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Abstract

In this work we first present a unified framework for the analysis of miscible
and immiscible viscous fingering. To establish this we introduce the Korteweg
stresses for miscible fluids which arise due to concentration gradients and
are analogous to surface tension between two immiscible fluids. For the
immiscible fingering we use the continuum representation of surface tension
which treats surface tension as a body force. This analogy between the two
types of fingering helps us obtain a better insight into the role of Korteweg
stresses in miscible fluids and enables in resolving ambiguities in the role of
these stresses in a dynamic system. Finally we examine the effect of Korteweg
stresses to see how they can be a stabilizing influence for miscible viscous
fingering of finite slices in a chromatography column and discuss if this can
give an extra control option to improve the performance of the separation.

Key words: Continuum theory of surface tension, Korteweg stress, Viscous
fingering, Chromatographic columns

1. Introduction

Viscous fingering has been extensively investigated in the past in the
context of both miscible and immiscible fluids. In the former the behavior is
described by the Peclet number Pe which is a ratio of convective to diffusive
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fluxes. Here the high values of diffusion coefficients can reduce concentration
gradients and mitigate the effects of viscous fingering. Immiscible fingering
on the other hand is determined by the Capillary number Ca which is a
ratio of viscous forces to surface tension forces (Nagatsu et al. (2008)). Most
of the work done so far has progressed with the understanding that the
two phenomena are qualitatively similar. The physical processes governing
the flow are different and the mathematical formulations that have been
used so for describing the flows are distinct. Thus for miscible fingering
we solve a single set of momentum and continuity equations along with a
species balance. Here the viscosity dependence on concentration gives rise to
irrotational effects as a result of which a vorticity is generated. For immiscible
fingering the usual approach involves solving two sets of equations, one for
each fluid incorporating a boundary condition which takes into account the
effect of surface tension (Yih (1980); Homsy (1987)).

Miscible viscous fingering occurs when a low viscosity fluid invades a high
viscosity fluid. The difference in viscosity is generated by the concentration
of a solute in the fluid. The solute concentration contours appear in the form
of fingers. In a porous medium or a Hele-Shaw cell under these conditions
the fluid does not exhibit a plug flow (uniform) velocity profile. Transverse
velocity components are generated as a result of the fingering process. Exten-
sive studies have been carried out experimentally in Shalliker et al. (2007a,b)
as well as theoretically in Tan and Homsy (1988); Zimmerman and Homsy
(1991) to understand the behavior of the system.

The effect of Korteweg stresses has been recently analyzed in the context
of miscible fingering. These stresses act as a body force and mimic a surface
tension like behavior. They are generated by concentration gradients in the
fluid. Chen et al. (2001) have found that Korteweg stresses can stabilize fin-
gering of a miscible drop in a porous medium. The role of Korteweg stresses
in the presence of density changes has been discussed in detail by Joseph
et al. (1996). In their formulation they emphasize that the velocity field
may not be solenoidal for a mixture of incompressible fluids whose densities
are not equal. Here the Korteweg stress manifests itself as a gradient of a
pressure like term as well as a stress tensor. The effect of these stresses are
dominant in a microgravity environment (Bessonov et al. (2005)).

Brackbill et al. (1992) have proposed a continuum theory of surface ten-
sion which allows us to view interfacial tension as a body force in the region
where an interface is present. This approach is also the basis of the nu-
merical scheme of Volume Of Fluid approach used in solving multi phase
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flow problems (Guan and Pitchumani (2003)). In a similar context it was
shown that multiphase flow problems can be simulated by introducing an
additional stress tensor in the momentum equation by Nadiga and Zaleski
(1996) using thermodynamic considerations. Zou and He (1999) used kinetic
considerations to formally obtain these additional stress terms.

There have been a significant number of experimental studies focussing
on viscous fingering in chromatographic columns. Imaging techniques have
enabled studies of viscous fingering by visualizing the concentration or tem-
perature profiles within the column (Shalliker et al. (2007a,b)). The linear
stability analysis performed by Tan and Homsy (1986) was applied to chro-
matographic column to predict the onset of instability by Rousseaux et al.
(2007). The effect of adsorption of a solute in a porous medium for a linear
isotherm has also been recently analyzed, Mishra et al. (2007). To simulate
a solute plug moving in a chromatography column a non-linear analysis was
performed with a miscible slice of a fluid with a viscosity different from its
environment in Mishra et al. (2008). This could exhibit both forward and
backward fingering depending on the value of the slug viscosity relative to
its environment. A high accuracy numerical simulation of a fluid slice of
finite width in a porous media was performed to analyze the evolution of
concentration by Chen and Wang (2001). All the above studies consider the
system to be isothermal.

In this work we first describe a unified framework and formulation which
is based on Korteweg stresses for miscible fingering and the continuum the-
ory of surface tension for immiscible fingering. This helps us understand
the analogy between the two cases in a precise and clear manner. We then
discuss the effect of Korteweg stresses on the effect of viscous fingering in
a chromatography column when a plug of a finite length moves along the
column surrounded by a buffer with a different viscosity. We analyze these
effects quantitatively and summarize the results in a final section containing
our conclusions.

2. Model Formulation

In the continuum surface tension formulation (Brackbill et al. (1992)) the
equations which govern an immiscible system of two liquids are, the equation
of continuity

∂ρ

∂t
+∇ · (ρu) = 0 (1)
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and the equation of momentum given by

∂ρu

∂t
+∇ · (ρuu) = −∇P +∇ · πv +∇ · π1, (2)

where the stress tensor π1 is defined as

π1 = λ

[(
1

2
|∇ρ|2 + ρ∇2ρ

)
I −∇ρ∇ρ

]
. (3)

Here, λ is a parameter which is proportional to the surface tension between
two fluids. Zou and He (1999) have shown that the above set of equations
can be obtained from kinetic theory. In these equations πv represents the
stress tensor generated by viscosity which occurs in the classical Navier stokes
equation. The additional stress tensor π1 arises from the continuum repre-
sentation of surface tension by considering the density to be diffuse in the
neighborhood of the interface. The contribution of this as a body force term
can be written as

∇ · π1 = λ∇ ·
[(

1

2
|∇ρ|2 + ρ∇2ρ

)
I −∇ρ∇ρ

]
= λρ∇∇2ρ (4)

The term with the identity matrix in the above equation can be expressed

as a gradient of Qi =

(
1

2
|∇ρ|2 + ρ∇2ρ

)
λ. Using this we write the above

equation as
∇ · π(1) = ∇Qi − λ∇ · [∇ρ∇ρ] (5)

The surface tension in this formulation is given by

lim
A→0

1

A

∫
Ω

λρ∇∇2ρ = σκcn (6)

In this formulation σ is the surface tension, κc is the curvature of the interface
and n is the outward normal at the interface, Ω is a thin volume element
containing a small part of a curved interface of area A.

In addition to these equations we need an equation which describes how
the volume fraction F occupied by a fluid changes with position and time.
This is given by

∂F

∂t
+∇ · (Fu) = 0 (7)
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The density and viscosity in the above formulations are given by ρ = ρ1∗F +
ρ2 ∗ (1−F ), µ = µ1 ∗F +µ2 ∗ (1−F ). The gradients in density and viscosity
enter through gradients in F . We emphasize that the two fluids cannot diffuse
into each other and hence there is no diffusion term in equation (7).

Recently the theory of Korteweg stresses has been applied to the case of
two miscible incompressible fluids with varying densities flowing through a
porous medium by Joseph et al. (1996). They show that when the densities of
the two fluids are unequal the assumption of the velocity being solenoidal may
be incorrect. In our work we assume the densities of the two fluids which
are miscible to be equal as we are concerned only with viscous fingering.
Consequently our velocity field is solenoidal. We can alternatively view this
as neglecting expansion effects in our system. We are interested in analyzing
the effect of surface tension like Korteweg stresses and hence retain this in
our formulation. Here the equation of continuity is given as before, (1). We
follow Joseph et al. (1996) in writing the equation of momentum as

∂ρu

∂t
+∇ · (ρuu) = −∇P + 2∇ · (µD[u]) +∇ · T (2) (8)

Here D[u] represents the symmetric part of the stress tensor and the term
associated with it is equivalent to πv in (2). Following Joseph et al. (1996)
the additional stress tensor T (2) is defined as

T (2) =

[
−1

3
δ̂|∇φ|2 + 2

3
γ∇2φ

]
I + δ̂∇φ∇φ. (9)

Here φ represents the composition of the miscible fluid, δ̂ and γ are constants
when the density of the two fluids making up the mixture are the same.
Following the approach for immiscible fluids we again write the body force
arising out of the stress tensor as

∇ · T (2) = ∇Qm − δ̂∇ · [∇φ∇φ] , (10)

where Qm represents the terms multiplying the identity matrix in (9). Here
φ is governed by the mass balance equation

∂φ

∂t
+ u · ∇φ = D∇2φ. (11)

Comparing equations (2)-(7) for the immiscible case with (8)-(11) for the mis-
cible case, we see the one to one correspondence between the formal deriva-
tion of surface tension as a body force and the phenomenological Korteweg
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Figure 1: Schematic of the system under study

stresses. The similarity in the formulation of Korteweg stress with continuum
theory of surface tension allows us to infer that the parameters γ is positive
and δ̂ is negative is the only possibility which is admissible from thermody-
namic as well as kinetic considerations. The same conclusion was arrived at
by Hu and Joseph (1992) on the basis of the need to avoid Hadamard insta-
bility or the mathematical ill-posedness of the problem. It must be pointed
out here that γ must have the same units as φ δ̂ to ensure dimensional con-
sistency. If it is exactly equal to φ δ̂ the analogy with surface tension will be
exact and δ̂ will then be analogous to λ for the immiscible case.

The interface for the immiscible fingering is tracked by following the evo-
lution of the scalar variable F by purely advection with no diffusion. This is
understandable since in a mixture of two immiscible liquids the two liquids
do not diffuse into each other. As opposed to this diffusion is an important
process governing mass transfer and hence this has to be included in how φ
changes spatially and temporally. Thus we see that in the limit of the dif-
fusion coefficient tending to zero the miscible fingering formulation collapses
to a type of immiscible fingering formulation.

2.1. Application to Chromatography

We now focus on understanding theoretically the behavior of a chro-
matographic column in the presence of Korteweg stresses. We consider a
homogeneous 2-D porous medium of width H (along x), length L (along y)
with a constant permeability κ (Figure 1). The liquid within the column
is considered to be incompressible and flowing from the left with a uniform
velocity U . The system has two different liquids with distinct properties.
These properties are governed by the concentration of a solute. The solute
plug in the middle of the column has different viscosity as compared to the
buffer solution in which it is present. The concentration of the solute which
determines the viscosity is assumed to be zero in the buffer. The evolution
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of the system is governed by the law of conservation of mass and momentum
in addition to a species balance. The corresponding equations in a refer-
ence frame moving with a constant velocity U in the x-direction can then be
written as

∇ · u = 0 (12)

∇ [P +Q(c)] = −µ
κ
[u+ î] +∇ ·

[
δ̂(∇c)(∇c)

]
. (13)

Here î arises due to analysing the system in a moving reference frame, it
represents the unit vector in the x-direction, and Q(c) is the part of the
Korteweg stress which can be written as the gradient of a scalar and hence
can be viewed as a pressure term. This term can be defined as

Q(c) =
δ̂

3

[(
∂c

∂x

)2

+

(
∂c

∂y

)2
]
− 2γ

3

[
∂2c

∂x2
+
∂2c

∂y2

]
. (14)

The evolution of concentration of the solute is given by the advection-diffusion
equation

∂c

∂t
+ u · ∇c = ∇2c. (15)

The variation of viscosity is assumed to be of the form µ = µ0e
−Rc. These

equations are converted to the stream-function vorticity formulation using
the general convention for ψ and ω. Since the Korteweg stress term Q(c),
containing γ, occurs as a gradient term this drops out of the calculations and
hence does not affect the results. The resulting dimensionless equations used
for the non-linear simulation can be described as

∇2ψ = −ω (16)

ω = −R
[
∇ψ · ∇c+ ∂c

∂y

]
− δ

µ

[
∂c

∂x

(
∂3c

∂x2∂y
+
∂3c

∂y3

)
− ∂c

∂y

(
∂3c

∂x∂y2
+
∂3c

∂x3

)]
(17)

∂c

∂t
+
∂ψ

∂y

∂c

∂x
− ∂ψ

∂x

∂c

∂y
= ∇2c (18)

The non-dimensionalization has been carried out using
D

U
as the length scale

and
D

U2
as the time scale as there are no geometrically occurring length
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scales which define the physical process. Pe is defined as Pe =
UL

D
. The

parameter Pe is the dimensionless width of the domain and APe determines

the dimensionless length of the domain, A =
H

L
, where H (L) represents the

dimensional length (width) of the domain. Consequently in our formulation
the Pe appears in the boundary condition. In the term representative of

the Korteweg stress the dimensionless parameter δ is defined as δ =
κU2

µ0D3
δ̂.

This is different from the dimensionless parameter (δchen) used in Chen et al.
(2001) who used the drop diameter as the characteristic length scale. Our
parameter δ can be viewed as δ = δchen × (Pe)3 where Pe is defined as

Pe =
UL

D
. Since Pe is O(103) and δchen of Chen et al. (2001) is O(10−4) we

see that our δ is O(105). This will be the magnitude of the δ we will use
to be consistent with what has been reported in the earlier studies involving
Korteweg stresses.

2.2. Initial and Boundary conditions

The concentration in the zones occupied by the slug in the middle is
initialized to 1 and the remaining zones are initialized to 0. Throughout our
simulations we have used the middle one-third of the system to be occupied
by the solute slug. As we use the moving reference frame co-ordinates the
initial flow within the column is zero. Hence ψ = 0 is taken throughout the
column as the initial condition for ψ. A set of random numbers is generated
at the interface separating the slug and the remaining fluid. The random
number is assumed at both the ends of the slug. This creates the necessary
disturbance to study the non-linear evolution of the spatial patterns.

We use no-flux boundary conditions for the concentration along the y-
direction (y = 0 and y = Pe, the direction transverse to the flow). ψ values
are taken to be zero at these boundaries implying no flow across the domain
in the axial direction in the moving reference frame. Along the x-direction
(axial) direction we impose Dirichlet boundary condition. The concentration
as well as stream function are assumed to be zero at both the ends along the
axial direction (c = 0 and ψ = 0 at x = 0 and x = APe).

2.3. Non-linear simulations

The governing equations (16)-(18) are solved numerically using a finite
difference scheme. The typical finite difference scheme to calculate the mixed
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third order derivatives arising in the equations is given by

∂3c

∂x∂y2

∣∣∣∣
i,j

=
∂

∂x

[
∂2c

∂y2

]
i,j

=
∂

∂x

[
c •,j+1 − 2c •,j + c •,j−1

∆y2

]
i

=

[
ci+1,j+1 − ci−1,j+1

2∆x∆y2

]
− 2

[
ci+1,j − ci−1,j

2∆x∆y2

]
+

[
ci+1,j−1 − ci−1,j−1

2∆x∆y2

]
,

and likewise for the other terms. Here the index i (j) is used to represent
the grid number in the x (y) direction. Similarly ∆x and ∆y are the spacing
in the x and y directions. The time variations are updated through a first
order forward difference scheme. A total number of 256 grids is used along
the axial direction (x-direction). Along the transverse direction (y-direction)
128 grids have been used. The algorithm employed is the same as the one
detailed in Swernath and Pushpavanam (2007).

3. Results

We now discuss the results of the simulations that we have performed for
the chromatography column. The slug length is always maintained at 33% of
the total length of the domain located symmetrically about the center. The
aspect ratio is fixed for all the simulations at A = 2. At the outset we would
like to determine the role of Korteweg stress in the absence of any viscosity
gradients. The viscosity of the slug and that of the fluid are assumed to be
the same and hence here R = 0. We have chosen Pe = 1000 for these simu-
lations. Figure 2(a) depicts the transversely averaged concentration profiles
of the solute at a time instant t = 500. Here we have taken the average
of the concentrations prevailing at the time instant in the y direction and
depict this as a function of the axial position. For the case when δ = 0 the
spreading of the solute occurs purely by diffusion in the moving reference
frame. From Eq. 17 it appears that the Korteweg stress acts as a physical
source of irrotationality and can mathematically induce vorticity or irrota-
tionality. However our results on the averaged concentration profiles for the
case when δ = −10, 000 [Fig. 2(a)] shows that the spreading of the concen-
tration is purely by diffusion and there is no irrotationality induced in the
flow field. Under these conditions when no viscosity gradients are present
we observe that the Korteweg stress does not significantly alter the system
behavior. We observe that the two concentration profiles overlap exactly
over one another implying that the transversely averaged concentration is

9



400 600 800 1000 1200 1400 1600 1800 2000
Length

 

(a)

200 300 400 500 600 700 800 900 1000
Time

(b)

Figure 2: Pure diffusive flow with and without Korteweg stress with the parameters fixed
at R = 0, Pe = 1000,
(a) Band broadening in the presence and absence of Korteweg stress at t = 500. The
line depicts the concentration profile for δ = 0 and the symbol depicts the profile for
δ = −10000.
(b) Mixing length for two interfaces. Both interfaces overlap with each other. The line de-
picts the interface (both front and back) when δ = 0 and the symbol depicts the interfaces
for δ = −10000
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governed purely by the diffusive interfacial movement. This is perhaps not
surprising as Korteweg stresses are physically similar to surface tension and
hence have a stabilizing influence on the flow and cannot induce irrotational-
ity or fingers in the flow field. We see that the two interfaces (i.e., the front
and rear portions of the slug) are spreading out at the same rate as they are
symmetric. To confirm this spreading by diffusion we have calculated the
mixing length of the system at different instants of time. This is depicted in
Fig. 2(b). We follow Mishra et al. (2008) to determine the mixing length of
the system.The forward mixing length is defined as the distance between the
initial position of the front interface and the farthest position at the right
where the transversely average concentration is c = 0.01. Similarly the back-
ward mixing length is defined as the interval between the initial position of
the rear interface and the farthest position on the left where the transverse
average concentration is c = 0.01. While the mixing length is calculated at
every time instant of the simulation the plot depicts the value in dimension-
less time intervals of 25 units. Here we see that the mixing length varies as
t1/2 confirming that mixing is occurring purely by diffusion. From Fig. 2(b)
we again conclude that the inclusion of Korteweg stress does not influence
the flow field as the mixing length is not altered by it. Here we would like

to emphasize that the dimensionless parameter δ is defined as δ =
κU2

µ0D3
δ̂

and as explained before is different from what has been used in the literature
earlier. Hence although the values of the parameter used in the simulations
appear to be high we are consistent with the values reported in the literature.

We now turn our attention to the case when R 6= 0. The front face is the
unstable interface for R > 0 (as here the low viscous fluid is pushing the high
viscous fluid) and is the stable interface for R < 0. Similarly the rear face
is stable for R > 0 and unstable for R < 0. We focus on the situation when
R > 0. Now we have a less viscous plug pushing the more viscous buffer in the
porous bed. As a result the interface on the right exhibits fingering instability
and we call this forward fingering. Figure 3 depicts the effect of Korteweg
stress on the flow behavior when we have have forward fingering. For R = 2,
A = 2 we depict the behavior of the system for two different values δ = 0 and
δ = −10000. Transverse averaged concentration profiles have been depicted
at t = 750 for Pe = 1000. Transversely averaged concentration profiles helps
us understand the practical problem of band broadening which characterize
spreading in chromatographic columns. Mishra et al. (2008) have used the
existence of the constant concentration plateau to determine if the two fronts
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(at the front and rear faces) start interacting with each other. It can be seen
from Fig. 3(a) that the flat plateau exists for the fingering in the presence of
Korteweg stress whereas the flat concentration plateau ceases to exist in the
absence of the Korteweg stress. Mixing length defined earlier can be taken
to be a measure of the length of the fingering zone. In Fig. 3(b) we see that
the rear interface is stable and this grows as t1/2 and is purely governed by
diffusion. For the front interface which undergoes fingering the difference
in the band broadening profiles manifests in the difference in the mixing
length dependency on time. The mixing length increases faster than the
regular diffusion process due to viscous fingering. It can also be seen that
the mixing length of the front face at every instant of time is lowered with the
inclusion of the extra Korteweg stress term. This basically implies that the
fingering is reduced due to the incorporation of the Korteweg stress. Thus
the existence of the concentration plateau in Fig. 3(a) and the lower mixing
length in Fig. 3(b) both depict the stabilizing influence of Korteweg stress.
This behavior has been observed over a wide range of values of Pe.

Figure 4 depicts an alternate representation of the fingering phenomena.
Here the concentration contours in the range 0.1-0.3 are depicted for Pe =
500, R = 2, A = 2, at t = 200. These contours represent the locus of
points on which the concentration is a constant. The concentration profile
within the column is dependent on whether Korteweg stresses are active or
not. The constant concentration contours are representative of an interface
and we see that in the absence of Korteweg stresses these show a finger like
structure. In Fig. 4(a) the fingering of the front face is clearly present when
δ = 0. In Fig. 4(b) we depict the contours when the Korteweg stresses are
introduced. We see that these stresses have a stabilizing influence and the
interface is now less deformed. The stabilization of the interface observed
here is consistent with the existence of the plateau and the reduction in the
mixing length observed earlier.

In addition to the concentration contours we can also analyze the system
by viewing the streamlines or the stream functions. The constant streamline
contours are depicted in Figure 5. The gradients of the stream function
represent the magnitude of velocity. We see that when the Korteweg stresses
are absent the gradients of the stream functions are larger and the values of
the stream function vary from -9 to +9 in Fig. 5(a) while when the Korteweg
stresses are present they vary from -1 to +1 as in Fig. 5(b). This again
confirms the stabilizing influence of the Korteweg stresses on the system
behavior. The larger values of ψ when δ = 0 signifies a higher value of
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(b)

Figure 3: Effect of Korteweg stress on forward fingering R = 2, rear interface being stable
(a) Band broadening curves for Pe = 1000 at t = 750. The line represents the profile
without Korteweg stress (δ = 0) and the dashed line with δ = −10000
(b) Mixing length for two interfaces in the presence and absence of Korteweg stress for
Pe = 1000. The dashed line depicts the mixing length of unstable interface for δ = −10000,
the circle represents the mixing length of stable interface for δ = −10000. The full line
represents the mixing length for the unstable interface with δ = 0 and the triangle the
stable interface mixing length for δ = 0
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Figure 4: Concentration contours for forward fingering in the presence and absence of
Korteweg stress for Pe = 500, t = 200, R = 2, A = 2
(a) δ = 0
(b) δ = −10000
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Figure 5: Stream function contours for forward fingering for Pe = 750, t = 200, R = 2,
A = 2
(a) δ = 0
(b) δ = −10000
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velocity and so the Korteweg stresses result in a stabilization and a lower
magnitude of velocity.

To examine the stabilizing influence of the Korteweg stresses we have
carried out a simulation where the Korteweg stresses are absent for an initial
time period (until t = 50). The parameters chosen for this were Pe = 1000,
R = 2, A = 2. We see that the front interface exhibits a deformation and
a fingering instability at t = 200 when δ = 0 for the entire time period,
Fig. 6(a). After a time instant t = 50 the effect of Korteweg stresses were
switched on by setting the parameter δ = −10000 . We found that the
Korteweg stresses included at this later instant of time could stabilize the
unstable front interface, Fig. 6(b). We have observed a critical time above
which the Korteweg stresses could not stabilize the front face. This is to be
expected since after a sufficiently long time the concentration gradients are
reduced significantly by diffusion and hence even if we activate δ the effect
of the Korteweg stresses are not strong enough for stabilization to occur.
The results of this analysis is depicted in Fig. 6(a) and 6(b).The former
depicts the concentration contours at t = 200 when there are no Korteweg
stresses. We clearly see the fingering in the front interface. The latter shows
the concentration contours again at t = 200 when the Korteweg stresses are
activated at t = 50. We can see the stabilization of the interface due to the
Korteweg stresses.

Figure 7 displays the effect of Pe on the flow behavior of the system. In
view of our scaling the diffusion coefficient also occurs in the Korteweg stress
parameter δ. So a change in D would also imply a change in δ. However since
δ is kept fixed in the figures the effect of changing Pe is captured only in the
length of the system. Note however that for these results the initial length
of the slug is kept at one-third of the length of the corresponding system,
centered around the middle line. Fig. 7(a) depicts the band broadening
observed for two different Pe. At t = 1000 we see that for the higher Pe of
1000 the system exhibits relatively longer fingers compared to the lower Pe
of 500. However for Pe = 500 the fingers have almost reached the right end
of the system. We have used the homogeneous Dirichlet boundary condition
c = 0 at the right end of the system and this explains the sharp concentration
gradient at APe = 1000. We note here that for the higher Pe the right
boundary is further away from the slug as compared to the lower Pe. Hence
the effect of the right boundary is less prominent for the higher Pe. To
understand the evolution of the system with time we depict in Fig. 7(b) the
mixing lengths corresponding to the two interfaces for the two different values
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Figure 6: Concentration contours for forward fingering for Pe = 1000, t = 200, R = 2,
A = 2
(a) δ = 0
(b) δ = 0 till t = 50 and then δ = −10000
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Figure 7: Effect of Pe for forward fingering R = 2, δ = −10000, rear interface being stable
(a) Band broadening at t = 1000. The full line depicts the transverse average concentration
profiles for Pe = 500 and the dashed line shows the same for Pe = 1000
(b) Mixing length for two interfaces. The full line depicts the unstable interface and the
circle represents the stable interface for Pe = 500. The dashed line shows the unstable
interface and the triangle displays the situation for the stable interface for Pe = 1000
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of Pe. This figure clearly indicates that mixing length is a valuable asset in
evaluating qualitative behavior: in the early stages of the evolution say for
t < 700 we see that the two unstable mixing lengths evolve quantitatively in
a similar manner. We attribute the small differences in the mixing lengths
in these periods to the variations in the random initial perturbation. We
see that the mixing lengths for the lower Pe show a saturation since the
fingers have reached the end of the system. For these larger values of time
the two mixing length curves diverge from each other and the mixing length
for the higher Pe case is more than that of the lower Pe case. This is
consistent with the profiles of the transversely averaged concentrations shown
in Fig. 7(a). For the stable interface also we see that the mixing length curves
corresponding to the two Pe are quantitatively identical. The scaling for both
the values of Pe is as t1/2. So we can conclude from the mixing lengths that
changing the length and height of the sample has no influence on the fingering
behavior.

So far we have focused on the parameter R > 0. We would like to now
compare the behavior of the system when R < 0 with R > 0. In Fig. 8(a) we
depict the behavior of the system when we have no Korteweg stresses. For
R > 0 the front face is unstable and the rear face is stable. For R < 0 the
reverse holds. The mixing length for both faces scales in the same manner
when the interface is stable. This is true since the dependency on time is
now decided solely by diffusion which is equal for both cases. There is a
difference between the mixing lengths of the unstable interfaces. Specifically
we find that the unstable backward mixing does not progress as fast as the
forward fingering for larger time values when Korteweg stresses are absent.
The mixing lengths for the forward fingering are hence higher than that of the
backward fingering after the effect of the initial perturbations have decayed.
Figure 8(b) shows the behavior when the effect of Korteweg stresses are
included. We again see that the respective stable interfaces scale as t1/2. The
mixing lengths for the corresponding unstable interfaces has now decreased.
For instance the forward mixing length when δ = 0 is around 490 compared
to the case when δ = −10000 where the mixing length is 460. A similar
decrease in the mixing length is observed for the backward face when the
effect of δ is included. This is attributed to the stabilizing influence of the
Korteweg stresses. Here we would like to point out that similar differences
in the backward and forward mixing lengths have been observed in the past
(Mishra et al. (2008)).
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Figure 8: Comparison of the mixing lengths for forward (R = 2) and backward (R = −2)
fingering profiles for Pe = 1000
(a) δ = 0. The full line and circles show the unstable and stable interfaces respectively
for R = 2. The dashed line and triangles display the unstable and stable interfaces for
R = −2
(b) δ = −10000. The full line and circles shows the unstable and stable interfaces respec-
tively for R = 2. The dashed line and triangles displays the unstable and stable interfaces
for R = −2
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4. Conclusion

In this paper we have first shown that it is possible to have a unified
approach to tackle both miscible as well as immiscible fingering when we
include the Korteweg stresses for the former and the continuum theory of
surface tension for the latter. This approach has also allowed us to identify
the sign of the constants which arise in the Korteweg stresses from a dynamic
or kinetic perspective.

We have further analyzed the influence of Korteweg stresses on the behav-
ior of this system and found that they have a stabilizing influence. This is not
surprising as surface tension has a stabilizing influence on immiscible finger-
ing. Similarly diffusivity has a stabilizing influence on miscible fingering as it
serves to reduce the concentration gradients and hence the viscosity gradients
which are responsible for inducing the fingering. An important point to note
here is that the mixing length curves as well as the band broadening curves
are generated by following the time evolution of random perturbations given
to the concentration at the slug interface and hence are stochastic in nature.
This must be kept in mind when comparing the mixing length curves at ini-
tial stages of evolution when the effect of the initial perturbation is likely to
be present.

One of the primary motivations of this work is to provide a platform for
understanding Korteweg stresses in a comprehensive manner. This will help
us understand how Korteweg stresses can be controlled. For instance it is
a well known fact that surface tension can be controlled by adding surfac-
tants. Similarly if we can determine methods by which Korteweg stresses
can be affected we could think in terms of using this as a control option of
our system. This would then enable us to have a dominant role for Korteweg
stresses even when gravity effects are important.
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