 6.2: Symmetrical (a) and asymmetrical (a) mode in an infinite long thin plate.

We will start the discussion in this chapter by first examining the origin of the energy leakage
that happens during the generation of the Schoch effect. After that, we will go over into a
brief explanation of the interaction phenomena that can be expected in the following sections.

6.2.1 Rayleigh waves - Origin of Schoch effect

First, a study is performed on the basis of recent experiments [Nico F. Declercq, Ebrahim
Lamkanfi, Study by means of liquid side acoustic barrier of the influence of leaky Rayleigh
waves on bounded beam reflection, Appl. Phys. Let. 93, 054103, 1-2 (2008)] where evidence is
shown of the relationship between the generation of leaky Rayleigh waves and the formation of
the two reflected lobes and a null strip for bounded beam incidence at the Rayleigh angle. The
evidence was based on an experimental setup using a sound barrier on a liquid solid interface.
The study presents a finite element investigation of the experiments and confirms the earlier
conclusions. In addition, unexplained experimental observations are clarified. Furthermore, a
detailed investigation of the influence of the adhesive bonding properties between the barrier
and the solid on the observed radiation patterns is achieved which is of broader importance
to the nondestructive characterization of adhesive bondings in general.
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6.2.2 Rayleigh waves - solid edge

In a second section, a numerical study based on finite element simulations is presented which
reveals the experimentally indicated fact [N. F. Declercq, A. Teklu, M. A. Breazeale, R. Briers,
O. Leroy, J. Degrieck, G.N. Shkerdin, Study of the scattering of leaky Rayleigh waves at the
extremity of a fluid-loaded thick plate, J. Appl. Phys. 96(10), 5836-5840, 2004] that leaky
Rayleigh waves propagating along the horizontal surface of a thick fluid-loaded solid plate
are transmitted around the corner of the solid plate. The shown experiments are based on
the Schoch effect and phenomena occurring when the incident beam, generating the effect,
approaches the edge of the solid plate. The referred experiments indicate that leaky Rayleigh
waves are generated around the corner of the plate, but the experimental evidence is not fully
conclusive whether the effect is caused merely by incident Rayleigh waves on the upper surface
or by scattering effects when the incident beam interacts with the corner. That is why a study
is performed by means of the finite element method which confirms the reported experiments
and then proofs that the assumption made in the referred paper about Rayleigh waves being
primarily stimulated by the edge of an incident bounded beam rather than the middle, is
correct. Ultimately the model is applied to study leaky Rayleigh waves separately from the
incident and reflected bounded beams. It is shown that the Rayleigh waves themselves are
the physical origin of the transmission of Rayleigh waves rather than scattering effects caused
by the incident bounded beam.

6.2.3 Scholte-Stoneley waves - solid edge

In a third section, it will be shown that whereas the radiation theory has proved to produce
results in agreement with experiments when the conversion is investigated of a Scholte -
Stoneley wave at the extremity of a fluid loaded plate, the method remains very cumbersome
and also not universally applicable. A newly developed finite element model is presented,
where the considered effect is compared with the exact results obtained by the radiation
mode theory [J. Acoust. Soc. Am. 101(3), 1347-1357, 1997] and experimental observations
[J. Acoust. Soc. Am. 95(1), 13-20, 1994].

6.2.4 Lamb waves - solid edge

Finally, a combined experimental and numerical study is presented, based on acousto-optic
schlieren photography and on a combination of the finite element method and the Fourier
transform, for the investigation of the interaction of a bounded beam incident near the edge
of a plate at the Lamb angle. The study aims at investigating retro-reflection of the generated
Lamb waves as well as the different mode conversions that take place when the border of
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the incident beam reaches the edge of the plate. Special attention is paid to differences in
diffraction patterns when A1 and S1 Lamb modes scatter at the edge.

6.3 Numerical study of Rayleigh wave transmission through

an acoustic barrier

6.3.1 Introduction

When a bounded ultrasonic beam is incident from a liquid onto a solid, longitudinally polar-
ized sound is transferred from the liquid into transmitted longitudinal and shear waves in the
solid and into reflected longitudinal sound. At a certain angle of incidence beyond the critical
angles corresponding to the lateral longitudinal and shear waves in the solid, a leaky Rayleigh
wave is generated. As already discussed, this angle is called the Rayleigh angle. At this angle
a lateral shift of the reflected beam is usually visible (Schoch effect), typically accompanied
by a null strip in the radiation pattern separating a specular lobe and a nonspecular lobe.
This effect [1] and the presence of the null strip [2] are thoroughly studied effects, both exper-
imentally [3, 4] and theoretically [5–10]. The conclusions from the past can be summarized
as follows: at the Rayleigh angle Rayleigh waves are generated. Simultaneously the Schoch
effect, with or without a null strip occurs. Only recently conclusive experimental evidence was
presented that the Schoch effect (with or without the generation of a null strip) is produced
by the accompanying leaky Rayleigh waves. The experimental evidence is based on the use
of a sound barrier positioned on a solid substrate immersed in water [11]. The main idea be-
hind the performed experiments was that sound incident on the left side of the sound barrier
generates Rayleigh waves that tunnel through the vertical acoustic barrier. The experiments
also revealed certain phenomena that could not be explained. A thorough theoretical study
is necessary and therefore presented in the current study. First simulations will be reported
on the interaction of a bounded beam at the Rayleigh angle using the finite element method.
This is done to verify that the technique works and that the results are in agreement with
the experiments. Then, just as in the experiment, a sound barrier will be constructed on a
solid plate and the interaction of the bounded beam with the structure will be studied. The
conclusions drawn in the experimental paper [11] will be examined, followed by a study of
the influence of the different parameters on the observed phenomena with special attention
to phenomena that remained unexplained in the experimental paper.

6.3.2 Outline of experiments

The acousto-optic Schlieren image of Fig. 6.3 is taken from Ref. [11] and depicts the phe-
nomena under examination. Apart from the incoming sound beam on the left hand side, a
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complicated diffracted sound pattern is visible on the right hand side. Both sides are sepa-
rated by a specially constructed sound barrier, consisting of two thin microscope slides. Their
position is clarified by means of the two vertical lines on Fig. 6.3.

Figure 6.3: Acousto-optic Schlieren picture of the Schoch effect where the bounded beam coincides
with null strip base. Picture from Ref. [11].

The sound barrier, schematically shown in Fig. 6.4, is constructed as follows. First, a thick
horizontal glass plate is used on which leaky Rayleigh waves can exist. Then a glass barrier
is constructed by means of two microscope slides placed at a certain distance from each other
with a gap in between, filled by air. Therefore, because of the impedance mismatch between
glass and air, practically no sound energy propagates directly through the barrier.

The complexity of the problem and the open questions that remain in [11], require the use
of numerical simulations to analyze the formation of the second lobe behind the ultrasonic
barrier. The main idea is to move the sound barrier, as used in experimental setup in [11],
towards the spot of incidence by numerically changing its position. With this we would like to
prove that all the sound reaching the opposite side of the barrier must have passed underneath
the barrier in the solid.

6.3.3 Numerical procedure

As in the real experiment [11] the transducer is first modeled as boundary condition for a
harmonic bounded Gaussian ultrasonic beam. The fluid and the solid medium are taken
into account with an interaction interface supporting the mechanical continuity equations.
Subsequently, the angle of incidence is varied until the Rayleigh angle θR is obtained. As
in experiments, retrieving the Rayleigh angle corresponds to observing the formation of the
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Figure 6.4: Schematic of experimental setup : Sound incident on the left side generates Rayleigh
waves that tunnel through the vertical acoustic barrier.

Schoch effect, usually accompanied by a null strip in between a specular and a nonspecular
lobe as schematically depicted again in Fig. 6.5.

Figure 6.5: Schematic principle of the Schoch effect.

According to [11], the nonspecular lobe is a superposition of a directly reflected sound field and
a leakage field generated by the generated Rayleigh wave. Leaky Rayleigh waves propagate in
the solid, are confined to the interface, and may propagate, or “tunnel” underneath a sound
barrier placed on the surface. Theoretical verification of the earlier reported experiments [11]
is done by proving that the sound field appearing behind the sound barrier is due to tunneled
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Rayleigh waves and not by other scattered waves.

6.3.4 Numerical results

Schoch effect on a surface without sound barrier

First, as mentioned above, the 3MHz bounded Gaussian beam is modeled having a beam width
of 6 mm which is comparable with the width of the transducer generating this ultrasound
beam in the experimental setup. Moreover, a glass plate, large enough to ignore edge effects,
is completely immersed in water for which the following material parameters are taken: a
density of ρL = 1000 kg/m3 and a bulk modulus of BF = 2.25 · 109 N/m2. The material
properties for glass are: Young’s modulus = 7.0 · 1010 N/m2, Poisson’s ratio ν = 1/3 and
density ρS = 2500 kg/m3. Once this basic configuration is established, the Rayleigh angle
is found by changing the angle of incidence in steps of 0.1◦. For the mentioned material
parameters, the Rayleigh angle is 29◦. Fig. 6.6a-d show the results for different angles of
interest, including the Rayleigh angle at 29◦, as in [11]. The intensity values shown in the
numerical simulations are obtained by averaging the square root of the pressure values over
one period. Moreover, a bilinear patterning curve is applied on this intensity field making
different pressure regions that have an intensity larger than a certain threshold value better
visible. This explains why certain wave patterns which are not visualized with the Schlieren
photography method, can be observed in the numerical simulations.

As seen in Fig. 6.6a, angles smaller than the Rayleigh angle result in reemission of sound
behind the reflected beam due to reflection of the transmitted bulk waves on the back-surface
of the solid, which are in turn transmitted back into the liquid. This results in a clear intensity
field behind the first reflected zone of the incident beam. As the incident angle reaches and
surpasses the Rayleigh angle, the trailing field disappears almost completely and all the energy
is concentrated along the interface, a phenomenon typically connected to evanescent waves
beyond the second critical angle of incidence. In what follows, the angle of incidence is fixed
at the Rayleigh angle.

Implementation of the sound barrier, with perfect bonding

The basic model discussed in the previous section is now extended with the implementation
of the sound barrier. First, the solid plate and the microscope slides are modeled as one
“monolithic” block of glass, which, as a first approach, is realistic since all the materials
involved constitute the same glass material. The dimensions of the sound barrier are depicted
in Fig. 6.7: the width of the microscope slides which form the barrier is w = 1.24 mm and
the height is h = 24.91 mm. Apart from the two microscope slides, as in the experiment, a
thin layer of air is modeled in between.
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Figure 6.6: Search for the right critical angle for the formation of the Schoch effect (with null strip).

Subsequently the sound barrier is moved closer to the spot of incidence of the beam. The
numerical results for four different relative positions of the sound barrier and the incident
beam are shown in Fig. 6.8. Whereas the Schoch effect is still visible in Fig. 6.8a, it vanishes
gradually through the Fig. 6.8b and Fig. 6.8c as the sound barrier is moving closer to the
incident spot of the ultrasonic beam on the solid plate. Finally, when the sound barrier
is placed right in the null strip of the reflected beam pattern, a nonspecular sound field
is generated behind the sound barrier (Fig. 6.8d). Just as in the experiment in [11], this
proves that a nonspecular sound field is formed by re-radiation of Rayleigh waves, possibly
in combination with directly reflected sound depending on whether the latter is allowed or
prohibited by a sound barrier. Therefore, so far, the numerical results are in agreement with
what has been described in [11]. Nevertheless there are some discrepancies left that are due to
the simplified assumptions concerning the bonding between the sound barrier and the solid.
In reality (Ref. [11]) the microscope slides have been glued to the surface and therefore the
numerical simulations must be further extended. This will be done in the next paragraphs.

Even in the simplified case described, there are interesting physical phenomena to observe
concerning Rayleigh waves that are in agreement with earlier reports [6] [12] and that are of
interest for the physical behaviour of the studied waves upon interaction with barriers. At
the left side of the barrier, in Fig. 6.8d, a diffracted field can be observed, which intensifies as
the sound barrier approaches the spot of incidence. Moreover, the intensity of the second lobe
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Figure 6.7: Dimensions of the sound barrier effect.

at the right side of the barrier and the additional field that crosses this second lobe increases
compared with the case in Fig. 6.8c, but still has a significantly lower intensity in comparison
with the experiments [11].

The difference in beam intensity behind the barrier actually means that a smaller portion of
the incident energy is transmitted through the barrier. This is explained as follows. Close
investigation of the region where the solid-liquid interface is bonded to the microscope slide,
shows that the generated Rayleigh waves at the left side of the barrier do not bridge the
gap completely because they are partially traveling upwards along the water-microscope slide
interface. This is shown in Fig. 6.9 where a significant part of the wave displacement can be
found in the left-most microscope slide, resulting in a significant loss of energy transmission
of the Rayleigh waves at the right side of the barrier.

A similar phenomenon, but on a different structure, has been reported in an earlier study [6]
[12], where it was shown that Rayleigh waves have a specific characteristic of traveling around
corners. This will be discussed in much greater detail in section 6.4 of this chapter.
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Figure 6.8: Moving the sound barrier to the spot of generation of the second lobe.

Figure 6.9: Propagation of Rayleigh waves around the corner of the microscope slides.

Implementation of the sound barrier, incorporating adhesive properties

The presence of an adhesive layer between the microscope slides and the solid will moderate
the scattering effect of Rayleigh waves when they encounter the sound barrier. This moder-
ation will determine how much of the Rayleigh wave intensity passes underneath the barrier
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and how much is sent directly into the microscope slides themselves. The more sound passing
underneath the barrier, the more intense the re-emitted sound field after the barrier should
be; the more sound sent into the microscope slides, the more a leakage field becomes visible
at the left side of the barrier due to the re-emission of sound energy by waves propagating
upwards the microscope slide (Fig. 6.10a).

Figure 6.10: Modeling the interface as a monolithic block (a) or with an adhesive layer has an
influence on the intensity of the diffracted field at the left and the second lobe and the
crossing field at the right.

The adhesive layer between the microscope slide and the solid is modeled as a thin layer,
having material properties with the characteristics of a Loctite R© bonding material used
in the experiments [11]. Because adhesives have in general a significantly lower Young’s
modulus than the solid plate and the microscope slides, generally in the order of 2 · 109N/m2
to 5 · 109N/m2, this particular parameter is varied in order to investigate its influence on
the transmission efficiency. First, a comparison is made between the results in the situation
with and without the adhesive layer. A very prominent characteristic, as seen in Fig. 6.10b,
is that the adhesive layer makes the intensity of the sound field behind the barrier increase
drastically.

A more pronounced field behind the barrier does indeed correspond to the experimental
observation and is evidence of the importance of the adhesive layer. Still, there is an entire
spectrum of adhesive properties possible and their influence on the transmission is a particular
point of interest for acoustic barriers in general and for a specific experiment as treated in this
study. It is found that materials with a rather high Young’s modulus (E = 200 · 109 N/m2 in
Fig. 6.11a) prevent almost all Rayleigh waves from penetrating the microscope slide, resulting
in a strong and clear scattering field in front of the barrier. As a consequence a large decrease
in energy transmission is obtained with low intensity values for the leakage field and the
crossing field behind the barrier. Moreover, the second lobe has completely disappeared. In
the case of low Young’s moduli (Fig. 6.11b) the opposite effect occurs. The scattered field on
the left hand side of the sound barrier has completely vanished due to an increase in wave
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energy transmission underneath the sound barrier. This occurs for a Young’s modulus of 2·109

N/m2, which is a common value for adhesives. Furthermore it is possible to optimize the
Young’s modulus and to obtain almost perfect agreement with the experiment [11] as shown
in Fig. 6.12. Here, the scattered field on the left hand side of the sound barrier disappears
completely, whereas the second lobe and the crossing field are still visible with intensity values
comparable to those of Fig. 6.10b.

Figure 6.11: Influence of Young’s modulus on the energy transmission through the barrier : high
value of E = 200 · 109 N/m2 (a) and a low one of E = 2 · 109 N/m2 (b).

Figure 6.12: Optimization of the adhesive layers parameters.
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6.4 Transmission of leaky Rayleigh waves at the edge of a

fluid-loaded thick plate

6.4.1 Introduction

We aim here at understanding the behaviour of leaky Rayleigh waves when they reach the edge
of a thick plate. Furthermore, we try to reveal whether Rayleigh waves actually propagate
around the corner. Our research is triggered by an earlier paper [7] that shows experimentally
how a bounded beam, incident at the Rayleigh angle on a solid plate, interacts with the edge
of that plate. The experiments show that leaky Rayleigh waves are generated along the
vertical edge of the plate. Still, even though assumed and more or less put to evidence, no
indisputable and conclusive confirmation is shown as to whether these vertical leaky Rayleigh
waves are really generated by incident leaky Rayleigh waves or are merely a consequence of
scattering of the incident beam at the corner of the plate. In Reference [7] there is also an
experimental indication that leaky Rayleigh waves are primarily stimulated by the edge of
the incident beam rather than the middle. Numerical simulations, based on FEM, must solve
these mysteries.

First, we would like to refer to the previous chapter where the coupled acoustic-structural
interaction was explained theoretically. It has been also shown there that the Schoch effect
[2, 6, 9, 10, 13–16], accompanied by a null strip [8], can be simulated at a fluid-solid interface
of infinite extent. For now, we move numerically the ultrasound beam to the extremity of
the solid plate. In this way we try to observe how certain edge effects that occur under the
Rayleigh angle also can be obtained by means of FEM. Next, an additional study reveals which
part of the incident beam is the most effective in stimulating the generation of Rayleigh waves.
Finally we answer the question whether the Rayleigh waves do actually propagate around the
corner of the solid plate or not.

6.4.2 Extremity of a solid

In this paragraph we will take a closer look at the edge effects that occur when the Gaussian
ultrasonic beam is moved to the extremity of the aluminum plate. A schematic representation
of this experiment is shown in Fig. 6.13 where the angles represent the wave propagation
direction of the different beams observed during the experiment : θinc is the incident angle
of the Gaussian ultrasonic beam measured from the vertical on the solid-fluid interface, the
reflected beam makes an angle θr with the horizontal on the right hand side of the plate, θs

is the angle between the same horizontal and the incident beam that propagates through the
fluid medium without being disturbed by the solid surface and θt is the angle of an additional
observed beam with the horizontal of which the existence will be explained in the succeeding
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paragraph. As one can see in Fig. 6.14 the symbol W represents the horizontal physical width
of the Gaussian beam and ∆ is the distance between the first beam edge and the edge of the
plate. It is known that when a beam is incident on the edge of a plate under the Rayleigh angle,
a part of the beam will be reflected, the other part will propagate in an undisturbed manner
and a third beam will make the Rayleigh angle with the horizontal (Fig. 6.13). Declercq et
al. [7] have extensively described this wave generation along the vertical edge of the solid
plate. However, two assumptions were made concerning the generation of Rayleigh waves. In
a first one it was stated that the observed beam generation on the vertical edge was due to the
propagation of the leaky Rayleigh waves around the corner (Fig. 6.15) and in a second one it
was said that the outer parts of the Gaussian beam were mainly responsible for the generation
of the Rayleigh waves. The explanation given for this last assumption was that the edge of
the Gaussian beam has a profile that is quite similar to that of an inhomogeneous wave, such
as a bounded beam with an exponentially varying amplitude profile, which should be more
suitable to stimulate the generation of the Rayleigh waves [7]. Because it is difficult to prove
both assumptions analytically by using an extension of the radiation mode theory [17, 18],
an attempt will be made in the following to formulate a conclusive answer using the finite
element method.

Figure 6.13: Definition of the different angles θinc, θr, θs and θt. The angles are measured from the
horizontal axis right from the plate. The positive angles are counterclockwise, whereas
the negative angles are clockwise. Picture taken from [7].

Validation of the finite element model

For the first assumption, we will consider in the further paragraphs a combined analytical/nu-
merical approach to confirm the transmission of the Rayleigh waves at the extremity of the
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Figure 6.14: Definition of ∆: the distance between the first beam edge and the plate edge and W :
the horizontal physical width of the beam. Picture taken from [7].

Figure 6.15: Incidence of 6 MHz 6-mm-wide bounded beam on aluminum. W ≈ 7mm, ∆ ≈ 0.6W
(Schlieren picture). The dashed lines show where the plate is situated in the experiment.
The arrows show the sound propagation direction. Picture taken from [7].

solid plate. In the current paragraph however we try to obtain, in a first stage, the same result
as shown in Fig. 6.15. To do this, we use a finite model in which the parameters are equal
to the previously described ones, except for the ultrasonic frequency, the beam width and
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the beam position. Here a 6 MHz Gaussian beam, moved towards the edge of the aluminum
plate, having a physical width of W ≈ 7 mm is used. The results obtained with the FEM
method are shown in Fig. 6.16. It is clear that the produced wave along the vertical edge, as
seen in the real experiment (Fig. 6.15), is also found in the simulation. The additional null
stripes along the vertical edge are made visible because of the use of a bilinear patterning
curve to highlight the different waves in the finite element analysis: all the nodes of the fluid
domain that have an intensity that is larger than a certain value are given the same intensity
value. When this threshold value is taken rather low (as is the case here), these secondary
null stripes become visible. The reason why they are not visible in the real experiment in
Fig. 6.15, is that the Schlieren technique cannot visualize such low pressure regions because
of limited contrast.

Verification of assumption that leaky Rayleigh waves are stimulated by edge the
of the incident beam

For the second assumption, the question whether the outer parts of the bounded beam are
responsible for the generation of the Rayleigh waves can be reformulated in the study of
the influence of the ∆ value on the generation of Rayleigh waves as in [7]. The ability of
different parts of a bounded beam to stimulate leaky Rayleigh waves can be expressed in
terms of relative efficiency and must take into account the propagation distance between
the spot of generation and the spot of detection. If however for smaller values of ∆, the
intensity or a measure for the intensity of the generated Rayleigh waves turns out to be
higher, one can conclude right away that the outer parts of the Gaussian beam are more
efficient in generating Rayleigh waves and further investigations in terms of efficiency and
distance become redundant. For this study, four finite element models, similar as the one
used above, have been constructed, with the only mutual difference that they differ in the
values of ∆, i.e. 0.2W , 0.4W , 0.8W and 1.2W (complete incidence of the Gaussian beam
on the solid plate), with W ≈ 7 mm. For each of these configurations the directly incident
power on the horizontal surface, i.e. the integration of (a measure of) the intensity along the
fraction of the horizontal width W of the Gaussian beam on the horizontal surface of the
solid plate, is measured. In the finite element simulations the square of the pressure in the
fluid medium is taken as a measure of the intensity. The obvious result is found that more
power is transferred directly to the solid plate in the 1.2W -model then in the 0.8W -model.
This trend was also found for the 0.8W -model compared with the 0.4W -model and for the
0.4W -model compared with the 0.2W -model. To have an idea of the influence of the ∆ on
the generation of Rayleigh waves, the mean square of the acoustic pressure is measured along
the lower part of the vertical edge of the solid plate. In Fig. 6.17, this measurement is plotted
in function of the distance along the vertical edge. These graphs are very interesting though
difficult to interpret because they represent a superposition of the different propagating waves
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in the solid and in the fluid medium. To make a comparison with the generation of Rayleigh
waves possible, the lower part of the vertical edge of the solid plate has to be chosen in a
way that the bulk waves propagating through the solid and the undisturbed incident waves
may not influence the intensity in that specific region. This is shown in Fig. 6.18, where the
mean square of the pressure is plotted along the interval [-0.012 m - -0.0131 m] on the vertical
edge (far away from the zone where scattered waves are present). One can clearly see that
the smaller the value for ∆ becomes, the larger the intensity is. This confirms the indication
given in [7], that the outer parts of the incident Gaussian beam are mainly responsible for
the generation of the Rayleigh waves.

Figure 6.16: Simulation of an incident 6 MHz 6-mm-wide Gaussian beam at the extremity of an
aluminum plate.

6.4.3 Internal generation of Rayleigh waves

Combined analytical and numerical input

A firm proof that the Rayleigh waves travel around the corner, must exclude all other phe-
nomena as origins of the observed effects. A study of incident Rayleigh waves is therefore
mandatory as it would exclude any influence of the incident bounded beam. Consideration
of Rayleigh waves generated directly inside the solid material must investigate whether the
Rayleigh waves themselves are responsible for the leakage of energy on the vertical edge of
the plate or not. Implementation of this problem requires exact knowledge of the acoustic
displacement fields inside the solid. The displacement fields are calculated by considering
an ultrasonic plane wave, having the frequency we are interested in, incident from the liquid
half space onto the interface between the liquid and the solid. Analytically (i.e. without
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Figure 6.17: The mean square of the acoustic pressure in function of the distance along the lower
part of the vertical edge : -0.006 m < z < -0.0131 m.

Figure 6.18: The mean square of the acoustic pressure in function of the distance along the lower
part of the vertical edge : -0.012 m < z < -0.0131 m.

any application of FEM) it is then possible to study the reflection coefficient for harmonic
plane waves as well as the two transmission coefficients. The precise Rayleigh angle is found
as the angle where the reflection coefficient shows a well-known phase shift [17] equal to π.
The corresponding sound fields are then equally normalized and the ones inside the solid are
used as boundary conditions in our FEM procedure. As a result we mathematically generate
Rayleigh waves on the solid in our FEM program and we are able to study how these Rayleigh
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waves propagate along the interface and ultimately how they interact with the corner. The
equations of motion of the induced Rayleigh waves in the solid material along the x- and
the z-axis, according the convention in Fig. 5.2, can be found in the Eqs. (6.1) and (6.2)
respectively. Their counterparts in the liquid are the equations Eqs. (6.3) and (6.4).
For z ≤ 0 :

xSolid = iα η eiα x+iχ z − iε τ eiα x+iε z (6.1)

zSolid = iχ η eiα x+iχ z + iα τ eiα x+iε z (6.2)

For z > 0 :

xLiquid = iα φ eiα x+iβ z (6.3)

zLiquid = iβ φ eiα x+iβ z (6.4)

The constants α, β, χ, ε, φ, η and τ that occur in the equations are bounded to the performed
ultrasonic experiment and depend on the frequency of the beam, the fluid medium, the solid
material and the angle of incidence. The equation constants for this problem are given in
their complex form in 6.1.

Table 6.1: Values for the constants in the equations of motion of a Rayleigh wave in an aluminum
plate immersed in water.

Variable Real part [−] Imaginary Part [−]

α 1.32514 · 104 –
β 2.17540 · 104 –
χ – -1.18793 · 104

ε – -4.67080 · 103

φ -9.99999 · 10−1 5.65190 · 10−8

η 1.32865 · 10−7 4.70163
ι -7.49808 2.11892 · 10−7

If these constants are substituted into the Eqs. (6.1) and (6.2), the longitudinal and the
transversal motion equations of the Rayleigh waves in the solid material are obtained. The
x-z field plot of these mathematical expressions can be found in Fig. 6.19 and Fig. 6.21.
The top view of these plots are given in Fig. 6.20 and Fig. 6.22. The numerical longitudi-
nal and transversal displacements field for a 6 MHz ultrasonic incident Gaussian beam on
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a water-aluminum interface are shown in Fig. 6.23 and Fig. 6.24. One sees clearly the re-
semblance between the mathematically obtained plots (Fig. 6.20 and Fig. 6.22) and the finite
element plots (Fig. 6.23 and Fig. 6.24). This means that the FEM method enables fairly good
simulation of the propagation of Rayleigh waves along the interface.

Figure 6.19: The transversal component of the Rayleigh wave in the x− z field.

Figure 6.20: Plane view of the transversal component of the Rayleigh wave.

Numerical output

The internally generated Rayleigh waves in the aluminum plate are responsible for the ul-
trasonic waves at the solid-liquid interface. These waves, with a propagation direction that
makes an angle of 31◦ with the vertical on the horizontal surface of the aluminum plate, can
be observed in Fig. 6.25. In the Fig. 6.26 and Fig. 6.27 we can see clearly that the elliptical
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Figure 6.21: The longitudinal component of the Rayleigh wave in the x− z field.

Figure 6.22: Plane view of the longitudinal component of the Rayleigh wave.

Figure 6.23: Simulation of the transversal displacement field in an aluminum plate caused by a 6MHz
incident Gaussian beam under the Rayleigh angle.

Rayleigh acceleration of the surface nodes on the horizontal edge of the solid plate are passed
on to the nodes of the vertical edge of the plate. This gives a decisive answer to the question
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Figure 6.24: Simulation of the longitudinal displacement field in an aluminum plate caused by a
6MHz incident Gaussian beam under the Rayleigh angle.

whether Rayleigh waves travel around a corner of a solid plate. Further, it is also obvious that
this elliptical Rayleigh movement on the vertical edge will leak energy in the fluid medium
under the Rayleigh angle. Fig. 6.25 shows that the produced waves in the fluid medium make
again an angle of 31◦ with the horizontal.

Figure 6.25: Internal generation of the Rayleigh waves in an aluminum plate.
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Figure 6.26: The spatial transversal acceleration in the nodes of an aluminum plate by an internal
generated Rayleigh wave.

Figure 6.27: The spatial longitudinal acceleration in the nodes of an aluminum plate by an internal
generated Rayleigh wave.
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6.5 Scattering of Scholte-Stoneley waves by an immersed solid

dihedral

6.5.1 Introduction

Generalized Rayleigh waves and Scholte-Stoneley waves are modes of sound propagation
along a solid/liquid interface. Strictly spoken the first type is a radiation mode, whereas
the latter type is an eigenmode [18]. Both are solutions of the same equation resulting
from expressing continuity of normal stress and strain along the interface for plane wave
solutions. Rayleigh waves are complex solutions whereas Scholte-Stoneley waves are real so-
lutions. Leaky Rayleigh waves penetrate deeper into the solid and radiate energy into the
liquid. Scholte-Stoneley waves do not leak any energy and are mostly confined to the liquid
side of the interface. Both type of surface waves have been extensively studied in the far and
recent past, mainly in seismology [19–22] and in ultrasonics. Surface waves in ultrasonics
are very useful for the investigation of materials for surface and near surface properties and
defects [23–32]. Finiteness of structures and materials is the primordial reason for studying
the interaction of surface waves with the edge of a surface. When a surface wave reaches the
edge of a plate, the scattering effect is much more complicated than simple reflection of sound
and therefore a study of the mode conversion that occurs is preeminent. The scattering effects
and mode conversion depend on the type of surface wave and so does the diffraction pattern
in the surrounding liquid. For Rayleigh waves, an experimental study [7] and a numerical
investigation [11] have been reported in the previous sections and will be referred to in the
current section to compare with results for Scholte-Stoneley wave scattering. Experimental
results for the scattering of Scholte-Stoneley waves have been addressed by Tinel and Duc-
los [33]. A portion of their results have later been explained by application of the radiation
mode theory [18, 34].

6.5.2 Brief discussion of earlier experiments

Tinel and Duclos [33] used a special type of transducer, a so-called interdigital transducer [35],
which allows the generation of surface waves at the surface of the piezoelectric crystals. It is
also shown [36] that this type of transducer is able to generate Scholte-Stoneley waves at its
surface when the crystal is immersed in a liquid. This is schematically shown in Fig. 6.28 where
the transducer is in contact with a solid dihedral that is completely immersed in water. Their
experimental setup enabled an investigation of the influence of the edge angle on the diffracted
sound patterns caused by an incident Scholte-Stoneley wave. A sophisticated measuring
system, applying a rotating measuring device, permitted quantification of the sound pressure
around the corner. As in the paper by Tinel and Duclos, we take into account the following
sign convention: the θ-angle is positive in the upper part of Fig. 6.28 and negative elsewhere.
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At specific angles, shown as arrows in Fig. 6.28, different scattered waves were obtained [33].
First of all, the highest amplitudes were found in line with the solid-liquid interface, i.e. at an
θ-angle of 0◦. This forward diffracted sound field is very characteristic for the diffraction of
Scholte-Stoneley waves at the extremity of the solid plate. It was found in later experiments
that a similar effect could not be observed for leaky Rayleigh waves [7]. In addition to the
forward diffracted sound field, smaller but still significant amplitudes were measured at other
θ-angles. The first to mention here is the reflected Rayleigh angle at the critical Rayleigh angle
θR as seen in Fig. 6.28. Next, a transmitted Scholte-Stoneley wave appeared at −180◦+γ,
followed by a transmitted Rayleigh wave at −90◦+γ-θR. The experiments done by Tinel and
Duclos [33] consisted of measurements with dihedral corner angles ranging from 45◦ to 90◦.
For all these dihedral angles, similar diffraction phenomena were measured.

Figure 6.28: Diffraction of an incident Scholte-Stoneley wave at the corner of a solid dihedral.

In a theoretical study carried out by Briers et al. [34], some of the experimental results found
by Tinel and Duclos [33] have been simulated and explained. The theory used by the authors
is called the radiation mode theory and is based on the construction of a set of acoustic
modes (radiation modes and eigenmodes) of the solid/liquid system under consideration.
Despite of the satisfactory results obtained with this approach, the method remains very
cumbersome [34] and only applicable to solid corners of 90◦. The current section presents
numerical simulations based on another approach, namely the finite element technique, for a
varying dihedral corner angles as used by Tinel and Duclos [33]. First, a detailed description
of phenomena appearing at 90◦ is given, whereafter a discussion is opened about the found
phenomena at dihedral angles different from 90◦. Furthermore, a critical angle will be defined
of the dihedral corner constituting a sudden diffraction pattern switch.
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6.5.3 Formulation of boundary conditions in terms of analytical solutions

In order to study Scholte-Stoneley waves in a finite element approach it is first necessary
to obtain their displacement field analytically. This field is consequently incorporated as a
boundary condition in the finite element model. Herefore, the three continuity equations for
normal displacement Eq. (6.5a) and normal stresses Eq. (6.5b) and the vanishing tangential
stresses Eq. (6.5c) along the solid-liquid interface z = 0 must be fulfilled (Fig. 6.29):

uS,z = uL,z, (6.5a)

TS,zz = TL,zz, (6.5b)

TL,xz = 0 (6.5c)

Figure 6.29: Continuity equations at the solid-liquid interface for the generation of Scholte-Stoneley
waves.

The quantities in Eqs. (6.5) are described in terms of the potential functions ΦS and ~ΨS in
the solid, the potential function ΦL in the liquid and the displacement functions ~uS and ~uL

as

ΦS = A · eklz z · ei(kR x−ωt) (6.6)

~ΨS = B · eksz z · ei(kR x−ωt) (6.7)

ΦL = C · e−kLz x · ei(kR z−ωt) (6.8)

~uS = ~∇ΦS + ~∇× ~ΨS (6.9)

~uL = ~∇ΦL (6.10)

whereby the wave vector components satisfy the dispersion relations
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where the solid (S) is characterized by its density ρS , its longitudinal sound velocity vl and
its transversal sound velocity vs, the liquid (L) by its density ρL and its longitudinal sound
velocity vL and where ω is the circular frequency, klz the z-component of the longitudinal
wave vector in the solid, ksz the z-component of the shear wave vector in the solid and kLz the
z-component of the longitudinal wave number in the liquid. Moreover, the three amplitudes
A, B, C are arbitrarily chosen. Substitution of Eqs. (6.6-6.8) into Eqs. (6.9-6.10) and use of
the Cauchy strain formulation

εm,ij =
1
2

(
∂um,i
∂xj

+
∂um,j
∂xi

)
(6.12)

into Hooke’s law Eq. (6.13),

Tm,ij =
∑

λεm,kkδij + 2µεm,ij (6.13)

with i, j = {1, 2}, m = {S,L}, x1 = x, x2 = z, δij the Kronecker symbol, λ and µ the
Lamé constants, leads to the characteristic equation for surface waves along the solid-liquid
interface

4k2
Rkszklz − (k2

R + k2
sz) = i

ρL
ρS

klzk
4
sz√

k2
Lz − k2

R

(6.14)

with kR the unknown wavenumber for the Scholte-Stoneley waves. Eq. (6.14) is solved for
kR, applying the dispersion equation Eqs. (7.15c) and the following material parameters for a
aluminum-water system with ρL = 1000 kg/m3, ρS = 2700 kg/m3, vl = 6420 m/s, vs = 3040
m/s and vL = 1480 m/s. For a 5 MHz Scholte-Stoneley wave a wave velocity of 1476.47 m/s
is found. The penetration depth turns out to be less than 3 wavelengths in the solid and less
than 11 wavelengths in the liquid.

6.5.4 Finite element model

Unlike the experiments, achieved using an interdigital transducer, the numerical simulations
apply appropriate boundary conditions to force Scholte-Stoneley wave generation, based on
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the results obtained above. This procedure is represented by Fig. 6.30, where the displacement
fields ux and uz are applied at x = 0 for the solid boundary, whereas for the liquid region the
displacements are transformed as a pressure boundary by means of the following expression

p = −Bf · (
∂uL,x
∂x

+
∂uL,z
∂z

) (6.15)

Simulation of Scholte-Stoneley waves

Figure 6.30: Boundary conditions necessary for the generation of the Scholte-Stoneley waves.

Before proceeding towards scattering effects, it is important to investigate the propagation
of Scholte-Stoneley waves in the finite element approach in comparison with the theoreti-
cally obtained Scholte-Stoneley wave. For this it is necessary to check whether the boundary
conditions applied on the edge of the solid liquid medium are correctly achieved in the nu-
merical method. The influence of the mesh density in this regard is important because these
displacement fields are probed at the nodes of the mesh. Therefore, the smaller the mesh
size, the more accurate the approximated displacement curves. However, this does not imply
that how larger the mesh density, the better the numerical results become. The latter can be
attributed to numerical instabilities that occur when a too high mesh density is taken. When
the optimal mesh density is chosen, a reasonable accuracy compared to the theoretical curves
should be obtained. This can be observed in the Fig. 6.31 where the pressure distribution
along the vertical edge at x = 0 in the liquid medium (z > 0) is shown. The theoretical curves
are given in solid lines, whereas the finite element curves extracted along this line are given
in discrete points. The necessary match is clearly visible. Also for the displacement fields u1

and u2, the same comparison is made, but then along the solid medium (z ≤ 0). Also for
these two cases a sufficiently accurate match is obtained as seen in Fig. 6.32 and Fig. 6.33.

In Fig. 6.34a the forward propagating Scholte-Stoneley wave, found through application of the
aforementioned boundary conditions, is depicted. In the upper parts the pressure distribution
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Figure 6.31: Pressure over each quarter of a period along a liquid boundary, for theoretically (solid
lines) and numerically (probed values) derived Scholte-Stoneley waves.

in the liquid is shown, whereas in the lower parts the z-displacement field of the solid medium
is shown. From the analytical results of Fig. 6.34a and Fig. 6.34b it is clear that the pressure
wave and the vertical displacement, which are in phase, are exactly retrieved in the finite
element results of Fig. 6.34c and Fig. 6.34d. This match signfies also that the necessary
continuity equations at the interface between the solid and the liquid medium are perfectly
guaranteed by the finite element method. Though it is not possible to derive this from the
comparison between the pressure and the vertical displacement given in Fig. 6.34, this has
been checked with the equation Eq. 6.15. In this way it is found that the solid vertical
displacement at the interface (Fig. 6.34d), which is around 2.5 · 10−16 mm, is also retrieved
as the vertical component of the displacement field in the liquid.
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Figure 6.32: Displacement in the x-direction over each quarter of a period along a solid boundary,
for theoretically (solid lines) and numerically (probed values) derived Scholte-Stoneley
waves.

Figure 6.33: Displacement in the z-direction over each quarter of a period along a solid boundary,
for theoretically (solid lines) and numerically (probed values) derived Scholte-Stoneley
waves.
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Figure 6.34: Comparison of a forward propagating Scholte-Stoneley wave found by theoretical (a-b)
and numerical (c-d) means.
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6.5.5 Interaction with a 90◦ solid edge

Now that it is shown that the implementation of the Scholte-Stoneley waves in the numerical
model is done in a correct way, we will continue with the interaction of these surface waves with
the edge of a solid plate. First, as mentioned in the introduction, we will try to apply the finite
element method for the retrieval of the diffraction waves discussed in section 6.5.2. For this,
we developed a model in which a Scholte-Stoneley wave is allowed to travel along the liquid-
solid interface towards an edge with γ equal to 90◦. The system under investigation in this
and the following sections is a liquid/solid/liquid system consisting of a 1 cm solid material
plate immersed in a liquid. To allow a comparison with the experimental and theoretical
radiation mode results discussed above, a similar aluminum-water system as used by Tinel
et al. [33] and Briers et al. [34], is regarded in this investigation. When the Scholte-Stoneley
wave propagates towards the solid edge in the numerical model, a specific diffraction pattern
in the surrounding liquid becomes visible (Fig. 6.35). First, the forward diffracted Scholte-
Stoneley wave at θ=0◦ is found. It is also clearly seen that this forward beam has also the
largest intensity as reported in the experimental and analytical papers [33] and [34].

Furthermore, because we used a water-aluminum system, the reflected Rayleigh angle is found
at the critical Rayleigh angle θR of 31◦. Also the transmitted Scholte-Stoneley wave appeared
at −180◦ + 90◦=−90◦, followed by a transmitted Rayleigh wave at −90◦ + 90◦ − 31◦=−31◦.
With this it is clear that the developed finite element model is able to retrieve the results
found by Tinel et al. [33] and Briers et al. [34]. However, as already known from the previous
sections, a Rayleigh wave leaks energy back into the liquid in the form of a trailing field. This
characteristic is also found in Fig. 6.35 for the reflected as well as the transmitted Rayleigh
wave. Also the fact that a Rayleigh wave travels around a solid edge when it encounters one,
is clearly found in Fig. 6.35. This is even the case when the transmitted Rayleigh wave travels
around the bottom 90◦ corner of the solid plate. We can therefore conclude that besides the
accuracy of the finite element model concerning the reported phenomena in the literature, a
high level of consistency is retrieved in the simulated diffraction patterns. Whether this is
also the case for dihedral angles γ different from 90◦, will be investigated in the next section.

6.5.6 Interaction with a dihedral with different γ angles

Whereas the radiation mode theory is limited to 90◦ corner angles, the finite element can also
handle other angles. This will be done in the section where for the aluminum-water system,
discussed above, the angle γ of the solid dihedral is changed from 90◦ to around 45◦. With
this study we try to investigate besides the retrieval of the diffraction waves mentioned above
also some other interesting phenomena. In Fig. 6.36 the results are shown for five γ angles
taken besides the 90◦ one, namely γ = 72◦, 64◦, 61◦, 55◦, 48◦. Besides the forward propagating
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Figure 6.35: Diffraction of a forward propagating Scholte-Stoneley wave at the edge of solid plate.

Scholte-Stoneley wave that always remains at θ=0◦, also the reflected/transmitted Rayleigh
angles and the transmitted Scholte-Stoneley angle are clearly visible at their respective angles
of θR, −90◦+γ+θR and −180◦+γ. However, with a decreasing γ angle, two new phenomena
are found. The first one is that the continuous decrease of the intensity from the θ = 0◦ to
the first beam of the trailing field (in negative θ direction), along a radial circle with the edge
of the dihedral as the center point of the circle, leads to the disappearance of the first beam of
the trailing field at a certain γ angle. In Fig. 6.36, the merging of the scattering field around
θ = 0◦ with the first and strongest beam of the trailing field happens around a γ angle of 64◦.
With an even larger γ angle, the first beam of the trailing field is still incorporated in the
scattered field around θ = 0◦, but becomes wider than the one in the first case of γ = 90◦. A
second phenomenon that occurs with this, is that the reflected Rayleigh wave becomes also
more distinct with increasing γ angles, which can be clearly seen when comparing Fig. 6.36a
with Fig. 6.36f.

Material dependence of the reported phenomena

The discussed phenomena remain clearly visible when different material combinations are
investigated. The incorporation of the first and strongest beam of the trailing field with the
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Figure 6.36: Diffraction angles for a 5 MHz Scholte-Stoneley wave in a aluminum-water system.

scattering field around θ = 0◦ on the one hand and the intensity increase of the reflected
Rayleigh wave with decreasing γ angles are also found when the material of the solid plate
is changed. This is seen in Fig. 6.37, where the solid material is changed from an aluminum
medium into a brass medium in combination with water. In this case the 5MHz frequency
used for the excitation of the Scholte-Stoneley wave, remains the same. The critical angles
are obviously different from the ones discussed above as retrieved in each case separately.
However, also here it is found that around a γ angle of 72◦ − θR, the same phenomena as
those found above, are retrieved.

Frequency dependence of the reported phenomena

As final control for the appearance of the discussed phenomenon, the frequency is also changed
for the aluminum-water system from a 5 MHz excitation frequency to one of 3 MHz. In
Fig. 6.38, apart from the obvious wavelength change of the incoming Scholte-Stoneley, similar
diffraction phenomena as those found above, are also retrieved here.
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Figure 6.37: Diffraction angles for a 5 MHz Scholte-Stoneley wave in a brass-water system.

Figure 6.38: Diffraction angles for a 3 MHz Scholte-Stoneley wave in a aluminum-water system.
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6.6 Lamb wave excitation and mode conversion in plates

6.6.1 Introduction

Their ability to travel over long distances makes Lamb waves a widely used tool for the
nondestructive evaluation of solid plates, such as the detection of surface cracks and delam-
inations [37]. Several studies have been published in recent years on the interaction of a
leaky Lamb wave with the edge of a plate [38–45] where the existence of propagating and
non-propagating modes have been identified through theoretical, numerical as well as exper-
imental investigations [42, 46–50]. However, the assessment of the exact multiple conversion
modes and the repartition of the incident energy between these modes remains a complex
task. Especially in the cases were experimental results are validated with numerical pre-
dictions, still some discrepancies exist [44] which can be attributed to the way the incident
Lamb modes are generated. In this section, it is shown that by generating the Lamb modes
with the incidence of an ultrasound beam on a solid-liquid interface, interference between
the incident mode happens with the converted modes on the one hand, and between con-
verted modes mutually, producing very complex modes on the other hand. This is proved by
decomposing the scattering field at the end of the plate into its multiple mode constituents
applying the Fourier transform. This approach is applied to the experimental as well as the
numerical results. Experimental results are obtained by means of the acousto-optic schlieren
technique [51]. Numerical results are obtained using a newly developed procedure based on
the finite element method.

The current section is organized as follows. First, dispersion curves of Lamb waves of different
modes and orders are briefly discussed as they form the framework to reveal excitation angles
and to identify, applying a Fourier transformation of the sound field, mode converted Lamb
waves. Then, experimental results are investigated of an A1 mode in aluminum and a S1

mode in glass reaching the edge of a solid plate. Consequently a numerical investigation is
presented.

6.6.2 Research strategy

In contrast with the incidence at an arbitrary angle, resulting in a single reflected beam as
seen in Fig. 6.39a, the fixation of the incidence angle at the so-called Lamb angle, results in
the appearance of the Schoch effect [2–6, 15]. This phenomenon consists of a forward shifted
reflected beam, usually accompanied by the appearance of a null zone in the reflected beam
pattern, separating a specular beam and a non-specular beam (Fig. 6.39b). This energy re-
radiation, which is comparable to that of a leaky Rayleigh wave [1], occurs under the same
angle as the incident one. These leakage angles are measured from the normal to the plate,
positive in clockwise direction, with the zero angle defined as the direction of the upwards
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pointing z-axis (Fig. 6.39). A forward propagating Lamb wave will emit therefore its energy
back into the liquid under a positive angle (Fig. 6.39b), which is indicated in the following by
a “+” superscript sign. A backward propagating Lamb wave (in the negative x-direction) is
logically denoted with a “-” superscript sign. The order i of the Lamb wave, which represent
the i-th resonant frequency mode of the plate, is given by a subscript i sign. In this way,
a forward propagating symmetrical Lamb wave of the third order is given by S+

3 , whereas
a backward propagating asymmetrical Lamb wave of the first order can be described by
A−1 . This notation convention is important in case a forward propagating Lamb wave of a
certain type and order interacts with the edge of a semi-infinite plate (Fig. 6.40a). Besides
the generation of the so-called retro-reflected (Fig. 6.40b) Lamb waves that propagate in the
backward direction and have the same type (S or A) and mode order i as the incoming Lamb
mode, also other Lamb waves with different types (S or A) and mode orders j are generated
during this interaction. These latter Lamb waves are also known as the mode converted Lamb
waves (Fig. 6.40c). It is clear that when these retro-reflected and mode converted Lamb waves
are created, they will leak back energy into the liquid under negative angles. Because it is
not an easy task to distinguish between all these different coexisting waves, we exploit in this
study the connection between incidence and re-radiation angles with the Lamb waves’s phase
velocities through Snell’s law and the use of dispersion curves.

Figure 6.39: Schematic of the experimental setup where a purely reflected sound beam (a) is com-
pared with the generation of the Schoch effect (b) at the Lamb generating angle θLamb.
The parameter ∆ is the distance of the border of the incident beam to the edge of the
plate.
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Figure 6.40: Interaction of an A+
0 Lamb wave with the edge of a plate (a), leading to the generation

of an A−0 reflected Lamb mode (b) and mode conversions S−2 and A−1 (c). The ′+′-
sign gives the propagation direction of the incoming Lamb wave, whereas the ′−′-sign
represents the reflected waves travelling in the opposite direction.

Dispersion and Lamb wave generation

Dispersion curves for Lamb waves provide an easy tool to indentify different Lamb modes
and to obtain the corresponding angle of incidence or re-radiation. A correct simulation of
dispersion curves is hence crucial. First of all, the wave equation for a thin and infinite long
plate with thickness d immersed in water is solved. Expressing the continuity of the stress
components σxz and σzz at the boundaries z = d/2 and z = −d/2 of the solid-liquid system
leads to a system of four equations having nontrivial solutions for vanishing determinant [52].
These obtained equations can be split into an equation for symmetrical and an equation for
asymmetrical Lamb modes, resulting in the following two dispersion equations

(k2 + k2
sx)2 · coth(klxd)− 4k2 · ksx · klx · coth(ksxd) = i · ρL

ρS
· klx · k4

s√
k2
L − k2

(6.16a)

(k2 + k2
sx)2 · tanh(klxd)− 4k2 · ksx · klx · tanh(ksxd) = i · ρL

ρS
· klx · k4

s√
k2
L − k2

(6.16b)

where

k2
lx = k2 − k2

l (6.17a)

k2
sx = k2 − k2

s (6.17b)

and kl, ks are the longitudinal and shear wave number and k the wave number of the Lamb
mode; ρL, ρS the densities in the liquid and the solid respectively and kL the wave number
in the liquid. Using the parameters in Table 6.2 for an aluminum-water and a glass-water
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system in combination with a 3 MHz sound beam, the solutions of equations Eqs. (6.16a)
and (6.16b) can be plotted as dispersion curves in Fig. 6.41 and Fig. 6.42 respectively. The
found curves represent Lamb modes as a function of their phase velocity v and frequency
times plate thickness. Due to the direct correlation between the phase velocity and the angle
of incidence (or the angle of re-radiation) through Snell’s law, the 6 indicated Lamb modes
A0, S0, A1, S1, A2 and S2 can be stimulated by impinging the solid plate with a harmonic
bounded Gaussian ultrasonic beam at each corresponding Lamb angle. This phenomenon is
employed in the current study to identify Lamb waves. Table 6.3 collects the Lamb wave
generation angles (which geometrically have the opposite value of the re-radiation angles of
forward travelling Lamb modes) for an aluminum plate and for a glass plate.

Table 6.2: Material characteristics used to calculate the dispersion curves.
ρ vd vs d

[kg/m3] [m/s] [m/s] [mm]

Aluminum 2770 6730 3160 1.45
Glass 2500 5660 3520 1.23
Water 1000 1480 − −

Table 6.3: Incident angle for Lamb wave mode. In case the leakage angles are needed, the opposite
angles are taken.

A−0 S−0 A−1 S−1 A−2 S−2

Aluminum −31◦ −29◦ −19◦ −14.5◦ − −8◦

Glass −28.6◦ −25.5◦ −14◦ −15◦ − −3.45◦

Interference field at the end of the solid edge

By gradually decreasing the distance between the border of the incident beam and the edge
of the plate, the parameter ∆ in Fig. 6.39 becomes zero or even negative when moved further
to the right, resulting into interaction of the forward travelling Lamb mode with the edge of
the plate. Consequently, multiple converted Lamb modes are formed, and because each of
these new modes has its own re-emission angle, the final sound field in the liquid will be a
superposition of all the individual re-emitted fields. Suppose for example that the sound field
in water is the superposition of only two plane waves, then the sound potential is given by

Φ =
∑
µ=1,2

Aµe
i(k�;x x+k�;z z) (6.18)

with an intensity given by
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Figure 6.41: Dispersion curves for Lamb waves in a thin and infinite long aluminum plate. The
horizontal line denotes the experimental situation for a 3MHz incident sound beam on
a 1.45 mm thick plate. The given angles are those for forward propagating Lamb waves
that emit their energy under a positive angle. In case of the generation of Lamb waves,
the opposite angle is used for the incidence of a ultrasound beam.

|Φ|2 = |A1|2 + |A2|2 + 2 · |A1| |A2| · cos(F2 − F1) · cos((k2,x − k1,x)x+ (k2,z − k1,z)z) (6.19)

with Fµ equal to the phase of the beam with amplitude Aµ indexed by µ . The Euclidean
subspace characterized by an amplitude equal to the amplitude at the origin and that contains
the origin itself, is then given by

(k2,x − k1,x)x+ (k2,z − k1,z)z = 0 (6.20)

In other words, this subspace (representing energy rays) is a straight line, of which the direc-
tion θ, if z is replaced by x · cot(θ), can be written as

θ = −cot−1

(
sin(θ2)− sin(θ1)
cos(θ2)− cos(θ1)

)
(6.21)
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Figure 6.42: Dispersion curves of Lamb waves in a thin and infinite long glass plate. The added
horizontal line corresponds with the combination of 3MHz on a plate of thickness 1.23
mm. The given angles are those for forward propagating Lamb waves that emit their
energy under a positive angle. In case of generation of Lamb waves, the opposite angle
is used for the incidence of a ultrasound beam.

with θµ the phase propagation angle measured from the z-axis for the wave labeled by µ.
The result from Eq. (6.21) is attributed a positive angle to propagation directions from left
to right, and a negative angle to those from right to left. This makes the interpretation of the
angle θ straightforward and in agreement with the aforementioned sign convention. Because
it is now unclear which specific mode interactions will occur, all possible Lamb generating
angles from Table 6.3 are permutated by means of Eq. (6.21) leading to interference angles
displayed in Table 6.4 and Table 6.5 for respectively the asymmetrical (aluminum) and the
symmetrical (glass) case.
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Table 6.4: Interference angles for forward travelling (positive angles) and reflected (negative) Lamb
modes on a aluminum plate found through application of Eq. (6.21). Due to symmetry in
the interference angles, only the values above the diagonal are given.

A+
0 S+

0 A+
1 S+

1 S+
2 S−2 S−1 A−1 S−0 A−0

A+
0 - 30◦ 25◦ 22.75◦ 19.5◦ 11.5◦ 8.25◦ 6◦ 1◦ 0◦

S+
0 - 24◦ 21.75◦ 18.5◦ 10.5◦ 7.25◦ 5◦ 0◦ −1◦

A+
1 - 16.75◦ 13.5◦ 5.5◦ 2.25◦ 0◦ −5◦ −6◦

S+
1 - 11.25◦ 3.25◦ 0◦ −2.25◦ −7.25◦ −8.25◦

S+
2 - 0◦ −3.25◦ −5.5◦ −10.5◦ −11.5◦

S−2 - −11.25◦ −13.5◦ −18.5◦ −19.5◦

S−1 - −16.75◦ −21.75◦ −22.75◦

A−1 - −24◦ −25◦

S−0 - −30◦

A−0 -

Table 6.5: Interference angles for forward travelling (positive angles) and reflected (negative) Lamb
modes on a glass plate found through application of Eq. (6.21). Due to symmetry in the
interference angles, only the values above the diagonal are given.

A+
0 S+

0 S+
1 A+

1 S+
2 S−2 A−1 S−1 S−0 A−0

A+
0 - 27.05◦ 21.8◦ 21.30◦ 16.03◦ 12.58◦ 7.30◦ 6.80◦ 1.55◦ 0◦

S+
0 - 20.25◦ 19.75◦ 14.48◦ 11.03◦ 5.75◦ 5.25◦ 0◦ −1.55◦

S+
1 - 14.50◦ 9.23◦ 5.78◦ 0.50◦ 0◦ −5.25◦ −6.80◦

A+
1 - 8.73◦ 5.28◦ 0◦ −0.50◦ −5.75◦ −7.30◦

S+
2 - 0◦ −5.28◦ −5.78◦ −11.03◦ −12.58◦

S−2 - −8.73◦ −9.23◦ −14.48◦ −16.03◦

A−1 - −14.50◦ −19.75◦ −21.30◦

S−1 - −20.25◦ −21.80◦

S−0 - −27.05◦

A−0 -

6.6.3 Experimental results

The experimental technique used here to visualize the scattering phenomena when the sound
beam reaches the edge of the plate, is the acousto-optic schlieren method [51], discussed in
the previous Chapter 5.
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Anti-symmetrical Lamb wave generation in the aluminum plate

First, the characteristic Schoch effect at +19◦ on the aluminum plate is generated, remote
from the edge indicating the generation of the A+

1 mode. This mode is chosen because the
resulting Schoch effect had the best contrast during the experiments in comparison with the
other asymmetrical modes. When the beam is then moved to the edge of the plate, without
surpassing it, a standing wave pattern becomes visible, with rays along the 0◦ angle separated
by null strips (Fig. 6.43a and Fig. 6.43b). These are due to anti-phase vibrations of subsequent
half wavelength regions producing the vertical lines displaced over a distance t of 0.76 mm
from each other. This sound field can be explained as the superposed effect of a retro reflected
Lamb mode A−1 with a velocity v of 4546 m/s (Fig. 6.41) that propagates along the same
Lamb wave angle, though in opposite sense, as the incoming A+

1 mode. This can be easily
verified by use of the simple relation 2t = v/3MHz, with t half the horizontal period of a sine
wave for example and v the wave velocity.

Figure 6.43: Incidence at the Lamb wave angle of −19◦ on a thin aluminum plate where the incident
beam is moved gradually to the edge of the plate. Three cases are considered : ∆ ≈
0.20cm (a), ∆ ≈ −0.10cm (b) and ∆ ≈ −0.30cm(c).

Furthermore, apart from these identical retro reflected modes A−1 and the direct reflected A+
1

and transmitted beams at respectively +19◦ and +161◦ (Fig. 6.43), other diffracted sound
fields are observed in Fig. 6.43c when the sound beam moves beyond the edge of the plate.
These can be interpreted by means of the dispersion curves in Fig. 6.41 and the Lamb angle
permutations in Table 6.4. By using Eq. (6.21), it can be stated that a combination of reflected
A−1 and A−0 modes on the one hand and the combination of A+

1 and incident A+
0 modes on

the other hand, result in the formation of sound rays along the respective directions −25◦
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and +25◦ (see Table 6.4), which are depicted in Fig. 6.43c along −180◦ + 25◦ = −155◦ and
180◦−25◦ = +155◦. In addition to these angles, rays along +8◦ and +12◦ are observed in the
region above the aluminum plate (Fig. 6.43c) which can be attributed to the combination of
incident A+

0 modes with respectively reflected S−1 modes and reflected S−2 modes. Moreover,
other more complex conversions occur by the interaction of the incident bounded beam with
the edge of the plate. As seen in Fig. 6.43b and even stronger in Fig. 6.43c, two more
horizontal sound fields at exactly 90◦-19◦ and 90◦+19◦ become visible in the cases where the
displacement parameter ∆ becomes negative, i.e. ∆ ≈ −0.10 cm and ∆ ≈ −0.30 cm. This
is purely an experimental condition, because in this way most of the energy is concentrated
around the corner which makes it easier for the schlieren technique to visualize these fields.
As will be shown in following sections, whether the ∆ becomes negative or not, does not have
a major influence on the existence of the forward propagating lobes.

Symmetrical Lamb wave generation in the glass plate

For the symmetrical generation of Lamb waves, a bounded beam with an incidence angle
of −15◦ is taken for the generation of a S+

1 mode in a thin glass plate. The reason why
exactly this angle has been chosen, is the same as for the asymmetrical case. Also here a clear
formation of the Schoch effect is found with the appearance of the specular and non-specular
lobe, as seen in Fig. 6.44a. In addition to this displacement effect, a similar vertical pattern as
the one discussed above is also observed here. This field is due to the combination of a forward
propagating S+

1 mode superposed on a retro reflected S−1 Lamb wave. The distance between
the null strips in the standing wave pattern is found to be a little less than 1 mm, which is
approximately retrieved by substitution of a Lamb wave speed of v = 5718 m/s (Fig. 6.42) in
2t = ν/3MHz. This leads to a period spacing t of t = 0.95 mm. Furthermore, it is clearly seen
in Fig. 6.44b that when the ultrasound beam is moved closer to the edge of the plate and even
surpassing slightly the edge of the plate (∆ ≈ −0.10 cm), other diffraction patterns become
visible. The mode conversion interference angles along +7◦ and +2◦, indicated in Fig. 6.43c,
are respectively due to a reflected S−1 leakage field in combination with an A+

0 mode and a
reflected S−0 mode together with a A+

0 mode (Table 6.5). Moreover, the observed negative
angles −161◦ and −158◦ can be attributed to the superposition of respectively a reflected S−0
and A−1 mode (−19.75◦) and a reflected S−1 and reflected A−0 mode (−21.8◦).

When the beam is moved even closer towards the edge of the plate (Fig. 6.44c), the fields
at the mentioned angles appear even stronger in intensity. A possible explanation for this
outspoken intensity difference is that the amplitude of the excited Lamb waves is larger in
the center of the beam than at the edges of the incident beam because an incident beam with
a Gaussian profile is used. Other diffraction patterns are also obtained in this case where the
beam is partially propagating undisturbed through the liquid. The appearance of a sound ray
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Figure 6.44: Incidence of a 3 MHz Gaussian beam at −15◦ having a 1cm physical beam width for
the generation of a S+

1 Lamb wave. As in the asymmetrical case, also here the beam
is moved gradually towards the edge of the thin glass plate, resulting in three cases :
∆ ≈ 0.84cm (a), ∆ ≈ 0.0cm (b) and ∆ ≈ −0.20cm(c).

along −20◦ indicates that some energy is transferred into a reflected S−0 mode which interacts
with the incoming S−1 mode. Furthermore, two other diffraction angles are observed along
+6◦ and +171◦. These can be attributed respectively to the emitted field of a reflected S−1
mode and a S+

0 mode on the one hand (+5.25◦) and the superposition of a S+
2 mode and a

S+
1 mode on the other hand (+9.23◦).

A remarkable difference with the aluminum plate is that the two horizontal lobes which were
observed in that case are not found here. Also other combinations which are theoretically
possible, have not been observed experimentally. It is known that intensity losses of the
diffracted beam as imaged by the schlieren technique, followed by contrast enhancement, lead
to apparent losses of the intensity, resulting in hardly visible re-radiated sound fields. It is a
shortcoming of the schlieren technique that cannot be overcome with the given experimental
setup. This can be a second reason why certain mode conversions are not really visible.
Numerical sumulations overcome these visualization problems because no lenses or mirrors
and no photocameras are required there of course. A Fourier transform method is then
applied, to extract all the possible diffraction angles.
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6.6.4 Numerical results

As in the experimental procedure, the beam is first modeled under a constant angle of inci-
dence, i.e. −19◦ for the aluminum plate and −15◦ for the glass plate. For a 3MHz bounded
Gaussian beam with a physical width of 10 mm and respective plate thicknesses of 1.45 mm
and 1.23 mm (see Table 6.2), the Schoch effect will appear. This indicates the formation of
the corresponding Lamb modes which are respectively an A+

1 and S+
1 mode. Subsequently,

the beam is moved towards the end of the plate, leading to the different mode conversions.
Once the results are obtained, the two-dimensional Fourier transform is then applied to inves-
tigate the mode conversions, by extraction of all the possible diffraction angles. These can be
obtained due to the preservation of the two-dimensional spatial periodicity in the frequency
domain. For completeness, the Fourier transform is also applied on the experimentally ob-
tained results, to check whether the same information can be filtered as from the numerical
results.

Anti-symmetrical Lamb wave generation in the aluminum plate

For the reconstruction of the three cases in Fig. 6.43, a 3 MHz bounded beam is used on
an immersed aluminum plate with the following material properties: Young’s modulus E =
7.0 · 1010 N/m2, Poisson’s ratio ν = 0.35 and density ρS = 2770 kg/m3. For the liquid a
water medium is considered with a density of ρL = 1000 kg/m3. It is clear from the finite
element results in Fig. 6.45 that most phenomena, such as the Schoch effect in Fig. 6.45a,
the forward diffracted sound in Fig. 6.45c as well as the vertical standing pattern are fully
retrieved. Moreover, when a comparison is made between Fig. 6.45 and the corresponding
ones in Fig. 6.43, all the experimentally evaluated diffraction angles are found. However,
because of the accurate character of the finite element method, many other diffraction patterns
become visible as seen in Fig. 6.45a-c. Therefore, it is necessary to investigate whether other
diffraction modes occur than those mentioned in the previous sections. This will be done in
the following where we will examine the spatial frequency content of the finite element results.

Symmetrical Lamb wave generation in the glass plate

Here, the three cases of Fig. 6.44 are reconstructed numerically, with a bounded beam of 3
MHz on a 1.23 mm thick glass plate with the following material parameters: Young’s modulus
E = 7.0 · 1010 N/m2, Poisson’s ratio ν = 1/3 and density ρS = 2500 kg/m3. For the water
medium the same density is taken as in the previous case. Also here, as seen from the finite
element results in Fig. 6.46a-c, the Schoch effect is reconstructed, the vertical 0◦ rays and
the other diffraction angles are found. Moreover, the additional forward diffraction fields,
which have been experimentally as well as numerically retrieved for the aluminum plate, are
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Figure 6.45: Finite element result for an aluminum plate of thickness 1.45mm with an incident
Gaussian beam of 3MHz. Three similar cases are considered as in Fig. 6.43.

also found here, at the exact angles 90◦-15◦ and 90◦+15◦. Apparently this scattering effect is
always generated. Also the position of the incident beam is not that important as found from
the experimental results. This is shown in Fig. 6.46a-c, where the forward lobes are found in
each of them.

Figure 6.46: Finite element result for a glass plate of thickness 1.23mm with the incidence of a 3MHz
Gaussian beam. Three similar cases are considered as in Fig. 6.44.
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Two-dimensional Fourier transform

For a precise description of all possible interfering modes together with their corresponding
emitted leakage angles, the two-dimensional Fourier transform method is applied on Fig. 6.45c
and Fig. 6.46c, because these images contain most of the diffraction angles. The corresponding
results are depicted in Fig. 6.47a and Fig. 6.47b, where the null frequencies are plotted in the
middle of the figures and the positive frequency axes are shown. Note that the FFT images
are divided in four quadrants, where the 3rd and the 4th quadrant are point symmetric with
respect to the 1st and the 2nd quadrant. When a line is drawn from the null frequency, i.e.
the origin, to each dot on the figures, a representative angle for possible interfering modes is
found. In what follows, only the angles in the first two quadrants are depicted.

For the aluminum case, the transducer boundary shown in Fig. 6.45c is represented by a
solid line at +19◦ in Fig. 6.47a. The reflected ultrasound beam is shown as one point on
this line. Moreover, the experimental mode converted angles, such as +25◦ and −25◦, +8◦,
+12◦, have been retrieved together with many others as seen in Fig. 6.47a. These additional
angles are typically marked by the topology in the two-dimensional frequency domain with
angles spanning +1◦ to +8◦ and +12◦ to +25◦. Furthermore, additional angles become visible
between +25◦ and +43◦ with smaller amplitude than the previous ones, considering the fact
that a log scale is applied on the amplitude scale. Finally, the lowest amplitude values are
found at +51◦ and +58◦. In the negative 2nd quandrant, a group of angles are found around
−2◦, −11◦ and between−25◦ and−45◦. For the generation of the S+

1 mode on a glass plate, all
the angles found through experiments are also retrieved here as shown in Fig. 6.47b. As in the
asymmetrical mode, a large group of additional interference angles, with very small amplitudes
are found in Fig. 6.47b where they also form a complex topological shape. Considering all
these angles, in the asymmetrical as well as in the symmetrical case, and comparing them
with the corresponding permutated modes in Table 6.3 and Table 6.4, it becomes clear that
other interference combinations must exist. A possible explanation could lie in the fact
that apart from interference between the dominant modes, also mutual interference between
converted modes is possible even when almost negligible. These secondary effects have not
been incorporated in the mode permutation that forms the basis of the current study, because
the amplitudes are too small to be observed using a schlieren photography experiment.

Indeed, to check whether the obtained experimental results contain also this broad range of
interference angles, the Fourier transform is applied on Fig. 6.43c and Fig. 6.44c. The results
are respectively shown in Fig. 6.48a and Fig. 6.48b. It is clear that no angles are retrieved in
both cases, except from the short start of the curved line at the origin of the frequency axes.
The fact that no significant information can be extracted from the experimental results, can
be attributed to the presence of a high level of noise in the experimental results and possibly
even to insufficient contrast sensitivity of the state of the art digital camera that was used.
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This is shown in the scattered results within the dotted circles in Fig. 6.48a and Fig. 6.48b.

Figure 6.47: Two dimensional Fourier transform of the finite element results obtained in Fig. 6.45
(c) and Fig. 6.46 (c). The angle of the construction line between the null frequency
and a certain peak gives the direction of a possible wave propagation direction in the
corresponding image.

Figure 6.48: Two dimensional Fourier transform of the experimental results obtained in Fig. 6.43 (c)
and Fig. 6.44 (c). Here, it is clear that the noise in the experimental complicates the
retrieval of any diffraction angle.
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6.7 Conclusion

As a conclusion for this chapter, it is clear that the chosen numerical method for the exam-
ination of acoustic-structural problems is a valuable approach. From the explanation of the
origin of leaky Rayleigh waves and the discussion on the travelling of Rayleigh waves around
solid corners, the present technique allowed also a thorough investigation on the interaction
of Scholte-Stoneley and Lamb waves with a solid edge. The distinctive diffraction pattern
for each of these waves is of particular interest in the nondestructive testing of materials. In
the next chapter, two additional phenomena will be investigated making the already devel-
oped framework for the interaction of ultrasound waves and material irregularities even more
powerful.
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7
Additional studies in the framework of ultrasound

crack detection

In this chapter, the developed method in Chapter 6 is extended with two
additional studies that are important in the investigation of real cracks. First, in
contrast with the solid edge approach of the previous chapter, a crack is considered
here as a repetitive structure along the surface of a material. This idea can also be
seen as a corrugated surface with which the ultrasound wave interacts. A second
topic that is brought up is the existence of nonlinear effects when an ultrasound
beam interacts with a material crack.
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7.1 Introduction

In this chapter, we will extend the developed method in Chapter 6 with two additional studies
that are important in the investigation of real cracks. Whereas the first topic is more about
the interaction of an ultrasound beam with a series of surface cracks, the second study tries to
investigate the incorporation of the material nonlinearity in the already developed acoustic-
structural models. The main idea behind both studies is to add more capabilities to the
developed finite element framework so that future investigations on crack detection can be
done in much greater detail.

For the first topic, another approach is used for the modelling of a crack when compared with
the concept employed in the previous chapter. Where in Chapter 6 an abstraction was made
of a surface crack (Fig. 7.1a) by considering it as the edge of a half-infinite long plate, in
this chapter we start from a series of surface cracks (Fig. 7.1b-top) that are chained to each
other (Fig. 7.1b-middle) to some kind of corrugation (Fig. 7.1b-bottom). This approach has a
double role. As previously seen, Scholte-Stoneley waves can be generated on flat surfaces by
mechanically exciting the solid edge with an interdigital transducer. The practical problems
that occur with this method, such as keeping a perfect contact between the transducer and the
solid plate, can be overcome by using an ultrasound beam that is incident on a corrugated
surface. On the other hand, the fact that these surface waves could be generated on a
corrugated surface, made us think that we could develop a numerical strategy where two
issues are met at once. If we were able to develop a technique where the Scholte-Stoneley
waves could be generated by an ultrasound beam incident on a corrugated surface, make it
propagate in the horizontal direction and then allow it to interact with some kind of other
corrugation that represents an array of cracks (Fig. 7.1b), the problem of crack detection by
means of ultrasound waves can be simplified significantly.

A second topic that attracted our interest is the incorporation of the material nonlinearity
into the developed numerical models. What is interesting about this approach, is the fact
that the interaction of high amplitude ultrasound waves with material cracks can lead to
higher order harmonics revealing the presence of these irregularities. Though this type of
nonlinear ultrasound-crack studies is beyond the scope of this work, we wil prove the correct
implementation of the material nonlinearity through another effect. This phenomenon, known
as the “diffraction of sound by sound” is also believed to be caused by the nonlinearity of the
material in which the two sound beams propagate. Despite of the numerous debates around
this subject, it is shown in section 7.3 that besides the diffraction of the two sound beams also
the sum and difference frequencies are retrieved in the diffracted beams. This shows therefore
that the implementation of the material nonlinearity, which can also be used for the detection
of cracks, is done in the correct manner.
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Figure 7.1: Idealization of a crack or chain of cracks into two concepts. In the first case (a) as the
end of a solid plate and secondly as a corrugation (b).

7.2 Generation of Scholte-Stoneley waves on a corrugated sur-

face

7.2.1 Introduction

In what follows, we will investigate the ultrasonic wave scattering on periodic surfaces.
Whereas this subject has already received considerable attention [1–6], we will mainly fo-
cus our efforts on the comparison of two methods used for this interaction study. The first
technique is based on the analytical formulation of a homogeneous plane wave that is in-
cident from the solid side and whereby it is demanded that the displacements and stresses
orthogonal to the surface are the same for the solid and liquid side. The diffracted field is
then decomposed by means of the Rayleigh decomposition method [7], into homogeneous and
inhomogeneous plane waves of different diffraction orders [8]. By looking to the frequency
dependence of the reflected signal, sharp discontinuities in the spectrum of the diffracted
waves have been retrieved and which can be interpreted as mode converted waves along the
corrugated surface [9–14]. The accuracy of this method is investigated by extending it to
the use of incident Gaussian beams [15] and comparing the results for an incident Gaussian
beam with those found with the finite element approach from the previous chapters. With
this approach the interaction of the incident beam with the corrugated surface is physically
modelled whereafter the diffraction is calculated.
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7.2.2 Reflection and refraction on a periodically corrugated surface

In this section we will take a closer look on what is happening when an homogeneous ul-
trasound beam is incident on a periodically corrugated solid-liquid interface. Depending on
the characteristics of the solid-liquid system and the ultrasound beam properties, a specific
diffraction pattern is obtained. As the ultrasound beam can be incident from the liquid
medium (see previous chapter) it is also possible to generate it at the solid side. This is the
reason why we incorporated the ability to perform also ultrasound tests from the solid side
in Chapter 5.

The coordinate system is chosen in that way that the shape of the periodical interface can
be described as z = f(x) where the corrugation shape is independent from the y-coordinate.
The periodicity of the corrugated surface is given by Λ, for which f(x+ ∆) = f(x). As seen
from Fig. 7.2, the grooves are directed in the y-direction.

Figure 7.2: Schematic of an incident beam from the solid side on a corrugated liquid-solid interface.

When an incident ultrasound beam ui

~ui = ei(
~ki ·~r−ωt) ~P i (7.1)

with wave vector ~ki and polarization vector ~P i, is generated at the solid side and propa-
gates towards the corrugated solid-liquid interface under an angle θi with the vertical of the
interface, there will exist three other wave components given by ~ur, ~us and ~ut. These displace-
ment vectors are respectively the reflected longitudinal component in the solid, the reflected
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transversal component in the solid and the transmitted longitudinal component in the liquid
and can be expressed by

~ur =
+∞∑

m=−∞
Rme

i[(~krm 1+i~krm 2)·~r−ωr t] ~P rm (7.2a)

~us =
+∞∑

m=−∞
Sme

i[(~ksm 1+i~ksm 2)·~r−ωs t] ~P sm (7.2b)

~ut =
+∞∑

m=−∞
Tme

i[(~ktm 1+i~ktm 2)·~r−ωt t] ~P tm (7.2c)

where Rm, Sm and Tm represent the complex amplitudes of each component with a wave
vector ~kim (i = r, s, t) that is written in a complex notation with ~kim1 and ~kim2 as its two
components. In what follows, only homogeneous incident waves are treated and therefore
the complex part of the wave vector is disregarded. Further, m represents the order number,
i the imaginary unit, ~r the position vector to an oscillating solid or liquid particle, t the
time and ~P im (i = r, s, t) the polarization vector. To obtain the amplitude for each of these
three components, the continuity equations should be satisfied at the solid-liquid interface by
inserting Eqs. 7.2a-7.2c into the equations

~uS · ~∇g = ~uL · ~∇g (7.3a)

~tS · ~∇g = ~tL · ~∇g (7.3b)

where the indices S and L represent respectively the components in the solid and the liquid.
The vectors uS and uL represent the displacement vectors, while tS and tL describe the
stresses. To express that the vertical components of the stresses and displacements at the
boundary between the two media should be equal to each other, the vector ~∇g is taken as
the gradient field for these fields representing therefore the continuity of the stresses and
displacements in the orthogonal direction with respect to the interface.

7.2.3 Rayleigh decomposition technique

A method to solve the continuity equations Eq. 7.3a and Eq. 7.3b for the retrieval of the
amplitudes Rm, Sm and Tm, is the Rayleigh decomposition method. In this technique the
ultrasound waves are considered as an infinite sum of waves that are reflected and transmitted
under different diffraction angles that can be determined by the classical grating diffraction
equation [16, 17], originating from the field of optics, and which is written as

sin(θm) = sin(θi)
λ

λi
+m

λ

Λ
(7.4)
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with m an integer number, λi the wavelength of the incident wave and λ the wavelength of
the diffracted wave.

The decomposition is then given as

~ur =
+∞∑

m=−∞
Rme

i(xkm +zKrm −ωr t) ~P rm (7.5a)

~us =
+∞∑

m=−∞
Sme

i(xkm +zKsm −ωs t) ~P sm (7.5b)

~ut =
+∞∑

m=−∞
Tme

i(xkm +zKtm −ωt t) ~P tm (7.5c)

whereby

km =
2π
λ
sin(θm) (7.6)

With Eq. 7.4, the latter equation becomes

km = sin(θi)
2π
λi

+m
2π
∆

(7.7)

The following equations are found for the wave vector components in the z-direction

Krm =

√
ω2
r

v2
r

− k2
m (7.8a)

Ksm =

√
ω2
s

v2
s

− k2
m (7.8b)

Ktm =

√
ω2
t

v2
t

− k2
m (7.8c)

where the real and imaginary parts of Krm and Ksm are negative and those for Ktm are
positive in order that all waves propagate away from the interface or that they diminish in
amplitude due to their imaginary wave vector. This decomposition is only valid under the
conditions

max |f(x)| < λi (7.9a)

λi ≈ ∆ (7.9b)

as formulated by Lippmann [18]. When these conditions are satisfied, the solution for the
amplitudes Rm, Sm and Tm can be derived by submitting equations Eqs. 7.5 into the continu-
ity Eq. 7.3. Without going into the complete derivation, which can be found in an extensive
manner in the work of [8], the solutions are written as

260



Chapter 7. Additional studies in the framework of ultrasound crack detection

+∞∑
m=−∞

Rm(kmkn −
ω2

v2
r

)Irmn −
+∞∑

m=−∞
SmKsmknI

s
mn

−
+∞∑

m=−∞
Tm(kmkn −

ω2

v2
t

)Itmn = AηiknI
ηi
in −B(kikn −

ω2

v2
r

)IKiin

(7.10a)

+∞∑
m=−∞

Rmρ(km − kn + 2
v2
s

ω2
K2
rmkn)Irmn +

+∞∑
m=−∞

SmKsmρ(
2
ω2
v2
skmkn − 1)Ismn

+
+∞∑

m=−∞
Tm(kn − km)Itmn = Aρηi(−2kikn

v2
s

ω2
+ 1)knI

ηi
in

+Bρ(kn − ki − 2K2
i kn

v2
s

ω2
)IKiin

(7.10b)

+∞∑
m=−∞

RmρKrm(1− 2
v2
s

ω2
kmkn)Irmn +

+∞∑
m=−∞

Smρ(2
v2
s

ω2
K2
smkn + km − kn)Ismn

−
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For each n value, an infinite set of equations, as seen from the summations m = −∞ to
m = +∞, can be composed. By breaking down the summation at a certain order m, and
taking n in such a way that the same number of equations are formed as the number of unkown
reflection and transmission coefficients, these unknown coefficients can be determined. The
coefficients A and B determine whether the incident wave is a longitudinal or a transversal
one. In case of a longitudinal incident wave, A = 0 and B = 1, and for a transversal one
the opposite values, A = 1 and B = 0, are taken. The Eqs. 7.10 are also conceived in that
way that only a transversal or a longitudinal wave can be simulated at once. Moreover, the
remaining parameters in the latter equations are defined as

ρ =
ρsolid

ρliquid
(7.11a)

ki =
2π
λi
sinθi (7.11b)

Ki =
2π
λi
cosθi (7.11c)

ηi =
2π
λi
cosθi (7.11d)
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whereby in case of an incident longitudinal wave, Eq. 7.11c is used, and for a transversal wave
Eq. 7.11d is employed. The definitions of Irmn, Ismn, Itmn, IKiin and Iηi

in can also be found in
the work of Declercq [19]. Without going into a detailed derivation with respect to a general
expression of the shape of the corrugation f(x) of these parameters, which can be found in the
work of Declercq and Sarens [15], we will focus our efforts on the interaction of an ultrasound
beam on a triangular corrugation. This will be handled in the next section.

7.2.4 Reflection and transmission coefficients for a triangular interface

The type of interface that will be examined in this work will be restricted to a periodical
structure whereby a triangular shape is repeated in the x-direction. The equation for such a
corrugation over one period Λ is given by

f(x) =
2hx
Λ
− h

2
for 0 ≤ x < Λ

2
(7.12a)

f(x) =
3h
2
− 2hx

Λ
for

Λ
2
≤ x < Λ (7.12b)

For the solid-liquid configuration, the same water-steel system is taken as used by Declercq and
Sarens [15]. The corrugation considered in that work has a height h of 60 µm and periodicity
Λ of 350 µm. To compare with their results and to check whether our implementation of
the analytical model has been done correctly, the same values are taken here as well. With
this, the following characteristics are used; a longitudinal and transversal wave velocity vr

and vs in the solid of respectively 5700 m/s and 3100 m/s, a longitudinal wave velocity vt

in the liquid of 1480 m/s, a solid density ρsteel of 7900 kg/m3 and a liquid density ρliquid

of 1000 kg/m3. Combining these parameters with a certain number of required modes for
the Rayleigh decomposition (here m = −8..8), the reflected and transmitted coefficients are
calculated for an incident longitudinal ultrasound wave. This is done to verify with existing
results in the literature, so that the following steps in the investigation can be trusted. In
this perspective the intensity value and the phase of the coefficients are given for a frequency
range of 1 MHz to 15 MHz. These results are depicted in Fig. 7.3, Fig. 7.4 and Fig. 7.5 where
respectively the four first modes are shown. It is clear that for the Rm and Tm the 0th order
is available because the longitudinal component exists in both materials. In the transversal
reflection components Sm no 0th order is found, because the incident wave is a longitudinal
one. As already retrieved by Declercq [8], the occurence of certain anomalies and peaks at
the particular frequencies of 4.2 MHz, 8.5 MHz and 12.7 MHz in the coefficient curves, reveal
the existence of Scholte-Stoneley waves at those frequencies. This indicates the generation of
a surface wave, here a Scholte-Stoneley wave, that propagates at the solid-liquid interface.
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Figure 7.3: Intensity (in dB) and phase (in rad) for the reflection coefficients Rm (m = 1..3) of differ-
ent orders in function of frequencies between 1 MHz to 15 MHz whereby a longitudinal
ultrasound wave is incident on a triangular corrugated solid-liquid interface.

7.2.5 Bounded beam diffraction on a corrugated surface

In the section above, an infinitely extended ultrasound beam was incident on a solid-liquid
interface. Because this is not really representative during real experiments, we would like to
investigate in this section how a bounded beam is diffracted at the corrugated surface. For
this, two approaches are used. First, the method explained above is extended by taking the
fourier transform of a bounded beam and summing all contributions. The other approach is
by developing a finite element method for which the interaction of a similar bounded beam
can be investigated after interaction with the periodical corrugation. The results that come
out of both methods are compared.

Fourier decomposition of a bounded beam interaction

A realistic approximation of an ultrasound beam generated by a transducer can be given by
a Gaussian distribution of the excitation field where the ends of the tranducer constrain the
movement of the piezo-electrical crystal, making the displacement converge rapidly to zero at
the boundaries. As shown by Declercq and Sarens [15], this can be well-approximated by a
Gaussian distribution

f(x) = e−
x 2

2� 2 (7.13)

with σ the standard deviation. By taking now the fourier transform of Eq. 7.13, it is possible to
use the methodology developed above where the plain wave theory for homogeneous incident
waves could be used to study the interaction with the corrugation. The fourier transform is
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Figure 7.4: Intensity (in dB) and phase (in rad) for the reflection coefficients Sm (m = 1..3) of differ-
ent orders in function of frequencies between 1 MHz to 15 MHz whereby a longitudinal
ultrasound wave is incident on a triangular corrugated solid-liquid interface.

Figure 7.5: Intensity (in dB) and phase (in rad) for the transmission coefficients Tm (m = 1..3) of dif-
ferent orders in function of frequencies between 1 MHz to 15 MHz whereby a longitudinal
ultrasound wave is incident on a triangular corrugated solid-liquid interface.

cut off after n terms, giving a proper approximation of the bounded beam. The method above
is then applied for each term of the cut-off fourier series. The retrieved fourier coefficients Fn,
the number of samples N and the number of samples per unit of length p are then introduced
in slightly different notation of the incident Gaussian beam, expressed as

~u(x, z) = ~P

+m∑
n=−m

Ane
i(xkxn +zkzn )−ωt) (7.14)
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with

An =
Fn
N

(7.15a)

kxn =
2npπ
N

(7.15b)

k2
zn =

ω2

v2
− k2

xn (7.15c)

and where the Gaussian beam is decomposed in its fourier components that propagate under
different angles and after summation form the incident gaussian one. In this way, the separate
reflected and transmitted waves can be calculated and the diffracted fields in the solid and
liquid reconstructed by summing each contribution to the overall displacement fields. Apply-
ing this method on the same water-steel system described above, gives us the longitudinal
pressure field in the liquid medium as depicted in Fig. 7.6a for a 6 MHz gaussian beam and
in Fig. 7.6b for a 8.5 MHz gaussian beam. It is clear that in the first case (a) the incident
wave from the solid side, propagates in a orthogonal way into the liquid medium. However,
for the second case (b), where the same conditions as those above for the generation of a
Scholte-Stoneley wave are met, it is seen that a horizontal surface wave propagation becomes
visible. To investigate whether the retrieved pressure field in the liquid medium is correct,
a new approach is developed based upon the finite element method, which will be discussed
in the next section. Moreover, from what we know from the previous chapter, the Scholte-
Stoneley wave energy is largely confined at the solid-liquid interface. How the wave is exactly
distributed and how the geometric interaction with the corrugation itself happens will be
handled in the following section.

Finite element method for interaction with corrugation

The finite element approach followed here is very similar to the one in the previous chapter.
One of the main differences though, is that the ultrasound beam is generated on the solid
side in order to make a comparison possible with the developed theoretical model from above.
Here the beam can also be generated under a certain angle θi with the vertical on the solid-
liquid interface. The interface in this case has a corrugated profile. The continuity between
the solid and liquid media transforms a displacement in the solid material into a pressure
distribution in the liquid medium.

When the results are now compared with the theoretical ones obtained by the Rayleigh
decomposition, it is seen from Fig. 7.7a and Fig. 7.7b that in general the same intensity
pattern in the liquid is obtained. Whereas in the first case the ultrasound beams travels
mainly in the same direction as the incident one, i.e. along the vertical z-direction, in the
second case it is also visible that a surface wave is generated where a horizontal propagation
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takes place along the positive and negative x-direction. However, because the interaction
between the two media is really enforced along a corrugated surface, which is not the case in
the Rayleigh decomposition, combined with the already mentioned fact that the wave energy
of a Scholte-Stoneley is primarily located at the interface, makes the way it propagates along
that interface different from a flat surface decomposition approach, as in Fig. 7.6a-b. Generally
we can state that the finite element approach allows the interaction to happen also between
the individual corrugations, making reflections between the corrugation, on each side of the
interface, possible. This is not considered in the Rayleigh decomposition method.

Figure 7.6: Incident 6 MHz (a) and 8.5 MHz gaussian beam (b) at the interface of a corrugated
liquid-solid interface by means of the Rayleigh decomposition. Whereas in case (a) the
wave propagates orthogonal to the interface, a Scholte-Stoneley wave is generated in case
(b).

Figure 7.7: Incident 6 MHz (a) and 8.5 MHz gaussian beam (b) at the interface of a corrugated
liquid-solid interface by means of the finite element method. Whereas in case (a) the
wave propagates orthogonal to the interface, a Scholte-Stoneley wave is generated in case
(b).
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7.3 Diffraction of sound by sound

As already mentioned above, we will extend the explained finite element models developed
in the previous chapters and in the sections above, with the ability to incorporate nonlinear
effects. This is important in cases where we would like to investigate the response of material
discontinuities after interaction with high amplitude ultrasound waves. The higher order
frequencies that are generated in this way, through the nonlinear behaviour of the material
on the one hand or clapping effects of cracks on the other hand, contain valuable information
about the interaction, which could reveal the presence of possible anomalies. In this section,
we will limit us to the investigation of the generation and registration of these higher order
terms in the case of the so-called diffraction of sound by sound phenomenon where taking
into account the nonlinear behaviour of the material in which the sound beams propagate, is
outmost important.

7.3.1 Introduction

Like many research topics that start as the observation of an unknown phenomenon and soon
become a valuable research field, something similar happened with the topic of scattering of
sound by sound. Ingard and Pridmore-Brown were the first who started the discussion on
the possible diffraction of sound by sound [20] triggered by the activation of the nonlinear
material behaviour at high excitation amplitudes. It was argued that two sound beams,
traveling orthogonal with respect to each other, can give rise to a measurable diffracted
sound pattern outside their interaction region. The experimental setup they used is shown
schematically in Fig. 7.8a where two collimated beams intersect each other at 90◦. The
horizontal sound beam is taken as the highest frequency ν1, whereas the second beam has
a lower frequency ν2. Moreover, through the derivation of a directivity equation for the
diffracted sound, based on the Lighthill equation, they presented theoretical proof for the
existence of the sum and difference frequencies outside the interaction region. However,
shortly after their first work, Westervelt [21] asserted that the nonlinear interaction of two
plane waves could only exist when the angle between the two waves is 0◦ as shown in Fig. 7.8b.
Moreover, he stated that even then, the sum and difference frequencies could only exist in the
interaction region of the two beams. This contradicted the results obtained by the first authors
completely and started a controversy that led to the publication of numerous reports on the
nonlinear interaction of plane waves. After many years of scientific research, it was agreed
upon that some of the suggested configurations were not optimal for the study of the nonlinear
interaction effects which made experimental set-ups difficult to reproduce and the results very
susceptible to small adjustments. Moreover, the lack of the fulfillment of some necessary
boundary conditions and the weak sound intensity outside the interaction region, made the
discussion last only further on. Furthermore, it was also concluded that the theoretical
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derivations which supported the experimental setups contained severe assumptions. This led
to approximate solutions of the physical problem that could not give any definite answer.
Finally, it was proved that the measurement of the sum and difference frequencies outside the
interaction region is after all possible.

In this study, a combination of the finite element method and the Fourier transformation
method is used to show that the sum and difference frequencies can be retrieved in any case.
Moreover, because the performed studies in the past were largely restricted to the use of fluid
or air media as propagation media for the sound waves, it is shown here that the diffraction
of sound by sound can also be performed and found in solid media. This indicates that,
irrespective of the type of material, diffraction of sound by sound can be obtained as long as
the excitation amplitudes are taken large enough to shift the material to its nonlinear regime.

In the following paragraphs, first a brief summary will be given on the linear and nonlin-
ear wave propagation in solid media and on the formation of higher order terms which are
necessary to obtain any diffracted sound. Moreover, the major parameters that play an im-
portant role in the observation of the sum and difference frequencies in the propagation media
will be discussed. These will appear to be dominant in the implementation of the finite el-
ement model and the observation of the sum and difference frequencies. Subsequently, the
adjustments made to the existing linear finite element code will also be handled. Finally, by
comparing the obtained results for the linear and nonlinear case and by applying the Fourier
transform method on them, diffraction of sound by sound in solids is shown to be definitely
possible to obtain.

Figure 7.8: Possible interaction schemes to generate diffraction of sound by sound : through orthog-
onal interaction (a) or inline but opposite propagation (b) of two sound beams.
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7.3.2 Linear versus nonlinear wave propagation

To understand the possible generation of sum and difference frequencies after interaction of
two sound beams, it is necessary to consider the nonlinear acoustics of the propagation media
in which the sound beam is traveling. Incorporating the nonlinear behaviour is absolutely
required for the two waves at two different frequencies to produce wave frequencies which are
originally not present in the acoustic system, due to the nonlinear material behaviour of the
propagation media. Therefore, a brief introduction is given on the nonlinear behaviour of
sound waves. We would like to show that the finite element method can offer here a suitable
approximation next to the existing theoretical ones.

Before we start, it is important to consider that for the development of the nonlinear wave
equation, we have to consider the three basic equations, i.e. the continuity equation, the
momentum equation, and state-entropy equation in their general form and also assume an
irrotational flow. By keeping only terms up to the second order in each of these equations and
replacing them with first order relationships [22], we obtain the following set of equations:

∂ρ

∂t
+ ρ0

~∇ · ~v =
1

ρ0c40

∂ρ2

∂t
+

1
c20

∂L
∂t

(7.16a)

ρ0
∂~v

∂v
= −~∇p+ (

4
3
µ+ µB)∇2~v − ~∇L (7.16b)
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with

L =
1
2
ρ0v

2 − 1
2
p2/(ρ0c

2
0) (7.17)

where v2=~v · ~v. In these equations p and ρ are the excess pressure and the excess density
respectively, resulting from an acoustical disturbance, ~v the particle velocity vector, c0 the
sound speed, ρ0 the static fluid density, µ and µB the coefficients of shear and bulk modulus
respectively, cv and cp the ratios of specific heats at constant volume and constant pressure
respectively, κ the coefficient of thermal conductivity, and B/2A a ratio of coefficients in a
Taylor series of the isentropic equation of state [22]. Manipulating now the three Eqs. 7.16a-
Eqs. 7.16c, we obtain the following nonlinear wave equation in p :

∇2p− 1
c20

∂2p

∂t2
= − β

ρ0c40

∂2p2

∂t2
− δ

c40

∂3p

∂t3
− (∇2 +

1
c20

∂2

∂t2
)L (7.18)

where β is the coefficient of nonlinearity 1 +B/2A and δ the sound diffusivity defined as

269



Chapter 7. Additional studies in the framework of ultrasound crack detection

δ =
1
ρ0

[
4
3
µ+ µB + κ(

1
cv
− 1
cp

)
]

(7.19)

Whereas Eq. 7.18 has not been solved yet for the general case of the interaction of two real
beams, several approximations are obtained for specific cases. When for example a lossless
medium is considered, Eq. 7.18 reduces to the wave equation similar to the one used by
Westerfelt. Seeking a solution for the pressure field based on this equation for a system of
two intersecting beams, is not a straightforward task. Many derivations and approximations
have been conducted by various authors [23–33] through the last decade, showing that the
sum and difference frequencies can be found in the far field. However, in what follows we
will focus on the development of a finite element model, which could predict these interacting
frequencies, not in a liquid but in a solid medium.

In any case, if we want to consider modelling this effect we should be able to consider the
nonlinearity of the material in which the beams are propagating. As seen from above, this is
essential in retrieving the sum and difference frequencies. An example, theoretical however, of
this nonlinearity is given in Fig. 7.9 where different sine waves are plotted, which are going over
from a perfect waveform in the linear regime (red curve) to a saw-tooth like sine wave (blue
curve), where the nonlinearity becomes fully visible. For an intuitive explanation, one can
state that this shift happens due to the fact that sound propagates faster in a denser medium
and has therefore a wave velocity than in a less dense region, shown by negative pressure
values, where the position of sine wave remains on the same position. This phenomenon will
be therefore first captured by developing a nonlinear finite element model.

What is important to mention here, apart from the aspects in the previous chapters concern-
ing the modelling of ultrasound phenomena in finite elements, is the fact that we make also
here a strong appeal on the material capabilities of the ABAQUSTM software. We have de-
veloped a material model with the VUMAT subroutine, which is used in comparison with the
purely mechanical simulations in Chapter 2, for intervening in the modelling of the approriate
nonlinear response of the material for ultrasound waves in dynamic phenomena. The non-
linearity is implemented by considering a nonlinear behaviour between the occuring stresses
in function of a polynomial strain equation as found in the literature [34]. Very briefly, the
implemented equation is given below

σ = K(1 + βε+ γε2 + ....)ε (7.20)

with K the linear stiffness matrix, ε the strain tensor. The parameters β and γ are combina-
tions of the third and fourth order elastic constants representing the atomic anharmonicity
or acousto-elasticity. In what follows, we will only take the terms till the second order of
the strain and neglect the higher order terms. For more information about this equation and
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Figure 7.9: Distortion of a propagating sine wave in a nonlinear medium leading to higher frequency
content in the signal.

other details, we would like to refer to the literature [34]. For now, we will continue with the
diffraction study where the interaction of two sound beams in the medium that is defined
with Eq. 7.20, is considered.

7.3.3 Two interacting sound waves

It is found in the literature that many parameters appear to have a dominant effect on the
experimental measurement of the sum and the difference frequencies. This was, as mentioned
before, one of the conclusions found after many years for the reason why the controversy
on the existence of the combination frequencies lasted so long. Due to the large number
of parameters that could be adjusted and the very weak sum and difference waves, it was
almost impossible to measure any scattering. However, the extensive work published by
Bernsten and Tjotta [25] showed the importance of many of the dominant parameters which
are depicted in Fig. 7.10. Besides the two base frequencies (ν1 and ν2), an optimal choice
for parameters such as the wave amplitudes (A1 and A2), the beam widths (as collimated as
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possible), the distance D between the wave sources and the intersecting angle 2θ (Fig. 7.10)
can have a significant effect on the measurement of the different interactions. Also the type
of ultrasound wave, a plane wave or a Gaussian beam, can have a significant effect. Because
it is difficult to change all these parameters at once, a certain starting configuration is taken
and adjusted depending on the comparison between a linear and nonlinear interaction by
increasing the wave amplitude. It should be found that when two linear waves interact, only
a superposition field should be found within the interaction region, whereas for the nonlinear
case the diffraction should become visible outside the interaction region.

Figure 7.10: The interaction of two general propagating sound waves with different amplitudes (A1

and A2) and frequencies (ν1 and ν2).

7.3.4 Results

Before investigating the nonlinear case where the Gaussian sound beams are interacting in
an orthogonal way with each other, it is checked whether the incoming sound beams are
propagating in a linear way. This should be the case when the amplitude of the wave excitation
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is small enough. In the case of Fig. 7.11 an excitation amplitude of 10−15 m is considered,
which lies in the linear excitation area. Therefore, the material will remain in its linear
regime, making a sine wave propagate linearly. This signifies that the incoming sine wave is
not distorted through the material behaviour, so the displacement in function of time in a
certain point remains a sine profile all the time. This leads to the fact that the influence of
the higher order terms will become zero in the overall displacement field. When this type of
linear wave is stimulated, it can be verified whether the finite element method incorporates
the correct formulation by checking the displacement-time relation in an arbitrary point. In
Fig. 7.11 two sound beams are considered. This configuration will be used in the following
paragraphs to show the existence of the sum and difference frequencies. When the beams are
sampled at the points A and B in Fig. 7.11, which are situated before the two beams interact,
the relation will have to show the same profile as the excited wave, however with a reduced
amplitude due to the spatial energy redistribution. This is seen in Fig. 7.11 where the two
sound beams with base frequencies equal to 2 MHz and 5 MHz are positioned orthogonal
with respect to each other: the highest frequency beam travels from left to right, and the one
with lower frequency propagates from the top to the bottom of Fig. 7.11. After application
of the two-dimensional Fourier transform on the obtained signals, the frequency content of
the sampled signals in time should give then the two base frequencies ν1 and ν2. This is
seen in the graph of Fig. 7.11, where the two base frequencies 2 MHz and 5 MHz are found,
without any higher order terms. Moreover, as expected, no diffraction is observed after the
interaction of the two beams, because of the small amplitudes making the wave propagate
in linear medium. This is clearly seen in the finite element result of Fig. 7.11, where the
two beams are propagating in the same direction as before the interaction took place. In the
interaction region the two waves are therefore purely superposed on each other.

When the amplitude of the wave excitation is increased to a level where the material behaviour
shifts to the nonlinear regime, the propagating sound wave should be distorted to a sawtooth
like profile as depicted in Fig. 7.9. To develop this numerically and to check whether the finite
element model can capture this material behaviour, the following two amplitudes are chosen:
a total wave excitation of 10−5m and 2 · 10−5m. These are chosen because it is found in the
literature that depending on the material, excitations of this order make the material behave
nonlinearly. Repeating the same procedure as explained above in the linear case, we obtain
the frequency content of the time signal taken at the points A and B before the beams interact
with each other. This is shown for both points and both amplitude excitations in Fig. 7.12.
It is seen that apart from the base frequencies, also higher order frequency components such
as 2ν1, 3ν1 and 2ν2, 3ν2 are observed which are equal to N times the base frequency. Also,
the relative contribution of these higher order components becomes more significant when
the amplitude is increased from 1 · 10−5 m to 2 · 10−5 m, which is clearly seen at the height
difference of the peaks in Fig. 7.12 for the two amplitude cases. However, despite the fact that
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Figure 7.11: Linear interaction of two sound beams with frequencies of 2MHz and 5MHz. No diffrac-
tion is visible.

the frequency content is in line with expected nonlinear behaviour, no diffraction is observed
in the nonlinear case.

To solve this, the proposed recommendation of Tjotta and Bernsten [24, 25], such as the
relative position of the two sound beams, is taken into account. In Fig. 7.13 a schematic is
shown where two important parameters are considered which could have a significant influence
on the generation of the sum and difference frequencies. These are the angle between the
propagation directions of the two beams but also the distance between the two sound sources.
By adjusting these, and remaining within certain predefined limits, a diffraction pattern
should become visible according to the authors.

When the two sound sources are modeled closer to each other and the beams are taken as
collimated as possible, it is seen that no diffraction is observed for the linear interaction,
whereas in the nonlinear case, a possible interference pattern becomes visible, which interacts
with the two original sound beams. As predicted by Tjotta and Bernsten the diffracted sound
is in many cases very close to the beam with the highest frequency. This is correct for Fig. 7.14,
where the interference pattern is observed in the very close vicinity of the horizontal 5 MHz
beam. However, to be sure that this interference pattern is due to some kind of diffraction,
the angle between the beam is changed to 45◦ to have a clearer view on the diffraction pattern.
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Figure 7.12: Nonlinear interaction of two sound beams with frequencies of 2MHz and 5MHz. Apart
from the modulation, also here no diffraction is visible.

By changing the propagation direction, the influence of the intersection angle can be investi-
gated. First the intersection angle is changed from 90◦ to 45◦ and the difference between linear
and nonlinear behaviour is compared. In Fig. 7.15 it is seen that when the highest frequency
source remains horizontal and the lower frequency source makes 45◦ with the horizontal, no
diffraction pattern is visible. To be sure of this statement, the Fourier transform is taken of
the linear case to investigate the two dimensional frequency content and therefore also the
presence of the sum and difference frequencies in the finite element result. In Fig. 7.15b the
Fourier transform result is shown where the horizontal axis is the ν1-axis and the line under
45◦ is the ν2-axis. Because the Fourier method is applied on the whole finite element images,
also the edges of these image are transformed. For this, the horizontal and vertical lines in
Fig. 7.15b, but also the line under 45◦ are due to pure edge periodicities found in Fig. 7.15a.
Apart from these lines, also some peaks appear in Fig. 7.15b, which are due to the actual
beam periodicities in the finite element results and therefore also linked with the beam fre-
quencies that we are looking for. Because the relation between the frequency and the wave
vector k is linear, the sum and difference frequencies should give the sum and difference wave
vectors. Because the amplitude is taken higher than before, it can be seen in Fig. 7.15b that
the only nonlinearity observable is found on the ν1-and ν2-axis. This points out that apart
from the slight distortion due to the nonlinear behaviour no interaction terms in the sum and
difference frequencies are observed.
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Figure 7.13: Schematic of the formation of the sum and difference frequencies after the interaction
of two Gaussian sound beams with different amplitudes (A1 and A2) and frequencies
(ν1 and ν2).

For the nonlinear interaction of the two sound beams the amplitude is increased significantly
which results in a possible diffraction pattern visible in Fig. 7.16a. To convince ourselves, the
Fourier transform is taken and shown in Fig. 7.16b. It is seen that next to the linear terms
k1 and k2, also the higher order terms are visible due to the nonlinear regime. Moreover,
apart from this also the sum and difference frequencies appear in the form of the sum and
difference wave vector k1 + k2 and k1 − k2. Furthermore, the summation of the higher order
terms is also retrieved in 2 · k1 + k2 and 2 · k1 − k2. This finally confirms the existence of the
plus and minus wave vectors and therefore also the ability to diffract sound by sound.

7.4 Conclusion

In this chapter two phenomena were investigated in the framework of extending the numerical
technique developed in the previous chapters. The first phenonenom is about the generation

276



Chapter 7. Additional studies in the framework of ultrasound crack detection

Figure 7.14: Repositioning of the sound beams according to the recommendations of Bernsten and
Tjøtta for a linear (a) and a nonlinear (b) interaction.

Figure 7.15: Linear interaction of two Gaussian sound beams with frequencies ν1 and ν2 in a solid
medium.

of Scholte-Stoneley waves at the interface of a corrugated solid-liquid interface. Comparsion
with existing methods such as the Rayleigh decomposition method showed that the results
following from the FEM approach are much more detailed due to the physical interaction that
is made possible between the ultrasound wave and the corrugation. This is not incorporated
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Figure 7.16: Non-linear interaction of two Gaussian sound beams with frequencies ν1 and ν2 in a
solid medium.

in many of the current numerical techniques. The internal reflection of the incident wave
between the corrugation makes this method therefore more correct than the others. A second
example that was investigated is about the implementation of material nonlinearity in the
proposed finite element approach. The implementation of this nonlinearity is first proven
through extraction of higher order terms in a propagating sine wave with the finite element
approach. Furthermore, the validity of the implementation is then proven by modelling a well
discussed phenomenon in the field of ultrasonics that is known as the diffraction of sound by
sound. It is shown that such a diffraction is possible, together with the existence of the sum
and difference frequencies of the two interacting sound beams outside their interaction region.
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8
Conclusions and Outlook

In this chapter the conclusions about the biaxial research on composite materi-
als and the ultrasound non-destructive testing of materials are presented, together
with some recommendations for future work.
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8.1 Conclusions

In this chapter we will present in addition to the conclusions of the underlying work also
some thoughts to guide possible future research in the field of biaxial testing of composite
materials and also to allow a future use of the presented numerical framework in the field of
nondestructive testing of materials. With this, we have tried to present a number of issues
which can be interesting to investigate in case this research should be continued. However,
before proceeding with that, we will give for each of the previous chapters the conclusions
that should be taken into account in possible future research.

In Chapter 2, it is found that the use of a biaxial cruciform specimen with geometrical
discontinuities such as the milled zone and the fillet corners, which are introduced in the
cruciform specimen to obtain a more uniform biaxial strain distribution, result in high strain
concentrations under any kind of load (uniaxial or biaxial) and even independent of the load
direction. The development of these intensity zones leads to cracks at the edge of these milled
surfaces. It has also been found that the high strains in the loading arm at the fillet corner
are due to a discontinuity in the corner geometry. The transition from the inner circle to
the outer circle results in a contraction and bulging zone which on their turn lead to high
concentrated strains in the vicinity of the fillet corners. This observation makes it extremely
difficult to obtain the ultimate biaxial strength due to onset of damage around these intensity
zones. The premature failure induced in this way, without reaching the ultimate strength in
the biaxial milled zone, calls for a further study of cruciform design requirements.

In Chapter 3, the implementation of an evolutionary optimization process for the cruciform
specimen led to the affirmation of the fact that double rounding radii at the fillet corners
should not be considered in the design of a cruciform specimen for the biaxial character-
ization of materials. The use of only one curvature in the arms or even the disregard of
an “arm-concept”, should be more effective in preventing the cruciform to fail due to stress
concentrations at the discontinuity zones discussed above. Moreover, the use of only one cur-
vature is also not an easy task because of the high strain sensitivity that was retrieved when
a small change was applied to this curvature. As a consequence, this leads to large changes
in the failed zones and therefore complicates a simple design for the reproduction of biaxial
testing data. The use of a milled zone or a cladding on the specimen can probably resolve
some issues, however no conclusive answers can be formulated about this.

In Chapter 4, it is shown that despite of the significant time reductions in the scanning of
composite materials with the phased array, the interpretation of scanning images made with
this technique for the distinction of differently damaged specimens is not straightforward.
This led to a new approach in Chapter 5, where the finite element method has been used
for simplifying the interpretation of such problems. It has been shown that the technique is
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able to model acoustic-structural interactions whereby the generation of surface waves such
as Rayleigh waves is made possible. In order to prove the validity of the applied method the
Schoch effect, which is a well-known ultrasonic phenomenon, is simulated successfully.

In Chapter 6, four interaction phenomena were studied. First, the finite element method
is employed to study the interaction of a bounded beam with a thick solid plate having a
sound barrier at the tip surface. Numerical evidence is presented that the non-specular lobe
in the Schoch effect is, as commonly assumed, due to leaky Rayleigh waves. The validity
of the method is shown by reconstructing the Schoch effect on a liquid-solid interface. The
implementation of a sound barrier resulted in the formation of a non-specular sound field
behind the barrier. This is only possible due to the propagation of Rayleigh waves underneath
the barrier. Moreover, by incorporating an adhesive layer between the barrier and the solid
plate, it is shown that the Young’s modulus of the adhesive has an important effect on
the transmission efficiency of the Rayleigh waves. Optimization of this material parameter
resulted in a good agreement with the experimental results. After this, a next step has
been set towards the simulation of an incident ultrasonic beam at the extremity of a solid
plate. Agreement was found between numerical and experimental results. By combining a
mathematical expression for the motion of the Rayleigh waves in the solid material and the
FEM method it was possible to show that leaky Rayleigh waves on the horizontal surface of
the plate travel around the corner. These waves leak energy along the vertical part of the
solid plate, which can be observed by the emission of waves in the liquid making the Rayleigh
angle with the horizontal. In addition, evidence was found for the assumption that leaky
Rayleigh waves are primarily generated by the edge of an incident bounded beam, rather
than by the middle. A third study was on the interaction of Scholte-Stoneley waves at the
same edge of a solid plate. Development of the finite element model showed that besides all
the possible diffraction effects found in experimental and numerical papers, the same results
were predicted by the proposed method. However, besides this, the approach could also be
used for solid plates with a sharp corner, which was not possible with the radiation mode
theory. It was also shown here that a critical corner phenomenon exists when the angle of the
sharp corner exceeds a certain angle, which is independent of the material or the frequency
of the used Scholte-Stoneley excitation. The final study in this chapter was conducted on the
interaction of Lamb waves on the edge of a solid plate. The study showed that incident leaky
Lamb waves generate identical retro-reflected Lamb waves and numerous other Lamb waves
whenever they reach the end of a plate. However, apart from the experimentally found modes,
the finite element method showed, in combination with the Fourier method, the existence of
additional mode conversions. This approach enabled us to show the existence of a wide range
of interference angles that are due to mutual interaction of converted modes, previously never
investigated.

In the last Chapter 7, two phenomena were investigated in the framework of extending the
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numerical technique developed in the previous chapters. The first phenomenon is about the
generation of Scholte-Stoneley waves at the interface of a corrugated solid-liquid interface.
Comparsion with existing methods such as the Rayleigh decomposition method showed that
the results following from the FEM approach are much more detailed due to the physical
interaction that is made possible between the ultrasound wave and the corrugation. This is
not incorporated in the current numerical techniques. The internal reflection of the incident
wave between the corrugation makes this method therefore more correct than the others. A
second example that was investigated is about the implementation of material nonlinearity in
the proposed finite element approach. The implementation of this nonlinearity is first proven
through extraction of higher order terms in a propagating sine wave with the finite element
approach. Furthermore, the validity of the implementation is then shown by modelling a
well-discussed phenomenon in the field of ultrasonics known as the diffraction of sound by
sound. It is proven that such a diffraction is possible, together with the existence of the sum
and difference frequencies of the two interacting sound beams outside their interaction region.

8.2 Outlook

Besides the development of finite element strategies for the optimization of biaxial specimens
in composite materials, a large effort has been put in the construction of a framework in which
acoustic-structural investigations could be performed in a efficient manner. Both parts have
led to the explanation of certain phenomena whereas many other still remain unanswered. In
the following an attempt is given to highlight some of these unanswered questions, so that
a guide could be given for future researchers who are interested in building on this work.
The points that are discussed below are also divided in two parts, a first mechanical part
where besides the mechanical issues of modelling a biaxial composite material specimen the
optimization of the cruciform specimen is also discussed, and a second part where some points
are considered in the ultrasound investigation of surface cracks.

For the mechanical part, we still see some work in the development of material damage
models, where the damage mechanisms could be investigated into some more detail. Also
conducting well-instrumented uniaxial tests for the retrieval of the correct parameters should
be considered. Hereby we think primarily at the parameters that occur in the Puck progressive
damage model. It is also our belief that still a large amount of work can be conducted in the
field of the optimization of the cruciform specimen as it stands at the end of this work. With
this we mean that the influence and the shape of a cladding or a central milled area could be
investigated. Whereas, as seen from the previous chapters, a universal cruciform shape for
the biaxial testing of composite materials is very unlikely, it is still interesting to investigate
how the influence of the biaxial loading ratio, stacking sequence and material characteristics
can have an influence on the presented cruciform shapes. Here we think primarily on the
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influence of these parameters on curvature of the arms and a possible milled central section
or applied cladding material. Also some work can be performed in scaling and testing of the
two optimization types that were found and this especially for composite materials.

It is also obvious from the presented work, that a next step in the research of ultrasound
interaction with surface cracks, is the modelling of only one crack. This can be started with
taking only one period of the considered corrugation, whereby the influence of parameters as
the depth and the width effect can be investigated. The techniques used in this work to gener-
ate Scholte-Stoneley waves or Rayleigh waves can then also be used to model their interaction
with the surface crack. Depending of the results, one can also consider to take any material
nonlinearity into account to study its influence on the results of the interaction. Because the
framework that has been built is in any sense a general framework, many other studies can be
performed. Also the combination of the developed technique in the investigation of material
deficiencies in composite materials is a possible study. Moreover, another interesting topic
is the modelling of phased array capabilities in the interaction with material irregularities.
Hereby an exact modelling of occurring effects can also be combined with their application
on composite materials. This and many other issues are now made much more possible to
investigate.
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