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Abstract

We derive lower and upper bounds for the size of a hyperoval of
a finite polar space of rank 3. We give a computer-free proof for the
uniqueness, up to isomorphism, of the hyperoval of size 126 of H(5, 4)
and prove that the near hexagon E3 has up to isomorphism a unique
full embedding into the dual polar space DH(5, 4).
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1 The main results

Let s, t ≥ 1. A generalized quadrangle Q of order (s, t), or shortly a GQ(s, t),
is a point-line geometry which satisfies the following properties: (i) every two
distinct points are incident with at most one line; (ii) every line is incident
with precisely s+1 points; (iii) every point is incident with precisely t+1 lines;
(iv) for every non-incident point-line pair (x, L), there exists a unique point
on L collinear with x. The generalized quadrangles belong to a larger class
of geometrical structures, the so-called polar spaces, see Tits [28, Chapter 7].

Now, let P be one of the following polar spaces of rank r ≥ 2:
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(1) a generalized quadrangle of order (s, t), s, t ≥ 1 (r = 2);
(2) the polar space W (2r−1, q) of the subspaces of PG(2r−1, q) which are

totally isotropic with respect to a given symplectic polarity of PG(2r− 1, q);
(3) the polar space Q(2r, q) of the subspaces of PG(2r, q) which lie on a

given nonsingular parabolic quadric of PG(2r, q);
(4) the polar space Q+(2r− 1, q) of the subspaces of PG(2r− 1, q) which

lie on a given nonsingular hyperbolic quadric of PG(2r − 1, q);
(5) the polar space Q−(2r+ 1, q) of the subspaces of PG(2r+ 1, q) which

lie on a given nonsingular elliptic quadric of PG(2r + 1, q);
(6) the polar space H(2r−1, q2) of the subspaces of PG(2r−1, q2) which

lie on a given nonsingular Hermitian variety of PG(2r − 1, q2);
(7) the polar space H(2r, q2) of the subspaces of PG(2r, q2) which lie on

a given nonsingular Hermitian variety of PG(2r, q2).

The polar spaces W (2r − 1, q) and Q(2r, q) are isomorphic if and only if q
is even. A hyperoval of P is a non-empty set of points of P which intersects
every singular line of P in either 0 or 2 points. Hyperovals of polar spaces
arise in the context of locally polar spaces, see Buekenhout and Hubaut [6]
and Pasechnik [21, 22, 23].

The first goal of this paper is to derive lower and upper bounds for the size of
a hyperoval of the polar space P when its rank r is equal to 3. The solution
for this problem in the case r 6= 3 is essentially known, see Propositions 2.1
and 2.2 of Section 2.

Suppose P is one of the polar spaces W (5, q), Q(6, q), Q+(5, q), Q−(7, q),
H(5, q2), H(6, q2). If X is a hyperoval of P and α a singular plane meeting
X, then α∩X is a hyperoval of α, i.e. a non-empty set of points of α meeting
each line of α in either 0 or 2 points. The existence of hyperovals in α forces
q to be even, see e.g. Hirschfeld [16, Theorem 8.5].

Theorem 1.1 Suppose q is even.
(1) If X is a hyperoval of Q(6, q) ∼= W (5, q), then q+2 is a divisor of |X|

and q4 + 2q2 + q+ 2 ≤ |X| ≤ q4 + 2q3 + q+ 2. If the lower bound is achieved,
then q = 2 and X is the complement of a hyperbolic quadric Q+(5, 2) on
Q(6, 2) ∼= W (5, 2).

(2) If X is a hyperoval of Q+(5, q), then q + 2 is a divisor of |X| and
(q+2)(q2+q+2)

2
≤ |X| ≤ (q2 + 1)(q + 2).

(3) If X is a hyperoval of Q−(7, q), then q + 2 is a divisor of |X| and
q5 + q4 + q2 + q + 2 ≤ |X| ≤ q5 + 2q4 + q + 2. If the lower bound is
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achieved, then q = 2 and X is the complement of a parabolic quadric Q(6, 2)
on Q−(7, 2).

(4) If X is a hyperoval of H(5, q2), then q2 + 2 is a divisor of |X| and
q7 − q6 + q5 + q4 + q3 + q2 + 2 ≤ |X| ≤ q7 + 2q5 + q2 + 2. If the lower bound
is achieved, then q = 2 and X is a hyperoval of size 126 of H(5, 4).

(5) If X is a hyperoval of H(6, q2), then q2 + 2 is a divisor of |X| and
q9 + q7 − q6 + q5 + q4 + q2 + 2 < |X| ≤ q9 + 2q7 + q2 + 2.

If P is one of the polar spaces Q(6, 2), Q+(5, 2), Q−(7, 2), and X is a hyper-
oval of P , then the complement X of X is a proper set of points of P which
intersects each singular line in either 1 or 3 points, i.e. X is a hyperplane of
P . By Cohen and Shult [9, Theorem 5.12], every hyperplane of P is obtained
by intersecting the corresponding quadric with a hyperplane of the ambient
projective space.

All hyperovals of the polar spaces Q(6, 4), Q+(5, 4), Q−(7, 4), H(5, 4) and
H(6, 4) were classified by Pasechnik [21, Proposition 3.1] with the aid of a
computer. In the special case of the polar space H(5, 4), he used a computer
backtrack search to prove that there are, up to isomorphism, two classes of
hyperovals in H(5, 4), a class of hyperovals consisting of 126 points and a
class of hyperovals consisting of 162 points. Notice that the hyperovals of
size 126 also arise in Theorem 1.1(4). In the present paper, we shall give a
computer-free proof for the uniqueness, up to isomorphism, of the hyperoval
of size 126 of H(5, 4).

Theorem 1.2 There exists up to isomorphism a unique hyperoval of size
126 of H(5, 4).

Pasini and Shpectorov [24] proved that there exists a connection between the
hyperovals of size 126 of H(5, 4) and the so-called locally subquadrangular
hyperplanes of the dual polar space DH(5, 4) associated with H(5, 4). We
will use this connection to give a computer-free proof of Theorem 1.2. During
this proof, we will also make use of the uniqueness (up to isomorphism) of
the full embedding of the near hexagon E3 (to be defined later) in the dual
polar space DH(5, 4). By a full embedding of a point-line geometry S1 into a
point-line geometry S2, we mean an injective mapping e from the point-set
of S1 to the point-set of S2 mapping lines of S1 to full lines of S2.
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Theorem 1.3 Let e1 and e2 be two full embeddings of E3 into the dual polar
space DH(5, 4). Then there exists a unique automorphism θ of DH(5, 4)
such that θ ◦ e1 = e2.

Remark. Suppose X is a hyperoval of size 126 of H(5, 4). Let ΓX be the
graph whose vertices are the points of X, two points of X being adjacent
whenever they are collinear on H(5, 4). It is easily proved that the graph ΓX

satisfies the following properties: (i) every maximal clique has six points; (ii)
for every maximal clique C and every vertex p 6∈ C, there are exactly two
neighbours of p in C; (iii) no vertex is adjacent to all other vertices. These
conditions imply that ΓX is a so-called Zara graph with clique size 6 and
nexus 2 (Zara [29]). Blokhuis and Brouwer [3] proved without a computer
that there exists, up to isomorphism, a unique graph satisfying the conditions
(i), (ii) and (iii) above. By this result, we know that the graph ΓX is uniquely
determined (up to an isomorphism of graphs). Theorem 1.2 says that also
the hyperoval X is uniquely determined (up to an isomorphism of the polar
space H(5, 4)). Another computer free characterization of the above Zara
graph was obtained in Pasechnik [20, Proposition 2.6]: the Zara graph is, up
to isomorphism, the unique graph Γ which satisfies the following conditions:
(a) Γ is isomorphic to a subgraph of the collinearity graph of H(5, 4); (b)
Γ is locally H(3, 4); (c) for any pair (x, y) of nonadjacent vertices of Γ,
the graph induced on the common neighbours of x and y is isomorphic to
K3,3 ∪K3,3 ∪K3,3 (the disjoint union of three bipartite graphs K3,3).

2 Hyperovals in polar spaces of rank r 6= 3

Suppose Q is a generalized quadrangle of order (s, t). If X is a set of points
of Q, then X⊥ denotes the set of all points of Q which are collinear with
every point of X. We will denote (X⊥)⊥ also by X⊥⊥. If x and y are non-
collinear points of Q, then |{x, y}⊥⊥| ≤ t + 1. If equality occurs, then the
pair {x, y} is called regular. If this is the case, then every line of Q intersects
{x, y}⊥ ∪ {x, y}⊥⊥ in either 0 or 2 points. If a GQ(s, t) has a regular pair of
non-collinear points, then by Payne and Thas [25, 1.3.6(i)] either s = 1 or
s ≥ t. An ovoid of a GQ(s, t) is a set of points meeting each line in a unique
point. Such an ovoid contains precisely st+ 1 points. For more background
information on generalized quadrangles, we refer to the standard work [25].
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Lower and upper bounds for the size of a generalized quadrangle of order
(s, t) were obtained in Cameron, Hughes, Pasini [8, Lemmas 3.9 and 3.11]
and Del Fra, Ghinelli, Payne [14, Theorems 2.1 and 2.2].

Proposition 2.1 ([8, 14]) Let Q be a generalized quadrangle of order (s, t)
and let X be a hyperoval of Q. Then

(1) 2 is a divisor of |X|;
(2) We have |X| ≥ 2(t + 1), with equality if and only if there exists a

regular pair {x, y} of non-collinear points of Q such that X = {x, y}⊥ ∪
{x, y}⊥⊥.

(3) We have |X| ≥ (t − s + 2)(s + 1). If equality holds then every point
outside X is incident with precisely t−s

2
+ 1 lines which meet X (hence s ≡ t

(mod 2)).
(4) We have |X| ≤ 2(st + 1), with equality if and only if every line of Q

intersects X in precisely 2 points.

Remark. If s = 1, then the lower bounds and upper bound for |X| men-
tioned in Proposition 2.1 coincide with 2(t+ 1). Indeed, a GQ(1, t) has only
one hyperoval: the whole point-set. If s = t, then the two lower bounds
for |X| mentioned in Proposition 2.1 coincide. If t > s 6= 1, then the lower
bound for |X| mentioned in Proposition 2.1(3) is better than the lower bound
mentioned in Proposition 2.1(2). The opposite occurs if t < s.

Examples. (I) Let Q be a generalized quadrangle of order (2, t). Then
the hyperovals of Q are precisely the complements of the hyperplanes of Q.
[By a hyperplane of a point-line geometry we mean a proper subset of the
point-set which meets every line in either a point or the whole line.] If t = 1
(so, Q is the 3× 3-grid), then every hyperoval X of Q is either an ordinary
4-gon or the complement of an ovoid; hence, |X| ∈ {4, 6}. If t = 2 (so,
Q ∼= W (2) := W (3, 2)), then every hyperoval is either the complement of a
(3 × 3)-grid, the complement of an ovoid, or the set of points at distance 2
from a given point; hence |X| ∈ {6, 8, 10}. If t = 4 (so, Q ∼= Q−(5, 2)), then
every hyperoval is either the complement of a W (2)-subquadrangle or the set
of points at distance 2 from a given point; hence |X| ∈ {12, 16}. Except for
the missing values “14” and “18” in the case of Q−(5, 2), the above spectra
of hyperoval sizes are precisely the spectra as predicted by Proposition 2.1.

(II) Makhnev [18] classified all hyperovals of the generalized quadrangle
H(3, 4) (which has order (4, 2)) and found that for every µ ∈ {6, 8, 10, 12, 14,
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16, 18} there exists a hyperoval of size µ. Hence, the spectrum of hyperoval
sizes is precisely as predicted by Proposition 2.1.

(III) Makhnev [19] classified hyperovals of the unique generalized quad-
rangle of order (3, 5) and found that for every µ ∈ {16, 18, 20, 22, 24, 30, 32},
there exists a hyperoval of size µ. Notice that by Proposition 2.1 we should
have 2 | µ and 16 ≤ µ ≤ 32.

(IV) Pasechnik [22] classified with the aid of a computer all hyperovals
of the generalized quadrangles W (3) := W (3, 3) and Q(4, 3) (which both
have order (3, 3)). He found that: (i) for every µ1 ∈ {8, 12, 16, 20}, there
exists, up to isomorphism, a unique hyperoval of size µ1 of W (3); (ii) for
every µ2 ∈ {10, 12, 14, 16, 18, 20}, there exists, up to isomorphism, a unique
hyperoval of size µ2 of Q(4, 3). Notice that by Proposition 2.1 the size µ of
a hyperoval of a generalized quadrangle of order (3, 3) must satisfy 2 | µ and
8 ≤ µ ≤ 20.

(V) Pasechnik [23] classified with the aid of a computer all hyperovals of
the generalized quadrangle Q−(5, 3) (which has order (3, 9)) and found that
for every µ ∈ {32, 40, 56} there exists a hyperoval of size µ. Notice that by
Proposition 2.1 we should have 2 | µ and 32 ≤ µ ≤ 56.

If the rank of the polar space is at least 4, then a classification of the hyper-
ovals is readily obtained. Such a classification would follow from Pasechnik
[21, Lemma 2.2], but a more direct approach can also be given.

Proposition 2.2 (1) Let P be one of the polar spaces W (2r− 1, q) (q odd),
H(2r − 1, q2), H(2r, q2), where r ≥ 4. Then P has no hyperovals.

(2) Let P be one of the following polar spaces of rank r ≥ 4: (a) Q(2r, q);
(b) Q+(2r− 1, q); (c) Q−(2r+ 1, q). Let Π be the ambient projective space of
P. If X is a hyperoval of P, then q = 2 and there exists a hyperplane π of
Π such that X consists of those points of P not contained in π.

Proof. Let P be one of the polar spaces mentioned in (1) or (2), and let X be
a hyperoval of P . If α is a maximal singular subspace of P meeting X, then
α ∩X is a hyperoval of α, i.e. a non-empty set of points of α meeting each
line in either 0 or 2 points. Notice that α ∼= PG(r− 1, q′) where q′ ∈ {q, q2}.
Now, a hyperoval of PG(r−1, q′), r−1 ≥ 3, can only exists if q′ = 2 (in which
case it is the complement of a hyperplane), see e.g. Hirschfeld [15, Lemma
16.1.4]. Hence, P is one of the following: (a) Q(2r, 2); (b) Q+(2r − 1, 2); (c)
Q−(2r + 1, 2). Now, the complement of X is a hyperplane of P . By Cohen
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and Shult [9, Theorem 5.12], a hyperplane of P arises by intersecting the
point-set of P with a hyperplane of Π. �

3 Proof of Theorem 1.1

Let P be one of the following polar spaces of rank 3 (with q even): (i)
W (5, q) ∼= Q(6, q); (ii) Q+(5, q); (iii) Q−(7, q); (iv) H(5, q) (q square); (v)
H(6, q) (q square). Then every singular plane of P is isomorphic to PG(2, q).
Let s + 1 denote the constant number of singular planes through a given
singular line of P . Then s = q if P = W (5, q), s = 1 if P = Q+(5, q), s = q2

if P = Q−(7, q), s =
√
q if P = H(5, q) and s = q

3
2 if P = H(6, q). Now, P

has (sq2 + 1)(q2 + q + 1) points, (sq + 1)(sq2 + 1)(q2 + q + 1) singular lines
and (s + 1)(sq + 1)(sq2 + 1) singular planes. Every point of P is contained
in (q + 1)(sq + 1) singular lines and (s+ 1)(sq + 1) singular planes.

Lemma 3.1 Let X be a hyperoval of P. Then |X| ≥ (q+2)(sq2+sq+2)
2

.

Proof. Let α be a singular plane of P containing a point of X. Then
|α∩X| = q+2. There are (q+2)(q+1)

2
lines in α which intersect X in two points,

each such line is contained in s singular planes distinct from α and each such
singular plane contains q points of X \α. The (q+2)(q+1)

2
sq points which arise

in this way are mutually distinct. Hence, |X| ≥ (q + 2) + (q+2)(q+1)
2

· sq =
(q+2)(sq2+sq+2)

2
. �

Lemma 3.2 If X is a hyperoval of P and α is a singular plane such that
|α∩X| = q+ 2, then there are precisely |X|

q+2
− sq2+sq+2

2
singular planes which

intersect X in q + 2 points and α in a line disjoint from X. Hence, q + 2 is
a divisor of |X|.

Proof. For every point x of P outside α, let αx denote the unique singular

plane through x meeting α in a line. There are |X| − (q+2)(sq2+sq+2)
2

points
x ∈ X \α such that αx∩α is disjoint from α∩X. Each such point x ∈ X \α
gives rise to a suitable plane αx. Each such plane is counted q + 2 times. �

Lemma 3.3 Let X be a hyperoval of P. Then

(sq − q + 2)(q2 + q + 1) ≤ |X| ≤ (sq2 + 1)(q + 2).
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If (sq − q + 2)(q2 + q + 1) = |X|, then every singular line of P disjoint from
X is contained in precisely sq−q+2

q+2
singular planes which meet X in q + 2

points. If |X| = (sq2 + 1)(q + 2), then every singular plane of P intersects
X in precisely q + 2 points.

Proof. Let L denote the set of singular lines of P disjoint from X. For every
L ∈ L, let nL denote the number of singular planes through L intersecting
X in precisely q + 2 points. The total number of elements of L is equal to∑

L∈L

1 = (sq + 1)(sq2 + 1)(q2 + q + 1)− |X| · (q + 1)(sq + 1)

2
. (1)

Counting in two different ways the number of pairs (L, α), where L ∈ L and
α a singular plane through L intersecting X in q + 2 points, gives∑

L∈L

nL =
|X| · (s+ 1)(sq + 1)

q + 2
· q

2 − q
2

. (2)

Counting in two different ways the number of triples (L, α1, α2) where L ∈ L
and α1 and α2 two singular planes such that |α1∩X| = |α2∩X| = q+ 2 and
L = α1 ∩ α2, gives (recall Lemma 3.2)∑

L∈L

nL(nL − 1) =
|X| · (s+ 1)(sq + 1)

q + 2

( |X|
q + 2

− sq2 + sq + 2

2

)
. (3)

By (2) and (3), we find
∑

L∈L n
2
L = |X|·(s+1)(sq+1)

q+2

(
|X|
q+2
− (sq−q+2)(q+1)

2

)
. By

the Cauchy-Schwartz inequality (
∑

1) · (
∑
n2

L) ≥ (
∑
nL)2, we find

(
|X| −

(sq−q+2)(q2 +q+1)
)
·
(
|X|− (sq2 +1)(q+2)

)
≤ 0. Since (sq2 +1)(q+2)−

(sq−q+2)(q2 +q+1) = q(q−1)(q+s) > 0, we find (sq−q+2)(q2 +q+1) ≤
|X| ≤ (sq2 + 1)(q + 2). If equality holds in either the lower or the upper
bound, then nL is independent from the chosen line L ∈ L.

If |X| = (sq−q+2)(q2 +q+1), then
∑

L∈L 1 = (s+1)q(q−1)(sq+1)(q2+q+1)
2

and∑
L∈L nL = (sq−q+2)(q2+q+1)(s+1)(sq+1)(q2−q)

2(q+2)
. Hence, every singular line disjoint

from X is contained in
∑

nL∑
1

= sq−q+2
q+2

singular planes which intersect X in
precisely q + 2 points.

In a similar way one proves that if |X| = (sq2 + 1)(q + 2), then every
singular line disjoint from X is contained in precisely s + 1 singular planes
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which intersect X in q+2 points. Hence, every singular plane of P intersects
X in q + 2 points. �

We will now give a proof of Theorem 1.1.
First, suppose that P = W (5, q) ∼= Q(6, q). Then q4 +2q2 +q+2 ≤ |X| ≤

q4 + 2q3 + q+ 2 by Lemma 3.3. If |X| = q4 + 2q2 + q+ 2, then also by Lemma
3.3, q + 2 is a divisor of sq − q + 2 = q2 − q + 2 = (q + 2)(q − 3) + 8. Hence,
q = 2, P = Q(6, 2) and |X| = 28. Now, X is the complement of a hyperplane
of P and since |X| = 28, this hyperplane is necessarily a hyperbolic quadric
Q+(5, 2) on Q(6, 2) (recall Cohen and Shult [9]).

If P = Q+(5, q), then by Lemmas 3.1 and 3.3, (q+2)(q2+q+2)
2

≤ |X| ≤
(q2 + 1)(q+ 2). (Notice that the lower bound of Lemma 3.3 is weaker in this
case.)

If P = Q−(7, q), then q5 + q4 + q2 + q + 2 ≤ |X| ≤ q5 + 2q4 + q + 2 by
Lemma 3.3. If |X| = q5 + q4 + q2 + q+ 2, then also by Lemma 3.3, q+ 2 is a
divisor of sq − q + 2 = q3 − q + 2 = (q + 2)(q2 − 2q + 3)− 4. Hence, q = 2,
P = Q−(7, 2) and |X| = 56. Now, X is the complement of a hyperplane of P
and since |X| = 56, this hyperplane is necessarily a parabolic quadric Q(6, 2)
on Q−(7, 2).

Suppose P = H(5, q2). (For reasons of convenience, we have replaced q
by q2.) By Lemma 3.3, q7−q6 +q5 +q4 +q3 +q2 +2 ≤ |X| ≤ q7 +2q5 +q2 +2.
If the lower bound is achieved then by Lemma 3.3, q2 + 2 is a divisor of
sq2 − q2 + 2 = q3 − q2 + 2 = (q2 + 2)(q − 1) − (2q − 4). Hence, q = 2 and
|X| = 126.

Finally, suppose that P = H(6, q2). By Lemma 3.3, q9 + q7 − q6 + q5 +
q4 + q2 + 2 ≤ |X| ≤ q9 + 2q7 + q2 + 2. Suppose the lower bound occurs.
Then by Lemma 3.3, q2 + 2 is a divisor of sq2 − q2 + 2 = q5 − q2 + 2 =
(q3− 2q− 1)(q2 + 2) + 4q+ 4. Hence, q = 2. But this is impossible, since the
polar space H(6, 4) does not admit hyperovals by Pasechnik [21, Proposition
3.1].

4 Proof of Theorem 1.3

4.1 Near polygons and hyperplanes of dual polar spaces

A point-line geometry S is called a near polygon if for every point x and
every line L, there exists a unique point on L nearest to x. Here, distances
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d(·, ·) are measured in the collinearity graph Γ of S. If d is the diameter of
Γ, then the near polygon is called a near 2d-gon. A near 0-gon consists of a
unique point (no lines) and a near 2-gon is a line. The near quadrangles are
precisely the generalized quadrangles.

If x is a point of S and i ∈ N, then Γi(x) denotes the set of points of S
at distance i from x. For every point x of S, we define x⊥ := {x} ∪Γ1(x). A
near polygon is called dense if every line is incident with at least three points
and if every two points at distance 2 have at least two common neighbours.

Let S be a near polygon and let X be a set of points of S. X is called a
subspace if it contains all the points of a line as soon as it contains at least
two points of that line. If X is a subspace of S, then the lines of S which
have all their points in X define a subgeometry X̃ of S on the point-set
X. A set X of points of S is called convex if it contains all the points on
a shortest path between any two of its points. If C is a convex subspace of
S, then C̃ is also a near polygon. By Brouwer and Wilbrink [5, Theorem 4],
every two points x1 and x2 of a dense near polygon are contained in a unique
convex subspace 〈x1, x2〉 of diameter d(x1, x2). These convex subspaces are
called quads if d(x1, x2) = 2. The existence of quads in dense near polygons
was already proved in Shult and Yanushka [27, Proposition 2.5]. Every two
distinct intersecting lines L and M of a dense near polygon are contained in
a unique quad which we will denote by 〈L,M〉. If x is a point of a dense
near polygon S, then the lines and quads of S through x define a linear space
Res(x) which is called the local space at x. For more background information
on near polygons, we refer to the book [11].

By Brouwer et al. [4], there exists up to isomorphism a unique dense near
hexagon which satisfies the following properties: (A) Every line is incident
with precisely 3 points; (B) Every local space is isomorphic to W (2), the
linear space obtained from the generalized quadrangle W (2) by adding its
ovoids as extra lines. This near hexagon, which we will denote by E3, was first
constructed in [1]. An alternative and purely geometrical proof of the above
classification result was also obtained in [10, Section 3(II)]. As a consequence
of the main result of [10], it was proved in that paper that there exists up to
isomorphism at most one dense near hexagon which satisfies the properties
(A) and (B) above. The uniqueness then follows from the existence. An
explicit construction of the near hexagon E3 will be given below. The near
hexagon E3 has 567 points. Every quad of E3 is isomorphic to either W (2)
or Q−(5, 2). If x is a point of E3 at distance 2 from a W (2)-quad Q, then
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Γ2(x) ∩ Q is an ovoid of Q̃. Moreover, for every z ∈ Γ2(x) ∩ Q, 〈x, z〉 is a
W (2)-quad of E3.

Recall that a full embedding of a point-line geometry S1 into a point-
line geometry S2 is an injective mapping e from the point-set of S1 to the
point-set of S2 mapping lines of S1 to full lines of S2. A full embedding
is called isometric if it preserves the distances between points. By Huang
[17, Corollary 3.3], a full embedding e between two dense near 2n-gons is
isometric if and only if there exist two opposite points x1 and x2 in S1 such
that e(x1) and e(x2) are also opposite points of S2. (Two points are said to
be opposite if they lie at maximal distance n from each other.)

With every polar space P of rank r ≥ 2, there is associated a near 2r-
gon ∆ which is called a dual polar space (Cameron [7]). The points of ∆
are the maximal singular subspaces of P , the lines are the next-to-maximal
singular subspaces of P , and incidence is reverse containment. Every convex
subspace of ∆ consists of the set of maximal (i.e. (r−1)-dimensional) singular
subspaces of P which contain a given singular subspace of P . If the dimension
of this singular subspace of P is r−3, then the corresponding convex subspace
of ∆ is a quad. Recall that a hyperplane of ∆ is a proper subset of the
point-set of ∆ which intersects each line in either a singleton or the whole
line. By Blok and Brouwer [2, Theorem 7.3] or Shult [26, Lemma 6.1], every
hyperplane of a thick dual polar space is a maximal subspace. If H is a
hyperplane of ∆, then for every point x of H, ΛH(x) denotes the set of lines
through x contained in H. We will regard ΛH(x) as a set of points of Res(x).
A hyperplane H of ∆ is called locally subquadrangular if every quad Q of ∆
not contained in H intersects H in a (nondegenerate) subquadrangle of Q̃.

We will denote a dual polar space by putting a “D” in front of the name of
the corresponding polar space. E.g., DQ(2r, 2), r ≥ 2, denotes the dual polar

space associated with Q(2r, 2). If Q is a quad of DQ(2r, 2), then Q̃ ∼= W (2).
If x is a point of the dual polar space DH(5, 4), then Res(x) ∼= PG(2, 4),
|Γ0(x)| = 1, |Γ1(x)| = 42, |Γ2(x)| = 336 and |Γ3(x)| = 512. Every quad of
DH(5, 4) is isomorphic to Q−(5, 2). For every quad Q of DH(5, 4) and for
every point x 6∈ Q, there exists a unique point x′ ∈ Q collinear with x and
d(x, y) = 1 + d(x′, y) for every point y of Q.

Pasini and Shpectorov [24] used hyperovals of size 126 of H(5, 4) to con-
struct locally subquadrangular hyperplanes of DH(5, 4). We take the free-
dom to give another construction yielding locally subquadrangular hyper-
planes of DH(5, 4). Consider in PG(6, 2) a nonsingular parabolic quadric
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Q(6, 2), let k denote the kernel of this quadric and let π be a hyperplane of
PG(6, 2) intersecting Q(6, 2) in an elliptic quadric Q−(5, 2). The projection
from the kernel k on the hyperplane π defines an isomorphism between the
polar space Q(6, 2) and the symplectic polar space W (5, 2) associated to a
suitable symplectic polarity of π. Any set of points of W (5, 2) which is iso-
morphic to the subset π \ Q−(5, 2) of π is called an elliptic set of points of
W (5, 2). A set of quads of DW (5, 2) corresponding to an elliptic set of points
of W (5, 2) is called an elliptic set of quads of DW (5, 2).

It is well-known that the dual polar space DW (5, 2) can be isometrically
embedded into the dual polar space DH(5, 4). In fact up to isomorphism
there exists a unique such isometric embedding, see De Bruyn [12, Theorem
1.5]. Now, let DW (5, 2) be isometrically embedded into DH(5, 4) and for
every quad Q of DW (5, 2), let Q denote the unique quad of DH(5, 4) con-
taining all points of Q. If A is an elliptic set of quads of DW (5, 2), then by

De Bruyn [13, Theorem 1.5 + Proposition 2.17], H := DW (5, 2)∪
(⋃

Q∈AQ
)

is a hyperplane of DH(5, 4) with the property that |ΛH(x)| = 15 for every
point x ∈ H. The hyperplane H is easily seen to be locally subquadrangular:
if L is a line of DH(5, 4) having a unique point x in common with H, then
each of the 5 quads through L contributes at most 3 (and hence precisely
3) to the total value of |ΛH(x)| = 15; so, every quad through L intersects

H in a W (2)-subquadrangle. The point-line geometry H̃ induced on H is
isomorphic to the near hexagon E3 (see e.g. Corollary 5.5 which we will prove
in Section 5.1).

4.2 Full embeddings of E3 into DH(5, 4)

Let e be an arbitrary full embedding of the near hexagon E3 into the dual
polar space DH(5, 4). [E.g., the full embedding described at the end of Sec-
tion 4.1.] Without loss of generality, we may suppose that e is the inclusion
map, i.e. we will regard the point-set P of E3 as a subset of the point-set
of DH(5, 4). By the following lemma, we can without any ambiguity talk
about distances between points of P .

Lemma 4.1 e is an isometric embedding.

Proof. Let x ∈ P . The number of points of DH(5, 4) at distance at most
2 from x is equal to |Γ0(x)| + |Γ1(x)| + |Γ2(x)| = 1 + 42 + 336 = 379. Since
379 < |P | = 567, there exists a point y ∈ P which has distance 3 from x in
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the dual polar space DH(5, 4). Recall that by Huang [17, Corollary 3.3], a
full embedding between two dense near hexagons S1 and S2 is isometric if
and only if there exist opposite points x1 and x2 in S1 which are mapped to
opposite points of S2. Applying this here to the points x and y, we see that
the embedding e is isometric. �

If Q is a quad of E3, then we denote by Q the unique quad of DH(5, 4)
containing all points of Q. If x1 and x2 are two points of Q at distance 2
from each other, then Q is the unique quad of DH(5, 4) containing x1 and
x2. Recall that every quad of E3 is isomorphic to either W (2) or Q−(5, 2).
Since every local space of E3 is isomorphic to W (2), each point is contained
in precisely 15 W (2)-quads and 6 Q−(5, 2)-quads.

Lemma 4.2 (1) The map Q 7→ Q defines a bijection between the set of quads
of E3 and the set of quads of DH(5, 4).

(2) P is a locally subquadrangular hyperplane of DH(5, 4).

Proof. (1) If Q1 and Q2 are two distinct quads of E3, then for every point
x1 ∈ Q1 \ Q2, there exists a point x2 ∈ Q2 opposite to it. Hence, the
map Q 7→ Q is injective. The total number of W (2)-quads of E3 is equal

to |P |·15
15

= 567 and the total number of Q−(5, 2)-quads of E3 is equal to
|P |·6
27

= 126. Since 567 + 126 = 693 is the total number of quads of DH(5, 4),

the map Q 7→ Q is necessarily bijective.
(2) Let L be an arbitrary line of DH(5, 4) not contained in P and let

Q be an arbitrary quad of DH(5, 4) through L corresponding to the quad
Q = Q ∩ P of E3. Since the W (2)-subquadrangle Q of Q is a hyperplane of
Q, |L ∩ P | = 1. Hence, P is a hyperplane of DH(5, 4). Since every quad of
DH(5, 4) intersects P in either the whole quad or a W (2)-subquadrangle, P
is a locally subquadrangular hyperplane. �

Definition. Let (y,Q) be a point-quad pair of E3 such that d(y,Q) = 2.

Then Q̃ ∼= W (2) and Γ2(y)∩Q is an ovoid {y1, y2, . . . , y5} of Q̃. For every i ∈
{1, . . . , 5}, let Oi be the unique ovoid of the W (2)-quad 〈y, yi〉E3 containing
the points y and yi. Then O1 ∪ O2 ∪ · · · ∪ O5 is called a nice set of points
of E3. Every nice set of points of E3 contains precisely 21 elements. By the
following lemma, a nice set consists of points at mutual distance 2 from each
other.
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Lemma 4.3 For every point x of DH(5, 4) not contained in P , x⊥ ∩ P is
a nice set of points of E3. Conversely, for every nice set N of points of
E3, there exists a unique point x of DH(5, 4) not contained in P such that
N = x⊥ ∩ P .

Proof. (1) On each of the 21 lines of DH(5, 4) through x, there exists a
unique point of P . Hence, x⊥ ∩ P is a set of 21 points at mutual distance
2. Let Q be an arbitrary quad through x corresponding to a W (2)-quad
Q of E3 and let y be an arbitrary point of x⊥ ∩ P such that the line xy
is not contained in Q. Then d(y,Q) = 2 (since Γ1(y) ∩ Q = {x}) and
{y} ∪ (Γ2(y) ∩ Q) ⊆ x⊥ ∩ P . Put Γ2(y) ∩ Q = {y1, . . . , y5} and let Oi,
i ∈ {1, . . . , 5}, denote the unique ovoid of the quad 〈y, yi〉E3 containing y and
yi. For every i ∈ {1, . . . , 5}, x⊥ ∩ 〈y, yi〉E3 is an ovoid of 〈y, yi〉E3 containing
y and yi. (Notice that x ∈ 〈y, yi〉DH(5,4).) Hence, O1 ∪O2 · · · ∪O5 ⊆ x⊥ ∩ P .
Since both sets contain precisely 21 points, O1 ∪ · · · ∪ O5 = x⊥ ∩ P . Hence,
x⊥ ∩ P is a nice set of points of E3.

(2) Let (y,Q) be a point-quad pair of E3 such that d(y,Q) = 2. Put
Γ2(y) ∩Q = {y1, . . . , y5} and let Oi, i ∈ {1, . . . , 5}, denote the unique ovoid
of 〈y, yi〉E3 containing y and yi. Since d(y,Q) = 2, y 6∈ Q. Let x denote the
unique point of Q collinear with y. Then the line xy is not contained in Q
and Γ2(y) ∩Q = Γ1(x) ∩Q. Repeating the argument exposed in part (1) of
the proof, we find that O1 ∪ · · · ∪O5 = x⊥ ∩ P . Conversely, if z is a point of
DH(5, 4) not contained in P such that z⊥ ∩ P = O1 ∪ · · · ∪ O5, then since
{y1, . . . , y5} ⊆ Γ1(z), we have z ∈ Q. Since also y ∈ Γ1(z), z is necessarily
equal to x. �

Now, suppose N is a nice set of points of E3 and let y be an arbitrary point
of N . Let x be the unique point of DH(5, 4) not contained in P such that
N = x⊥∩P and let x′ denote the unique third point on the line xy. For every
z ∈ N \ {y}, d(y, z) = 2 and 〈y, z〉E3 ∩ N = 〈y, z〉E3 ∩ x⊥ is an ovoid of the
W (2)-quad 〈y, z〉E3 of E3. (Notice that x ∈ 〈y, z〉DH(5,4).) Hence, there exist
W (2)-quads Q1, . . . , Q5 of E3 through y and for every i ∈ {1, . . . , 5} an ovoid
Oi of Qi through y such that N = O1 ∪ · · · ∪ O5. For every i ∈ {1, . . . , 5},
there exists a unique ovoid O′i of Qi through y distinct from Oi. Clearly,
x′⊥ ∩ Qi = O′i (notice x, x′ ∈ Qi) and N ′ := O′1 ∪ · · · ∪ O′5 is the nice set of
points of E3 corresponding to x′. The set N ′ is completely determined by N
and y. We say that N ′ is conjugate to N with respect to y.

In Lemma 4.3, we proved that the points of DH(5, 4) not contained in P
are in bijective correspondence with the nice set of points of E3. In terms of
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this bijective correspondence, the lines of DH(5, 4) not contained in P can
be easily expressed. They correspond to the sets {y,N,N ′}, where N is a
nice set of points of E3, y ∈ N and N ′ is conjugate to N with respect to y.

We are now ready to give a proof of Theorem 1.3. Suppose e1 and e2 are two
full embeddings of E3 into the dual polar space DH(5, 4). For every point x of
E3, we define θ[e1(x)] := e2(x). For every point y of DH(5, 4) not contained
in e1(P ), let θ(y) be the unique point z of DH(5, 4) not contained in e2(P )
such that e−1

1 (y⊥ ∩ e1(P )) = e−1
2 (z⊥ ∩ e2(P )). By the previous paragraph, θ

is an automorphism of DH(5, 4). Clearly, θ ◦ e1 = e2. Obviously, θ is the
unique automorphism of DH(5, 4) satisfying this latter property.

5 Proof of Theorem 1.2

5.1 The uniqueness of the locally subquadrangular hy-
perplane of DH(5, 4)

The aim of this subsection is to give a computer-free proof of the following
proposition.

Proposition 5.1 Up to isomorphism, there exists a unique locally subquad-
rangular hyperplane of DH(5, 4).

Proposition 5.1 is due to Pasini and Shpectorov [24, Theorem 1.3]. However,
their proof relies on Pasechnik’s computer classification of the hyperovals of
H(5, 4). We will now give an alternative computer-free proof.

Lemma 5.2 Let H be a locally subquadrangular hyperplane of DH(5, 4).
Then there exists no point x ∈ H such that x⊥ ⊆ H.

Proof. We will prove the following:

(∗) If x1 is a point of H satisfying x⊥1 ⊆ H, then also every point x2 ∈
Γ1(x1) satisfies x⊥2 ⊆ H.

Let x3 be an arbitrary point of x⊥2 . Then there exists a quad Q containing
the points x1, x2 and x3. Since x⊥1 ∩Q ⊆ H, the quad Q is contained in H.
Hence, x3 ∈ H. This indeed implies that x⊥2 ⊆ H.
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Now, suppose there exists a point x ∈ H such that x⊥ ⊆ H. By successive
application of (∗), we find that every point of DH(5, 4) is contained in H
which is clearly absurd. �

Lemma 5.3 If x1 and x2 are two points of a locally subquadrangular hyper-
plane H of DH(5, 4), then the distance between x1 and x2 in the geometry H̃
is equal to the distance between x1 and x2 in the dual polar space DH(5, 4).

As a consequence, H̃ is a dense near hexagon with three points on each line.

Proof. In order to prove the first claim, it suffices to show that for any two
points x1 and x2 of H at distance at least 2 from each other, there exists
a line L ⊆ H through x2 containing a point at distance d(x1, x2) − 1 from
x1. Consider a quad Q through x2 contained in 〈x1, x2〉 and let L be a line
through x2 contained in Q ∩H. Then L indeed contains a point at distance
d(x1, x2)− 1 from x1.

Since distances in H̃ are the same as distances in the near polygon
DH(5, 4), H̃ itself is also a near polygon. One can readily verify that the

maximal distance between two points of H is equal to 3. So, H̃ is a near
hexagon with three points on each line. If x1 and x2 are two points of H̃ at
distance 2 from each other, then 〈x1, x2〉 ∩ H is either 〈x1, x2〉 or a W (2)-

subquadrangle of 〈x1, x2〉. Hence, |Γ1(x1)∩Γ1(x2)∩H| ≥ 3 and H̃ is a dense
near hexagon. �

Lemma 5.4 Let H be a locally subquadrangular hyperplane of DH(5, 4).
Then for every point x ∈ H, ΛH(x) is the complement of a hyperoval of

Res(x) ∼= PG(2, 4). As a corollary, every local space of H̃ is isomorphic to
W (2).

Proof. The complement of ΛH(x) (in Res(x)) is nonempty by Lemma 5.2
and intersects every line of Res(x) in either 0 or 2 points (every quad through
x is either contained in H or intersects H in a W (2)-subquadrangle). Hence,
ΛH(x) is the complement of a hyperoval of Res(x). The linear space induced
by Res(x) on ΛH(x) is easily seen to be isomorphic to W (2). �

Corollary 5.5 For every locally subquadrangular hyperplane H of DH(5, 4),

H̃ ∼= E3.

Proof. This follows from the fact that E3 is, up to isomorphism, the unique
dense near hexagon which satisfies the following properties: (1) every line is
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incident with precisely 3 points; (2) every local space is isomorphic to W (2).
�

We are now able to give a computer-free proof of Proposition 5.1. Suppose
H1 and H2 are two locally subquadrangular hyperplanes of DH(5, 4). By

corollary 5.5, H̃1
∼= H̃2

∼= E3. Theorem 1.3 then implies that there exists an
automorphism of DH(5, 4) mapping H1 to H2.

5.2 The uniqueness of the hyperoval of size 126 of
H(5, 4)

For every set X of points of H(5, 4), let HX denote the set of all singular
planes of H(5, 4) which contain at least one element of X. We can regard
HX as a set of points of DH(5, 4).

The following proposition is essentially contained in Pasini and Shpectorov
[24]. However, the proof of part (1) relies on Pasechnik’s computer classifica-
tion of the hyperovals of H(5, 4) (see [24, Proposition 1.1]). So, an alternative
proof is necessary for our purposes.

Lemma 5.6 (1) If X is a hyperoval of size 126 of H(5, 4), then HX is a
locally subquadrangular hyperplane of DH(5, 4).

(2) If H is a locally subquadrangular hyperplane of DH(5, 4), then there
exists a unique hyperoval X of size 126 of H(5, 4) such that H = HX .

Proof. (1) Let L be a line of H(5, 4). If L contains 2 points of X, then each
of the 3 singular planes of H(5, 4) through L belongs to HX . If L is disjoint
from X, then by Lemma 3.3, precisely one singular plane through L belongs
to HX . Hence, HX is a hyperplane of DH(5, 4). In order to show that HX is
a locally subquadrangular hyperplane, we need to prove that any two points
α and β of HX at distance 2 from each other have either 3 or 5 common
neighbours which are contained in HX . We will regard α and β as singular
planes of H(5, 4) and distinguish two cases:

(i) α ∩ β ⊆ X. Then each common neighbour of α and β in DH(5, 4)
belongs to HX . So, α and β have 5 common neighbours which are contained
in HX .

(ii) α ∩ β 6⊆ X. Put α ∩ β = {x}. Let L1, L2, L3 be the three lines
of α through x which intersect X in 2 points. For every i ∈ {1, 2, 3}, let
Mi denote the unique line of β through x such that 〈Li,Mi〉 is a singular
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plane of H(5, 4). If γ is a common neighbour of α and β belonging to HX ,
then α∩ γ ∈ {L1, L2, L3}. (Recall that every singular line of H(5, 4) disjoint
from X is contained in a unique singular plane meeting X.) Hence, the
neighbours of α and β which are contained in HX are precisely the singular
planes 〈Li,Mi〉, i ∈ {1, 2, 3}.

(2) Let H be a locally subquadrangular hyperplane of DH(5, 4), let Q
be the set of quads of DH(5, 4) contained in H and let X denote the set of
points of H(5, 4) corresponding to the quads of Q. If L is a line of DH(5, 4)
contained in H, then by Lemma 5.4, precisely 2 quads through L are con-
tained in H. If L is a line of DH(5, 4) not contained in H, then no quad
through L is contained in H. Hence, X is a hyperoval of H(5, 4). By Lemma
5.4, precisely 6 quads through a given point of H are contained in H. Hence,
H = HX and |X| = v·6

27
= 126 where v = 567 is the total number of points

of H̃ ∼= E3. Conversely, if Y is a hyperoval of size 126 of H(5, 4) such that
H = HY , then every quad of DH(5, 4) corresponding to a point of Y is
contained in H. This implies that Y = X. �

Theorem 1.2 is now a corollary of the following facts:
• the bijective correspondence between the hyperovals of size 126 of

H(5, 4) and the locally subquadrangular hyperplanes of DH(5, 4) as ex-
plained in Lemma 5.6;
• the uniqueness, up to isomorphism, of the locally subquadrangular hy-

perplane of DH(5, 4) (Proposition 5.1);
• the fact that every automorphism of DH(5, 4) is induced by an auto-

morphism of H(5, 4) (and vice versa).
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